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PREFACE 


THIS monograph treats the physics of large-scale magnetic fields in fluids 
of high electrical conductivity. The terrestrial laboratory is too small to 
demonstrate more than the simplest magnetic effects, whereas the as- 
tronomical universe abounds with the complicated activity of the fields. 
Consequently, the theoretical investigation is guided by the observed 
behaviour of the magnetic fields in the universe about us, particularly by 
the detailed and comprehensive observations of the magnetic fields of 
Earth and of the sun. 

In the last two decades a remarkable variety of exotic active objects in 
the astronomical universe, such as pulsars, active supernovae remnants, 
x-ray stars, x-ray bursters, y-ray sources, active galaxies, and quasars, 
have been discovered all of which appear to involve magnetic fields in 
either a primary or strongly supporting role. The discovery of these 
remarkable creatures has enormously expanded our horizons. Clearly 
there are more things in the heavens than anyone anticipated. The 
familiar planets, stars, and star clouds are only the more prosaic inhabit- 
ants of the universe. The extraordinary energy of many of the active 
objects suggests gravitational collapse, which has inspired theoretical 
work on the dynamics of fields and fluids in close proximity to massive, 
compact, spinning objects. These circumstances have also inspired de- 
velopment of the quantum electrodynamics of particle decay and of pair 
creation and annihilation in the Kerr metric to understand more fully the 
capture and escape of particles and radiation from black holes. Indeed, 
the theory of the creation and annihilation of black holes themselves has 
been explored, with very interesting results. But for all the fascination of 
these fundamental physical effects, and their suggested association with 
the active exotic objects, the effects in the objects lie beyond the 
resolution of our finest instruments. Hence, their exploration is limited to 
inference based on the information in the total integrated signal from 
each object. 

On the other hand, we know from detailed studies of the activity in the 
terrestrial magnetosphere and in the solar atmosphere that the basic 
concepts form only a naive beginning. Close inspection always shows 
major unanticipated cooperative effects. Nature is much more imaginative 
than we are. Indeed, were the creativity of nature as restricted as our own, 
there would be no pulsars, x-ray stars, y-ray bursts, and quasars, for we 
certainly did not anticipate any of them from our ‘basic concepts’. The 
fundamental equations of physics may contain all knowledge, but they are 
close-mouthed and do not volunteer that knowledge. 

It is amusing to look back at the first ideas on the activity of the 
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magnetic fields of Earth and the sun developed prior to the detailed 
observations of the last two decades. Basic principles and naive extrapo- 
lation to detailed models were all mixed together in the literature. 
Observations have since shown the validity of the basic principles and the 
naiveté and inadequacy of much of their early superficial application. It 
seems not unlikely that the present popular explanations of x-ray stars 
and quasars form a similar witch’s brew. It is to be expected that the 
active objects represent cooperative effects largely unanticipated by the 
separate application of basic concepts. Detailed observations are required 
to light the way for the advance of theory, and such observations lie in the 
future, if they exist anywhere at all. Hence, we attempt far less in this 
writing, in the expectation of accomplishing more, presenting only the 
general idea of magnetic activity and then the separate elementary 
physical properties of magnetic fields, insofar as they are known, with 
particular attention to the generation and active decay of magnetic fields. 
The detailed observations of Earth, the sun, and the galaxy are the 
guideposts. We expect that, even for Earth and the sun, there is much 
that we do not yet know or understand. The theory of the distant active 
objects is left to others with greater physical insight and computational 
ability. 

The present exposition is built on the direct application of physical 
principles, combined with formal mathematical examples to illustrate the 
nature and immediate consequences of the effects. Consequently, the 
applied mathematician may feel the work to be heuristic, because it 
makes use of rigorous physical arguments, and the observer may feel it to 
be formalistic, because it makes use of formal calculation. However, that 
is the nature of physics, as distinct from mathematics on the one hand and 
observation on the other. 

As a final comment, anyone assaulting this book by continuous reading 
from the beginning will soon discover that individual points and principles 
may be stated several times. Such redundancy is necessary for two 
reasons. The first is to avoid having to read all the pages prior to the nth 
page to understand what the nth page has to say; each section should be 
intelligible in its own right with a minimum of references to earlier 
sections. 

The second reason is that redundancy is an essential part of the 
presentation of a topic as complex as the web of interconnecting magnetic 
effects. The printed or spoken word forms a single continuous thread, and 
if it is to describe a web, it can do so only by describing each link in the 
web and then noting in linear sequence how the links fit together to form 
the web. So the exposition notes each separate magnetic effect and then 
points out the interconnections, while continually reminding the reader of 
the overall pattern of the web. Hence, there is repetition of principles and 
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concepts at appropriate places in the text. We do not intend to hand the 
reader a bushel of potsherds with the remark that it contains the wisdom 
of ancient Sumer. Facts do not make knowledge until they are assembled 
in systematic form, the major interrelations noted, and some general 
impressions and conclusions formed. Needless to say, the description of 
properly assembled potsherds is a tedious business. We hope that the 
results are worth the effort. 


Chicago E. N. P. 
December 1977 
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THE ROLE OF MAGNETIC FIELDS 


IN many respects the astronomical universe has reached the stage of 
middle-age, with its violent youth behind it and its final stages of senility 
still safely in the future. Observations indicate that the universe started on 
its present course of expansion and degradation from a hot compact state 
some 10-20 billion (10°) years ago. The matter in the universe has 
evolved into galaxies and stars, losing all outward trace of the initial 
compact state. The only recognizable surviving remnants of the early 
moments are the deuterium and helium in the early (and by now very old) 
faint stars (Danziger 1970; Pagel 1973; Hirschberg 1973), and the 
universal 4° K microwave radiation in space (Gamow 1949, Alpher and 
Herman 1948; Alpher et al. 1953; Penzias and Wilson 1965; Dicke et al. 
1965: see review by Harrison 1973 and references therein; Hoyle 1975). 
Our galaxy formed about 10 billion years ago, and the sun 5 billion years 
ago when the galaxy was already well along in years. The sun is halfway 
through its 10 billion years of normal life on the main sequence. The 
synthesis of the heavy elements from hydrogen in massive, short-lived 
stars is well advanced (Wagoner et al. 1967; Pagel 1973; Arnett 1973; 
Iben 1974). The heavy elements carbon, oxygen, iron, and silicon, to- 
gether with the general hydrogen background, have formed complex 
molecules in interstellar space (Zuckerman and Palmer 1974; Litvak 
1974), and then planets together with new stars. 

These effects continue today, but the initial excitement has passed and 
so far as one can tell, the universe is looking forward to unlimited 
expansion into ultimate oblivion (Gott et al. 1974). It is with some 
surprise, therefore, that examination of the universe on a small-scale 
shows so much activity. After 10 billion years new stars are still being 
formed. After 5 billion years, the sun is still popping and boiling, unable 
to settle down into the decadent middle age that simple theoretical 
considerations would suggest. Perhaps the most singular property of the 
general activity is the continual acceleration of a small fraction of the 
atoms to high speeds. As a result one finds throughout the galaxy, and 
particularly in the neighbourhood of active stars, electrons, protons, and 
helium and heavier nuclei, with nearly the speed of light. These cosmic 
rays are the outcasts from the normal thermal activity of the stars, 
catapulted (Fermi 1949, 1954; Parker 1958, 1965: Gunn and Ostriker 
1969; Kadomtsev and Tsytovich 1970; Evans 1974; Papadopoulos and 


2 THE ROLE OF MAGNETIC FIELDS 


Coffey 1974; Scott and Chevalier 1975; MclIlwain 1975) into the far 
corners of phase space, where they reside for a time before collisions 
restore them to the thermal state. 

It appears that the radical element responsible for the continuing 
thread of cosmic unrest is the magnetic field. Magnetic fields are familiar 
in the laboratory, and indeed in the household, where their properties are 
well known; they are easily controlled, and they serve at our beck and 
call. In the large dimensions of the astronomical universe, however, the 
magnetic field takes on a role of its own, quite unlike anything in the 
laboratory. The magnetic field exists in the universe as an ‘organism’, 
feeding on the general energy flow from stars and galaxies. The presence 
of a weak field causes a small amount of energy to be diverted into 
generating more magnetic field, and that small diversion is responsible for 
the restless activity in the solar system, in the galaxy, and in the universe. 
Over astronomical dimensions the magnetic field takes on qualitative 
characteristics that are unknown in the terrestrial laboratory. The cosmos 
becomes the laboratory, then, in which to discover and understand the 
magnetic field and to apprehend its consequences. 

The liberation of nuclear and gravitational energy in stars and the 
occasional liberation of gravitational energy in collections of stars feeds 
the universe, causing the stars to shine and their gases to churn. Most of 
the energy is degraded directly and passively as it seeps out from the hot 
interior to the cool surface of each star. From the surface the energy is 
radiated away into space where it is diluted and ultimately consumed by 
the expansion of the universe. But there is a small fraction of the energy 
which follows various complex side-paths to oblivion and we shall con- 
cern ourselves with one of those paths as it produces magnetic fields and 
the strange effects that follow. 

There are other paths with strange consequences, of course. For 
instance, we should not fail to note that a microscopic portion of the 
energy from stars falls on the surface of planets where a small fraction is 
used by plants to synthesize the complex organic molecules that are the 
basis of life—perhaps somewhere intelligent life. In the final analysis, 
psychology and sociology, not to mention the writing of books, are no 
more than one of the exotic degradations of sunlight, an insignificant 
branch of the main stream of energy flow. A byproduct of the energy 
release is the previously mentioned synthesis of heavy elements which 
makes possible the planets and their life forms'. Some of the radioactive 
heavy elements contribute to the high temperatures in the interior of 


t We should not fail to recognize the mythological implications of the ethyl 
alcohol fumes in interstellar space (Zuckerman et al. 1975) as a consequence of 
some of the heavier elements and a little of the energy from stars. Nor should we 
overlook the irony of the interstellar formaldehyde (Zuckerman et al. 1970). 
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Earth, and presumably, therefore, to the magnetic field of Earth. We 
could go on endlessly identifying diverse trickles of energy degradation. 
It is, after all, the sum total of these paths that makes up the subject of 
astrophysics. But to return to the purpose of our narrative, we are 
interested in the energy that is diverted temporarily into magnetic fields. 

Magnetic fields are produced by fluid motions. We note that the liquid 
core of Earth appears to be in a state of turbulent convection. The outer 
layers of many stars, including the sun, are subject to convection. The 
interstellar gas making up the gaseous disc of the galaxy is continually 
churned by heat from the luminous stars that are created within it. In all 
of these cases the convection—the churning of the fluid—gives rise to 
magnetic fields, and in all cases the magnetic fields give rise to a 
complicated activity that would otherwise not occur. Once the energy is 
invested in fields, the possibilities for further complexity become almost 
limitless. Sunspots, solar flares, and solar eruptions are but a few of the 
phenomena produced on the sun. (See review by Tandberg-Hanssen 
1973; Smith and Gottlieb 1974.) The magnetic field may refrigerate its 
surroundings, as in the sunspot where the temperature is reduced to 
two-thirds the surrounding 6000 K. Or it may cause intense heating, as in 
the enhanced chromosphere and corona above regions where magnetic 
field emerges through the surface of the sun. The temperature may rise to 
3 000 000 K or more in the enhanced corona, some 500 times greater 
than the surface temperature. The entire sunspot cycle with its quasi- 
periodic variation of 11 and 22 years is a magnetic phenomenon, evi- 
dently produced in the convection that is driven by the outflow and 
degradation of energy from the core of the sun. The magnetic fields on 
the sun represent a diversion of less than 10~* of the total solar output, 
yet they are responsible for qualitative effects on the enivironment in 
space and on Earth. 

The occasional intense x-rays and ultraviolet radiation from the sun are 
a product of solar activity and, hence, of magnetic fields. The bursts of 
x-rays (McKenzie et al. 1973; Datlowe and Lin 1973; Kane et al. 1974; 
Datlowe et al. 1974; Goldberg 1974) and the occasional y-ray burst 
(Lingenfelter and Ramaty 1967; Audouze et al. 1967; Chupp et al. 1973; 
see also Ramaty and Stone 1973; de Feiter 1974) are caused by the 
collision of fast electrons and atomic nuclei with thermal nuclei, after 
acceleration to high speeds by the magnetic field activity that makes up 
the solar flare. The enormous outbursts of fast electrons and protons from 
solar flares sometimes fill the inner solar system to levels that are a 
problem for human life in spacecraft (Datlowe 1971; Mogro-Campero 
and Simpson 1972; Bertsch et al. 1972; Anglin et al. 1973; Sakurai 1973; 
Simnett 1974; Pomerantz and Duggal 1974) and affect the terrestrial 
ionosphere (Simpson 1960; Reid 1961; Ney 1962; Davis 1962; Krimigis 
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and Van Allen 1967; Scholer et al. 1972; Aarsnes and Amundsen 1972). 
The solar wind is powerfully affected by magnetic events on the sun, as is 
the effect of the solar wind on Earth. The magnetic sector structure of the 
wind, the turbulence, the standing shock waves (Wilcox and Ness 1965, 
1967, 1968), and the occasional blast wave from a flare all owe their 
existence to magnetic conditions in the sun (Parker 1963; Hundhausen 
1972; Jokipii 1973). The large cosmic ray variations at Earth are the 
result of magnetic variations in the wind (Parker 1963; Quenby 1967; 
Jokipii 1971). The effects of the solar wind on Earth are transmitted 
through the magnetic field of Earth where the aurora and the Van Allen 
radiation belts are added to the magnetic creations of the sun (Dessler 
1967; Williams and Mead 1968; Akasofu and Chapman 1972). The 
remarkable conditions surrounding the planet Jupiter, with intense belts 
of fast particles trapped in a distended magnetic field emitting bursts of 
protons and relativistic electrons into space with each rotation of the 
planet, were recently observed by direct passage of the Pioneer X and XI 
spacecrafts (see, for example, Mead 1974). The fast protons trapped in 
the magnetic field of Jupiter are so numerous as to reduce the life of 
electronic circuits to only a few hours. Pioneer X was nearly incapacitated 
during its swift passage through the most intense part of the Jupiter 
radiation belts. Strong activity at Jupiter had been anticipated for many 
years form the occasional bursts of radio waves, that could be produced 
only by electrons moving near the speed of light in a magnetic field. It 
had been deduced from the frequency, intensity, and distribution of radio 
emission around the planet (Warwick 1961) that Jupiter must have a 
magnetic field of the same dipole form as Earth but some twenty times 
stronger. But, of course, the precise exotic nature of the activity could be 
determined only by observations in situ. The activity is a direct consequ- 
ence of the rapid rotation (11-h period) of Jupiter and its strong magnetic 
field in the solar wind. 

The sun is a star in middle age, of a class of no particular distinction. 
Other stars, although far away and difficult to observe, are presumably as 
active as the sun, and it is an observed fact that some are very much more 
so. The flare star, for instance, is a star one-thousandth as bright as the 
sun, with frequent flares a thousand times larger than any exhibited by 
the sun (Luyten 1949; Joy and Humason 1949; Lovell 1971; Webber et 
al. 1973; Kunkel 1973; Moffet 1973, 1974; Rodono 1974; Worden 
1974). The whole flare star brightens with the flare. Indeed, were this not 
so, the flare could not be observed from our great distance. Some of these 
stars show light variations that can be explained only as a large cool 
‘sunspot’ on the surface of the star, rotating around with the star so that 
when the spot is facing us the star is noticeably dimmer (Bopp and Evans 
1973; Torres and Mello 1973; Lacy, 1977). 
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Over 200 magnetic stars, with fields in excess of 100 G and ranging up 
to 34 000 G, have come to light since the development of the Babcock 
magnetograph and related instruments (Babcock 1958, 1960, 1963: 
Sargent 1964; Ledoux and Renson 1966; Preston 1967, 1969; Severny 
1970; Borra and Landstreet 1973). Some of them show peculiar varia- 
tions with time. Unfortunately it is only possible to observe the magnetic 
field of a distant star if the algebraic mean of the field in the line of sight 
over the visible hemisphere of the star exceeds 100-200 G, and then only 
under favourable circumstances. The magnetic field of the sun (some few 
G) could not be detected from the distance of its nearest neighbour, 
a-Centauri. Nor can one detect the magnetic field of any star whose 
spectral lines are faint, or are broadened by temperature, rotation, or 
‘turbulence’. The fact that more than 200 magnetic stars are known is 
testimony to the common occurrence of strong magnetic fields. 

The extensive observations of Wilson (1963, 1966) and Wilson and 
Skumanich (1964) show that youthful stars have strong chromospheric 
lines, which disappear by middle age, indicating enhanced magnetic 
activity for the first few hundred million years of life. What is more 
Wilson (1971) has shown that the activity of many of these youthful stars 
varies with a period of several years, suggesting a cycle of activity much 
like that of the sun. 

In connection with the question of stellar winds, the observations of a 
variety of classes of stars (Parker 1960, 1963) suggest that there is no 
major class of star for which one cannot infer activity (i.e. turbulence or 
other fluctuation) either from spectral line widths, from the theoretical 
expectation of a convective zone, or from a massive outflow of gas. On 
the basis of this broad but fragmentary information we are inclined to the 
hypothesis that most stars are at least as active magnetically as the sun, 
and some very much more so. 

There are some collapsed degenerate stars whose intense magnetic 
fields put them in a class by themselves. Magnetic fields of 106-107 G 
have been detected in white dwarf stars (Kemp 1970; Kemp et al. 1970; 
Angel and Landstreet 1970, 1971, 1972; Kemp et al. 1971; Landstreet 
and Angel 1971; Angel et al. 1972). There is some evidence that 
magnetic fields are involved in x-ray stars (Landstreet and Angel 1972; 
Kemp and Wolstencroft 1973a, 1973b). It is generally believed that the 
pulsar is a spinning neutron star with strong pulsed emission of radiation 
as a consequence of magnetic fields up to 10'7 G (Pacini 1968; Gunn and 
Ostriker 1969). It is presumed that the intense magnetic fields of the 
white dwarf and the pulsar are the direct result of collapse of the original 
star, which has a radius of some 10° km, like the present sun. Supposing 
the original star had a general magnetic field of 10? G, the collapse to 
10* km to form the white dwarf involves a decrease in surface area, and 
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an associated compression of magnetic field, by a factor of 10*, producing 
10° G from the original 10? G. The collapse to 10 km to form a neutron 
star involves a decrease of surface area by a factor of 10'°, compressing 
the original field to 10’? G. 

When we look at the universe on a larger scale, there is a magnetic field 
in interstellar space, evidently extending around the disc of the galaxy 
(Hiltner 1949, 1951, 1956; Chandrasekhar and Fermi 1953; Wentzel 
1963; van de Hulst 1967; Berge and Seielstad 1967; Gardner et al. 1969; 
Fujimoto et al. 1971; Manchester 1974). The field is embedded in the 
interstellar gas and confines the cosmic rays produced by the stars within 
it. The field pressure is comparable to the pressure of the gas and of the 
cosmic rays, and plays a role in shaping the dynamics and the accumula- 
tion of the interstellar gas into cloud complexes (Parker 1966, 1969; 
Mouschovias 1974, 1975; Mouschovias et al. 1974). There is direct 
evidence of magnetic fields in the Magellanic clouds (Mathewson and 
Ford 1970) and in a number of active galaxies and radio sources based on 
the polarization of starlight and radio emission received from those 
objects. 

Magnetic fields (and their inevitable offspring the fast particles) are 
found everywhere in the universe where we have the means to look for 
them. The magnetic fields do not alter or impede the overall course of the 
cosmos in its expansion and degradation, but they greatly complicate the 
local evolution of stars and galaxies. The continual activity of the magne- 
tic field contrasts sharply with the direct passive degradation of thermal 
energy. The magnetic field is responsible in large part for the existence of 
massive, luminous (and hence short-lived) stars at the present late date in 
cosmology, by controlling the condensation of gas into the large interstel- 
lar cloud complexes in which stars are formed. The magnetic field is 
responsible for the present activity of the sun and its effects upon the 
terrestrial environment. Earth is illuminated by the aurora, and its 
weather patterns change in puzzling ways that bear no evident connection 
to the supposedly steady heat output of the sun. Cosmic rays are trapped 
in the magnetic field of the galaxy so that their pressure accumulates and 
rivals that of starlight and of the interstellar gas. Supernova remnants— 
the debris of stellar explosions—remain active, filled with relativistic 
particles and producing intense radio emission, for millenia after the 
initial explosion has died away (Lundmark 1921; Duyvandak 1942; 
Shklovsky 1960). 

What then, is a magnetic field and how does it operate in the astronom- 
ical universe to cause all the ‘trouble’ that we have attributed to it? What 
is this fascinating entity that, like a biological form, is able to reproduce 
itself and carry on an active life in the general outflow of starlight, and 
from there alter the behaviour of stars and galaxies? 
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2 


THE NATURE OF MAGNETIC FIELDS 


THE magnetic field is a syndrome, composed of a number of effects that 
occur in combination. Some of the effects have been known since ancient 
times. Thales of Miletus (circa 500 B.C.) mentioned the mutual attraction 
of pieces of lodestone or magnetite (the iron oxide Fe,O,) and Plato 
mentioned the attraction of pieces of iron to the lodestone. The Chinese 
appear to be the first to have used the lodestone for surveying and for 
navigation, and are therefore to be credited with discovering and using, if 
not comprehending, the general magnetic field of Earth (circa 1100 
A.D.). The simplest effect by which we may identify a magnetic field is, 
then, the magnetic needle—the compass. A needle of iron, or of magne- 
tite, when freely suspended turns so as to take up a unique alignment 
relative to Earth. The Chinese found that a lodestone (magnetite) sus- 
pended on a fibre, or placed on a free-floating cork in a pan of water, 
turned to align itself north and south. The alignment occurred wherever 
one happened to be, without regard for political or religious affiliation, 
personality, altitude, time, or weather. It was a fundamental natural 
phenomenon transcending the local environmental conditions. What con- 
cept the Chinese attached to the universal alignment of lodestones is not 
known today. There is no indication that they realized the alignment to 
be caused by a property of Earth itself. It is an interesting fact that the 
ancient walls of Peking were lined up with magnetic north rather than 
geographic north, a difference at that time of about 1°. We may presume 
that the surveyor found it easier to work with his compass needle by day 
than to sight on the pole star by night. A concise review of the history of 
magnetism has been given by Chapman and Bartels (1940) based in large 
part on the earlier extensive researches of Mitchell (1932, 1937, 1939). 

It remained for Gilbert (1958), physician to Queen Elizabeth I of 
England, to collect information from the worldwide navigation of his day 
to formulate a concise picture of terrestrial magnetism, pointing out, in 
the year 1600, that Earth itself behaves like a large lodestone. The small 
lodestone of the navigator points in directions relative to Earth in the 
game way that Gilbert’s small lodestone behaved in the neighbourhood of 
a large lodestone, pointing in at the north pole and out at the south pole, 


K and generally north and south at latitudes between. Figure 2.1 is a sketch 


of the directions pointed to by the lodestone, or compass needle, in the 
vicinity of Earth. The directions pointed to by the compass needle vary 
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— 


Fic. 2.1. Map of the lines of force of a dipole field such as the external magnetic field of 
earth. The arrows on the lines of force indicate the direction pointed by the north-secking 
pole of a compass needle. The closed circle represents the surface of Earth with geographic 
north and south indicated at the top and bottom, respectively. 


continuously from one position to another and so can be used to define a 
continuous family of lines, called the magnetic lines of force, illustrated in 
Fig. 2.1. The lines of force are a graphic and useful concept invented by 
Michael Faraday in the nineteenth century for representing the configura- 
tion of the magnetic field. We shall use the concept extensively in later 
discussion of the dynamical properties of magnetic fields. 

The strength B of a magnetic field is a measure of the force that it 
exerts to align the compass needle along the lines of force. The strength 
and direction together determine the vector field B, which may be 
thought of, then, as an arrow of length B pointing in the direction of the 
aligned compass needle. Using the unit of field strength called a gauss 
(G), the strength of the magnetic field of Earth is approximately 0-3 G at 
the equator and 0-6G at the north and south poles. Fields of this 
magnitude are weak, by human standards. We discover to our sorrow 
how little damage to the needle bearing of a pocket compass prevents 
free alignment. 

A more absolute measure of the gauss, expressed in terms of electric 
currents, can be stated in terms of the force exerted on a wire carrying an 
electric current across the magnetic field. An electric current of | A, 
approximately the current drawn by a 110-V, 100-W lamp, flowing along 
a wire for one metre across a magnetic field of 100 G is pushed sidewise 
by the magnetic field with a force of 10° dyn, or about the weight of one 
gram. This is, of course, just the effect on which electric motors are based, 
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except that they may-use one thousand gauss, tens of amperes, and many 
metres of wire. | 

Compared to the 0-6-G polar field of Earth, the planet Jupiter has a 
relatively strong field, of some 10 G, sufficient to exert forces on a piece 
of iron that are sensible to the human hand. A small permanent magnet 
may have a field of 100G and be suitable for the magnetic latch of a 
cupboard door. Fields above a few hundred gauss are able to wrench a 
piece of iron from the hand. The field in the gap between the pole pieces 
of a powerful electromagnet may be 10*G. Steady magnetic fields of 
10° G can be produced in electromagnets wound with superconducting 
wires, and transient fields of up to 10° G can be produced using chemical 
explosives to compress a magnetic field trapped momentarily inside a 
metal tube. As we mentioned earlier, magnetic fields of as little as 
100-200 G have been found in stars where special conditions permit easy 
detection. The star HD215441 exhibits a mean field of 34 000 G. Three 
white dwarfs are known with fields of the order of 10’ G, exceeding the 
maximum field strengths that can be produced in the laboratory. 

With these brief remarks on the strength of magnetic fields, let us move 
on to the second basic property of the phenomenon, or syndrome, that we 
call the magnetic field. The second property concerns electric fields. On 
the one hand, we must understand that magnetic fields and electric fields 
are distinct effects, the magnetic field atigning the iron needle and the 
electric field pushing on electric charges. Thus, for instance, an electric 
charge placed in the magnetic field experiences no force whatsoever’. On 
the other hand, although electric and magnetic fields are distinct, they are 
intimately related for if we move relative to one, we find the other. 
Imagine being in a metal building in which all electric fields (the atmos- 
phere is normally charged to some 100 Vm) are neutralized by the 
electrically conducting structure of the building. Place a small permanent 
magnet on a table. There are no electric fields present in the room. A 
small electric charge experiences no force anywhere in the interior of the 
building’. But if we now move with velocity v across the field of the 
magnet on the table, we observe an electric field! An electric charge q 
moved with velocity v across the magnetic field B experiences a force 


" A magnetic needle of iron placed in an electric field will tend to line-up with the 
electric field because of the electric charges induced on it by the electric field. But 
the effect is readily distinguishable from magnetic alignment because it is indepen- 
dent of whether the needle is magnetized. A copper (non-magnetic) needle is 
aligned in an electric field to the same degree as a magnetized iron needle. 


* If the small test charge q is a small distance h from a metal wall, it will induce an 
equal and opposite charge on the wall, giving an attractive force q’/4h*. But this 
force is second order in q and so can be neglected for small values of q. We are 
concerned only with forces first order in q. 
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proportional to quB. The strength of the electric field is 10-4 vB V m`! if 
B is measured in G and v in ms"!. The electric field vector E is 
perpendicular to both the velocity v and the magnetic field B. Thus we 
may stand motionless in front of the magnet in the room free of electric 
fields and reflect that there are electric fields all about in the room, in 
other moving frames of reference. Clearly, then, there is a semantic 
difficulty involved in the question whether there are electric fields in a 
given space. Provided that there is a magnetic field, there is an electric 
field in all moving frames but one. In that one frame in which the electric 
field is zero, we say we are at rest with respect to the magnetic field. 

It is instructive to consider for a moment the magnitude of the electric 
fields and the total potential differences, produced by various motions. If, 
for example, an observer moves at a speed of 300 ms”! (approximately 
the speed of sound) across a magnetic field of 1000 G, he sees an electric 
field of 30 V m`’. Thus an electromotive force of 120 V (necessary to 
power a standard light bulb) arises along 4 m of wire carried at 300 m s~! 
across a 1000-G field on the spinning armature of a generator. One can 
move either the magnetic field or the wire. It is only the relative motion 
that counts’. 

In astrophysical. circumstances the calculated potential difference, or 
voltage, can be extremely large because of the large dimensions. On the 
other hand, the potential differences have no physica! meaning unless we 
can show that the frame of reference in which they are computed has 
some particular physical significance. One example will suffice. The solar 
wind is composed of ionized electrically conducting gas from the solar 
corona. It streams past Earth with a velocity that is typically 400 kms", 
carrying a magnetic field with a component of 3 x 107° G perpendicular to 
the motion. Hence we calculate that in the frame of Earth there is an 
electric field of 1-2 x 10° Vm"'. Over dimensions of one astronomical 
unit (1 a.u. = 1-5 x 10'* cm = sun—Earth distance) we calculate 1-8 x 108 V. 
This is a very impressive potential difference, but by itself it is without 
significance. We can have any electric field we wish, depending upon the 
frame of reference in which we carry out the calculation. In the frame 
moving with the solar wind the electric field is zero. In a frame of 
reference moving inward toward the sun at 400 kms™! the potential 
difference is 3-610°V. We are presented with the same semantic 
dilemma as in the question whether there is an electric field in the metal 
shielded building containing a permanent magnet. There is, and there is 


>We should not fail to emphasize that the complementary effect occurs, too. In a 
room free of magnetic field, but containing an electric field E, an observer moving 
with velocity v across E sees a magnetic field B of strength vE/c x 10'? G where v 
is inms™’ and E is in V m`™!. If the room is free of magnetic field in its own frame 
of reference, there is a magnetic field in every moving frame of reference. 
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not, depending upon the motion of the frame of reference in which the 
question is asked. One must, therefore, frame the complete context of the 
question before talking about potential differences. They may, or may 
not, be relevant. There is almost always a frame of reference in which the 
local electric field is zero. It is usually in, or near, that frame of reference 
in which the thermal particles reside. 

The electric field that we detect because of motion relative to a 
magnetic field is said to be induced. The electric field induced from 
magnetic fields (the induced electromotive force) was discovered indepen- 
dently by Michael Faraday at the Royal Institution, London and Joseph 
Henry at Albany Academy, Albany, New York in the period 1830-1833. 
Faraday published his results first and the effect that the total voltage 
(electromotive force) around any closed path is proportional to the time 
rate of change of the number of lines of force enclosed by the path, is 
called Faraday’s Law of induction. Joseph Henry was recognized by 
having the unit of self-inductance named after him. At a demonstration of 
induction, Faraday was asked by Gladstone, Chancellor of the Exche- 
quer, ‘But after all, what use is it? Faraday retorted, ‘Why, Sir, there is 
every probability that you will soon be able to tax it.” Indeed, there was 
rapid development of the idea so that within fifty years of the first 
discovery commercial power plants and power transmission systems were 
put into operation (about 1885) in Europe and America. In contrast to 
such fundamental developments of the last century, it is curious that in 
our present complex technological state 100 years later, the RANN 
program (Research Applied to National Needs) of the National Science 
Foundation operates on the policy that only those ideas that can reach 
final application in five years are worthy of support. 

Consider, then, the final basic property of magnetic fields, and that is 
their intimate association with electric currents, discovered by Oersted in 
1820. There is no magnetic field without an associated electric current’. 
Magnetic fields for laboratory and industrial purposes are usually pro- 
duced by forcing an electric current through a coil of wire, i.e. an 
electromagnet. The effect is often enhanced by placing iron inside the 
coil, to take advantage of the electric currents that naturally flow inside 
iron atoms and are easily aligned to supplement the currents forced 
through the coil of wire. With a suitably designed iron circuit around the 
coil of wire the strength of the field obtained from a current in a wire can 
be enhanced a thousandfold. As a consequence of our familiar means of 
making magnetic field, we have developed the habit of saying that the 


*In electromagnetic waves, such as radio waves, light waves, x-rays, etc. the 
associated rapid variation of the electric field, called the displacement current by 
Maxwell, plays the role of the electric current. We are not concerned here with 
such rapidly varying magnetic and electric fields. 
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electric current causes the magnetic field. The energy is introduced via 
the electric current and gives rise to the magnetic field. 

But now suppose that we have built a large electromagnet with a large 
iron core so that it operates efficiently. We have closed the switch 
connecting the coil to ad.c. generator, building up a substantial electric 
current through the coil and producing a magnetic field of, say, 10* G in 
the iron core. Having accomplished this, we open the switch in order to 
shut off the power. We discover that the current does not immediately 
cease to flow. Indeed, if we cut off the power by opening a switch, the 
electric current will arc across the open switch for several seconds, 
perhaps doing considerable damage to the switch, before dying away. The 
reason is that the current cannot stop until the magnetic field is gone, and 
the magnetic field cannot disappear until its energy is dispersed in some 
way. As the magnetic field decays, it disappears by shrinking back into 
the coil, crossing over the many turns of wire and inducing an enormous 
electromotive force’ which keeps the current going, regardless of whether 
we have opened the switch. Forcing the current through the coil (and 
arcing across the open switch) consumes the energy of the magnetic field 
so that the field soon dies away®. During this phase of the operation it is 
meaningless to say that the current is causing the field. Indeed, the field is 
causing—inducing—the current. The energy is flowing from the field into 
the wires and our open switch may be burned and melted by the energy 
delivered from the field. 

In the astrophysical universe there are no wires which carry electric 
current and energy from a region of generation into a distant active site. 
Hence there are few general circumstances of which we are aware where 
One can say unambiguously that the current causes the magnetic field. In 
nature, in the absence of insulating materials to channel and direct the 
flow of electric currents, the generator supplying the power, and the 
electromagnet producing the magnetic field, are one and the same, a 
single amorphous mass of gas. 

A magnetic field, then, is a collection of effects to which we have 
attached a name. The term ‘field’ indicates that the effects extend over 
space. The field aligns the compass needle and has electric currents 
associated with it. Motion relative to the magnetic field sees an electric 


$ One may say alternatively that the magnetic flux through the coil is decreasing 
and hence there is an induced e.m.f. Whatever words we choose, the fact is that 
the current and field die away only as the energy is dissipated by the electric 
currents. 


ê If we contrive to make an electromagnet using superconducting wire, there is no 
dissipation of energy whatsoever. The magnetic field persists in the coil without 
diminishing for as long as the low temperature necessary for the superconductivity 
of the wire is maintained. 
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field. In 1864 Maxwell unified electricity and magnetism in his celebrated 
electromagnetic equations, and 40 years later Lorentz extended the ideas 
to relatively moving frames of reference, which were incorporated into 
Einstein’s special theory of relativity in 1905. 

We are concerned here with motions that are slow compared to the 
speed of light c so that if we neglect terms that are as small as v/c? 
compared to the others, Maxwell’s equations reduce to the induction 
equation 

cV xE =—0B/ot (2.1) 


and Ampere’s law 
V xB=47j/c (2.2) 


where E is the electric field, B is the magnetic field, and jį the electric 
current density. 

This is perhaps the appropriate place to remark that we shall employ 
the centimetre-gram-second (cgs) system of units, expressing electric 
charges in electrostatic units (so that the electronic charge is e=4-8* 
107!’ e.s.u.), electric fields in statvolts cm™' (1 statvolt= 300 V) and 
magnetic fields in gauss. Those with a strong preference for other systems 
of units are free to interpolate the equations into their favourite form, of 
course. 

The Lorentz transformation of fields between frames of reference with 
relative velocity are 


E’=E+vwxB/c, B =B (2.3) 


where the prime denotes fields in the frame moving with velocity v 
relative to the frame in which the fields are E and B. 

These relations are based on laboratory experiments, testing them in all 
conceivable ways under a wide variety of circumstances. The general 
equations, from which the above reduced forms were obtained, have 
shown themselves to be accurate under the most extreme conditions of 
small scale, rapid variation, and intense field, found in high-speed colli- 
sions of electrons and/or nuclear particles, giving rise to x-rays, y-rays, 
and pair production and annihilation. Thus quantum electrodynamics is 
the most severe test of Maxwell’s field equations. However, we must not 
forget the Michelson—Morley experiment, demonstrating that light in a 
vacuum is seen by all observers, regardless of their own motion, to pass 
by with the same speed. Although the results of the experiment were 
baffling until Einstein’s special theory of relativity—and for some ‘scien- 
tists’ they remained baffling long after that—they were a fundamental test 
of Maxwell’s equations. The equations, being Lorentz invariant, passed 
the test with flying colours, having anticipated special relativity by several 
decades. 
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The equations represent, then, the sum total of our knowledge of the 
magnetic field B in terms of the sum of the particle motions j. Fortunately 
the complicated question of the particle motions does not usually enter 
into the structure of the final field equations for B because the universe is 
an excellent conductor of electricity almost everywhere. 

Maxwell’s equations have not been critically tested over large as- 
trophysical dimensions, but they are applied without hesitation’ to the 
magnetic field of Earth, to the sun, and to the galaxy. We are compelled 
to accept the general validity of the basic equations until evidence arises 
from observation that the equations are inadequate®. Indeed it would be 
our fondest hope to discover that corrections must be made to the 
equations for fields extending over large dimensions. But we do not count 
on the fascinating possibility of the equations being found wanting. 
Rather it is the curious behaviour of the magnetic syndrome in the 
universe that draws us into the arena, not the expectation of corrections 
to already existing laws of physics. 

To return, then, to a point made earlier, we are familiar with the 
magnetic field in the laboratory. There we control it with electric currents. 
The behaviour of the field in space is quite different. There the fields are 
a power unto themselves, producing effects that cannot be duplicated in 
the laboratory, although we think the strange and unanticipated effects in 
space are describable by the basic equations learned in the laboratory. 
We believe that the difference, pointed out by Cowling (1933) Alfven 
(1942, 1950) Walen (1946), and Elsasser (1946, 1954), is merely a matter 
of scale. The nature of the mathematical solutions of the basic equations 
depends upon the relative magnitudes of the time and distance scales. So 
we cannot look to the laboratory for guidance in understanding the 
sunspot, or the origin of the magnetic field of Earth. We must look at the 
sunspot itself. The basic point emphasized by Cowling and Alfven is that 
a magnetic field in an electrically conducting body of dimension l and 
electrical conductivity of o (e.s.u.) decays away in a characteristic time 
t=1*o/c?; that is to say, the field decays in a time proportional to the 
current carrying capacity (area times conductivity) of the body. Thus the 
magnetic field through a cubic metre of copper, for which o= 
5x107 e.s.u. (1 =107 cm and c=3X10'° cms’) dissipates in about 5s. 
It is the same situation that arose in switching off the electromagnet, 
discussed earlier. The electric current must accompany the magnetic field, 
and the current is dissipated by the electrical resistivity of the medium. So 


7 Except in very strong gravitational fields where modification of the geometry of 
space requires a restatement of the electromagnetic equations. 

® The frequent success of such sweeping extrapolation from laboratory experiment 
to the universe has been remarked on by Wigner (1967) in his essay The 
unreasonable effectiveness of mathematics in the natural sciences. 
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the field exhausts itself driving the current. Over astronomical dimensions 
this may require long periods of time. 

Now a cubic metre of copper is very large, expensive, and clumsy, and 
even so a magnetic field through it persists for only a few seconds. There 
is little that can be done to manipulate the block of copper in that time. 
Ionized gases can be manipulated in the laboratory in microseconds, but 
their electrical conductivity is much inferior to copper. For ionized 
hydrogen, the electrical conductivity at temperature T is (Cowling 1953, 
1957; Spitzer 1956) o <10’Ties.u. (2.4) 


Thus for T= 10° K (10 eV) we have o =3 X10" e.s.u. One can produce 
such a temperature across a gas column 10cm in diameter, yielding a 
relaxation time of the magnetic field of 3x 107° s. In this period of 30 us 
it is possible to turn the gas over once to distort the magnetic field 
significantly. But this is nothing to compare with the situation in the 
cosmos. 

Consider the molten (and hence non-magnetic) metallic core of Earth 
with a radius of 1=3 x 10° cm and electrical conductivity of o = 10"° e.s.u. 
The magnetic relaxation time is 10’*s or 3X 10* years. Earth is much 
older than 3 x 10* years, having been formed more or less simultaneously 
with the sun nearly 510° years ago. Therefore, in view of the decay 
time of 3 x 10* years we conclude that, if left to itself, the magnetic field 
of Earth would have disappeared long ago. Hence the present magnetic 
field must be produced by contemporary effects. With this problem in 
mind, then, we return to our consideration of the manipulation of the 
magnetic field by the fluid (Elsasser 1946). The convective motions in the 
core are typically v =0-1—1mms™, with a characteristic turnover time 
of a few hundred years. Thus the fluid in the core of Earth mixes around 
perhaps 100 times in the period over which the magnetic fields decays. 
The magnetic field, unable to escape from the fluid, is carried into 
grotesque contortions, beyond anything that can be accomplished in the 
laboratory. 

Consider the sun. The central temperature of the sun is in excess of 
10’ K, producing a gaseous core with an electrical conductivity o = 
3x107 e.s.u., comparable with aluminium, with a radius of 210° km 
(1=2x 10" cm). On this basis the decay time of a magnetic field caught up 
in the core of the sun at the time it was formed is 410° years, 
comparable to the present age of the sun. On this basis Cowling (1953) 
suggested that any primordial field in the sun should still be there, having 
decayed no more than by a factor of two or three’. The point is that the 


° As a matter of fact we believe now that there are ways by which a primordial 
magnetic field of any significant strength can wiggle out of a fluid more rapidly 
than anticipated by t=[’o/c’. This will be one of the points developed in the 
chapters that follow. 
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breadth, and consequent current-carrying capacity, of the sun is so 
enormous that the magnetic field is trapped in its fluid embrace for an 
extended period of time while the fluid circulates and convects into 
wholly new configurations. Even a very small part of the sun, such as a 
sunspot, has the magnetic field firmly in its grip. The escape time of a 
magnetic field from a sunspot, with dimensions of 10* km (1 = 10° cm) and 
with T=10*K beneath the surface so that o=10'% e.s.u., is 300 years. 
The fluid initially in the area may disperse, carrying the field with it, of 
course, but the two cannot be separated in a time shorter than 300 years 
unless broken up into smaller dimensions. It is this trapping of the 
magnetic field at each locale in a fluid of broad extent that led to Alfven’s 
(1950) statement of the basic concept that the magnetic lines of force are 
‘frozen’ into the fluid and carried bodily with it. 

As a final example, consider the gaseous disc of the galaxy, with a 
thickness of the order of 1 =200 pe =6x 10°" cm and an electrical con- 
ductivity’? evidently not less than 10''e.s.u. The magnetic relaxation 
time, I*o/c’, is then calculated to be 4x 10°'s or about 1074 years, to be 
compared with the estimated age of the galaxy (10’° years) and compared 
to the periods of 1-5 x 10° years over which the differential rotation and 
turbulence mixes and circulates the gas through the disc. It is easy to 
argue that the present galactic field is an artefact, trapped since the 
formation of the galaxy a mere 10'° years ago. 

Piddington (1970, 1972a,b) has eloquently expounded the view that 
the magnetic fields observed today in both the sun and the galaxy are the 
primordial fields, trapped since the formation. We will have more to say 
on this question later. 

The indisputable conclusion is that the magnetic fields in the cosmos 
behave in strange ways because the dimensions of the gases and fields are 
so large that the field is trapped and carried around with the fluid 
motions. Larmor (1919) was the first to suggest that swirling fluid motions 
might produce magnetic fields, although, as Cowling (1933) showed later, 
the suggestion was posed in the wrong context. Elsasser (1941, 1946, 
1950, 1955, 1956) was the first to make positive progress along these 
lines in his inquiry into the origin of the magnetic field of Earth in the 
liquid core of Earth. Alfven (1950) developed the ideas of hydromagnet- 
ism, as it is now called, in a variety of ways. 
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ELECTRIC AND MAGNETIC FIELDS 


BEFORE going on to develop the properties of large-scale magnetic fields 
it is worthwhile pausing for a moment to reflect on the radically different 
roles played by electric and magnetic fields in the cosmos. Maxwell’s field 
equations 


dB/dt =—cV xE, dE/dt=+cVxB 


are symmetric in E and B. Why is the symmetry not reflected in the 
universe? The answer lies, of course, in the microscopic structure of the 
universe. Matter is composed of electrically charged particles. All known 
particles are electrically charged, in units of e = 4-8 107" e.s.u. What is 
more, it appears that positively- and negatively-charged particles are 
precisely equal in number so that there is no net electric charge in the 
universe?. On the other hand, no magnetically charged particles— 
magnetic monopoles—have ever been found, although considerable effort 
and ingenuity have been employed in searching for them. Hence the 
general existence of large-scale magnetic fields and the general weakness 
of large-scale electric fields (in the frame of reference of the gaseous 
matter) are consequences of the fundamental electrical nature of matter. 

To examine the connection between the large-scale fields and the 
particulate matter, we note first that the apparent precise large-scale 
electrical neutrality of the universe implies that there are no electrostatic 
fields on a cosmological scale. There are, then, only local electrostatic 
fields caused by the separation of equal and opposite charges. Writing 
E=—V¢ and denoting the charge density by 6, we have 


V? = —4 rô. 


But it appears that everywhere in the universe there are enough x-rays, 
ultraviolet radiation, cosmic rays, and thermal excitation to guarantee 
that at least a few electrons everywhere will be dislodged from the local 
atoms at any given time. Certainly this is the rule in the sun, where even 
in the cool photosphere the carbon and the alkali metals are at least 
partially ionized. Elsewhere in the sun the gases are fully ionized and 


|! The possibility of a net electric charge in the universe was once suggested by 
Lyttleton and Bondi (1959, 1960) (see comments by Hoyle (1960)). The experi- 
mental results of Zorn et al. (1963) rule out the effect as a consequence of an 
electron—proton charge difference. 
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saturated with free electrons. In interstellar space the electron density 
appears to be 10°*cm™ or more (Hobbs 1974). One exception to this 
rule might be the central region of some cold and very dense interstellar 
gas cloud so thick as to shield its interior from all external ionizing 
radiation. The other exception is the rare, but familiar, space occupied by 
cold planetary atmospheres, in which electrostatic phenomena—the 
100 Vm" electrostatic field in the atmosphere and the thunderstorm 
phenomenon—are commonplace. But apart from these obscure nooks, 
space is universally populated with free electrons. The free electrons 
quickly neutralize any separated charges. The characteristic time to carry 
out the neutralization is the plasma period (am/N.e7)2s where m is the 
electron mass, e the charge, and N, the number of free electrons per cm*. 
Numerically this is 10°*/N?s. Even in intergalactic space where N, may 
be 1079-107? cm ®, the neutralization time is only 1-10 s. Elsewhere it is 
much less’. 

It follows, then, that any large-scale electrostatic field is quickly and 
effectively neutralized by the universal free electrons. The general occurr- 
ence of electrostatic fields is restricted to microscopic scales, inside atoms 
or within a Debye radius of an ion. The large-scale electric field in the 
frame of the gas containing the free thermal electrons is essentially zero. 
It is motion relative to the thermal gas that sees an induced electric field. 
Thus, for instance, a particle, with velocity w relative to the gas, sees an 
electric field 

E'=wxB/c 


as a consequence of its motion across the large-scale magnetic field B. If 
the particle has an electric charge q, it experiences a force 


F = qE' = qw xB/c, 


causing it to move in a circle about the magnetic field B. The radius of the 
circle (the so-called cyclotron radius) is 


R = Mw, c/qB 


where w, is the component of the particle velocity w perpendicular to B. 
The angular frequency of the motion is the cyclotron frequency Q = 
w/R =qB/Mce. The motion perpendicular to B is, in this approximation, a 
stationary circle relative to the background gas. The velocity wy, parallel to 
B is constant. If the gas has a velocity v relative to some fixed frame of 


* In the very high electric current densities localized in the extreme conditions of 
the solar flare, in the neutral sheet in the magnetic tail of Earth or J upiter, or in 
auroral sheets, the electrical resistivity may be enormously enhanced by the 
excitation of plasma turbulence (discussed in Chapter 4), to the extent that local 
electric fields may occur. This interesting and important exception to the general 
rule will be discussed at length in later chapters. 
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reference then, of course, the particle velocity seen in the fixed frame is 
wı+w, +v, where w, is the cyclotron motion around the magnetic field. 
The mean motion of the particle has the steady value w,+v, so that in the 
direction perpendicular to B it moves with the gas. 

Consider now the implications of the universal occurrence of large- 
scale magnetic fields. They could not exist if magnetic monopoles were 
abundant. They would be neutralized in exactly the same way that electric 
fields are neutralized. In that case there could be no induced electric fields 
either. What, then, is the upper limit on the abundance of magnetic 
monopoles in the universe? Indeed, why should we expect any? 

The answer to the latter question, as to why we might expect magnetic 
monopoles, is that there is no theoretical basis for expecting either their 
presence or absence. We have only the philosophical possibility, 
suggested by the symmetry between electric and magnetic fields in 
Maxwell’s equations, that if there are electric charges, then why not 
magnetic charges? The concept of global symmetry has proved remarka- 
bly fruitful in understanding the fundamental properties of the elemen- 
tary particles. Particles and their anti-particles are a particular favourite, 
leading to such speculation as the idea that half of the stars in the 
universe are composed of anti-matter (Alfven and Klein 1962; Alfven 
1965; Omnes 1971, 1972). It is philosophically repugnant, is it not, to 
think that the universe should be prejudiced in favour of particles and 
against anti-particles? If, then, we entertain the idea that the universe is 
Symmetric in particles and anti-particles, we are philosophically obliged to 
consider the possibility that the universe is symmetric in electric charges 
and magnetic charges. Consequently the existence of monopoles has been 
pursued in the laboratory for decades, with one or two spectacular false 
alarms (Ehrenhaft 1945, 1949; Price et al. 1975) to complicate the 
search. 

The idea of electric-magnetic charge symmetry would suggest that the 
magnetic charge g is just equal to the electric charge e, and the masses of 
the magnetic particles should equal their electric counterparts, etc. If this 
were the case, then, a distant star composed of magnetic material would 
be indistinguishable in every respect from an ordinary star of the same 
total mass. What is more, if g =e, then g would be so small as to make 
detection of a monopole very difficult. So there appears to be no direct 
objection to the possibility of magnetically charged particles. Nor, of 
course, is there any need of such an hypothesis. 

However, it was pointed out by Dirac (1931, 1948) and Schwinger 
(1968) that one might expect that g is equal to 137/2 or 137 times e, for if 
g does not have some such value as 137e/2, then there arise ambiguities 
in the phase differences of wave functions around closed paths, so that a 
Hamiltonian formulation of quantum mechanics is not possible. It is 
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interesting to note that if g=137e, then there is a bound state of an 
electron in the field of a magnetic monopole. On the other hand, it has 
been argued by Cabibbo and Ferrari (1962) that g=e can be rendered 
consistent with quantum electrodynamics (see discussion by Wentzel 
1966). The remarkable success of quantum electrodynamics in treating 
the electromagnetic interactions of particles suggests that, in the absence 
of any experimental information on monopoles, we should not be wholly 
blind to its suggestions®. In any case, the suggestion that g=137e/2 is 
welcome because it is a magnetic charge sufficiently large to make detec- 
tion feasible. 

Now magnetic monopoles, if they exist at all, are rare. There would be 
no large-scale magnetic fields in astrophysical bodies if they were not 
rare. If there are magnetic monopoles in space, they are accelerated by 
the force gB exerted on them by the large-scale magnetic field and so 
should be travelling with nearly the speed of light. The magnetic field of 
Earth would accelerate a magnetic charge g=e to an energy of about 
3x10'% eV and a charge of g = 137e/2 to 2X10'* eV. A sunspot field of 
310° G over 10*km would accelerate a monopole g=e to 10'°eV. A 
galactic field of 3x 107% G would accelerate a monopole to 3x10" eV 
over a distance of one kiloparsec (3 x 10%! cm). Therefore we should look 
among cosmic rays for magnetic monopoles (see for instance Porter 
1960). If monopoles strike the atmosphere of Earth, or the surface of the 
moon, they may be embedded there. So there has been an extensive 
search in terrestrial rocks, ocean bottom sediments, meteorttes, and 
material from the moon (Goto et al. 1963; Fleischer et al. 1969a,b,c, 
1970; Kolm et al. 1971). Even if there are no monopoles in space one 
may conjecture that they are produced as secondaries in high-energy 
collisions of cosmic ray particles with Earth, the moon, or meteorites. 
Carithers ef al. (1966), and others since, have searched for fast monopoles 
in the terrestrial atmosphere (see review by Eberhard et al. 1971). 

A low upper limit on the abundance of magnetic monopoles follows 
from the work of Ross et al. (1973) in which they processed about 12 kg 
of lunar material (from Apollo 11, 12, and 14) with a detector sensitive to 
any net magnetic charge in excess of 30e. They found no monopoles with 
g = 30e, implying less than 1-7 x 1074 monopoles per g of material, or less 
than one monopole per 3x107 nucleons. This places the monopole 
production cross-section in nucleon-nucleon collisions at less than 10° '* 
barns if the monopole mass is comparable to the mass of the proton (see 
also Gurevich ef al. 1972). 


* Although there is no reason to think that a theory founded explicitly on the 
absence of monopoles, (V . B=0, B= V x A) should necessarily correctly describe 
monopoles. 
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There is no information available so far on the abundance of 
monopoles for which g is as small as e. The quantum interferometer 
(Vant Hull 1968) is the only device to date that, in principle, is sufficiently 
sensitive to detect g = e. 

Consider, then, the theoretical upper limit on the abundance of magne- 
tic monopoles placed by the general occurrence of large-scale magnetic 
fields (Parker 1970). We have already noted that magnetic monopoles 
would be accelerated to enormous energies in the existing magnetic fields. 
The monopole velocities would approach the speed of light c. Hence, if 
there were N, monopoles per unit volume, the magnetic current density* 
would be J = N, gc. The rate at which the magnetic field does work on the 
monopoles is J.B ergcm™’s™'. In view of the acceleration of the 
monopoles along B, we expect that J will generally have a significant 
component along B, so that the rate of dissipation of magnetic field 
energy is of the order of JB. The magnetic energy density B?/87 declines, 
therefore, at an approximate rate 


d B? 
ai 8a = BN, gc 
1 dB’ _ 8aN,gc 
PB? dt B 
The characteristic decay time 7 is 
tT = B/8aN, 8c. 


Applying this result to the galaxy, in which B=3 x 107° G, suppose that 
the present galactic field is a remnant of a primordial field. Then presum- 
ably the dissipation time 7 is not less than the age of the galaxy, 101° 
years. Hence 723X10'’s. If g=e, then it follows that N,< 
3 x 107%% cm™*. If there is one nucleon per cm? in interstellar space, this is 
equivalent to the statement that there is less than one monopole per 
3x10” nucleons. If we suppose that g = 137e, then we require less than 
One monopole per 410?’ nucleons. 

It appears, however, that the galactic field is not primordial, for reasons 
that will be discussed in a later chapter. It is generated by the fluid 
motions in the galaxy on a characteristic time scale of the order of 3 x 10° 
years = 10*°s. Hence, we can assert only that r=10's, requiring that 
there be fewer than one monopole (g=137e) per 107° nucleons. The 
present laboratory results, that there are fewer than one monopole per 
3x 10°’ nucleons, gives a comfortable margin. There should be little or 


* Maxwell’s equations become 4aj+oE/dt=cVxB and 4753+ 0B/dt=—cVxE, 
together with V.E=476, and V.B=478,. It is no longer possible to write 
merely B=V x A. 
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no dissipation of the galactic magnetic field by monopoles. Other, usually 
less stringent, restrictions can be placed on monopole abundances in the 
sun and in Earth (Parker 1970). It appears, then, in view of the recent 
laboratory results, that the existence of large-scale magnetic fields is 
entirely consistent with the measured abundance of monopoles. But it 
must be remembered that the laboratory results refer only to monopoles 
for which g=30e. If, in fact, there should be a true symmetry between 
electric and magnetic particles, then g = e and the laboratory stands mute. 
In that case we have only the general existence of large-scale magnetic 
fields in the universe to indicate the upper limit on the number of 
monopoles. As we have seen, that upper limit is of the order of one 
monopole per 10% nucleons, based on estimates from the galactic magne- 
tic field. The upper limit defines the laboratory problem of searching for 
magnetic monopoles with g=e in samples of matter or among cosmic 
rays. The general astrophysical prevalence of large-scale magnetic fields 
places a severe limit on the abundance of monopoles and hence a severe 
limit on their stability or their production cross-section in high-energy 
(cosmic ray) particle interactions. 

In the absence of any affirmative evidence we can only assume that the 
universe contains no magnetically charged particles and proceed to de- 
velop the theoretical properties of the magnetic field B as though V.B=0 
and there is no direct dissipation J.B by magnetic currents. Perhaps 
someday a monopole will be discovered and we will revise this simple 
hypothesis. For the time being the fact is that no monopoles have been 
discovered in the terrestrial environment. Nor have any monopoles been 
discovered among the cosmic rays, which come to us from distances 
probably of the order of a kiloparsec. 

We should note that the same situation prevails with regard to stars 
composed of anti-matter. Anti-protons are absent among the primary 
cosmic rays arriving at Earth (Evenson 1972; Smoot et al. 1975). It is 
generally believed that the cosmic rays are produced by active stars— 
supernovae, flare stars, etc. within some distance of the order of 1 kpc. 
Hence we conclude that there are no stars composed of anti-matter in our 
neighbourhood of the galaxy. In view of the non-uniform rotation and 
general mixing of stars in the disc of the galaxy, we take this to mean that 
anti-matter stars occur nowhere in the galaxy. The same statements apply 
to magnetic. matter. 

Altogether, the evidence at hand shows a strong prejudice in the 
universe for electric matter and against anti-matter (Steigman 1973, 1974) 
or magnetic matter. 

It is interesting to note that the theory developed in this book is 
insensitive to whether a locality is populated solely by electric or by 
magnetic particles. Maxwell’s equations are symmetric in E and B, so that 
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the fields can be interchanged if the charge on particles is interchanged. A 
difference appears only in a region where both electric and magnetic 
charges are present. In that case there would be neither large-scale 
electric nor large-scale magnetic fields. There would be no large-scale 
electromagnetic activity and the locale would be a dull place indeed. 
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THE BASIC EQUATIONS 


4.1. The reduction of Maxwell’s equations 


THE task before us is to develop the theoretical behaviour of large-scale 
magnetic fields from Maxwell’s equations. The theory is already well 
known, with a number of excellent texts on the subject (see, for instance, 
Cowling 1957; Landau and Lifschitz 1960; Chandrasekhar, 1961; Alfven 
and Falthammer 1963; Kendall and Plumpton 1964; Ferraro and Plump- 
ton 1966; Jeffrey 1966; in particular, see Roberts 1967). We will not try 
to duplicate what has already been so well expounded, but, after the 
necessary preliminaries, will proceed directly to the development of the 
theory in the form most appropriate to understanding the activity in the 
universe. The two principal goals will be to explain (a) the general origin 
of magnetic fields in convecting rotating bodies and (b) the general 
absence of hydrostatic equilibrium when magnetic fields are present. The 
origin has been treated in earlier monographs, but only mathematically. 
The physical questions, that have gone largely unmentioned, will be the 
main concern here. The absence of equilibrium has not been treated at 
all, and lies at the heart of the unceasing activity in magnetic fields. 
Observations of the active magnetic fields in the universe tell us that the 
behaviour is complex so that we approach the theoretical problem expect- 
ing to find it extensive, and quite different from the conventional field 
theories developed for isolated microscopic phenomena. Our progress 
will be limited only by our energy and imagination in recognizing the 
basic physical effects among the enormous observational and theoretical 
complexity. In view of the hints and suggestions to be gleaned from 
observations of magnetic activity in the universe, it is only natural that we 
should respond with suggestions as to the role played in nature by the 
theoretical effects. But it is the basic theoretical properties of the magne- 
tic field, rather than the tentative suggestions of their role in nature, that 
is Our primary goal. In most cases the observations do not define the 
circumstances well enough to confirm the tentative suggestions. In the 
meantime, we concentrate on the basic physics. 

Maxwell’s equations for an electric field E (statvolts/em) and magnetic 
field B (G) in any inertial coordinate system in the presence of a charge 
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density 6 (e.s.u.) and current density j are 


Anj+dE/at = cV xB, (4.1) 
dB/ot = —cV xE, (4.2) 
V.E=4rô, (4.3) 
V.B=0, (4.4) 


where c (3x 10'° cms™') is the speed of light. 
The electric and magnetic fields E’ and B’ respectively, in a frame of 
reference moving with velocity u relative to the coordinate system are 


E' =(E+uxB/c)/(1— u?/ c7} (4.5) 
B= (B—uxE/c)/(1—u?/c?)? (4.6) 


Imagine, then, a magnetic field B(r, t) with characteristic dimension l 
embedded in an electrically conducting medium with fluid velocity v. The 
characteristic time of variation of the field is I/v. In order of magnitude, 
then, d/at~v/l and |V|~1/l. We are concerned with velocities small 
compared to the speed of light and will develop the theory neglecting all 
terms second order in v/c, essentially along the lines outlined by Elsasser 
(1954). For simplicity we suppose that the background fluid is a classical 
fluid with a simple scalar electrical conductivity ø, so that in the frame of 


reference of the fluid the electric current density f is related to the 
electric field by Ohm’s law 


j =E (4.7) 
The electric field E’ in the frame of the fluid follows from (4.5) as 
E' =E +v xB/c, (4.8) 


neglecting terms second order in v/c. 

Now in view of the generally large electrical conductivity, the only 
electric fields present are those that are induced, of the order of vB/c. 
Hence 0E/dt has a magnitude of the order of (v/DvB/c = (cB/Dv?/c?. The 
term cV xB on the right hand side of (4.1) is of the order of cB/I, larger 


"We define ô and j to be the entire charge and current density, including both 
free and bound charges, so that the total electric field is E and the magnetic field 
is B. It is convenient sometimes to use the more conventional approach, in which 
the dielectric polarization P (dipole moment per unit volume) is added to the 
electric field to give the total electric displacement vector D=E+47P, and the 
magnetic field B is divided into the two parts H and 47M with H denoting that 
part associated with the conduction currents and M the magnetization associated 
with the electric currents circulating within individual atoms. For most astrophysi- 
cal fields these considerations do not arise and so are merely confusing. The 
reader who desires to do so can easily translate our discussion into his own 
favourite form. 
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than dE/ét by c*/v*. Thus we drop the displacement current ðE/ðt from 
(4.1), obtaining Ampere’s law in differential form 


Aawj=cV xB. (4.9) 


It follows that j has a magnitude of the order of cB/l. We must not forget 
that the divergence of the electric field implies a net electric charge 
density 6, whose convection with the fluid implies a contribution vô to the 
current density. However, with E of the order of vB/c, it follows from 
(4.3) that vô is of the order of (cB/I)v?/c? and hence negligible. There- 
fore, neglecting terms second order in v/c the current densities in the 
fixed and moving frames are equal, ï =j. It follows from (4.7) and (4.8) 


that j=o(E+vxB/c) (4.10) 
Using this to eliminate j from (4.9) and then solving for E, there results 
E = -v x B/c + (c/4nmo)V xB. (4.11) 


Eliminating E from the induction equation (4.2) yields the familiar 
hydromagnetic equation 


dB/ot = V x(vxB)—V x (nV xB), (4.12) 
where for convenience we have defined the resistive diffusion coefficient 
n = c?/4a0. 
If n is independent of position, then (4.12) reduces to 
dB/ot = V x (v x B) +7V7B, (4.13) 


and otherwise 
dB/dt = V x (v xB) + nV’ B-—Vny x(V xB). (4.14) 


4.2. Physical interpretation of the hydromagnetic equation 


The physical interpretation of eqn (4.12) is, of course, that the term 
V X(vxB) is the convection term, carrying the magnetic lines of force 
bodily with the fluid. The term Vx(nV xB) represents diffusion and 
resistive dissipation. For uniform resistivity the magnetic field satisfies the 
familiar heat flow equation 


dB/ot = nV’ B (4.15) 


in the absence of any fluid motions (see §6.8 for the general case). Each 
cartesian component of the magnetic field diffuses with time from its 
initial configuration B,(r, 0) according to the general Green’s function (for 
an infinite space) 


_ — 1 -ry 
G(r r, D= | Ant | 


THE BASIC EQUATIONS 33 


showing how the field at each initial point r’ spreads out with a Gaussian 
profile of width (4nt)? in a time t. The field at a time t (>0) is formally 
related to the initial field (t=0) by the familiar integral expression 


B,(r, t) = [| |axce-r, t).B,(r’, 0). 


Field gradients soften with time and opposite fields merge and cancel. 
Now consider the convection term. In the limit of large electrical 
conductivity, we have ņ lv, and (4.12) reduces to? 


dB/dt=V x<(v xB). (4.16) 


There are a number of ways in which convection of the magnetic field can 
be demonstrated. The concept of the magnetic lines of force comes into 
prominence here. We indicated in Chapter 2 that a magnetic field is 
represented by a continuous vector function of position, B(r). The lines of 
force are defined, in terms of Bir), as the two-parameter family of 
solutions of the two equations 


dx/B, = dy/B, = dz/B, (4.17) 


at each instant of time t. The association of lines of force at different times 
is arbitrary, and we shall, therefore, choose the association that is most 
convenient. 

The first point, then, is to note that application of Gauss’s theorem to 
(4.4) shows that the total magnetic flux across any closed surface S$ is 
Zero, 


| as.B=0 (4.18) 


where dS is the outward drawn normal to the element of area dS in S. 
Lines of force can terminate only on charges. There are no magnetic 
charges, so every line of force entering S must also leave. It follows then 
that the total number of lines of force ® through any closed contour C 
can be written 


p= [as -B (4.19) 


where the integration is over any surface enclosed by C. 


? This equation can also be written dB/dt =43B/ðt + (v . V)B = (B . V)v—BV.v. If 
the fluid density p is variable, then dp/dt+ pV . v= 0 and (d/dt)(B/p) =[(B/p) . V]y. 
If the fluid motion is incompressible, then V .v=0 so that 


and dB/dt = (d/dx;)u,B;. 
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Fic. 4.1. A sketch of the contour C and the position C’ to which the fluid would carry C in 
a time ôt. 


Now consider the change with time of the magnetic flux through a 
closed contour moving with the fluid. Its initial position at time t is the 
closed contour C and a short time ôt later it has undergone the displace- 
ment vdt, as a consequence of the fluid velocity v(r, t), to a new position 
C’, sketched in Fig. 4.1. Denote by dS, an element of area on any surface 
bounded by C, and by dS} the corresponding element on any surface 
bounded by C. The element of area (with outward normal) swept out by 
the element of arc length ds of the contour moving a distance vôt is 
ds x vét. It follows from (4.18) that the total flux through the closed 
surface shown in Fig. 4.1 is 


| as. Bir + 51) | dS. B(r+ 81) —> B(i+ dt) . ds x vdt =0 
C C“ Cc 


at time t+ ôt. Hence the change in flux through the moving contour from 
time t to t+ dt is 


ô= [ dS... B(t + 6t) — | a. . Bt) 
= | as. [B(r+ 81) B(N]- 31GB. ds x v 
-af [ -B-f B. cox, a2) 
Then using (4.16) and Stokes’ theorem, 
Bb = 61} | asc. Vx(v xB)-$ B. ds x v) 


= ard {ds .-VxB-—B. ds xv}. 
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Using the well known vector identity for combinations of vector and 
scalar products, we have ds. vx B=B.dsxv, so that 


5D=0. (4.21) 


The magnetic flux through any contour moving with the fluid is constant 
in time, not matter what the field configuration B or the velocity field v. 
This is true for all contours, located anywhere relative to the local 
inhomogeneities in the field’. Imagine, then, a magnetic field composed of 
separate, isolated tubes of magnetic flux. It is clear that the individual 
tubes of flux move with the fluid, for if there were any motion of a tube 
relative to the fluid, there would be closed contours moving with the fluid 
that would experience changes in magnetic flux, contrary to (4.21). Thus 
it is awkward to adopt any view other than that the magnetic lines of 
force move exactly with the fluid. 

Now any continuous field distribution B(r, t) can be made up of the 
superposition of two or more configurations of discrete and isolated flux 
tubes. (The hydromagnetic equation, (4.19) or (4.16), is linear in B.) 
Therefore, if we are compelled to the view that the individual lines of 
force of the discontinuous fields move with the fluid, we arrive at the 
position that the lines of force of the continuous field—the superposition 
of several discontinuous fields—move with the fluid. Any other view is 
inconvenient, to say the least. The concept is vividly phrased by Alfven’s 
(1950) statement that the magnetic lines of force are ‘frozen’ into the 
fluid. The reader will find Lundquist’s early treatment (Lundquist 1952) 
particularly interesting. 

It follows that the magnetic lines of force move in the frame of 
reference in which the electric field is zero. The electric field is held to 
zero by the high conductivity of the fluid. To put it another way, note that 
in the limit of large electrical conductivity, lug > c? (i.e. vl >n), (4.10) 
reduces to 

E=-vxB/c. (4.22) 


Hence the field in the local frame of the fluid is, according to (4.5) 
E’=E+vxB/c=0. (4.23) 


The point is that the reference frame of the magnetic field is the frame in 
which the electric field is zero. This is the same convention as adopted in 


“It should be understood that any quantity such as v and B representing a 
physical entity is automatically finite and continuous, with derivatives to all 
orders. Mathematical discontinuities cannot be established by experiment, even if 
they existed, so the only discontinuities that can appear are idealizations that we 
ourselves arbitrarily, or inadvertently, introduce for computational convenience, 
such as shock fronts, etc. 
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Chapter 3 to discuss magnetic fields and the electric fields induced from 
them. 

Another demonstration of the motion of the magnetic lines of force 
follows from the representation of the magnetic field in terms of the Euler 
potentials, a(r) and B(r) (Sweet 1950; Lundquist 1952; Dungey 1953; see 
discussion in Stern 1966, 1976; and Roberts 1967). One writes 


B= Va x VB =V x(aVB), 


which automatically satisfies the divergence condition, V.B=0. The 
magnetic lines of force are given by the intersections of the two families 
of surfaces, a = constant, B = constant, as sketched in Fig. 4.2. This is 
obvious from the fact that the vector Va is perpendicular to the surface 
a = constant so that any line perpendicular to Væ lies in the surface 
a = constant. The same is true for B. The magnetic field is perpendicular 
to both Va and VB. Hence it lies in both surfaces a@ = constant, B= 
constant. Hence B must lie in the intersection of the two surfaces. 
Now (4.16) becomes 


Vaxy Ve xv = Vx[vx(VaxVB)] 
=Vx[Va(v.V8)—VB(v. Va)], 
=Viv.VB)xVa—Vi(v. Va) xVB. 

Hence 
WB ygyi 
VaxV di =VBXxV EP (4.24) 
B 


Fic. 4.2. A sketch of the intersection of a = constant, B = constant defining a line of force 
of the magnetic field B= Va x VB. 
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where 


da da dsp op 

dar tv qe ar YE 
There is a whole family of solutions to (4.24), but the simplest is 
obviously da/dt =dB/dt = 0. That is to say, we are permitted to suppose 
that the Euler potentials, the intersection of the equipotential surfaces, 
and the lines of force, move with the fluid. 

An equivalent calculation without the ambiguities of the Euler poten- 
tials (see discussion of ambiguities in Stern 1966) can be constructed 
working directly with the magnetic lines of force. Consider a fluid element 
with position x,,;(t) at which B,(x,;)40. Through the point xı; there 
passes one line of force, i.e. a single solution of 


dx/ds = B/B 


where ds is an element of arc length and B is the magnitude of the field, 
B? = B,B,. Then consider another fluid element at position x5,(t) some- 
where on the same line of force at time t so that 


x 


xal = xut | ‘dsn; (4.25) 


where n; = B,/B is the unit vector along B; and the integration is carried 
along the magnetic line of force from x,,; to x,;. It is a simple matter to 
show that the motion of the magnetic line of force (4.25) with the fluid is 
consistent with the hydromagnetic equation (4.16). Differentiation of 
(4.25) yields 


xo; dx, (4, dm i d 
dt di f ds EP + . nia, ds (4.26) 
where the last term on the right-hand side symbolizes the time rate of 
change of the path of integration. 

Now if the field line moves with the fluid, then the velocity difference 
between x» and x,; must be just the integral of the velocity gradient 
along the field line, 


dx; dxi e Ov; 

—~=——+ | dsn,—. 4.27 

dt dt J, TH ay. (4.27) 

To show that (4.26) reduces to this expression, note that the time rate 

of change of the element of arc length ds moving with the fluid is just 
equal to the difference in velocity of the two ends of ds, 


d Ov; 
— ds = ds nn; —, 4.28 
q; 9$ = ds rin; ax (4.28) 
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The quantity dn,jdt must be evaluated from the hydromagnetic equation 
(4.16)*. To do this we note first that direct differentiation of n; = B/B 


yields dn jdt = (8, — nn;)(1/B) dB/dt. 
Then since (4.16) can be written 


(1/B) dB/dt = n,,dv/dx,, — ndv,/OX,, 
it follows that 
dn;/dt = (6, — njn;)n,dv0,/OX,.. (4.29) 


Substituting (4.28) and (4.29) into (4.26) leads immediately to (4.27), 
q.e.d. It follows that any two points initially connected by the same 
magnetic line of force will always be connected by a line of force. We 
choose, then, to define the lines of force by the material points that lie 
upon them, stating that in the perfectly conducting fluid the magnetic 
lines of force move with the fluid. 


4.3. Mathematical solutions for field convection: 


The hydromagnetic equation (4.16) is, by itself, a kinematical statement 
of the evolution of the magnetic field B(r, t) for a given velocity field 
vir, t). It is identical in form to the dynamical equation for the vorticity 
@=V xv of a perfect fluid, 


dw/dt=V x (vxw). (4.30) 


The vortex lines move exactly with the fluid. The Cauchy solution to 
(4.30) is applicable to (4.16) (Lundquist 1952), leading to a formal 
relation between the field configurations at any two times t; and t, in 
terms of the Lagrangian displacement of the fluid. The result is easily 
derived. 

As already noted? the field convection equation can be written 


dF/dt = F,av/ax, (4.31) 


where F;(r, t) = B,(r, t)/p. Consider, then, the field and fluid at position 
x(t) at time t. A short time ôt later the field and fluid have moved to the 
position x;(t+ dt) = x;(t)+v,6t. The field is 


Fi[x, (t+ ôt), t+ 5t]= F[x, (t), t]+ ôt dE/dt, 


= Fx (t), 1+ Ly, (0, 12 ôt, 


= Fald, Jikar 
ax (t+ ôt) 


= Rl, eT 
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Thus the strain dx;,(t+ 8t)/dx;(t) projects the field F, forward in time. 
Repeating the forward projection n times yields 
Ox, (t + ôt) Ox,(t +262) 
axl) dx, (t+é6t) °°” 
ax (t+ nåt) 
ax; (t) 


F[x,(t+ nôt), t+ ndt]= F[x,(0), t] 


= F[x,(0), t] 


That is to say, if the fluid element at position X, at time ft, is at position 
x; = x;(X;,, ty) at time h, then the field F,(x,, t) at x, at time t, has evolved 
from its initial value F;(X,, tı) at X; according to the total accumulated 
strain 

OX; 


F; (Xk, to) = F (Xi t1) ax, 


(4.32) 
It is necessary, then, only to compute the unfolding of the Lagrangian 
coordinates x; = x; (X, t) with time in order to work out the evolution of 
the magnetic field. 

There are other methods of solving (4.16), of course. The equation is 
linear in B; and may be approached as an ordinary initial value problem, 
to be solved by separation of variables, etc. We shall adopt whatever 
method of solution is most convenient for the particular problem at 
hand. 

It is worth noting the solution of (4.16) in terms of the vector potential. 
Let B=VxA (B; = €,0A,/0x, where e; is the usual permutation tensor, 
equal to zero if any of the three indices are equal, and otherwise equal to 
+1 depending upon whether ijk is an even or odd permutation on 123). 
Then (4.16) becomes 


V x[dA/ot—vx(VxA)]=0. 
Integration yields 
dA/dt=vx(VxA)—Vd 


where @ is an arbitrary function of position and time. The equation is 
more conveniently cast in the form 


dA, 0A, ðA; dA; ð¢ 
oO; = Dv; "m, 
dt oat ‘dx, ‘ax, ax, 


Since @ is arbitrary, contributing nothing to B, let 6 = v,A,. The result is 
dA: _ 4 8 


-A2 4.33 
dt AX; | (4.33) 


which is sufficiently like (4.31) that a similar method of integration can be 
employed. 
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Consider the element of fluid and field at x, at time t+ ôt. A short time 
ôt earlier the same field and fluid were at x,(t+ 8t)—v,6t. Then 


Ax. (t+ 81), + 6t]= A,[x.(1). +S 8t+ OLCSO, 


= Aj[x,(t), t]- A;[x (0), q2 st, 


= Aad), 7 ee 


= A [x (t), t]6x;(1)/dx;(t + ât). 


+ O[(8t)7], 


Repeated application of this infinitesimal projection yields 
Ai Xo t2) = A; (Xr, t1)0X;/3x. (4.34) 


This is the solution for A; comparable to (4.31) for the field B,/p. Note 
that if we multiply both sides of the equation by 0x,/aX, and sum over i, 
we have 


OX OX, _ 
OX, OX; Tk 
and 
A(X, ti) = A; (Xr t5)dx OX; (4.35) 


for the projection backward in time’. 

It should be noted that, with the gauge used to obtain (4.33), the 
divergence of A; is generally not zero. The gauge in which dA,/dx, = 0 is 
treated in the next section. 

It is instructive to work backwards from (4.34) to obtain (4.33). The 
total Lagrangian time derivative of (4.34) follows as 


dA; (Xk 1) d aX; 
dt 9] 
since the initial position X, of the Lagrangian coordinate x, is fixed in 
time, d.X,/dt = 0. Consider the two moving points (x,, x, + 6x,) with initial 
positions (X,, X, + 6X),). The initial vector separation is 6X,, and at time t 
the separation is 6x, with 
5X, = (AX,/d.x; )x;. 


Differentiate with respect to time and note that 6X; does not change with 
trme. It follows that 

d dX, dX; dôx; 
xX T+ . 

dt dx; ox; dt 
* The discussion of the mathematical properties of the strain tensor 4x,/aX, given 
in Roberts (1967) is particularly useful and interesting. 


O=6 
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The two points move with velocities v;(x,, t) and v;(x,.+ 6x,, t). Hence the 
rate of separation is 


ddx; _ ðv; 


Xr. 
dt OX, k 


With this expression for déx,/dt it follows that 


“il at ax, Om, ax, 


This is a general expression for any separation 5x;. Hence the quantity in 
brackets must be identically zero, so that 


4 aX__ Xan, 
dt dx; OX, OX; 


It follows then that 


dA; (x,, t) | OX; OU, 
= = -A,(X,, t 
dt (X, ox, Ox; 


OU, 
Ax (Xy t) 3 ; > 
upon using (4.34). The result is just (4.33), of course q.e.d. 

It is an interesting fact, then, that the vector potential in an element of 
fluid at a position x, at time t is related solely to the vector potential in 
the same element of fluid at any earlier time t,. The vector potential, like 
the magnetic field, is not affected by its value in other neighbouring 
elements of fluid (so long as the diffusion term is neglected, of course). 
The difference between the behaviours of B; and A, is that while the total 
flux of B; is conserved, A; is not. The conservation theorem for A, 
follows from the conservation of magnetic flux through any contour 
moving with the fluid, 


[a.s 


€ 


-4 
dt 
z 

— -VxXA 
~ar | S- x 
d 
dt 


The line integral of A around any closed contour moving with the fluid is 
invariant Over time. | 
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4.4. Mathematical solution of the complete hydromagnetic equations 


Mathematical solution of the complete hydromagnetic equation (4.12) 
for B is possible through standard methods employing separation of 
variables. The equation is linear and homogeneous in B, although the 
coefficients v and ņ may be variable. Usually one chooses ņ to be 
uniform over the region of solution since its variability is difficult to 
handle and does not, in most cases, introduce anything of physical 
interest. The equation can be rewritten in terms of the vector potential 
B=VxA if desired. Integrating once then yields 


dA/ot=vxVxA-—nVxXVxA-—cVd 


where œ is an arbitrary scalar function of space and time, which does not 
affect the magnetic field in any way. Hence, it is usually put equal to zero 
so that A is constant in time in any region where v=0 and j=0 
(VxVxA=0). With the choice cV’é=B.Vxv—v.VXB, it follows 
that V.A=0O (there is no general advantage to the Lorentz gauge in 
non-relativistic hydromagnetic problems) and 


dA/Ot=vxVxA+7V7A. (4.36) 


Under steady conditions (d/at = 0) eqn (4.12) can be integrated once to 
give the first order equation, equivalent to (4.36), 


vxB=7VxBicVw 


where w is an arbitrary function of position and time and ~V y represents 
the electric field in the region. If we can pick our coordinate system to be 
at rest with respect to the fluid at infinity, then Vw =0 and 


vxB=7nV xB. (4.37) 


Finally we should point out that, if 7 is uniform and there is no fluid 
motion (v= 0), the hydromagnetic equation (4.12) reduces to the vector 
heat flow equation (4.15). The Cartesian components of the field each 
diffuse separately, and the wealth of mathematical techniques developed 
to treat heat flow (see, for instance, Carslaw and Jaeger 1959) can be 
employed. The Green’s function solution already mentioned is only one 
of several methods. 


4.5. Resistive diffusion and magnetic lines of force 


The convection and diffusion terms making up the right-hand side of 
(4.14) are in competition with each other. The convection term has a 
magnitude of the order of vB/I, if | is the smallest characteristic scale of 
the structure of v and B. The diffusion term has a magnitude of the order 
of nB/I?. The ratio of the magnitude of the convection term to the 
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diffusion term is called the magnetic Reynolds number 
Rm = vl/n. (4.38) 


When Rm is large compared to one, the convection term dominates and 
the magnetic field is carried bodily with the fluid. The diffusion term is 
small and may be neglected unless it plays some crucial role in the 
discussion (as it does, for instance, in the hydromagnetic dynamo and 
turbulent diffusion). 

The magnetic Reynolds number is very large compared to one in most 
astrophysical circumstances. Even over the small dimensions of a solar 
granule (10° km) in the low electrical conductivity of the solar photo- 
sphere (o=10"' es.u., n=10°cm’s”') the convective velocities of 
1kms™* yield R,, =10*. The solar wind (v = 400 km s™!, ¢=10"*e.s.u., 
710° cm’s~') yields R,,=610* across a sector of width 1a.u.= 
1-5X 10 cm. The gaseous disc of the galaxy, of characteristic thickness 
l = 100 pc=3 x 107° cm, gas velocity v = 10 kms “+, and electrical conduc- 
tivity of 10** e.s.u. or more (ņ 510° cm’ s~’) yields R,, =3 102”, 

In the presence of resistive diffusion it is generally not possible to 
attach a permanent identity to the individual magnetic lines of force since 
the field pattern changes and the connection of magnetic lines of force 
between material points varies with time. A simple example is a twisted 
rope of magnetic field in a motionless medium. Resistive diffusion causes 
the rope to unwind at a rate depending upon the distance w from the axis 
of the rope, while the material particles making up the fluid do not move 
at all. 

In those special cases wherein the field pattern remains fixed in time, 
because V X(v xB) exactly balances the diffusion term V x(7V xB), the 
field lines may be considered fixed, of course, with the fluid slipping 
across them with velocity v (see example in Roberts 1967). But only in 
the simplest cases is the geometrical concept of persistent magnetic lines 
useful. 


4.6. The electric current and the electric field 


This is the appropriate time to remark on our use of the simple scalar 
Ohm’s law (4.7). In a solid or liquid, or in a dense gas in which the 
electronic collision frequency is larger than the electron cyclotron fre- 
quency, the electron drift is dominated by collisions and (4.7) is the 
correct description, with 


o=10 Ts,  n=10 T Żcm s! (4.39) 


(Cowling 1953, 1957; Spitzer 1956; Chapman and Cowling 1958). On 
the other hand, if the gas is so tenuous that the electron and ion collision 
frequencies are small compared to their cyclotron frequencies Q, then 
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their motion is approximately that of a free particle moving with velocity 
w in the large-scale fields E and B. In the large-scale magnetic field 
B(! > w/Q) the particle motion is readily calculated in terms of the 
‘guiding centre approximation’, yielding the result that the particles move 
approximately in the frame of reference with velocity u where (Alfven 


1950) 
u=cExB/B’. (4.40) 


The particles move across the magnetic lines of force with the ‘electric’ 
drift velocity u such that they see no induced electric field. This motion 1s, 
then, identical with the motion of a highly conducting fluid, in whose local 
frame of reference the electric field is zero. 

In the tenuous collisionless plasma, an electric field parallel to the 
magnetic field is possible, in principle. It depends upon the anisotropy of 
the electron and ion distribution functions and may not be negligible in 
the presence of violent activity, but quickly decays through excitation of 
plasma turbulence when the activity ceases. Hence we shall consider the 
parallel component of E only in connection with special localized intense 
magnetic gradients (see below). For the present we disregard it. 

To continue with the problem at hand, relative to the frame with 
velocity u, the electrons and ions drift slightly as a consequence of the 
curvature in the magnetic lines of force and the gradient of the field 
density. The electric current resulting from this slow drift automatically 
satisfies Ampere’s law (4.9) (see, for instance, Parker 1957). The vector 
product of B with (4.40) yields 


E=—uxB/c+nin.E), 


where again n is the unit vector in the direction of B. Since n.E is 
generally small, we neglect it. Then E =—u xB/c. Substitution into (4.2) 
yields 

dB/ot=V x (u xB). (4.41) 


This is the same form as (4.16) indicating that the magnetic lines of force 
move with the velocity u. There is no disstpation or diffusion and the 
system behaves in the same way as in a highly conducting fluid to which 
Ohm’s law (4.7) applies. Thus the hydromagnetic equations describing 
large-scale (1 > w/Q), slowly varying (1 > u/Q) magnetic fields are the same 
whether the collision frequency is large or small compared to the cyclot- 
ron frequency (see discussion in Schluter 1950, 1952; Chew et al. 1956; 
Watson 1956; Brueckner and Watson 1956; Parker 1957; Northrop 
1963). 

It does not follow, however, that (4.16) or (4.41) can be used in all 
intermediate cases. When the gas is both tenuous and contains a large 
portion of neutral atoms, as in the terrestrial ionosphere, the deviations 
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from (4.16) are important (see, for instance, Chapman 1964: Hines et al. 
1965; Paulikas 1974; Farley 1974; Akasofu 1974). We will restrict 
attention here to circumstances where (4.12), or its special cases (4.15) or 
(4.16) are applicable. 

While we are discussing the validity of Ohm’s law, it is important to 
note that in gases with a very low level of ionization, such as the solar 
photosphere, or the interior of a dense, cold interstellar cloud, the 
electrical conductivity may be very much reduced from the value (4.39) 
for a gas that is significantly, if not fully, ionized. The reduction is due to 
the lack of free charge carriers and may be considerable. The conductivity 
in the solar photosphere evidently dips as low as 10° s7! (see discussion in 
Nagasawa 1955; Kopecky 1957, 1958; Kopecky and Kuklin 1966; Oster 
1968; Kopecky and Obridko 1968). In such cases we must be sure to 
include the large diffusion 7. 

It is interesting to note the important complications that may arise from 
plasma turbulence when the field gradient is very steep (high current 
density). Unstable resistive tearing modes (Furth et al. 1963; Jaggi 1963; 
Biskamp and Schindler 1971; Coppi and Friedland 1971) and unstable 
ion acoustic modes (Linhart 1960; Alfvén and Carlquist 1967; Ham- 
berger and Friedman 1968; Hamberger and Jancarik 1970; Coppi and 
Mazzucato 1971; Burchenko et al. 1971; Coppi 1975) may be excited, 
enormously increasing the effective large-scale resistive diffusion coeffi- 
cient n. Such effects probably occur in the aurora and the geomagnetic 
tail, and in solar flares, contributing to the violent dissipation of magnetic 
fields and the acceleration of particles. These interesting and important 
effects lie outside the scope of the hydromagnetic equations, except 
insofar as we introduce them ad hoc through an increased value of the 
effective resistive diffusion coefficient n. 

We should note, too, the dissipative effect called ambipolar diffusion 
(Schlüter and Biermann 1950; Piddington 1954; Cowling 1956, 1957; 
Parker 1963), arising when there are relatively few ions and electrons 
embedded in a background of neutral gas. The magnetic field is tied to 
the electrons and ions, whose motion through the neutral gas is impeded 
by their collisions with neutral atoms. A force F per cm? exerted on the 
ions by the magnetic field causes them to drift through the neutral gas at a 
rate Av such that F=MNvA 

= LIVEN; VAY 


where M, is the ion mass, N, the number of ions per cm’, and v is the rate 
at which the individual ion collides with the neutral atoms. The electrons, 
by virtue of their small mass, may be neglected here. If the ion—neutral 
collision cross-section is A and the mean thermal velocity is w, with N 
neutral atoms/cm*, then v = NAw. Hence 


Av =F/M.N.NAw. 
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Osterbrock (1961) has pointed out that for the slow collisions of ions with 
neutrals, Aw 2:5 x 10° cm? s™* under most circumstances of interest. If 
a gradient (with scale /) in the magnetic pressure B?*/87 is the cause of 
the force F exerted on the ions, we have F= B’/87l and 


Av = B2/87lM,N,NAw. (4.42) 


In interstellar space, where B?/87 = 0-5 x 107"? dyn cm”? and 1 = 10° pe = 
3x 107° cm, together with M,=107*? g, N; =10°, and N=1, there re- 
sults a drift of the order of 10? cm s™*, traversing only 10 pc in 10'° years. 
In the solar photosphere where, say, B = 10° G, l= 10° km, M; = 1077” g, 
and N, = 1074 N, with N = 10" cm °, we have Av = 107 cms™?. Ambipo- 
lar diffusion can be ignored under most astrophysical circumstances (see 
examples in Cowling 1957). 

Let us return, then, to the electric field in a highly conducting fluid in 
which the electric current and electric field are related by the simple 
Ohm’s law (4.7). The electric field in the frame of reference of the fluid is, 
according to (4.7) and (4.9) 


E =(7/c)V xB 


Hence in a magnetic field of magnitude B and scale l, the electric field is 
of the order of (nB/cl) =(vB/c)/R,,. Thus, E’ is smaller than the induced 
field (of order vB/c) in the fixed frame of reference by a factor compara- 
ble to the magnetic Reynolds number R,, = vl/n. The enormous mag- 
nitude of R,, reduces the electric field E’ in the fluid to ‘insignificant’ 
levels in large-scale magnetic fields. 


4.7. The charge density and the electric field 


The electric field in the fixed frame of reference is given by (4.22). It 
satisfies the divergence condition (4.3). Hence there is an electrostatic 
charge density 
ê =-—V . (v X B)/4rrc (4.43) 
in the fluid. In terms of the electron cyclotron frequency Q, = eB/mc and 
the plasma frequency w, =(4aN,e7/m)? where N, is the number of 
electrons per cm?, the charge density in a field variation of scale / is of the 
order of vB/4rcl, and the fractional change AN,/N, in electron density 
relative to the ion density is 


AN,IN, = (v/1)Q,/@2. 


With Q, =1-8x10’ B rads™! and #,=5%X10*N? rads™* the fractional 
change is slight. Even in the extreme case of the solar wind impacting the 
magnetic field of Earth (v =400 kms™', 1=10° km, N,=1/cm*, B= 
10°* G) we have AN,/N, =310°°. The charge on the individual elec- 
trons is so large that a slight rearrangement takes care of the induced 
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electric field. The universe is saturated with electric charge, as we 
emphasized earlier. 

The variation of the charge density from one frame of reference to 
another raises an interesting question that is worthy of brief notice. The 
charge density (4.43) can be written 


5=(v.VxB-B.V xv)/4irc. 
In terms of the current density 477j=cV xB and the vorticity o=V xv 
this is 
B.w 
Aare ` 


sav. 4 
C C 


(4.44) 


If we view the fluid from a frame of reference moving with uniform 
velocity u relative to the fixed frame, the velocity of the fluid is v’ =v-—u. 
The current density is unaffected, j=j{1+O(v7/c”)]. Replacing v in 
(4.44) by v’ we calculate the charge density in the moving frame to be 


8'=6S+u.j/c’. 


The two charge densities are not equal. How is it then that two observers 
with relative motion observe charge densities that differ by an amount 
first order in u/c? The answer is, of course, that the electric current 
implies a conduction velocity w of the electrons relative to the ions, which 
gives a Lorentz contraction of the electron density and automatically 
produces that part of the charge density given by wu. j/c*. The effect is 
easily calculated in elementary terms. Denote by L, the mean spacing of 
both electrons and ions (singly-charged) in the frame of the fluid. Then in 
the fixed frame of reference, relative to which the fluid velocity is v, the 
mean ion spacing in the direction of fluid motion v is L = L,(1—v?/c7).. 
The mean spacing of the electrons is L, = L,[1—(v+w)*/c?>. Hence 


L/L, =1—-v. wie? +O(w?/c’). 


The spacing in the two directions perpendicular to v is unchanged. Hence 
the electron density is enhanced relative to the ion density by the factor 


NAJN; = L/L, =1+v¥.w/c? 
so that there is a net charge 
e(N, —N.)=—N.ev. w/c? 


in the fixed frame of reference. This net charge can be written —v. j/c? 
since the current density is j= — N.ew. This is the origin of the first term 
on the right-hand side of (4.44). It follows that in the frame with velocity 
u the contribution is —(v—u).j/c*, giving the difference wu. j/c* that 
aroused our curiosity in the first place. 
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5 


MAGNETIC FIELD STRESS AND 
ENERGY 


5.1. Magnetic field stresses 


THE magnetic field transmits stresses between regions of material parti- 
cles and fluids. It is these stresses that are responsible for the non- 
equilibrium and the continual activity of fluids in astrophysical bodies. 
The stresses are derivable directly from the expression 


t= qE' (5.1) 


for the force transmitted to an electric charge q by the electromagnetic 
fields E’ and B’ in the frame of the charge. In terms of the electric field E 
and magnetic field B in the fixed frame, relative to which the charge q has 
a velocity w, we have from (4.5) that 


f = qy(E+wxB/c) (5.2) 


where for convenience we have written y= (1—w?/c?)>. The force f is 
the momentum imparted per unit time in the frame of q. The momentum 
imparted per unit time in the fixed frame is denoted by f. It is smaller 
than f because of the time dilatation At = yAt' between the two frames. 
Hence 


f=f'/y (5.3) 
=q (E +w xB/c) (5.4) 
This is, of course, the familiar expression for the Lorentz force on the 


charge q. 

The fluid is made up of many particles with various individual charges 
q, together giving a net charge density 5 per unit volume’. In the same 
way the net current density įr, t) is the net density of qw per unit volume. 
The net force F per unit volume is, then, 


F=6E+jxB/c (5.5) 


‘If there are random variations in the charge density, as a consequence of 
small-scale fluctuations in particle density, we imagine an ensemble of systems, all 
statistically identical on the macroscopic scales with which we are dealing here, 
but statistically independent on the microscopic scale. The mean charge density 
ô(r, t) is then taken to be the ensemble average charge density at the position r 
and time t. 
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on the fluid. The force is readily transformed into the divergence of a 
stress tensor, M,, representing the stresses carried in the field. We use 
(4.3) to eliminate 6 and (4.1) to eliminate j, so that 


4nF=EV.E+(V xB) x B-—(0E/dt) x B/c. 


In view of (4.4) we may add the term BV .B, to keep the expression 
symmetric in E and B. We may write the last term as 


(3E/ðt) x B= a(E x B)/dt —E x oB/at 
and then use (4.2) to write dB/dt in terms of E. The result is 
47F=EV.E+BV.B+(V xB)xB+(V xE) xE—d(E xB/c)/dt, 
=EV.E+(E.V)E—ViE° +BV.B+(B. V)B—ViB?—a(E xB/c)/dt, 


upon using a vector identity for (V xB)xB and (VxE)xE. In terms of 
the Poynting vector 


Q= cE xB/4r (5.6) 
and the Maxwell stress tensor 
M; =—8; (E + B’)/8a+(E,E, + B;B;)/4rr (5.7) 


the expression can be written, using index notation exclusively? 
F+, (5.8) 


The Maxwell stress tensor represents the stress transmitted through the 
electromagnetic field. We use the convention that M,, represents the force 
(per unit area) in the i-direction. The force is exerted by the field on the 
positive side of an element of area (with normal in the j-direction) on the 
field on the negative side. Hence pressure is negative and tension is 
positive. The stress across an element of area dS; is M; dS; and it is 
readily shown from Gauss’s theorem that the force per unit volume 
diverted from the field to the material particles is the divergence 0M,/dx,. 


* Had we restricted j to be only the electric conduction current, writing 47j+ 
éD/at=cV x H and dB/dt = —cV xE, as is the convention of many authors, with 
H limited to that part of B associated with the conduction current į (see footnote 
l, Chapter 4), the expression for 47F becomes EV.D+HV.B+(V xH)x 
B+(V xE) xD —(d/dt)D x B/c, and further progress requires knowing the relations 
between E and D, H and B. With the simple scalar relations D = €E and B= uH 
the field pressure becomes (€E*+H’)/87. This differs from the (E*+B”)/8a 
worked out above because it includes the stresses within the matter. We prefer in 
our formulation to separate the stresses in the macroscopic fields from the elastic 
stresses (microscopic fields) in the material medium. 
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The stress tensor M; is necessarily symmetric in its two indices, because 
any non-vanishing anti-symmetric part represents an unbalanced torque 
on each infinitesimal element of volume. 

The momentum density in the electromagnetic field is O,/c’. 

The electromagnetic stress tensor M,,, (5.7), is symmetric in E; and B; 
because the field equations are symmetric in E; and B,. The first term on 
the right-hand side of (5.7) represents an isotropic pressure. The second 
term represents a tension E*/47 along the electric lines of force and a 
tension B*/4m along the magnetic lines of force. To demonstrate that 
B,Bj4a represents a tension along B, consider an element of area n; dS 
with its normal along the magnetic field B, where again n; is the unit 
vector BB along B;. Then the stress exerted across dS, is 


dS n,B,B/47 = B,B,B, dS/4rB 
=n, dS B?/47 


which is a tension (because it is positive) of density B?/47 in the direction 
of the local field n;. The force of B,B,/4a across an element of area with 
its normal perpendicular to B; is zero. A similar analysis holds for the 
tension E,F,/47 along the electric field. 

Now in a highly conducting fluid with a velocity v; (everywhere small 
compared to c) we have E; smaller than B; by the ratio v/c. Hence, 
neglecting all terms second order in v/c, the Maxwell stress tensor reduces 
to 


The magnetic field exerts an isotropic pressure B*/87 in all three direc- 
tions, and carries a tension B?/47 along the magnetic lines of force. Once 
again we see the prominent role played by the magnetic lines of force. 
Each small flux tube is like a rubber band, under tension, and infinitely 
elastic. Neighbouring flux tubes expand against each other with a pressure 
B?/87. Equilibrium exists only where it is possible to balance the tension 
and pressure against each other. 

The electromagnetic momentum density Q,/c* can be neglected com- 
pared to the momentum density pv, of the fluid because their ratio is of 
the order of 


|Q/c?|_ EB B 
lpv;|  4apvc 4apc? 


and is equal to the field energy density divided by the rest energy density 
of the fluid. The characteristic dynamical pressures of fluid motions 
resulting from unbalanced stresses in B; are comparable to the magnetic 
pressure. So pv?” =~ B?/8m and v ~ B/(4zp)?. Hence the ratio is of the 
order of v?/c?, which we neglect. Another way of looking at the problem 
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is to note that the magnetic field pressure B?/87 is often not greater than 
the gas pressure p written pw’ in terms of the mean square thermal 
velocity w in any one direction. The ratio is then of the order of w*/c’, 
which we neglect. 

The equation of motion for the fluid can be written directly from (5.8). 
A fluid with velocity v,;, density p, and pressure p subject to a gravita- 
tional force —pd6/dx, and the magnetic force F, = 0M,,/0x; accelerates at a 


rate 
dv; (24 a) 
Par P\ar Tax, 
ð ð ƏM; 
=- p (5.10) 
OX; OX; OX; 


T 
The reader can add the standard viscous stresses to this equation when 
the situation demands it (see, for instance, Landau and Lifshitz 1959; 
Roberts 1967). 
The magnetic force F, per unit volume can be written in a variety of 
ways, 


F = —V B?°/8 r + (B . V)B/47 (5.11) 
= (V xB) xB/47 (5.12) 
= į xB/c, (5.13) 


the last form to be compared to (5.5). The electrostatic forces ôE are 
negligible, being second order in v/c compared to įxB/c. 

It is evident from (5.12) or (5.13) that the magnetic field exerts no 
forces on the fluid in the direction parallel to the field. The tension in the 
field is always in equilibrium along the magnetic lines of force because 
there is no coupling between field and fluid in that direction. Only if there 
were magnetic monopoles could there be a component of F along B. 

The magnetic stresses are carried through the region entirely within the 
field, and not transmitted to the fluid, whenever V xB=0 (i.e. B=-V y) 
or V xB=h()B. Such a field is said to be force-free, i.e. F= 0. 

The field exerts a force on the fluid in a direction perpendicular to the 
field whenever the field pattern is distorted from the condition of local 
equilibrium of the Maxwell stresses, (V xB) xB = 0. Then if the magnetic 
lines of force have a local radius of curvature R, their tension B*/47 
exerts a transverse force B?/47R per unit volume. Insofar as this curva- 
ture stress is not balanced by the gradient of the magnetic pressure 
B?/87, there is a force exerted on the fluid. 

It is the field stress M, that tugs at the magnets held in our hand, that 
holds the refrigerator door firmly closed, and that pushes the armature of 
an electric motor around on its shaft. It is the same field stress that 
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propels the eruptive prominence on the sun, and confines the fast 
particles of the Van Allen radiation belts around Earth, and restricts the 
motions of the interstellar gas. 

Generally speaking the tension along the magnetic lines of force of 
most field line topologies cannot be balanced by gas pressure, so there 
can be no equilibrium. The fluid acceleration dv;/dt vanishes only with the 
vanishing of the magnetic field B, Hydrostatic equilibrium with non- 
vanishing B; is a figment of the highly symmetric, and hence unlikely, 
idealized examples commonly employed by theoreticians. 


5.2. Magnetic field energy 


The rate at which the electromagnetic field does work on a charge q 
with velocity w is | 
w.f=qw.E 


where f is the Lorentz force (5.4). The sum (ensemble average) over all 
particles gives a mean local rate per unit volume 


dW/dt =j.E(ergcm °? s`’), (5.14) 
With the help of (4.1) and then (4.2) this can be transformed into 


4r dWidt=cE.VxB-—E. 0E/at 
=—V.(cExB)+cB.VxE—-dsE’/at 
=—V.(cExB)—d}(E?+ B’)/at. (5.15) 


In terms of the Poynting vector Q, defined in (5.6), we have, then, the 
relation 


dW ð E’ +B? Qi 


—— + .16 
dt ot 87 ðX; 0, (5.16) 


expressing the interchange of energy between particles and field. The 
Poynting vector represents the energy flux in the electromagnetic field so 
that its divergence is the local rate of energy deposition. The energy 
density of the field is (E? + B*)/87r, and d W/dt is the rate at which energy 
is transferred to the particles’. 

In the presence of a highly conducting fluid the electric field energy 1s 
second order in w/c and can be neglected compared to the magnetic 


3 Again had we restricted į to be only the electric conduction current’ (see 
footnote 1, Chapter 4), then the Poynting vector becomes cE xH/47 and the 
energy densities of the fields are E .D/87 and H . B/87. The potential energy of 
the electric polarization and the atomic magnetization are then included in the 
field energy, whereas in our formulation, where j represents the total of all electric 
currents, these energies are placed with the particles. 
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energy. Then with E given by (4.22) it follows that the energy flux in the 
field is 


Q=Bx(vxB)/47 
= [vB -Bv . B) |/4r 
= B’[v-nim . v) |/47 
=y, B47 (5.17) 


where again n = B/B is the unit vector in the direction of the magnetic 
field and v, is the component of fluid velocity perpendicular to B. The 
Poynting vector is, then, merely the convection of magnetic enthalpy in 
the conducting fluid: The convection of magnetic energy contributes 
v,B’/87, and the magnetic pressure B’/8m of the field behind any 
surface moving with the fluid does work on the fluid ahead at a rate 
v, B?/8m ergcm”*s', so that the total transfer of energy is the sum, 
(5.17). 

The magnetic energy density B°/87 is directly related to the stress 
density of the field, of course. If, for instance, the fluid is displaced in 
opposition to the magnetic stresses, then the work done by the fluid 
against the stresses is just equal to the increase in field energy. ‘This is 
easily demonstrated from (4.16), which can be written 


Multiply by B,/47 and sum on i. The terms can be rearranged to give the 
energy equation 


3B, 0 (B) BB an B? an 
dtm Ox; 4r Ox, 877 Ox; 


"i gar 
(5.18) 
= M,,dv,/0X;. 


The right-hand side is the rate of production of magnetic field energy 
B?/87 per unit volume. The first term represents the energy input due to 
stretching of the magnetic lines of force (in opposition to the tension 
B’/47) and the second term represents compression of the field (Gn 
opposition to the isotropic pressure B*/87). If we integrate (5.18) over 
the entire system, enclosed by the surface S on which v; and/or B; vanish, 
then with the aid of Gauss’s theorem and the vanishing surface integrals, 
we have 


d B? aM. 
— | g Zo fe et 5.19 
dt Í "Sar eax, ©.19) 


* A detailed discussion of the energy, including the energy of the particles, may be 
found in Landau and Lifshitz (1959) and Roberts (1967). 
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which states that the rate of increase of magnetic energy is precisely equal 
to the rate at which the fluid velocity v; works against the magnetic forces 
on the fluid. 

Altogether, then, it is the magnetic energy density B’/87a that powers 
the magnetic forces. It is the magnetic energy in the electromagnet that 
must be dissipated before the field can disappear and the electric current 
cease to flow. It is the magnetic energy of an active region on the sun that 
fuels the solar flare. The magnetic stresses are of such a form, involving 
tension as well as an isotropic pressure, that magnetic energy can be 
continually generated and released. 


5.3. Global properties of magnetic stress 


The magnetic stress M; is the cause of so much activity and non- 
equilibrium in the universe because a magnetic field in an astrophysical 
body cannot help but exert strong forces on the fluid. We show in a later 
chapter that the forces cannot generally be balanced by fluid pressure and 
gravity. To demonstrate the necessity for strong forces between the 
magnetic field and the materials, consider the net stress exerted on the 
material particles in a volume V containing a magnetic field B;(r). The 
most effective way to get at the dynamical problem is through the first 
moment of the momentum equation, (5.10), the so-called virial equations 
(Chandrasekhar and Fermi 1953; Parker 1953, 1954, 1969; Chan- 
drasekhar 1961, 1969). Imagine, then, a fluid with density p and pressure 
p, subject to the magnetic force 0M,,/dx; and a general force (gravity, etc.) 
F, per unit volume. The equation of motion is 


av; Ov; dp aM, 
potyn) TT tS. 
at OX; OX; OX; 


The equation for conservation of mass is 


Multiply this equation by v; and add it to the momentum equation, 
obtaining the familiar result 


ð ð p 

— pv, +—— pv,v; = -ta tF, 5.20 

at” dX; Pe ax, Ox (5.20) 

for the momentum density pv;. Multiply this equation by x, and add it to 
the same equation with i and k interchanged to give the symmetric part’. 


5 The anti-symmetric part, obtained by subtracting the two equations with i and k 
interchanged, represents the angular momentum equation and is of little interest 
in the present context. 
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Then integrate over the fixed volume V. The result can be written 


df 3 ð ð 
„3 ro(x;0,. + Xpt; +) Xk ay — put; + x; ax, PU;D; 


dt 
ap “P| | 3 ( ðM; ws) 
ja ie Ox; “i "OX, y i i OX; Xi OX; 


+ | d?r(x,F; + XF p). (5.21) 
Vv 


To manipulate this equation into the desired form® we note that the 
time derivative of the moment of inertia tensor 


i, = | d°rpx;x; (5.22) 
Vv 
is 
dlk _ 3 dp 
dt =f a carla 
ð 
--| d°rx;X, 7 pL ih 
v OX; 


ð 

-Í d'r — x,x,pv, + | drp(x,v0; + XU). 
v OX Vv 

We use Gauss’s theorem to reduce the first volume integral to a surtace 


integral and then assume that there is no fluid motion across the surface 
of V. It follows that 


dla 
dt 


Hence the first integral on the left-hand side of (5.21) is just d?7J,/dt?. 

The second integral on the left-hand side of (5.21) can be rewritten, 
after an integration by parts and application of Gauss’s theorem, in terms 
of the kinetic tensor T;,, defined as the volume integral of the Reynolds 
Stresses pv;U,, 


= f d°rp(x,,0; + X;0;). (5.23) 
v 


Tix = l dĉ°r 5pv,v;, (5.24) 
Y 


ĉIt is mathematically easier to consider the fluid as an aggregate of individual 
_ particles, summing the left-hand side over the individual particles instead of 
- integrating over a continuous volume. But we must remember in that case that the 
© kinetic pressure p appears in the Reynolds stress on the left-hand side, instead of 
. being inserted on the right. 
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Its trace is the total kinetic energy T and the diagonal components 7), 
etc. represent the kinetic energy of the motions in the various directions. 
The result is 


ð ð 
| drf 7, PUY, + x;-— pv; x)= —AT,, (5.25) 
v “ax, ‘AX; 


The right-hand side can be rewritten after integrating by parts and 
applying Gauss’s theorem to give 


1 d°I, 
2 a2 2T = | dr{5.p — Mi + 20%, Fi + HF) 
t v 
1 
tl ASA- p(8yXe + SX) + XMa + xM} (5.26) 


where the integral f d$, is over the surface enclosing V. This is the 
desired tensor virial equation (Parker 1969). 

As a first example consider the trace of this equation for an isolated 
system for which all motions and fields vanish on the enclosing surface S. 
Put i =k and sum on i, 


1 oe 

2 dr? 
where I= I, T= T; and M; =~—B*/87. The volume integral of the fluid 
pressure is positive, and, for an ideal gas, can be written in terms of the 


kinetic energy of the mean square thermal velocity (u*) as p=4p(u’*). 
Hence in terms of the total thermal kinetic energy T, we have 


B? 
Sa=2T+3| d p+ f r+ | PGF, (5.27) 


V T vV 


Ji d’rp -| drp(u’), 
Y M (5.28) 
=2T, 


The volume integral of B’/87 is just the total magnetic energy M of the 
system, 


M= | d°rB7/87. (5.29) 
Vv 


Altogether, then, 


11 
5 4p UT+ Tyrus | PILF, (5.30) 


It is clear that T, T, and M are all positive quantities because they depend 
upon the square of the velocity and magnetic fields. Hence the fluid 
motion T, the gas pressure T,, and the magnetic field M all contribute to 
expansion (d*I/dt? > 0). The magnetic field with its tension B?/47r in the 
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one direction along the magnetic line of force, and its isotropic pressure 
B?/87 in all three dimensions, is basically expansive, with the net effect 
equal to the total over the three dimensions, 


representing a net pressure (Parker 1957). It follows, then, that there 
must be inward forces exerted on the system if it is to be maintained in 
equilibrium, d?I/dt? =0 (Chandrasekhar and Fermi 1953; Parker 1958, 
Biermann and Davis 1960). The inward forces could be external in origin, 
i.e. an external pressure exerted on the surface of the system. In many 
cases of astrophysical interest the external pressures are negligible and 
the confining force is internal and gravitational. The fundamental point 
here is that a magnetic field necessarily exerts outward forces on the body 
in which it is embedded; the magnetic field must have inward forces 
exerted on it by the material in the body. The magnetic field cannot 
contain its own stresses. The stress tensor M, must somewhere in the 
body, have non-vanishing divergence where inward forces in the amount 


| d'rx F, = -M (5.31) 
Y 


are exerted upon the magnetic field. The nature and consequences of the 
strong forces between field and matter are the subject of the remainder of 
this monograph. One important aspect of the forces is that they are 
anisotropic as a consequence of the tension along the lines of force. 
Consider, then the individual diagonal components of (5.26). 


5.4. Magnetic stress in one and two dimensions 
The component of (5.26) for i=k=3 is 


1 gI B? + B? — B2 
2 Tat a'r(p + tas) 
B? { B, 
— +— |+ | dS.B.x,—. 5.32 
| assxs(p =) s S; i3 gr ( ) 


If the normal component of magnetic field vanishes at the surface, then 
d$,B, =0 and the last term vanishes. Denote by angular brackets with a 
subscript three the mean value in the direction i =3 across the volume for 
fixed x, and x,. Thus, 


1 ope 
(P)3 = By wD | dx3p (5.33) 
X3 3 x 
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where xP and x(x >xP) denote the x, coordinates of the enclosing 
surface at fixed (x,, x2). It follows that 


{ d*rp = (ax, fax. [axap 
Y 


= fax, axa- ; 


= | aS3x3(p)s. (5.34) 


A similar result follows for B? etc. 

Then if we denote by the subscript s the value of a quantity at the 
surface, (5.32) can be written 
1 2h 
2 dr? 


= Tz; + | dS fep) + BP F2| 


E fp, muses B3.) _ BD» - (Bd, 


+f d°rx3¥;. (5.35) 
Y 


It follows that the internal excess of p + (B} + B})/8 r over its value at the 
surface causes expansion, in keeping with the fact that the magnetic field 
components perpendicular to i=3 exert pressure. The excess tension 

?/8a over pressure in the i=3 direction causes contraction. Thus the 
two opposite effects of magnetic pressure and tension can be brought into 
balance in any one direction, but, as was shown in §5.3, not in all three. 

If we now imagine a field confined to a right cylinder extending parallel 
to the i=3 axis, and suppose that the normal component of field vanishes 
on the lateral sides but not on the plane ends, then dS;B, 20 across the 
ends. The surface integral in (5.32) is 


| aS BxsB-J47 = [dS,x,B3/4x 


and we have 


Lih Tat l assx| (0) _ (Bids HBB. (Bs) 
— {p. ZD, 1089.-09.) + [F (5.36) 


We see that the internal tension and the tension across the surface are in 
direct competition with one another. The net force exerted on, or by, the 
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magnetic field is the difference between the average internal value of 
p—M;3=p+(Bi+ BZ— B3)/87 and its value at the surface. Again, we 
can arrange for the net force to be zero in the i=3 direction. 

Consider, then, the net effect in the other two dimensions, i= 1, 2. 
From (5.26) 


1 d? a f B3 
> de (Li+ b»)= But Toot?) | d r pre 


+ [ d?r(x, F +x Fo) (5.37) 
V 


x,B,+x,B, 
4r 


RBR? 2 
— { dsx (p +2) — [as.x2(p +=). 
s Sar 8 4 


In the absence of external pressures, the surface integrals vanish and 


ld 
2 dt? 


+ fass, 


y+ In) = T:+Tn+| a d’r( x, F 1 HX Fa) 


2 
-2f r(p +=). 
Sar 


The net effect of the magnetic field is the pressure of the component B; 
perpendicular to the two dimensions i=1, 2. The internal stresses and 
tensions of B, and B, automatically balance over the two dimensions. 
Thus, if B;=0, the magnetic field does not contribute at all to the virial 
for the combined i=1, 2 directions. However, the field still contributes 
strongly for i=3, with (5.35) becoming 


2 2 
s = = Taa + i dr(p +=) (5.39) 
where now B*=B{+B3. Thus the magnetic stresses can be made to 
vanish in any two dimensions. But then the full pressure B’/87 of the 
field is brought to bear on the third, and the system becomes unstable. So 
confinement in two dimensions does not occur in nature. To elaborate, 
suppose that B,;=0 and the system is self-confining in the i=1, 2 
directions. Then pressure in the third dimension causes the system to 
lengthen in the third dimension, and if constrained from doing so, to 
buckle. Therefore, it is not possible, without strong external constraints, 
to devise a magnetic field configuration that is self-confined in two 
dimensions (see discussion in §6.2). An extensive study of the anisotropic 
dynamical properties of a magnetic field in an isolated gas cloud is 


(5.38) 
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available in the literature (Chandrasekhar and Limber 1954; Parker 
1957) for the reader interested in the magnetic cloud as a real entity in 
the universe. 
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6 


MAGNETIC EQUILIBRIUM 


6.1. The problem of equilibrium 


IF the purpose of this monograph is to explore the general non- 
equilibrium of magnetic fields, then we should begin with the special 
conditions for which equilibria exist. There has been a vast theoretical 
effort exploring the possibilities for hydrostatic equilibrium of a magnetic 
field B embedded in a conducting fluid of density p and pressure p, 
perhaps in the presence of a gravitational potential & or otherwise 
confined by rigid boundaries. For hydrostatic equilibrium the magnetic 
field must satisfy the momentum balance 


O=—Vp+(V xB) xB/47— pVus (6.1) 


There exist equilibria for fields with a sufficiently high degree of sym- 
metry. The equilibria may be stable against perturbations constrained to 
the same symmetry, but if the fluid is a real gas, i.e. not incompressible, 
then a gravitational acceleration introduces instability through the magne- 
tic buoyancy of the magnetic field (the outward pressure of the field noted 
in Chapter 5 reduces the fluid pressure and density within the field, 
causing the region of field to rise, Parker, 1955). 

We do not expect perfect symmetry in nature, of course. It can be 
shown that in the absence of symmetry there is generally no equilibrium, 
even in the absence of gravity (Parker 1965, 1972), which is a topic of 
succeeding chapters. The present chapter gives a brief review of known 
equilibrium configurations and their stability in fluid bodies, beginning 
with the most highly constrained and symmetrical forms. There are two 
general configurations that interest us. One is the magnetic field within a 
self-gravitating fluid object, of the nature of a magnetic star. The other is 
the magnetic field above a fixed surface, essentially the external field of a 
planet, or a star, such as the sun. 

In the circumstances where an equilibrium exists, the question is 
whether the equilibrium is stable. Although general energy principles 
exist for attacking the stability question (Bernstein et al. 1958; Newcomb 
1960; Chandrasekhar 1961) it is usually not easy to show that a system is 
stable, for that requires a general proof that there is no perturbation of 
any form under which the system is unstable. On the other hand, 
instability is established by demonstrating a single unstable mode. If an 
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equilibrium is unstable, with a significant growth rate, then we do not 
expect to find that equilibrium form in nature. 

We will find that there are many field topologies for which there is no 
equilibrium. They will be demonstrated in later chapters. In the absence 
of equilibrium the question of stability (to small perturbations about an 
equilibrium) does not arise. The field configuration evolves continuously, 
the rate of evolution controlled by the inertia of the fluid and the 
dissipative reconnection of the topology. 

This is perhaps the appropriate place to make some preliminary re- 
marks on the topological properties of the magnetic lines of force, 
although we will take up the subject at length again in later chapters. First 
of all, the condition V.B=0 means that the individual lines of force do 
not end. Hence they either extend to infinity or, if confined to a finite 
volume of space, they are almost always ergodic within that volume. If 
constrained to any two-dimensional surface, the lines of force either 
extend to infinity or form closed curves. Any field whose lines of force are 
confined to parallel planes, say [B,.(x, y, z), B,(x, y, z), 0], can be written 
in terms of a single scalar function A(x, y, z) according to 


B,=+0A/ay,  B,=—dA/ax. 


The magnetic lines of force are given by (4.17), which becomes 


with the integral 
A(x, y, Z} = constant 


on any plane z = constant. The contours of constant A are the lines of 
force. This representation is easily generalized to planes which are not 
parallel, as in the poloidal field with axial symmetry, represented in (6.17) 
in terms of a scalar function P, for which the lines of force are w*P = 
constant. Extension to more general surfaces is possible, but not often 
interesting or useful. 

It is the tension along the lines of force, together with the closure of the 
lines of force in surfaces, that gives equilibrium and stability to highly- 
symmetric magnetic field configurations. The self-confinement in two 
dimensions was discussed in $5.4, where it was noted that the magnetic 
stresses can be brought into a balance in a two-dimensional space, with 
the field in the third dimension appearing only as a pressure. 


6.2. Magnetic fields in infinite spaces 


Beginning with the simplest case first, consider a magnetic field con- 
strained to vary only with the coordinate x (i.e. d/dy =d/dz = 0). Then the 
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field can have no varying x-component, for if it did, V.B=0 would 
require it to have a y- and/or a z-component depending upon y and z. 
Supposing that the x-component is zero, the lines of force are confined to 
planes perpendicular to the x-axis, and the field in each plane is indepen- 
dent of the y, z-coordinates in the plane. Hence the lines of force are 
straight lines, and we may as well rotate the coordinate system so that the 
z-axis lies along the field, and the field has components {0, 0, B,(x)}. The 
lines of force extend from z =— to z = +œ, Substituting into (6.1) yields 
the equilibrium condition 


p(x)+ B2(x)/8m = constant (6.2) 


if there are no gravitational forces. Gravitational forces, such as g= 
(g, 0,0) add the familiar barometric variation of pressure 


p(x)+ B2(x)/87 = constant — | dx gp(x) 


and play no essential role in the character of the equilibrium (provided 
dT/ay =dT/dz =0). Any perturbations within the constraints 0/dy = 0/dz = 
0 are stable, representing magneto—acoustic waves (fast-mode hyd- 
romagnetic waves) and are discussed in Chapter 7. 

Now consider what happens when the constraints are removed one by 
one. If the field B, depends upon both x and y, so that the only 
remaining constraint is 0/#z=0, there are many more possibilities. 
Equilibrium leads to 


p(x, y)+ B2(x, y)/8m = constant (6.3) 


in the absence of gravity. The system has neutral stability to interchange 
of tubes of magnetic flux. If we introduce a gravitational acceleration with 
a component perpendicular to the field, then equilibrium disappears 
because of magnetic buoyancy (Parker 1955). 

The intense flux tubes rise and the weak ones sink. The effect is 
considered in Chapter 8. Equilibrium (and neutral stability) is restored 
with the constraint of incompressibility p = constant, which eliminates the 
buoyant forces. 

Suppose now that in addition to B,(x, y) we add B,(x, y), B,(x, y). 
Then since V . B= 0, it follows that 0B,/ax +dB,/ay =0. Hence B, and B, 
can be expressed in terms of a vector potential A(x, y) as 


B,=+0A/ay, B, =—dA/ax. (6.4) 


The projection of the magnetic lines of force on the xy-plane is given by 
A = constant, as noted above. The three components of the equilibrium 
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equation (6.1) are (V2, =0°/dx* +d7/dy”) 


0 ( 2.) VZ, A ðA 
= — pon + oe 
Ox P 87 An ax’ (6.5) 
ð B*\ Vi,A0A 
o=2{ 2 )+ =y —— , 
ay PY Sal Ar dy’ (6.6) 
dA0B, dAdB, aA, B- 


ax dy dy ax = ax, y)’ 


in the absence of gravity (Chandrasekhar 1961). Multiply (6.5) by dA/dy 
and (6.6) by dA/dx and subtract. The result is 


a(A, p+ B2/87) _ 
d(x, y) 


The general solution to (6.7) is B, = B,(A) and the general solution to 
(6.8) is 


0, (6.8) 


p + B2/8a = F(A) 


where B, and F are arbitrary functions of A. Hence p = p(A), which tells 
us that the gas pressure extends freely along the magnetic lines of force 
A =constant because the magnetic field exerts no force (F= (V xB) x 
B/47r) on the gas in that direction. 

Equations (6.5) and (6.6) together become 


[Vi,A +4rF'(A)JVA =0. 
Since VA #0, we require that 
VZ A +4rF (A) =0. (6.9) 


The form of the fluid pressure p(A) and the longitudinal field B,(A) 
determine the function F(A), which determines the form of eqn (6.9) for 
A(x, y). If F(A) is equal to a constant or is a linear or quadratic function 
of A, then (6.9) is a linear equation and general methods of solution are 
available. Otherwise special methods of solution must be devised. 

The addition of the transverse fields, B, and B,, to the longitudinal 
field B(x, y) eliminates the neutral stability of the longitudinal field 
alone. A modest combination of B, and A appears to yield stability, with 
B, stabilizing the sausage and kink instabilities of B, and B,. The upper 
limit on B, and B, for stability is discussed in later sections of this 
chapter and in Chapter 9. Introduction of a gravitational field may 
destroy equilibrium through magnetic buoyancy, if the fluid is not incom- 
pressible. The magnetic buoyancy can be resisted by the stresses in the 
field only if the field lines can be suitably anchored at a ‘rigid’ boundary 
(see discussion in §6.5 and in Chapters 7 and 9. 
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6.3. The twisted rope of magnetic field 


One of the simplest examples of a magnetic field confined to a fluid 
body is the axi-symmetric field in an infinitely long circular cylinder. Place 
the z-axis of the coordinate system along the axis of the cylinder and 
denote distance from the axis by w =(x?+y’). Angular position about 
the z-axis is denoted by 4, measured from the x-axis, so that x = w cos œ, 
y = w sin d, and (a, ¢, z) represents a right-handed cylindrical coordinate 
system. 

For an axi-symmetric field, we have dB,/d@=0. If the field is also 
uniform along the cylinder, then 0B,/dz = 0. It then follows from (4.4) that 
the radial component B,, is zero. The field is made up of longitudinal and 
azimuthal components, B, and B,. If the fluid pressure is denoted by 
p(t), the density by p(w), and the gravitational potential by y(@), then 
for hydrostatic equilibrium (6.1) or (5.10) reduces to 


+ B? B? d 
= ( Bat B: =2) 484 dy 


6.10 
dw P Sa l ) 


0= 
4no do 

where B4/4mræ represents the confining force of the tension along the 
lines of force. Following the scheme first proposed by List and Schlüter 
(1954) the magnetic field satisfying this equation can be expressed in 
terms of p and p through a generating function F(w) defined as the total 


pressure, F(@) = p +(B}+ B2)/87. (6.11) 
It follows from (6.10) that 
Bi 1 (= 24) 
P — _1 —— -+ p — ; 
Sir 2% (dw P Jw (6.12) 
and from (6.11) that 
2 F d 
Be _pylg -p tap ot. (6.13) 
Sa dw dw 


The generating function F(@) is arbitrary except that for a given p(@) 
and p(w) it must vary in such a way as to assure that Bẹ and B, are real. 
Thus we specify p(w) and p(w), deducing y from p with the gravitational 
field equation’ 


d 
+d w =47Gp(@w) 
wdw dw 


"We must not forget that the right-hand side of the gravitational equation 
includes all of the matter present. Thus in the gaseous disc of the galaxy the 
interstellar gas density p, in which the galactic field is embedded, must be 
augmented by the (generally larger) mean density of stars, to which the magnetic 
field in (6.10) is not directly coupled. 
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and obtaining all possible field configurations from (6.12) and 6.13). It is 
important to note that for a given distribution p and p, the field distribu- 
tion is not wholly constrained. The arbitrary generating function F(@) 
represents the freedom of variation of B, and B, that is self-supporting 
and does not involve forces exerted directly on the fluid. Indeed, Lust and 
Schlüter first proposed F(a) for the force-free field, in which there is 
no force exerted on the fluid by the field throughout the interior of the 
cylinder. Then the gas supports itself, dp/dw =—pdy/dw, and (6.10) 


dw\ 8r Ana 
Then write F =(B2+ B3/87, with B, and B, given by 
B2 =F +} dda, B4,=—iu dFidw. (6.14) 


The field is entirely self-supporting throughout the interior. In order that 
B, and B, are real we require only that F should decline monotonically 
with w, but not faster than 1/w’, i.e. O=dF/dw =—2F/a. 

The stability of a longitudinal magnetic field in a self-gravitating 
cylinder has been treated by Chandrasekhar and Fermi (1953) employing 
the virial equation. They show (see also Simon 1958) that the magnetic 
field helps to stabilize Jean’s gravitational instability, although in an 
infinite medium this is not the case (Chandrasekhar 1961). They did not 
show that the magnetic field was itself stable. A number of authors 
(Roberts 1956; Callebaut and Voslander 1962; Anzer 1968) have consi- 
dered the stability of a twisted magnetic field in a cylinder without 
gravitation and with and without external confining pressure or bound- 
aries i.e. F=0 at the surface. The calculations show instability to spiral 
kinking in all cases. We can understand the instability in simple physical 
terms directly from the virial equation (5.36). In the absence of external 
pressure the magnetic fields must vanish on the surface, so (5.36) reduces 


t 
° 1h; 
2 dt 


with the second term on the right-hand side denoting the contribution of 
the gas pressure and the magnetic stresses. In the absence of gravitational 
forces this term may be reduced with the aid of (6.13) to 


BZ — B? 
z=Í d'r fp es El, 
v 8a 
d 
= | az27 | dow {2p ——— oF 
da 


= | dzon | dw | @(2p +F) E oF, 


2 2 


B.-B 
=7,,+ | d°r {p+ $ Ela | Prz, 
y 8T 
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where the integration of z is over the length of the tube and the 
integration of w is from the axis w =0 to the surface, where the total 
pressure F vanishes. Hence 


Z=20 | dz | daww(2p +F) (6.15) 


and is positive. The tube is under compression and therefore subject to 
buckling. This is the cause of the universal instability found by Roberts. 
The tube of flux must be twisted so tightly to be self-confining that the 
mean square value of B, greatly exceeds the mean square of B,. Hence 
there is no possibility for the equilibrium to be realized in nature. 


6.4. The axi-symmetric magnetic field 


It is possible to treat the axi-symmetric field without the constraint that 
it be uniform along the axis. The mathematical treatment is much more 
difficult than in the uniform twisted rope (0B/dz =0), but the elegance of 
the formulation, and the physical perspective which it provides, merit a 
discussion. Following List and Schlüter (1954), and Chandrasekhar 
(1956a), Chandrasekhar and Prendergast (1956) and Chandrasekhar and 
Kendall (1957) we decompose the magnetic field into an azimuthal, or 


toroidal, t 
oroidal, componen B (a, z)= wT(o, z) (6.16) 
and a meridional, or poloidal, component 
B,,(@, z)=— wdAP/dz, B,(@, z)=(1/w)ð(æ P) ðæw (6.17) 


where P = P(w, z). The projection of the lines of force on the meridional 
planes gives w*P = constant. It is readily shown that 


T 1 ð 
y xB=-e, m -eTA Pte, — Z (w T) , (6.18) 
OZ wow 


where A, is the Laplacian operator in a space of five dimensions, 


The force per unit volume F, =0M,,/0x, is then 
F=(V x B) x B/47 
ð ð 
=— fenAs P- w P+ T— wT} 
ow Ow 


éPa ,, eT a 


e, PE wr- T2 pl 
eso? az da 


oT oP 
-ew fr — + -— AsP}. 
oz 


AE (6.19) 
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Finally 
OF OF, oF, 
VxF= ea a teg (= 


)+e, + or, (6.20) 
Oz dw wow 

The equation for hydrostatic equilibrium is (6.1). Then if the density p 
is uniform on the level surfaces y= constant, if not uniform throughout 
the entire body, we have p=p(us) and pV~=Va(y) where may) is 
defined as p=da/dw. The curl of (6.1) yields VxF=0, so that the 
requirement that F, be finite and well-behaved at w =O leads through 
the w- and z-components of (6.20) to F,=0. Hence, from (6.19) the 
Jacobian of w*P and w’*T must vanish, 


alw? P, w T) 


iu. z) =0. (6.21) 


This determinant of derivatives can be made to vanish generally only if 
a’ T=WV(a"P), (6.22) 


where W is an arbitrary function of its argument w7P. 
The vanishing of the @-component of (6.20) is the condition 
(ASP, w’ P ôT? 
(ASP, œP) _ oo. (6.23) 
O(a, z) Oz 
This mathematical relationship is easily reduced by noting that the 
right-hand side can be written as a determinant, in the same form as the 
left. To show this consider the form 
alo? P, GC’ P) w?) aT? 


aw. 2) a De (6.24) 


where G is a function of w*P. This expression reduces directly to 


2G 2P -2 w T? 
ðZ OZ 
and hence 
l da*T? 
2 dw’P 
= py" (6.25) 


with the aid of (6.22), where the prime denotes differentiation with 
respect to the argument, w*P. Using (6.24) to replace the right-hand side 
of (6.23), it follows that 


(As P+ G/w?, wP) 


O(a, z) =0 
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and hence A;P+G/w* must be a function only of w7P, 
A PHE PV (oP) o= ®(a"P), (6.26) 


where we have used (6.25) to write G in terms of Y, and ® is an arbitrary 
function of w*P. Equation (6.26) is the differential equation for P. The 
equation is second order in the derivatives with respect to w and z, but 
the form of the equation depends upon the choice of the functions ¥ and 
P, 

The function V(@*P) is the relation between the toroidal field function 
T and the poloidal vector potential P. If, for instance, there is no 
azimuthal field, then F= 0 and (6.26) reduces to 


A;P=®(w"P), (6.27) 


which has been treated by Ferraro (1954) and Roberts (1955). 

The special case of a force-free field, in which the field exerts no force 
F=(V x B) x B/4z on the fluid throughout some specified region of 
space, requires that 

V x B=h(nB (6.30) 


throughout the region. Since V.B=0 and the divergence of a curl is 
identically zero, the divergence of (6.30) yields 


B.Vh=0 (6.31) 


so that h is constant along each magnetic line of force. This statement is 
equivalent to the statement of conservation of electric current, since it 
follows from (4.9) that (6.30) is just 4rįj= chB. The current must be 
parallel to B in order that F=0, so that the fluxes of both B and j are 
conserved if, and only if, h is constant along each tube of flux. The special 
case h=constant throughout the field leads to the maximum magnetic 
energy density for a given total dissipation (Chandrasekhar and Woltjer 
1958). 

For an axi-symmetric field we use (6.17) and (6.18). Then since 
dh/dd = 0, (6.31) becomes 


a(h, w’ P) B 
da, z) 
so that h is an arbitrary function of œ°P, 
h=h(@wP). 
The three components of (6.30) reduce to 
A;P+hT=0, (6.32) 
Vo’T—hVa’P=0. (6.33) 
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In terms of the function B whose derivative is h, (6.33) can be written 


Viw’ T-Blw PH} =0. 
Integration yields 
w T = B(w’P) (6.34) 


where the integration constant has been absorbed into B. Equation (6.32) 


now becomes 
w As P+BB' =0. (6.35) 


Comparing this result with (6.22) it is evident that the force free field 
corresponds to the special choice Y= h (so that T=aP) and D=O. 
Analytical solutions to (6.35) are readily available for special forms of 
8. In particular, if the curl or current density is everywhere in the same 
proportion to the field density itself, then h = constant and (6.35) reduces 
to 
A;P+h’P=0. (6.36) 


In spherical coordinates this is 
> 40 i-p??? 4p a 
~at- t £ 2. a2 
or ror r° Oe r° ðu 


where u =cos 0 and 6 is the polar angle. The solutions are represented 
by the modes (Chandrasekhar 1956a) 


P, = Ch aie [A,Jnag(hr) + B,J_, 3(hr)] (6.37) 


where CŻ(u) represents the Gegenbauer polynomial (Morse and Fesh- 
bach 1953) and A,, and B,„ are arbitrary constants. 
The magnetic field corresponding to the nth mode has (r, 6, @) compo- 


nents 1 
d 
-5 ppa- u, -— 2 P,P — 2}, hr — pP, 
r? Ou r(1— u» ðr 
(6.38) 


The poloidal function P varies asymptotically as sin(hr +q)/r° for hr>1, 
where q is an arbitrary constant. Hence the amplitude of the radial 
component diminishes as 1/r*, and the 6- and -components as 1/r. The 
solution may be cut off at any spherical surface r= R on which the radial 
component vanishes, 

Annaa AR) + B,J, (AR) = 0. (6.39) 


Note that the magnetic pressure of the 0- and @-components on the 
confining surface r=R diminishes as 1/r*, so that the net force per 
steradian is undiminished as R becomes large. This is a direct manifesta- 
tion of the necessity for physical confinement of a magnetic field. 
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It is a simple matter to show the consistency of the field (6.38) with the 
virial equation. The trace of (5.26) for static equilibrium (T, =0, 
d*J,,/dt* =0) and vanishing non-magnetic forces (F, =0) yields 


3 | d°rp += | dS;x;ps 
Vv S 


where ps is the external pressure exerted on the surface S. The total 
magnetic energy M increases as R. The magnetic pressure at the surface 
decreases as 1/R* so that the inward pressure differential at the surface, 
which must balance the magnetic pressure there, also decreases as 1/R7. 
Hence the surface integral on the right-hand side is proportional to R and 
is able to balance M on the left-hand side. In this way the field within 
r= R is confined by inward forces on the surface. 

The field throughout the interior of r= R is made up of spherical shells 
of helical coils of field, the coils extending azimuthally around the shells. 
The bounding radii of the individual shells are given by the successive 
zeros of (6.39). The individual coils of field in each shell extend over 8 
between successive zeros of the Gegenbauer polynomial C(u). 


6.5. The axi-symmetric magnetic field in a finite volume 


Prendergast (1956) worked out the solution for an axi-symmetric 
magnetic field confined inside a self-gravitating sphere of incompressible 
fluid a liquid magnetic ‘star’). His field vanished at the surface of the star 
(but see Monaghan 1976) and was confined by internal forces — F exerted 
by the fluid on the field. He solved (6.26) with ®= constant and YY = 
w*P. The solution to the homogeneous part of the equation is again just 
(6.37). The solution to the inhomogeneous equation is P = constant, 
representing the force exerted by the fluid on the field. Prendergast 
showed that the mode n = 0 represents a magnetic equilibrium configura- 
tion. A particularly interesting feature of the calculation is the demonstra- 
tion that the magnetic field can be wholly confined within the fluid sphere. 
The magnetic ‘star’ is in complete hydrostatic equilibrium and the field- 
free surface is not distorted from a perfect sphere. Chandrasekhar and 
Fermi (1953) had pointed out earlier that a uniform field through a liquid 
‘star’, producing an exterior dipole field, distorts the otherwise spherical 
star into an oblate spheroid. Gjellestad (1954a) (see also Ferraro 1954; 
Roberts 1955; Gjellestad 1957) determined the eccentricity of the star 
for a given magnetic field*. Unfortunately the configuration is unstable 
and so cannot represent the basic dynamical circumstances of a magnetic 
star. 


* Gjellestad (1954b) treated the complementary problem of a field-free self- 
gravitating incompressible body immersed in an external magnetic field. 
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Sykes (1957) extended Prendergast’s equilibrium field to a rotating 
spheroidal star. The formal treatment of an axi-symmetric magnetic field 
with axi-symmetric fluid motions has been given by Chandrasekhar 
(1956b, 1958), Woltjer (1958b, c), and Lilliequist et al. (1971). The 
general subject of rotating self-gravitating liquid spheres without magne- 
tic field has been summarized by Chandrasekhar (1969) (see also Trehan 
and Singh 1974). 

A fundamental question is the stability of the axi-symmetric magnetic 
field confined to a self-gravitating sphere, i.e. the magnetic star. Instabil- 
ity has not been found in the cases of moderate field strength (Prender- 
gast 1957) where the fluid is constrained to incompressibility and the 
perturbations are constrained to axial symmetry (Lundquist 1951; Chan- 
drasekhar and Fermi 1953; Chandrasekhar and Limber 1954; Lyttkens 
1954; Jenson 1955; Prendergast 1957; Hain et al. 1957; Trehan 1957; 
Woltjer 1958a). Indeed the magnetic field, as mentioned earlier, serves to 
suppress gravitational instability in a long self-gravitating cylinder (Simon 
1958). But as soon as the constraints of incompressibility and axial 
symmetry are relaxed, instability is the rule rather than the exception, as 
a consequence of magnetic buoyancy. 

The real magnetic star, with rotation and radiative equilibrium, is much 
more complicated to deal with than the ‘liquid’ models discussed so far. 
Real magnetic stars, with fields in excess of 10° G (Babcock 1958, 1960a, 
b; Preston 1967a, 1969a, b, 1971) have received considerable attention in 
recent years. Their periodic variations can be understood largely in terms 
of rotation of the star with an oblique dipole field (Deutsch 1958; 
Monaghan 1966; Preston 1967b, 1972; Davies 1968; Wright 1969; Wolff 
and Wolff 1970, 1972; Monaghan and Robson 1971; Monaghan 1973; 
Bath et al. 1974; Stift 1974; Mestel and Moss 1977) or an offset dipole 
field (Landstreet 1970; Borra 1974; Stift 1974), although the pattern of 
anomalous abundances of elements rotating with some of these stars is a 
puzzle under any circumstances. The internal structure of the fields within 
the body of the magnetic star is not known, of course. There has been an 
extensive discussion of simple models (Monaghan 1966; Davies 1968; 
Wright 1969; Monaghan and Robson 1971; Moss 1973) with particular 
attention to the effects on the form and brightness of the star. The stellar 
magnetic field may have a strong effect on the rotation period of a star 
through its braking effect in connection with the stellar wind of the star 
(Weber and Davis 1967; Mestel 1968; Pneuman and Kopp 1971; 
Okamoto 1974). 

The theoretical question of the stability of the observed stellar magne- 
tic fields is a difficult question, particularly in view of our ignorance of the 
internal fields. Magnetic fields in degenerate stars evidently cause convec- 
tive instabilities (Vandakurov 1972; Tayler 1973a, b; Chanmugam 1974). 
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It has been demonstrated that almost any perturbing forces give a 
breakdown in radiative equilibrium, causing large-scale convection in 
normal stars (Eddington 1929; Sweet 1950; Opik 1951; Baker and 
Kippenhahn 1959; Mestel 1965a, b, 1966). It appears that all poloidal 
configurations are unstable but that a toroidal (azimuthal) field may 
stabilize the principal instabilities of the poloidal field (Markey and Tayler 
1973, 1974; Wright 1973). Lilliequist et al. (1971) study, by numerical 
methods, the dynamics of a toroidal field alone, and also as it might 
interact with a poloidal field, showing the general activity of such a 
system. One way or another, it is clear that the main-sequence star has 
lost most of its primeval field presumably through some convective 
instability (Mestel 1965a, b, 1971; Wright 1974). Although there are 
general energy principles, etc. available for treating the stability of a 
hydromagnetic system (Bernstein et al. 1958; Newcomb 1960; Chan- 
drasekhar 1961) it remains yet to carry out a systematic and comprehen- 
sive dynamical study of self-gravitating axi-symmetric magnetic star mod- 
els incorporating general (non-axi-symmetric) perturbations in the pres- 
ence of radiative equilibrium and the enormous density variations be- 
tween the centre and the surface of the star. The equilibrium of a 
self-gravitating polytrope containing a magnetic field has been considered 
(Chandrasekhar and Lebovitz 1964; Trehan and Uberoi 1972) and the 
virial equations applied to study various modes of oscillation (Chan- 
drasekhar and Lebovitz 1964; Trehan and Billings 1971; Sood and 
Trehan 1972). Kochhar and Trehan (1974) have applied the third order 
virial equations to the stability of a rotating, self-gravitating polytropic 
body with an internal magnetic field, working out the effects of the 
magnetic field on the characteristic frequencies of the various oscillatory 
modes. 

We conjecture that there are no stable equilibrium magnetic configura- 
tions confined to self-gravitating gaseous sphere, i.e. that in every case 
there is at least one mode which is unstable. This conjecture is based on 
the general fact of magnetic buoyancy (Parker 1955). The fluid must push 
inward on the magnetic field, so the pressure, and presumably the density, 
are reduced inside the field. The field tends to rise relative to the 
surrounding fluid. A perturbation which breaks the symmetry of the 
initial axi-symmetric field configuration sets things in motion. The field 
comes to the surface as the fluid redistributes itself along the lines of 
force. It is nothing more than a magnetic Rayleigh-Taylor instability, with 
the heavy (non-magnetic) fluid streaming downward through the light 
(magnetized) fluid, thereby uncovering and releasing the field from the 
centre of the confining body. The characteristic growth rate is comparable 
to the free-fall time or the Alfven transit time (Chandrasekhar 1961; 
Parker 1966, 1969). Many illustrations of magnetic buoyancy are given in 
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88.7 and Chapter 13. They form the physical basis for the conjecture of 
general instability. It would be interesting to see if some special case can 
be found that is a counter example to our conjecture. 

The onset of the instability soon puts the field in a non-equilibrium 
state, rising up through the body at a rate determined by the local 
physical conditions. If the fluid is convectively unstable, the field rises and 
escapes at a rate comparable to the Alfven speed. If the fluid is stable 
against convection, the rate of rise is much slower, and is limited then by 
the rate of heat transfer (Parker 1974, 1975). We suggest that in general 
the magnetic fields embedded in stars and in the galaxy are in non- 
equilibrium. The extremely strong primordial fields, that might have been 
compressed into the body during its initial condensation from a large gas 
cloud (10’ G or more for a star), have long since departed as a consequ- 
ence of the magnetic buoyancy (Parker 1974). Hence the surviving fields 
are generally weak?, as remarked above, and represent a balance between 
the rate of loss through buoyancy (and turbulent diffusion) and the rate of 
generation in the fluid motions within the parent body. 


6.6. The magnetic field extending from a fixed surface 


Only the external magnetic fields of stars and planets can be observed, 
the internal fields being generally inaccessible below the visible surface. 
For that reason it is the theory principally of the external field, extending 
outward into space from the surface of the object, that comes to grips 
with observations. It is here that nature shows us her card tricks openly 
and directly, and challenges us to understand them. It is worthwhile, 
therefore, to pause briefly in the exposition of the formal mathematical 
methods for treating magnetostatic equilibrium to review some of the 
equilibria presented by the external magnetic fields of stars and planets 
for our serious consideration. 


6.6.1. Physical problems suggested by the sun 


The magnetic fields observed on the sun emerge from the interior 
through the visible surface and extend outward into space. These external 
fields are held and controlled by the dense fluid beneath the photosphere, 
which disgorges them for observation while continually contorting their 
configuration. The portion of the field above the surface extends through 
gases so tenuous as to have little effect upon the field, i.e. F = (V x B) x 
B/47 =0 and the fields are essentially force-free. The magnetic stresses 
above the surface form their own equilibrium. It is particularly fruitful to 
study the magnetic configurations above the surface of the sun because it 


* Some white dwarfs and the pulsars (Neutron star) evidently retain their com- 
pressed fields for a time after collapse to their final degenerate state. 
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affords one of the few cases where the field configuration can be observed 
in some detail. 

Sunspot fields, and the fields of active regions in general, are the 
strongest and most conspicuous examples of solar magnetic field. Given 
that they are firmly anchored below the photosphere, their most curious 
property is the observed fact (Zwaan 1968; Newkirk et al. 1968; Kai 
1969; Wild 1970; Zirin 1972; Sheeley et al. 1975) that no matter how 
complicated the evolution of the magnetic pattern at the surface may be, 
the field configuration above is nearly a potential field (i.e. current-free, 
V x B=0, so that B= —V@). Maintenance of the simple magnetic connec- 
tions of the potential field in the face of rapid change (in a day) of the 
pattern of field at the visible surface implies that the magnetic lines of 
force have at their disposal some means for rapid reconnection in spite of 
the high electrical conductivity of the gas. We will have more to say on 
this in later chapters. We note that the potential field is the lowest energy 
state given the distribution of the magnetic lines of force at the surface of 
the sun. Hence the potential field represents a stable equilibrium. 

On those occasions when the magnetic field of a sunspot group is 
observed to depart significantly from the simple potential field, the 
departure is in the form of a twisting or shearing, so that the magnetic 
lines of force emerging from the sunspot spiral as they extend outward 
across the penumbra and into the surrounding photosphere. Evidently 
there has been a net rotation of the field in the umbra relative to the 
surrounding photosphere at some point in the history of the field (perhaps 
before emergence). Nakagawa et al. (1971) have worked out a variety of 
force-free field configurations (see §6.7.2 (below) for the simple case 
h = constant (in (6.30)) and have shown that they fit the observed spiral 
patterns very well (see further discussion and elaboration in Dicke 1970; 
Raadu and Nakagawa 1971; Nakagawa and Raadu 1972; Nakagawa 
1973; Nakagawa et al. 1973). Coronal fields were studied along the same 
lines a little earlier by Altschuler and Newkirk (1969), Newkirk et al. 
(1970), Raadu (1972b). The extension of coronal magnetic fields into 
space by the hydrodynamic expansion of the solar corona leads to 
interesting magnetic forms and shapes (Parker 1963; Sturrock and Smith 
1968; Pneuman and Kopp 1971). The coronal streamers are one result, 
where the expanding corona stretches a re-entrant loop of field out into 
space, sketched in Fig. 6.1. There is a neutral sheet (B = 0) between the 
lines of force extending out on one side and back on the other. The 
magnetic field observed in interplanetary space is merely the extension of 
the solar magnetic field by the solar wind, blowing outward through the 
solar system. 

A more complex problem is the storage of energy in the twisted field of 
sunspots and active regions to produce the solar flare. It is generally 
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Fic. 6.1. Sketch of the magnetic lines of force over an active region of the sun. The short 
arrows indicate the outward expansion of the corona that extends the outer lines of force to 
infinity. 

believed that the only adequate energy source for the solar flare is the 
magnetic field of the active region in which the flare occurs (Lundquist 
1950; Lust and Schlüter 1954; Parker 1957; Dungey 1958). The general 
idea is that in some way the sunspot fields are twisted, compressed, or 
stretched into a configuration of elevated energy (see, for instance, Gold 
and Hoyle 1960; Sturrock and Coppi 1966; Sturrock 1972; Lilliequist et 
al. 1971). The onset of a sudden and violent instability, involving rapid 
reconnection of magnetic lines of force to relieve the enhanced field 
stresses, produces the flare. Many possible contorted equilibria have been 
considered. A number of authors (Barnes and Sturrock 1972; Raadu 
1972a; Sturrock 1972; Tanaka and Nakagawa 1973) have considered 
models of the twisted force-free fields as the flare energy source. Twisted 
force-free configurations of sufficiently short length appear to be stable 
until a critical value in the twisting is reached, whereupon they become 
unstable. They are, therefore, of possible interest for the flare. The long 
twisted axi-symmetric rope of flux (Gold and Hoyle 1960), on the other 
hand, is unstable for any small amount of twisting (Anzer 1968) and does 
not appear promising for the flare. Evidently the equilibrium configura- 
tion of lowest energy for the long rope takes up spiral, rather than axial, 
symmetry as it is twisted. It has yet to be shown whether the spiral 
equilibrium develops instabilities. Observations of the magnetic changes 
during flares (Moreton and Severny 1968) indicate relaxation and the 
release of magnetic energy in quantities comparable to the estimated flare 
energy. Tanaka and Nakagawa (1973) propose that the observed flare 
loops represent lines of force in the strained pre-flare field. The observed 
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rotation of the loops during the flare then indicates the relaxation of the 
field and the release of magnetic energy. 

The quiescent prominence above the surface of the sun presents 
another challenging equilibrium problem. The prominence is a long-lived, 
extended (10° km), thin (510? km), vertical (5x 10°km) equilibrium 
cloud of dense cool gas (101! atoms/cm at 5-10 10° K) at a height of 
104-105 km in the corona where the normal gas is 10° atoms/cm? at 10° K 
or more. Clearly the dense cold prominence cannot be supported by the 
surrounding coronal gas. The only possible explanation for its suspension 
is the magnetic field extending outward from the active region at the 
surface with which the prominence is associated (Dungey 1953; Kip- 
penhahn and Schlüter 1957; Brown 1958). The problem is to deduce a 
magnetic configuration that gives stable support. The basic idea is that the 
thermal instability of the gas (i.e. the tendency to radiate more rapidly if 
its temperature is reduced; see Parker 1953; Whitaker 1963; Nakagawa 
1970) causes the temperature to plunge from 10° to 10*K, with the 
density increasing as the gas is compressed by the pressure of the 
surrounding 10° K corona. Thermal equilibrium is possible only when the 
temperature drops so low that the radiative losses no longer increase and 
thermal conduction from the surrounding corona into the prominence can 
balance the radiative losses (see, for instance, Orrall and Zirker 1961). 
The weight of the cool condensation is then presumed to be supported by 
horizontal magnetic fields through the region (Kippenhahn and Schluter 
1957). Insofar as the field is horizontal and its direction changes at a 
suitable rate with height, the equilibrium has no evident instabilities 
(Nakagawa 1970). But of course there are no truly horizontal fields in the 
solar corona. The magnetic lines of force all extend up into the corona 
from the surface of the sun, so that the magnetic field passes only through 
the horizontal at the apex of magnetic arches (Kippenhahn and Schluter 
1957) as sketched in Fig. 6.2(a). The weight of the prominence presuma- 
bly depresses the apex, as sketched in Fig. 6.2(b), suggesting a precarious 
equilibrium at best. Some authors (de Jager 1959; Kuperus and 
Tandberg-Hanssen 1967; Raadu and Kuperus 1973; Kuperus and Raadu 
1974) now suggest that the prominence occurs in the neutral sheet 
(current sheet where B= 0 but V xB #0) in the extended field above the 
arch, as sketched in Fig. 6.2(c). It is an observed fact (Veeder and Zirin 
1970; Zirin 1972) that the quiescent prominences lie above the photo- 
sphere along the places (paths) where the field in the photosphere and 
chromosphere is horizontal (i.e. where the magnetic field in the line of 
sight passes through zero, sometimes called neutral lines upon forgetting 
that the unobserved component of field perpendicular to the line of sight 
may not be zero). Rust (1967) infers horizontal magnetic fields of 5-50 G 
in quiescent prominences, perhaps increasing with height (1G per 
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(a) (b) 


(c) 
Fic. 6.2. A sketch of the magnetic lines of force immediately above an active region (a) in 
the absence of a quiescent prominence or coronal expansion; (b) supporting the weight of a 
quiescent prominence at the apex of the arched lines of force; (c) supporting a quiescent 
prominence formed in the neutral sheet caused by coronal expansion. 


10* km). Altogether, then, it appears that the quiescent prominence is 
indeed a creation of thermal instability in and above the magnetic arches 
in the corona. It remains to demonstrate the precise form of the equilib- 
rium and its apparent thermal and dynamical stability. Quite apart from 
the perplexing question of the stability of the configuration sketched in 
Fig. 6.2(c) (which has been suggested (Carmichael 1964; Sturrock 1972) 
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as the site of the magnetic instability causing flares) there is the basic 
question of the equilibrium support of the dense prominence gas. Since 
the force F = (V x B) x B/47 exerted by the field on the gas has no compo- 
nent parallel to B, what is to prevent the gas from sliding downward along 
the lines of force into the photosphere. Figure 6.2(b) may perhaps avoid 
this problem, but its stability is problematical. 


6.6.2. Physical problems suggested by the planets and pulsars 


The magnetic dipole field of Earth, (with a strength of 0.6 G at each 
pole) has been mapped extensively on the ground and in space, and it 
poses a number of challenging problems. Within a few radii of Earth the 
field approximates closely to a potential field (a dipole plus higher 
harmonics) with the sources within the body of the planet. It was 
discovered that the field fluctuates occasionally, which we know now is 
caused by motions in the ionosphere, by the variable pressure and drag of 
the solar wind, and by the pressure of fast particles trapped in the field. 
The historical development of knowledge of these fluctuations, as re- 
corded and studied from laboratories on the surface of Earth, is the 
subject of Chapman and Bartels (1940). The subject has advanced rapidly 
and qualitatively since it has been possible to study conditions directly in 
space (Kennel 1969; Willis 1971; Nagata 1971; Parker and Ferraro 
1971; Rostoker 1972; Akasofu and Chapman 1972; Roederer 1972; 
Lanzerotti 1972; Sckopke 1972; Vasyliunas and Wolf 1973; Carovillano 
and Siscoe 1973; Hoch 1973; Burch 1974; Hill 1974). The basic hyd- 
romagnetic effect is the distortion and confinement of magnetic field to 
within some ten or twenty radii of Earth by the solar wind. The turbulent 
coupling of the wind to the magnetic field at the outer boundary (the 
magnetopause) drags the lines of force in the anti-solar direction to form 
the geomagnetic tail, with a (nearly) neutral sheet down the middle, as 
sketched in Fig. 6.3. The 24-h rotation of Earth and its field inside the 
eccentric boundary of the field, together with the drag of the wind causes 
the magnetic field to convect (Axford and Hines 1961; Walbridge 1967; 
Axford 1969; Mozer 1973). The planets are unique in having a layer of 
cold, electrically insulating lower atmosphere between the ionized gases 
of the outer atmosphere in space and the conducting solids and fluids in 
the interior. The layer of insulation breaks the tying of magnetic lines of 
force between material particles above and below it, permitting convec- 
tion of the external gases and field lines. The convection produces 
potential differences in the frame of reference of Earth of the order of 
5x10* V. These potential differences appear between the magnetic lines 
of force at various positions in the field and play a basic role in producing 
the aurora. A number of interesting ideas have been developed along 
these lines (see, for instance, the original paper by Axford and Hines 
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Fic. 6.3. Sketch of the magnetic lines of force of the geomagnetic field as deformed by the 
solar wind. 


(1961); Axford (1969)). There is some suggestion that there may be a 
strong electric field parallel to the magnetic field that produces the fast 
particles responsible for the aurora (Alfven and Carlquist 1967). The 
electric current densities in some auroral arcs are so high as to suggest 
that they excite plasma turbulence, enormously enhancing the effective 
resistivity (Linhart 1960; Mozer and Bruston 1966, 1967; Kindel and 
Kennel 1971; Block 1972; Papadopoulos and Coffey 1974; Evans 1974). 
These ideas are interesting and it is to be hoped that they can be put 
together into a model that will illustrate the functioning of at least the 
basic principles. 

Jupiter has a dipole field, of some 5-10 G at the poles (Carr and Gulkis 
1969) so that the interaction with the solar wind would be similar to that 
at Earth were it not for the rapid rotation of Jupiter, and the enormous 
scale of the Jovian magnetosphere. The basic comparison with Earth is 
easily calculated. The dynamical pressure (Reynolds stress) of the solar 
wind is pv’. The solar wind velocity is approximately constant but, 
because the wind is radial, the density declines approximately as the 
inverse square of the distance R from the sun. Hence the dynamical 
pressure of the wind declines as 1/R*. The magnetic field of a planet 
extends out from the planet to about the point where the magnetic stress 
density B’/87 declines to the value of the dynamical pressure of the 
wind. Beyond that point, the wind dominates and sweeps away any lines 
of force from the planet. Hence, if the field of a planet has a value Bo at 
the surface r= ro, than it has a value B=Bo(ro/r)’ at a distance r. The 
field extends out a distance r,, to where B*/87 = pv”. The characteristic 
dimensions of the geomagnetic field are r,;=15r9=10° km (the field 
extends to 10 Earth radii in the sunward direction, about 18 at the 
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dawn-—dusk line, and essentially to infinity in the anti-solar direction). The 
algebra is then straightforward and it is readily shown (designating Earth 
and Jupiter by the subscripts E and J, respectively) that the characteristic 
dimension of Jupiter’s field is riy = 501; = 500rop = 3 X 10° km =0-02a.u. 
It follows that the rotational velocity of the outer regions of the Jovian 
magnetic field is of the order of 0,7,;=600 kms™* (compared to only 
7 kms~! for Earth). This exceeds the usual 300-400 km s™* velocity of the 
solar wind. The outer boundary of the magnetic field on the dawn side of 
Jupiter experiences a solar wind with a relative velocity of 10° km st, 
while the field on the dusk side experiences a wind with a relative velocity 
of 300kms~! toward the sun. More important for the activity of the 
magnetic field is the fact that the centrifugal force Ojr of the rotation 
exceeds the gravitational attraction of Jupiter beyond only about 27, 
(go =2°5X10% cms?) where OQFr=6x10? cms" (the corresponding 
figure for Earth is approximately 6rog). Hence everywhere beyond two 
Jovian radii the outer atmosphere of Jupiter is thrown outward by the 
centrifugal force. Direct observations show that the field is enormously 
distended in the radial direction at the equatorial plane, presumably as a 
consequence of the centrifugal force. The reader is referred to the various 
published compendia of current knowledge on the fascinating properties 
of the magnetic field of Jupiter (Carr and Gulkis 1969; Mead 1975). 
Again, the outstanding feature is the copious production of fast particles. 

High angular velocity suggests the neutron star or pulsar, with rotation 
periods as small as 0-07s (the Crab pulsar, Q = 1-2 x 10° rads") and 
presumably much shorter when younger and newly formed from the 
collapsed core of a supernova. It is inferred that the pulsar has a magnetic 
field with a dipole component at the surface (r9=5 km) of the general 
order of 10" G. Such a field must dominate space for a distance of at 
least many astronomical units (1 a.u. = Earth-sun distance, 1-5 x 10** cm). 
Rotation with the field at the angular velocity Q=10'* rads * of the 
neutron star leads to centrifugal forces that exceed gravity at r=50ro= 
250 km. The rotational velocity reaches the speed of light at 3 x 10° km. 
The properties of the magnetic field of the pulsar are a problem in 
relativistic plasma physics and, for all their fascination, lie beyond the 
scope of this work. The reader is referred to the literature (Pacini 1968; 
Goldreich and Julian 1969; Ostriker and Gunn 1969; Hewish 1970; 
Gunn and Ostriker 1970, 1971; Lerche 1970; Ruderman 1972) for a 
review of the interesting physics and copious speculation motivated by the 
discovery of the pulsar (Hewish et al. 1968) in 1968. The complex 
internal workings of the Crab nebula and perhaps other supernova 
remnants (Woltjer 1972; Scott and Chevalier 1975; Chevalier 1975) are 
presumed to be the direct consequences of the machinations of the pulsar 
at its centre. 
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6.7. Formal mathematical treatment of extended magnetic fields 
6.7.1. General remarks 


The formal theoretical treatment of the magnetic fields extending 
outward from the surface of an object may be treated by the methods 
outlined in the earlier sections of this chapter. For a potential field 
(B = -V W, V? W =0) then, of course, all of the classical harmonic analysis 
is available. For axial symmetry (0/d@ = 0) the general method of §6.4 is 
available, which has as a special case the force-free field (F=0). If the 
field is independent of a linear coordinate (say 0/dz = 0) then the method 
of §6.2 can be employed. Noting that the fluid pressure p is communi- 
cated freely along each magnetic line of force (F.B=0), it follows that 
the equilibrium calculation of the field leading to (6.9) is unaffected by a 
gravitational field in any direction if the fluid is incompressible, i.e. if 
p = constant. For in that case we add — pẹ to the fluid pressure p(A). This 
addition to p cancels the effect —pVw of the gravitational field. It is also 
apparent that a force-free field (in which p(A) = po) described by B,(A) 
and (6.4) is unaffected by a gravitational field in the z-direction provided 
that the scale height (temperature) A(z) of the gas is independent of the 
vector potential A. For if the scale height is independent of A, then the 
pressure varies as 


z dz’ 
p(A, z)=Po ep] - | 5] 
along every line of force, A = constant. Hence p is independent of A, and 
does not interfere with the field. 

A more general statement of this physical principle is that the gas 
pressure is communicated freely along the magnetic lines of force (i.e. 
B.(Vp+pV4)=0). Hence if a reference surface S lies across the magne- 
tic field so that each line of force crosses S at least once, the pressure 
conditions on § are conveyed to all parts of the magnetic field. Hence if 
the gas is in hydrostatic equilibrium across S (i.e. if Vp + pVw=0 in the 
surface S) the gas is in hydrostatic equilibrium everywhere throughout the 
field and the field is force-free. 


6.7.2. Force-free magnetic fields 


Nakagawa et al. (1971), Raadu and Nakagawa (1971) and Nakagawa 
and Raadu (1972) have given an extensive exposition of force-free 
magnetic fields with h = constant (see (6.30)), with particular attention to 
the configurations outlined by the filaments and chromospheric fibrils 
around single sunspots and around bipolar regions. They show that the 
simple solutions for h = constant conform remarkably well in many cases 
to the observed patterns. In particular they consider solutions of (6.36) in 
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cylindrical coordinates, 


1 8” 
P, =——~ {J (kw )exp(+ qz J, T, =hP, 
w ðq 


where k =(h?+q7)? and n is any positive integer. For the field extending 
upward from a surface z = 0 we choose the negative exponent so that the 
solution vanishes at z = +@. 

The essential difference between solutions of order n=0,1,2,... is 
illustrated by the spiral angle 6°, between the radial direction and the 
projection of the lines of force on the planes z = constant. Then 


tan 0 = By Be = — hP,/(0P,,/0z). 
For n=0 the spiral is constant, tan 0 = h/B, while for n= 1, 


kzJ (ka) — qu) (koa) 


t | g = h 1—1. 
an k(qz —1)J,(k@) — q oJ (ko) 


Near the axis of symmetry (kw < 1) this is 


h kz-2a/k 


t QQ) = — malas 
an q kz -—2q/k—k/q 


which is positive for kz = 0, vanishes at kz = 2q/k, is negative for 2q/k < 
kz <2q/k+k/q, with @ going to — 7/2 as kz approaches 2q/k + k/q. For 
kz >2q/k +k/q, 0 is positive and declines monotonically from 7/2. Thus 
the spiral angle at small kw rotates through nearly 180° with increasing z. 
The higher order solutions rotate correspondingly more. 

Nakagawa et al. (1971) present a variety of solutions for n=O, 1 
viewed from various angles, and show the comparison with photographs 
of large circular stable sunspots. It is evident from the comparison that 
the special case h = constant captures the principle features of the twisted 
field of the sunspot. 

Raadu and Nakagawa (1971) go on to generate mathematical forms for 
fields without axial symmetry by noting that, if B is an axi-symmetric 
solution to (6.30), then so is (1 -+ V)B a solution, where I is the unit vector 
(cos @, —sin œ, 0) and 

1 ð 


ð 
1-V= — gi 
cos $~ sin ġo z 


That (I - V)B is a solution of (6.30) is easily verified by direct differentiation 
and substitution into (6.30), noting that differentiation of the unit vectors 
e,, and e, gives zero except for 


denl I$ = ez, de, Ih =- en 


The method is applied to the axi-symmetric solutions P,, just given. 
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They go on to work out a second class of non-axi-symmetric fields 
based on the general representation of a magnetic field (Chandrasekhar 
1961, Appendix IID). 


Bir) =V XV X(Rr)+V X (Sr), 


where r is the position vector from the origin, and R and S are functions 
of (w, d, z). With this representation the special ease h = constant re- 
duces (6.30) to 


Vx[VxVx Rr—-hSrt+ V x{(S—hR)r}] = 0. 
Consider, then, the special solution represented by 
S=hR 
and 
VxXVx Rr-aSr=VG 


where G is an arbitrary function. Note that 


VxVx« Rr=Vx(VR xr) 
=3VR-1V°R4+(r-V)VR-(VR-V)r 
=—ArWRAV{IR+(r-V)R}. 
the last step is most easily carried out using index notation. It follows that 
fVR+h?R}=VR+(-V)R- GH. 
Then, with the choice G= R+(r-V)R, we have 
WRt+h?R=0. 
In rectangular coordinates there are solutions of the form 
R = exp(ik,x + ikyy — qz) 


where the wave numbers are related by the dispersion relation k+ k$ = 
q? +h’. In cylindrical coordinates there are solutions 


R=J,,(ka@)exp(+ imd)exp(— qz) 


where k*=q’?+h?. Raadu and Nakagawa (1971) show how this second 
class of non-axi-symmetric field modes is related to the first type, the nth 
mode of the first being expressible in terms of modes of the second up to 
order n—1. They plot the lines of force of a number of examples of both 
types of field, showing the resemblance to the observed field structure 
around twisted bipolar sunspots. The question of stability is not consi- 
dered. We can imagine that the configuration is unstable when the total 
twist is in excess of one-half a revolution. 
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The general method developed in these calculations can be extended to 
more complex structures, with m= 2. It would be particularly interesting 
to extend the method to highly twisted forms with convoluted flux 
connections to explore the possibilities for instability. 


6.7.3. Magnetic fields subject to pressure 


Low (1975a) has given a method for calculating the hydrostatic equilib- 
rium of the field that is independent of z but subject to the weight of a 
gas in a uniform transverse gravitational acceleration, g, say in the 
y-direction (see also Parker 1968). Then (6.5) and (6.7) are unaffected 
while (6.6) becomes 4 B2\ V2,A0A_P 

os (p+at) +e (6.42) 

l oy 87 An oy A 
where A=A(x, y) is the scale height kT(x, y)/Mg. We know that the 
pressure extends freely along the lines of force A = constant. Hence if T 
or A, is a function only of A and y, we know from the barometric law that 


y dy’ 
aawl- <2} as 
p(A, y) = ptA, yo)exp | MAY) 
where the integration is along a magnetic line of force A = constant. With 
this expression for p we proceed as before. 

To obtain (6.43) by formal means, note from (6.7) that B, = B, (A) 
again. Then multiply (6.5) by dA/ay and (6.42) by dA/ax and subtract. 


The result is 

(A, p) | PAA _ 

a(x, y) A ax 
which is, in fact, just the scalar product of B with (6.1). Now p = p(x, y), 
A=A(x, y) can always be written as p[A(x, y), y] and A[A(x, y), y], 


giving p and A as a function of height y along any line of force, 
A =constant. With this form for p and A, (6.44) becomes 


op P) ðA 
— +4] — = 0. 6.45 
(z A/ ðx l ) 


(6.44) 


Since 3A/ð3x#0, we have the standard barometric law whose integral over 
y is just (6.43), with the other variable, A, held constant. With (6.45) it is 


readily shown that (6.5) and (6.42) reduce to 
VA ð l BAN 
a +—2—}=0. . 
åm ðA P(A, y) Sar 0 (6.46) 


Thus, we choose the functions B,(A), p(A, yo), and the scale height, or 
temperature, A(A, y). The pressure follows from (6.43), and the differen- 
tial equation (6.46) for A(x, y) is determined. The method is readily 
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adopted to axial symmetry (see Appendix, Low 1975a). The isothermal 
case A = constant without a longitudinal field (B, =0) has been treated by 
Bhatnager et al. (1951), Dungey (1953), Kippenhahn and Schluter 
(1957), and Brown (1958) in connection with the structure of quiescent 
prominences. Observations (Nakagawa and Malville 1969; Tandberg- 
Hanssen and Anzer 1970) indicate that the longitudinal field B, is not 
zero. Presumably the presence of a longitudinal field would enhance the 
precarious stability of the prominence model (Brown 1958; Nakagawa 
1970). More conspicuous, however, is the restriction to the isothermal 
case when representing a prominence whose existence is the result of a 
temperature less than 10°? of the ambient value. Consequently Low 
(1975b) gives two examples to illustrate the equilibrium of a cold vertical 
sheet of gas supported by a transverse magnetic field and surrounded by a 
hot plasma. Put B, = 0. In the first example choose the vector potential to 
be of the form 


A(x, y) = BolAU(x) + y}, (6.47) 


where U(x) is a function to be determined, A is a constant length, and Bo 
is a field strength. Then write 


A(x, y) = ACA, y) = A{U(x)} (6.48) 


and note that along a line of force A = constant (6.47) yields dy = 
Fà dU, so that (6.43) becomes 


(A, y)=poe haf <6] (6.49) 
p > y Po Xp c A(é) y 
where C is a constant. The differential equation (6.46) becomes 
d?’ U l [ U dé 
——— + y — + —— 7 =0 6.50 
de vaP A L AO (6.50) 


where ¢=x/à and y= 4rpo/ B3. 
This equation is reducible by quadratures. Multiply by dU/d¢ and 


integrate, 
(E) +2 e fsa f d E 2 (6.51) 
ag) 777"? Mos °° : 
where D is a constant. Then separating variables and integrating, 
U dé f2 
2r)2 = | au|D-e {+a SEN . 6.52) 
(2r}¢ PIA AS ( 


It is obvious from the absence of the vertical coordinate y in (6.48), 
(6.49), and (6.52) that the solution represents an infinite vertical uniform 
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sheet across which the temperature varies as A[U(x)] and the density as 
piA. The first example, A = Bo[AU(x)— y] and A=A(U/ Up)’ is equivalent 
to a vertical layer of plasma with an internal heat sink (presumably 
radiative cooling) proportional to the density, into which heat is con- 
ducted from both sides. The choice A « U? is equivalent to heat conduc- 
tion with a thermal conduction coefficient proportional to T?, appropriate 
for an ionized gas (Chapman 1954). The pressure, density, and tempera- 
ture, and the form of the field are given from numerical evaluation of 
(6.52). The magnetic lines of force sag under the weight of the vertical 
slab of cold gas. Outside the slab, with surface mass density d(g cm~?) the 
vertical and horizontal components of the field are given by 


B,B,/4 = gd/2, 


in order that the tension in the lines of force on each side support the 
weight of the gas. As in all models which do not employ an inhibition of 
thermal conduction into the sides of the layer of cool gas (presumably as a 
consequence of a longitudinal field B,) the characteristic thickness of the 
model layer proves to be several times thicker than in the real promi- 
nence. 

The second example 


A = BolAU(x)+ y}, 
C=0, D=1, 
A/A = 1+ E expl- U), 
is designed to give analytic solutions which have as a subclass the 


isothermal solutions given earlier by Kippenhahn and Schlüter (1957). 
Then it is readily shown that (6.51) reduces to 


(dUjd¿¥ = 2T(1—exp U) 


where, for convenience, we have written I= y/(1 + E)=47po/Bo(1+ E). 
Integration yields 


us = 2 ln sech(I'/2)2¢, 


where the origin of the coordinates is placed so that U =0 where ¢=0. 
Then 


A = B,2A Infsech(I'/2)22} + y] 
A=1+E cosh*(I/2)?¢ 
p = pol E +sech*(I'/2)22]/(E + 1). 


The temperature increases exponentially away from the dense cold 
plasma sheet supported in the neighbourhood of ¢=0 by the magnetic 
field. Putting E =0 gives the isothermal case. The pressure has the value 
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Do in the centre of the plasma sheet, falling to the fraction E/(E +1) at 
x = +0, The density p = p/gA reduces to 


p = {pol gA(E + 1)}sech7{(I/2)2x/A}. 


which declines exponentially to zero with distance from the plasma sheet, 
thereby compensating for the exponential increase of temperature to give 
p~ constant as x —> +. The total mass per unit area of the prominence 
sheet is f dxp = 2?p,/gI2(E+ 1), and its weight is supported by the magne- 
tic field 


B, = Bo 
B, = B, (21> tanh{(T/2Żx/A}. 


The supporting field outside the sheet of plasma makes an angle 
arc tan(2T¥ with the horizontal. 

This simple example provides an illustration of the confinement and 
support of a gas in a gravitational field. It is clear that not many examples 
can be worked out exactly by analytical methods, but until the stability of 
the solutions can be explored, the example given by Low should suffice. 
The requirement of long term stability may introduce further require- 
ments that are, so far, unanticipated. 


6.8. Diffusion of an equilibrium configuration 


This is, perhaps the appropriate place to discuss the problem of the 
passive diffusion of a magnetic field in a resistive medium. The diffusion 
of a magnetic field in a medium constrained to rest is described by the 
linear heat flow equation (4.15), the solutions of which are well known. 
Thus, the diffusion of a weak field, which leaves the ambient fluid 
relatively undisturbed, is a straightforward problem, with results that are 
familiar from classical heat flow. But if the field is not weak, so that its 
varying pressure causes the fluid to move, the problem is not so simple. A 
simultaneous solution of (4.12) and (5.10), with the equation of continuity 
and the equation of state, is required. Such problems have received but 
little attention, although they are an integral part of basic hydromagnetic 
theory. We present a simple example here to illustrate the general 
principles. 

Consider the diffusion of a slab of isothermal gas of density p(x, t) and 
fixed temperature T embedded in a magnetic field B(x, t) in the y- 
direction. The pressure p(x, t) of the gas is u*p(x,t) where u is the 
thermal velocity (kT/m):. The diffusion of the field is accompanied by the 
fluid velocity v(x, t) in the x-direction. The hydromagnetic induction 
equation 1s 


ðBlðt + əvB/ðx = nð” B/ax? (6.53) 
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for a uniform resistive diffusion coefficient ». Conservation of matter 
requires 


dp/ot + dvp/ax = 0. (6.54) 
The momentum equation is 
p(dv/dt + vav/dx) = —(a/ax)(p + B7/87). (6.55) 


Simultaneous solution of these three equations yields the diffusion of the 
gas pressure p(x, t) with time. 

To display the ‘diffusion’ equation resulting from simultaneous solution 
of (6.53)-(6.55), suppose that the diffusion coefficient ņ is not so large 
that the diffusion velocity v has significant inertial effects. Then the 
left-hand side of (6.55) can be neglected and the result integrated to give 


p+B*/87 =P, | (6.56) 


where the constant Py represents the total pressure. Then use (6.56) to 
express p in terms of B in (6.54). Solve for dB/dt and substitute into 
(6.53). The result is the expression 


(Po + B7/87)dv/dx = (nB/477)a" Blax’? 


for dv/dx in terms of B. Then write (6.53) in the form 


0 ə? 0B 
= {G naa) BS 
OL ax? ax’ 
Differentiate with respect to x and replace dv/dx with the expression 
above. The final result can be written 


za SEA aB/ot 
Am ax? \ ° 8a/ dx lnaBsax 
_ & Bldx? Po- BIS -o 
dBlax P+ B?/8r 


(6.57) 


This is the form of the diffusion equation, in place of (4.15). The equation 
is third order, instead of second, and highly non-linear. 

To obtain a solution of (6.57) to illustrate the basic physical effects, 
suppose that the magnetic field is strong, in the sense that any fluctuations 
dp in the gas pressure are small compared to the magnetic pressure, 
dp « B?/87. Then suppose that po is the minimum gas pressure anywhere 
in the system (this may be zero or may be very large compared to B’*/877) 
and By is the maximum magnetic field (occurring where p = po) so that 
Po = po + Ba/8a. Then write B = B,+ 6B and note that 5B <0 and |SB|« 
Bo because 5p <« Bg/87. For convenience write p = po+ Sp, but note that 
dp is not necessarily small compared to po. Then neglecting terms second 
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order in 6B/Bo, (6.56) reduces to the linear relation 
Sp + (B2/87)5B/ By =0 (6.58) 
between the variation of the field and the gas pressure. We proceed now 
to an exact solution of (6.43), (6.54), and (6.58). 
Following the same procedure as before, use (6.58) to write dp in terms 
of 5B in (6.54), solve for d6B/dt, and use the result to eliminate d6B/dt 
from (6.53). The result is 


(1+4B)dv/dx = n(87/8x7)5B/Bo 


where B is the ratio of gas to field pressure 87rpo/B5. Integrate once and 
transform to the frame of reference in which the gas velocity is zero 
where the gas pressure is po, 


v = {n/(1+4B)}(0/dx)5B/Bo. (6.59) 
Then (6.54) becomes 


3B n ð (( 2 3 5B} 
—— =-——__ — 4 [4B -—]—— >. 6. 
at Be 1+4Bax |V" Bo/ ax Bo (6.60) 


This is a diffusion equation with both a linear diffusion term and a 
non-linear term in which the effective diffusion coefficient is proportional 
to the perturbation of the field. Going back to (6.58) eqn (6.60) can be 
written in terms of the gas perturbation 


a 8p ing a Sp\ a 6 
2 Op _ anp 2 {(1 42) 2, (6.61) 
ðt Po 1438 ox Po/ 9X Po 


wherein dp/pp is not necessarily smal] compared to one. Note, however, 
that the total gas pressure po+6p is non-negative, so the effective 
diffusion coefficient is positive and the gas distribution, and hence the 
field perturbation, spread out with the passage of time. 

Now to solve either (6.60) or (6.61) let S=38—5B/B, so that (6.60) 


becomes 


aS/at = n/(1 +4B)}a7S7/ax? (6.62) 
and let [l= 1+ 6p/po= p/po, so that (6.61) becomes 
aN /at = GBn/(1 +3B)}e T /ax?. (6.63) 


The two equations are of the same form, so consider the solution of 
(6.63). 

There are a variety of solutions that can be constructed to illustrate the 
nature of the diffusion. In particular, consider the diffusion of an isolated 
slab of gas that is initially very thin and located at x =0 in an infinite 
space —%<x< +0, Then initially p(x, 0) = u6(x), where u is the mass 
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per unit area. Then the background gas pressure po is zero and (6.63) 


reduces to 
aplat = (27r/ BẸ? p?/dx?. (6.64) 


This equation is easily solved using the similarity form 
p=t*f(€), Sx", 


for which 
Poo 
u'u = | dxp(x, t) = constant. 


Then, substituting this form for p into (6.64), it is seen that if a = 4, (6.63) 
can be expressed entirely in terms of é becoming 


(6mn/ BG) df? /dé* + déf/dé = 0. 
Integrating once yields 
(6n BS) df?/dé + éf =C, 


where C is the integration constant. The gas distribution is symmetric 
about x = 0, so the desired solution is an even function of x. Hence C=0 


and 
f{(12an/ BS) dfldé + é} = 0. 


There are, then, two solutions, 


f,(€)=0 


and 


fo(€) = f(0) — (Bo/24 an) é? 


where f(0) is the integration constant. Since f(¢) represents pressure or 
density, it must be positive. Hence the physical solution is the inverted 
parabola f,(€) for ¿£= ¿2 =24anf(0)/B2 and f,(é) for £> ¢3. The gas 
spreads out with time, the thickness of the gas distribution increasing as 
ts. The gas density distribution is an inverted parabola, falling to zero at 
x = +€,0, and zero everywhere beyond. There is, then, no precursor, as 
with linear diffusion, because the effective diffusion coefficient falls to 
zero along with the density. 

The integration constant f(0) is a measure of the mass density in the 
initial sheet of gas, 


+E, 

uu = |” AEO- EBEA), 
—Ey 

from which it follows that 


fO) = (3u? u/4F (B324 a1). 
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The gas distribution evolves from the initial uôlx) in the form of the 
inverted parabola 


p(x, t) = (B3/24ant)X(3u? u} — x*(BYy24 ant}}} (6.65) 
of width 
x(t) = 2(97u? unt BS)’. (6.66) 


It is interesting to note that, although the diffusion equation (6.64) is 
non-linear, separate initial thin sheets of gas diffuse independently of 
each other until such time as neighbouring solutions meet. It should be 
noted too that the inverted parabola (6.60) is the asymptotic form at large 
time for any initial distribution confined to a finite interval h. 

The advancing edge of the gas distribution can be illustrated directly by 
solutions of the form p= p(£) with ¢=x-— wt. Then (6.64) becomes 


(d/dg)[{w + (4an/ Bo) dp/dg}p]=9. 
Integrating once yields 
{w +(42rn/ Bo) dp/dé}p = wp, 


where p; is the constant of integration. For the present case where p falls 
to zero while dp/df remains finite, put pı =0. Then there are the two 
solutions 

p=0, p=—(Bowl4an)(— čo). 


The second solution obtains for £< Z, and the first for € > čo. We have an 
advancing front of gas with a linear decline to zero at the leading edge 
x = čo + wt. Beyond the edge there is no gas. The velocity of advance w iS 
proportional to the rate of decline toward the edge, w= 
— (42rn/ BG) dp/dé. 

More generally, write T = 4f67/(1 +48) and put I1=IJI(€) in (6.63). The 
result is 

Il(2 dil/dé + w) = wl). 


Integrating again, we obtain 
O +I InI- IL) =aw(%i-O), 


where ¢, is the second constant of integration. If I], >0, note that for 
¢— —© the linearly increasing gas density 


I~ —3w(f- ay) 


advances with the velocity dx/dr = w. The front has an exponential tail 
extending ahead of it to ¢= +%, 


H-T, =exp{—aw(¢- ¢,)/Th}. 
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Clearly, the validity of these solutions is limited to values of TI that are 
not so large as to violate 6B/By)< 1. 


6.9. Laboratory fields and plasmas 


We should not fail to note the extensive experimental and theoretical 
work on the equilibrium of magnetic fields and plasmas carried on in 
connection with the worldwide effort at plasma confinement and, hope- 
fully, controlled thermonuclear power. The laboratory geometry is com- 
plementary to that encountered in the astrophysical body, so there is little 
direct application of the laboratory results to the astrophysical problem. 
But there are some general implications that should certainly not be 
overlooked. To contrast and compare the two, note first that in the 
astrophysical body it is the plasma, bound by gravity, which grips and 
holds the magnetic field. On the other hand, in the laboratory the 
magnetic field is produced and held by electric currents forced through 
rigid metal conductors, and the purpose is to trap a small amount of 
plasma at some particular place in the magnetic field. Working from the 
foundation provided by the rigid conductors it is possible to construct an 
equilibrium configuration for confinement of an ideal fluid in the laborat- 
ory magnetic field. Indeed, it is possible to construct equilibria which, in 
the hydromagnetic (ideal fluid) approximation, have most of their large- 
scale instabilities strongly suppressed, relying heavily, of course, on the 
surrounding rigid conductors, end plates, etc. Unfortunately, the system is 
generally subject to small-scale plasma instabilities—microturbulence—as 
a consequence of the plasma not being an ideal fluid but rather a gas, 
composed of electrons and ions, each with a finite cyclotron radius in the 
magnetic field, and an anisotropic velocity distribution in space, as well as 
overall density and temperature gradients. The microturbulence leads to 
anomalous diffusion of the plasma across the magnetic field and out of the 
system. Only with the greatest ingenuity has it been possible in recent 
years to design systems which minimize the anomalous diffusion and 
approach the question of the hydromagnetic stability problems. The 
difficulty of achieving stable magnetohydrostatic equilibrium is clearly 
impressed upon the mind of anyone making a serious study of the 
laboratory plasma confinement problem (See, for instance, Artsimovich 
1964; Kunkel 1966; Jeffrey and Taniuti 1966; Kadomtsev 1968; Interna- 
tional Atomic Energy Commission 1969; Solovev and Shafranov 1970; 
Dyachenko and Imshennik 1970, and references therein). 

It is interesting to note, then, that in the astrophysical problem, 
wherein the field is trapped by the gas, rather than by rigid metal 
conductors, the basic confining force of gravity unavoidably introduces 
magnetic buoyancy. The buoyancy is one of the major causes of non- 
equilibrium and instability, so that continual dynamical activity rather 
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than stable equilibrium appears to be the rule. Microturbulence and 
anomalous diffusion appear in astrophysics, too, at least in the extreme 
field gradients across magnetic neutral sheets, believed to play a funda- 
mental role in the solar flare and in the geomagnetic tail. 
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PROPAGATION OF DISTURBANCES 


7.1. General discussion 


A small disturbance introduced into a magnetic field in a conducting fluid 
is propagated away by the stresses in the field and fluid. If the field and 
fluid system is in a stable equilibrium state, the propagation is in the form 
of hydromagnetic waves, which are the subject of this chapter. If the 
system is not stable, or possesses no equilibrium, then the situation is 
more complicated and no simple generalization is possible. 

The stable modes of an equilibrium system confined to a finite region of 
space are essentially standing waves and have been treated at length in 
the references given in Chapter 6. A system is unstable, and unlikely to 
exist in nature, if there is at least one disturbance, or eigenmode, that 
grows exponentially with time so that it cannot be described as a wave. 
The present discussion is limited to disturbances of a characteristic scale | 
in a system of large-scale A(> l) so that the magnetic field at the site of 
the disturbance may be taken as locally uniform. We also suppose that, as 
a consequence of [<A any instability of the large system grows suff- 
ciently slowly compared to the frequency of the waves of the disturbance 
that the local field may be considered constant in time as well as in space. 
With this idealization of small-scale disturbances it is possible to charac- 
terize the basic wave properties of the magnetic fluid medium by the 
propagation of disturbances of small amplitude. We begin the discussion 
with a treatment of an incompressible ideal fluid (viscosity u and resistiv- 
ity ņ are zero, the density uniform, and the sound speed Vs = (dp/dpy 
large compared to the Alfven speed V, = B/(4rp¥ and fluid velocity v). 
The equations are then particularly simple (Lundquist 1952) and yield to 
general solution of arbitrary form and amplitude. 


7.2. Disturbances in an ideal magnetic fluid 


The equations for the velocity v(r, t) and magnetic field B(r, t) of an 
ideal, incompressible, infinitely conducting uniform fluid with pressure 
p(r, t) are given by (5.10) and (4.16), 


2 
V 
(Barvy E) BIB, yy an 
ðt p 87p 4p 


0 
(<+v.V)B=(B. Vy, V.B=0, (7.2) 
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respectively. The first of these equations is mechanical, and the second 
electromagnetic, in origin. Yet the symmetry of the roles of the velocity 
and magnetic fields in both equations is conspicuous. Writing the magne- 
tic field B in terms of its characteristic Alfven velocity u = B/(47p), (7.1) 
and (7.2) can be expressed as 


ð 
(Z+v.v)v-(u -V \Ju=-V(pp +u’), (7.3) 
ĝ 
(+v. v)u- .Vv=0, (7.4) 
V.v=V.u=0. (7.5) 
An obvious solution is the steady dynamical equilibrium 
p = constant —}pu?, (7.6) 
with 
v= +U, av/dt =0. (7.7) 


Chandrasekhar (1961) has shown that this dynamical equilibrium solution 
is stable. Thus any complicated entangled field pattern is possible if it 1s 
accompanied by a fluid velocity v along the field at the local Alfven 
speed. 

Of particular interest to the present question of wave propagation is the 
case in which the magnetic field B is uniform everywhere throughout 
space, with a constant value By, except in a finite domain V in the 
neighbourhood of the origin where the field has some arbitrary and 
complicated form B,+B,(r), as sketched in Fig. 7.1. Suppose that the 


eS 


Fic. 7.1. Sketch of a localized disturbance in a large-scale magnetic field By. The 
disturbance occupies the volume VY and vanishes on the enclosing surface S. The volume is 
divided into two parts V, and Y, by the intersecting surface S$’. 
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fluid velocity has the uniform value v=~—V, =—B,/(4ap) everywhere 
outside V, and the value —[B,+B,(r)]/(47p) within, so that (7.6) and 
(7.7) apply throughout the entire space. Then transform to the frame of 
reference moving with velocity —V,. The fluid, in that frame, is at rest 
except for the volume VY, which now moves with speed +¥V,. The field 
inside V is now B,+B,(r—V,1), and the fluid velocity v’ within Y is 


v =—B,(r—V,t)/(4arp)? (7.8) 


The solution in this frame of reference is clearly to be interpreted as a 
wave packet of arbitrary form and amplitude’ B,(r—V4t) propagating 
along the uniform field Bo with the Alfven speed Va = Bo/ (Aap). 

There is no net momentum transported by the wave packet, nor any 
net displacement of fluid, 


| d*rpv= 0. (7.9) 


This follows directly from the two facts that V .v=0, and v vanishes on 
the surface S of the volume V to which the packet is restricted. Consider 
the simple surface S$’ dividing V into two parts (Fig. 7.1) V, and V2, and 
the enclosing surface S into two parts $, and S,, respectively. Then 
S’+S, and S'+ S, each form a closed surface. Since V .v=0, we have 


o=| d°rV . v, 
¥ 


1 


= | dS. v. 
S'+S, 


But v vanishes everywhere on S, so 
| dS .v=0. (7.10) 
s 


Thus the net flux of fluid is zero across any surface which divides the wave 
packet into two separate volumes. Integrating over the dimension perpen- 
dicular to the surface then yields (7.9). The wave packet carries no 
momentum. 


! The dynamical balance of the wave is readily understood from the fact that the 
pressure variation —3pv* of the Bernoulli effect exactly compensates for the 
magnetic pressure B?/8m=4pu’, while the centrifugal force Kpv* of the fluid 
streaming along the field lines with curvature K exactly cancels the force 
KB?*/47 = Kpu? of the tension of those same curved lines of force. 
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The total energy € carried by the wave packet is the volume integral of 
the excess energy density above the background B6/87, 


B, +B,” — Bå 
e=Í Prf Se ` S Zo tipo), 
oy TT 


= pforev vav. 


=pV,. ore v+ [arr v”. 
It follows from (7.9) that the first item is identically zero, so that 


E= Í d*rpv’”’, 


U 


B? 
-| dPr(2 +p”). (7.11) 
v 8 
The energy € moves along the field By with the Alfven velocity Bo/ (47rp)?. 

Now, it is apparent from (7.8) that the wave packet propagates without 
dispersion. Any initial wave form is preserved. Hence in this one case of 
an ideal incompressible fluid the wave behaves much as though the 
equations were linear (which, of course, they are not). The waves are 
non-dispersive and the principle of superposition applies to waves prop- 
agating in the same direction. On the other hand, it should be noted that 
while waves of arbitrary form propagate without dispersion in any one 
direction along the field, waves with opposite directions of propagation 
cannot be superimposed without strong non-linear coupling causing dis- 
tortion and dispersion. The dynamical equations are non-linear, notwith- 
standing the remarkable fact that their solution is the simple linear 
relationship (7.7). Thus, for instance, (7.7) avails us little in treating 
hydromagnetic turbulence. The separate solutions v; =+u and v,=—u 
interact as strongly when they meet as separate Fourier components, and 
the result is just as inscrutable (see for instance, Kraichnan and Nagarajan 
1967). 

There is, however, one fundamental theorem on turbulence that can be 
stated on the basis of (7.7)-(7.10). Suppose that for t< tọ the space is 
permeated by the uniform magnetic field By embedded in the ideal fluid 
of uniform density p. Then suppose that at time t= to external forces 
transmit some arbitrary complicated velocity distribution vo(r) to the fluid 
within some finite region V (the necessary impulse is 6(t—ty)pvo(r)) 
setting the fluid in V into some complicated motion with zero total 
momentum f d*r v,(r, t) = 0. The subsequent turbulent velocity and magne- 
tic field variations are described by (7.1) and (7.2). Assuming that Vo is not 
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small compared to V,, the magnetic field will become significantly 
distorted, and the situation soon might look something like Fig. 7.1. We 
assert that in the limit of large time the turbulence in V converts itself 
into two separate hydromagnetic wave trains (Alfven waves) propagating 
without dispersion in opposite directions away from VY along Bo. The 
assertion is obvious if we recall that the radiation of Alfven waves along 
B, from either side of V is irreversible. Any perturbation of the lines of 
force at the surface of V means an outgoing Alfven wave, and, once 
emitted, a wave does not return. Then note that for an ideal fluid, no 
other means of energy loss is available. The turbulent energy may spread 
out in space, as a consequence of eddy diffusion, and the turbulent energy 
may migrate up and down the wave number scale’, but there is no escape 
of the turbulent energy from the region of non-linear interaction except 
as an Alfven wave emitted from the surface. Only in the family of modes 
w =+kV, is there the possibility of a final resting place, and, once there, 
the energy leaves the region, travelling without dispersion along Bo. 
Alfven waves are the only leak in the system, from which it follows that 
the turbulence must eventually disentangle itself into two trains of Alfven 
waves, going their separate ways along Bọ away from the region V of 
initial turbulence. A particular simple example is given in §8.5 of the 
separation of a pulse into two separate wave packets in an isolated flux 
tube. | 

In a sense, then, it is not incorrect to say that all motions of an ideal 
incompressible fluid permeated by a magnetic field are Alfven waves. The 
statement is generally useful if the magnetic field is strong (V, > v), for in 
that instance the non-linear term (v.V)v is small compared to the 
interaction terms (v . V)B and (B . V)v, and the principal effect is propaga- 
tion as Alfven waves. If v is not small compared to Va, then the Alfven 
wave characterization of the turbulence becomes useful only after suffi- 
cient time for the oppositely-moving waves to disentangle themselves 
from each other. 


7.3. Alfven waves in an ideal fluid 


In view of the fundamental importance of the Alfven waves in redis- 
tributing stress and momentum in a magnetic field embedded in an ideal 
fluid, we recast eqns (7.1) and (7.2) in a form suitable for treating the 
energy transport by the waves. Once again write B= B,+B,(r, £) where Bo 
is a uniform field of magnitude By in the direction of the unit vector 
no = B,/Bo. The wave field B,(r, t) is arbitrary in form and not necessarily 
small compared to By. Represent Bo by its Alfven velocity V, = By/(47p) 


? There is no characteristic dimension in the problem apart from the scales 
introduced by the initial excitation of the turbulence. 
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and the wave field B, by its Alfven velocity w=B,/(47p)?. Then with 
p = constant —4p(V, +w)* again, (7.1) and (7.2) reduce to 


ð 
(4v. vv- (Va. V+w .V)w=0, (7.12) 
ð 


If we let v= +w, then both equations reduce to 
0 
apt (Wa V)v=0 (7.14) 


which has as its general solution any arbitrary function of r+ Vat, 
v=vr+ Vt). (7.15) 


It is instructive to compute the energy flux transported by the waves 
again. The total energy flux is made up of the Poynting flux cE x B/4r = 
Bx(vxB)/4a and the mechanical energy flux v(p+ U+4pv7) convected 
by the fluid (Landau and Lifshitz 1959, 1960; Roberts 1967) where U is 
the internal energy per unit volume of fluid and p+ U = yNkT/(y~- 1) is 
the enthalpy per unit volume. Thus, altogether the total energy flux 
Q(erg/cm? s) is 


Q = vB*/47—-B(v. B)/4r +v(p + U +łpv°). (7.16) 


In the present case of an incompressible fluid, the internal degrees of 
freedom are absent and U =0. Further, we have from (7.6) that p+ 
B?/87 = constant. Then since B= (47p)?(V,+v), it is possible to rear- 
range the terms to give 


QO =v(p+ B?/87+3pVa)—pValv. Va) F pv’ Va. (7.17) 


The first two terms on the right-hand side represent circulation of energy 
around inside the packet, with no net transport. This is readily apparent 
from the fact that p+ B’/8a7+3pV% = constant, so that according to (7.10) 
the integral of the first term over any surface S’ extending across the 
packet is zero. The same is true of the second term, for if we denote by 
dS; and vı the projection of the element of area dS’ and the velocity v, 
respectively, onto the direction of Bọ we have V,.dS’= V, dS) and 
v. Va = Vap so that 


Í dS’. Vly . Va) = Vif dS 
s’ 


=0 
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from (7.10). The third term on the right-hand side, then, represents the 
net energy transport of the wave, which is just the transport of the kinetic 
and magnetic energy densities $pv* + B7/87 = pv7(r+ Vat) of the wave at 
the Alfven speed V, along the large-scale field Bo. This is, of course, just 
the result (7.11) worked out in §7.2 from a slightly different approach. 
For sinusoidal waves, the mean value over one cycle yields spvj Va, 
where vı is the velocity amplitude of the wave. Note that half of the 
energy transport is mechanical and half is electromagnetic or potential. 


7.4. Hydromagnetic waves, a compressible medium 


The next stage of generalization is to include the compressibility of the 
fluid into the dynamical equations, supposing that the sound speed V, is 
not necessarily large compared to the Alfven speed. To keep the problem 
tractable we restrict the fluid velocity v to be small compared to both the 
Alfven speed V, and sound speed Vs. Then if the magnetic field is 
B(r, t) = Bo + B(T, t), where Bẹ is again a uniform field, we have |5B|« By 
so that the dynamical equations can be linearized. The Alfven velocity is 
again defined as V, = By/(4p}). The pressure and density fluctuations, 5p 
and 6p, accompanying the wave are small, and related by the definition of 
the sound speed, 


where 
V= ykT/M 


with the coefficient y chosen appropriately for the number of degrees of 
freedom involved. We suppose that both V, and Vz are uniform, so that 
the linearized dynamical eqns (7.1) and (7.2) reduce to 


p ov/at =—V(S5p + B, . B/47r) + (Bo .. V)SB/4 7, (7.19) 
05 B/dt = (B, . V)v—B,V.v. (7.20) 

Linearization of the condition for conservation of matter yields 
ddp/dt + pV .v=90, (7.21) 


and, of course, 
V.dB=0. (7.22) 


Use (7.18) to express êp in (7.19) in terms of 5p. Then differentiate (7.19) 
with respect to t and use (7.20) and (7.21) to eliminate the time 
derivatives of ôB and dp. The result can be written 


d°v/at? = (VZ+ VA)VV.v+(V,.VICV,.V)v—V(V,.v) — VAV. v]. 
(7.23) 
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The coefficients are all constants so that the solution is made up of plane 
waves exp i(wt—k.r). Without loss of generality we may rotate the 
coordinate system so that the z-axis lies along the wave vector k and Bo 
lies somewhere in the yz-plane, making an angle @ with the wave vector 
k, 


Va = Vale, sin 0 +e, cos 0). (7.24) 
Then the solutions are of the form 
v= V exp i(wt — kz) (7.25) 


where V is a constant vector. Then (7.23) reduces to the three compo- 
nents 


V..(w? — k? V4, cos?0)=0, (7.26) 
V,(@? — k? Vi, cos? 0)+ V_k* Va sin 0 cos 6 =0, (7.27) 
V,k? V4 sin 6 cos 0 + V, (@°— k? Vs- k? Vh sin70)=0. (7.28) 


The dispersion relation follows from equating the determinant of the 
coefficients equal to zero. In particular, if v, #0, it follows from (7.26) 
that 


w? — k? Vi, cos70 =0 (7.29) 


representing Alfven waves propagating along B, at the Alfven speed Va 
so that their phase velocity (in the z-direction) is Va cos 6. The Alfven 
waves involve no motions or fields in the y- and z-directions. It is readily 
shown from (7.20) that 5B, = *Bov,/V,. The propagation of Alfven 
waves was treated in §7.2 and 7.3, and need not be repeated here. 

Suppose, then that v, =0 so that (7.29) is not required. For waves with 
vy, v, 0, (7.27) and (7.28) yield the determinant 


(Q? — cos? @)(Q? — B? —sin’6) —sin*@ cos*@ =0 (7.30) 


where Q=w/kV, represents the phase velocity and B= V;/V, is the 
sound velocity, all in units of the Alfven speed V,. There are, then, the 
two modes 


QB, 6) =4[B? + 1+ {(B°—17 + 4B" sin? 6}) 
=4[{p?+1+{(68 +1)? —4B? cos” ey]. (7.31) 


Since represents the phase velocity, the waves given by the upper sign 
are called the fast mode and by the lower sign the slow mode. The fast 
and slow modes involve fluid motions confined to the plane of k and Bo. 
The phase velocity is independent of the magnitude of the wave number 
(although not of the direction) so that the hydromagnetic waves of small 
amplitude are non-dispersive. 
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The relation between the two velocity components follows from (7.27) 
as 


V, = — V (QO? — cos? 0)/sin 8 cos 6. (7.32) 
It is readily shown from (7.20) that 6B, = 6B, =0 and 
ôB, = Bo(v, sin 0 — v, cos 0)/ VAQ., 
Q v 


= — —, 7.33 
? cos 8 Va ( ) 
It follows from (7.21) that 


with Sp following directly through (7.18). 

A few words are in order describing the physical nature of the fast and 
slow modes, and the variation of the waves with angle of propagation @ 
with respect to the magnetic field. First of all note from (7.31) that 


Q(B, 8) = BQM/B, 4), (7.35) 


showing that the form of the angular dependence of phase velocity 
Q(B, 0) depends only on the relative proportions of Vs and V, without 
regard for which is the larger. Note further that Q(£, @)/ B? is invariant to 
inverting Vs/ Va. 

The phase velocity Q(B, 6) in units of the Alfven speed V4 is plotted as 
a polar diagram in Fig. 7.2 for the special value B=1 (Vs= Va). The 
inner loop represents the slow mode and the outer loop the fast mode. 
The fast mode is also plotted for B =2 (V;=2V,) to show its nearly 
circular form. The phase diagram for other values of 8 is readily illus- 
trated by noting that in the limit 8 —> © (Vs >> Va) the inner loop changes 
but little, becoming the circle Q = cos @ shown in Fig. 7.2 (representing 
Alfven waves, as indicated by (7.29)), while the outer loop becomes the 
circle Q= 8 +sin’6/2B +... of increasing radius B representing the isot- 
ropic propagation of sound waves. Except for the special value 8 = 1, the 
inner and outer loops do not connect together. The limiting forms for 
B=1 and B>1 together illustrate the general form of Q(B, @) for B+ 1. 
The limiting case B — 0 reduces to the Alfven waves treated in §6.3. For 
B<1 it follows from (7.35) that Q(B, 6) has the same form, but with 
smaller magnitude (because it is expressed in units of V,). In the limit as 
B— 0 the slow mode vanishes and the fast mode becomes a purely 
hydromagnetic wave with velocity V, in all directions. 

To examine the nature of the waves in more detail, note that when the 
wave vector lies along the magnetic field (@=0), one mode is a pure 
sound wave and the other a pure Alfven wave, with the larger speed Vs 
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Fic. 7.2. A polar diagram of the phase velocity Q=0/kV, as a function of the angle @ 
between the magnetic field and the wave vector. The heavy line is for the intermediate value 
B =1 (V; = Va) with the fast mode shown also for B =2 and the slow mode for B =<. 


or Va identified with the fast mode and the smaller with the slow mode. 
When the wave vector is perpendicular to the magnetic field (6 = / 2) the 
fast mode is the longitudinal wave—the magnetosonic wave—with phase 
velocity (V3, + V2). The fast mode compresses both the gas and the field, 
giving a velocity of propagation larger than in either alone. 

This all follows formally from (7.31) and (7.32) upon recalling that a 
wave is principally longitudinal (compressional) if the fluid motion is more 
nearly parallel than perpendicular to the wave vector (V> V2), and 
transverse if vice versa (V2< V2). Thus, for instance for B>1 (Vs> Va) 
we have {(82—1)?# = 87-1 in (7.31), and it follows for propagation 
parallel to the field (@ — 0) that the fast mode Q’ = B7{1+O0(87)} yields 
V, =—V,(B?—-1)/8 > œ, from (7.32), indicating the purely longitudinal 
sound wave already mentioned. The slow mode 0?= 1 — B707/(B* —1) 
yields V, = V,6/(B*—1)— 0, indicating the purely transverse Alfven 
wave. For propagation perpendicular to the field (7/2—6— 0) the fast 
mode 0?=14+87+Of{(7/2-6)*} yields the longitudinal form V,= 
—V,(1+ B)/(a/2 — 6) > ©, while the slow mode 0? = B?(2/2 — 6)°/(1 +B’) 
yields the transverse form V, = V,(a/2— 6)/(1 + B®) > 0 as the velocity of 
propagation goes to zero. Altogether, then, if B?>1 the fast wave is 
longitudinal for all 6, while the slow mode is transverse. 

If, on the other hand, B<1 (Vs< Va) then {(p?—-1)°¥ =1-p* in 
(7.31) and the fast mode is transverse for propagation along the field and 
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longitudinal for propagation across. The slow mode is the opposite— 
longitudinal along the field and transverse across. The transition between 
longitudinal and transverse occurs for both the fast and the slow modes at 
sin?6 =4(1— 7), for which case 20? =(1+ B?)+(1— B*)? and V, =¥V,. 

The limitations of space prevent us from going further into the general 
properties of hydromagnetic waves. Nor in view of the excellent literature 
available today is there any virtue in our doing so. 

The reader interested in pursuing further the properties of hyd- 
romagnetic waves will find it profitable to consult such basic references as 
Allis, et al. (1963) where the hydromagnetic waves are placed in perspec- 
tive within the general spectrum of waves that occur in an isotropic 
plasma. The extensive general discussions given by Jeffrey (1966) and 
Ferraro and Plumpton (1966) of wave propagation of both small and 
large amplitude, and the wave fronts that develop from a point source, 
are particularly useful and instructive. 


7.5. Energy transport by hydromagnetic waves 


Consider the transport of energy by the hydromagnetic waves of small 
amplitude in an ideal, infinitely conducting, compressible medium. The 
Alfven waves, as noted in §7.3 propagate exactly along the large-scale 
field, transporting an energy density pv? at the Alfven speed V, regard- 
less of the orientation of the wave vector k. The other modes are more 
complicated. 

We recall that the z-axis of the coordinate system of §7.4 is oriented 
along the wave vector with the magnetic field at an angle 0. Hence the 
phase velocity is in the z-direction, at the speed OVa, given by (7.30) or 
(7.31). In as much as Q is independent of the magnitude of the wave 
number k, the propagation is without dispersion, although the phase 
velocity varies with the direction 0 of the wave vector relative to the 
magnetic field. The group velocity dw/dk is equal to the phase velocity 
w/k for any fixed 4. 

Consider, then, the direction and rate of energy flow, Q, given formally 
by (7.16). It is evident that we cannot use (7.16) to compute Q from the 
solutions of the linearized equations (7.19)-(7.21) because Q is second 
order in the wave amplitude, requiring retention of all second order terms 
in (7.16)°. Instead we note that the energy transported by the wave is just 
the rate at which the field and fluid on one side of a surface S’ do work on 
the field and fluid on the other side. In terms of the Maxwell stresses of 
the wave, 6M,, = —5,B,6B,/47 + (BB, + BdéB;)/47, the Reynold’s stres- 
ses, ÔR; =—pv,v; and the gas pressure —6,p the rate at which work is 
*' The problem arises in the convection of internal energy v{(B+6B)/8a7+ U+ 


SU} wherein the second order terms in the displacement of B?/8ar+U cancel 
exactly the product v{B . 5B/82+ 8U} of the first order terms. 
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done across S’ is 
Q; = v,{—8M,, — 5R, + 6p} (erg/cm” s). (7.36) 


With this formulation of the energy flow Q; which contains no zero order 
factors, it is sufficient to compute the stresses to lowest order and then 
multiply by the velocity. Correct to second order, then, the Reynoids 
stresses drop out in the present circumstance and 


Q=v(B. 5B/47 + 5p)— 5B(v . B)/47 ~ B(v . 6B)/47, (7.37) 


which is to be compared with (7.16). The convection of internal energy 
B2/8r+U+6U+3pv’ is absent. 
Since 5B, = 5B, =0 and v,=0 for the waves (7.30), it follows that 
Q, = 0 and 
— TAM VaQ 
sin 0 cos 0 
— 50V, Va 
Z O:sin?@ cos’6 


Q, {1 — B?—0? +(B7/O7) cos”6} (7.38) 


{04 sin? @ + BAY —cos’6)*}, (7.39) 


in terms of the amplitude V, of the y-component of the velocity. The 
factor } is the result of averaging over one cycle. The energy flow vector 
Q makes an angle # with the wave vector, where 


tan 9 = Q,/Q, 
B? cos?6 tA- B?) -0t 


eS 7.4 
04 sin?@ + B7(Q? — cos? 0) (7.40) 


= sin 6 cos 0 


For B=1 we have Q?=1 sin @ for the fast and slow modes, yielding, 
then, 


tan 3 = +cos 6/(1 sin 8), 
or 
O =4(0 F 1/2), (7.41) 


where the upper sign applies to the fast mode and the lower sign to the 
slow mode. This case (B = 1) is singular at 6=0, yielding 0 = + 7/4 (and 
incidentally V2= V? from (7.32)) when, in fact we know that ð must 
equal zero because the modes are a sound wave and an Alfven wave, 
both with an energy flow in the direction of the wave vector (3 =0). To 
avoid the singular value suppose that B41 and @«(B*—1). Then it is 
readily shown that 


tan 0 = ay [1+ O0f67/(B? -1)°}] (7.42) 
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and 9 goes to zero with @. If B is either large or small compared to one, it 
is readily shown that the direction of energy flow in the slow mode is 
given by 


tan ð =2 tan 0, (7.43) 


neglecting terms second order in 1/8 or B, respectively. It is evident that 
the energy flow in the slow mode is exactly parallel to the magnetic field 
for 6=0, 7/2 and approximately along the magnetic field for intermediate 
values 0. For instance, for 0 =45° we have 8—0 =18-4°. 

If B is large compared to one, the fast mode yields 


tan 3 = —(1/B*)sin 20 (7.44) 
while if 8 is small compared to one, 
tan 3 = —ß8°? sin 24, (7.45) 


telling us that the energy flow is always approximately along the wave 
vector, irrespective of the magnetic field direction. It will be recalled that, 
even in the extreme case B= 1 (7.41) gives a maximum deviation 0 of 
mi4. 

Altogether, then, hydromagnetic waves propagate with a group velocity 
equal to the phase velocity QV, in any given direction. We must be 
careful, however, in identifying energy transport and signal velocity (see 
discussion in Sommerfeld 1952, 1964) with the group velocity, because 
we cannot construct wave packets of finite length and breadth and 
permanent form. Only wave packets of infinite transverse width have 
permanent form, and in such waves the energy transport in the transverse 
x- and y-directions is unrestricted and undefined by the boundaries 
(which are only z = constant). We note, then, that (7.16) and (7.40) show 
that the Alfven mode transports energy exactly along the magnetic field, 
the slow mode transports energy very approximately along the magnetic 
field, and the fast mode transports it approximately along the wave 
vector. Thus the direction of departure of the energy of a localized 
disturbance depends very much upon which wave modes are excited by 
the disturbance. The final asymptotic deposition of that energy through- 
out the surrounding space, then, depends further upon the dissipation of 
the waves. Dissipation is the subject of the next section. 

It would be interesting to go on here to introduce into (7.19) the effects 
of the gravitational acceleration g, and the associated buoyancy gdp 
(indicated in (5.10)). Unfortunately the complications introduced by the 
variation of the background pressure and density (Vp = —gp) with height 
place the problem beyond the scope of the present work. The problem is 
so complex that only the most rudimentary results are available in the 
literature (see review by Stein and Leibacher 1974 and references 
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therein, as well as the recent work by Nye and Thomas 1974 on running 
penumbral waves). The problem is particularly important for understand- 
ing the oscillations and motions observed (Giovanelli 1972) above an 
active region on the sun. The problem has been considered in the absence 
of a magnetic field in connection with the general 300-s oscillations 
observed in the sun (see, for instance, Stein and Leibacher 1974; Chiud- 
eri and Giovanardi 1975) and in connection with the vertical motions of 
the terrestrial ionosphere (Hines 1960, 1963, 1964). 


7.6. Dissipation of hydromagnetic waves in a fluid 


In a real fluid the finite viscosity and resistivity cause hydromagnetic 
waves to decay. The viscosity p leads to the Navier-Stokes equation 
(Landau and Lifschitz 1959) 


(2 po, +pu,22= — (p+ B2) BB 
p H i Phi ax, Ox, p 


at" ax,ax, 8r) 4m ax, 
ð dv, dp (dv, dv, a 
3 0x; 0X; OX; \dX; AX; OX, 
in place of (7.1), and the resistivity 7 leads to (4.12), which we choose to 
write as, 
ð a? a dn (OB, ƏB; 
(2p, tE oB -op = (2-4), aan 
Ot  ƏX;ðXiİ OX; OX; \OX; OX; 


in place of (7.2). Then, in place of the simple adiabatic relation (7.18) we 
should employ the heat flow equation 


aU ð or ð ðv; 
Gales vyU+p—=0 (7.48) 
Ox;/ dx OX; 


j j 


cei i 


ðt 0X; 


where x is the thermal conduction coefficient and U is the thermal energy 
NkT/(y—1) per unit volume. We have neglected to write in the heat 
source from the viscous dissipation, from radiative transfer, from recom- 
bination and dissociation, etc. (see for instance, Landau and Lifshitz 
1959). 

Suppose for simplicity that p, m, n, and x are uniform over space and 
constant in time. Then the kinematic viscosity v= p/p and the ther- 
mometric conductivity K =x(y—1)/Nk are constant. It is evident from 
the appearance of the operator (a/at—qV*) on the left-hand sides of 
(7.46)-(7.48) that v, ņ, and «x cause a wave mode exp(ik.r) to decay 
exponentially with time. Viscosity contributes a decay factor expa vk?t) 
where a, is a number of the order of unity. For the resistivity, we note 
that except for sound waves propagating parallel to the magnetic field 
(@=0), the magnetic field is significantly perturbed and the resistivity 
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contributes a decay factor exp(—a.nk*t), where a, is a number of the 
order of unity. Insofar as the wave is longitudinal there will be density, 
and hence temperature, fluctuations, and the thermal conductivity contri- 
butes a decay factor exp(—a,Kk*t), where a; is a number of the order of 
unity. Consider then, the magnitudes of these three dissipative contribu- 
tions. 

The viscosity u of fully-ionized hydrogen ts (Chapman 1954) 


v =1-2 x107" T?/p (cm/s). (7.49) 
The resistive diffusion coefficient 7 is given by (4.39) as 
n = 10° T= (cm?/s) (7.50) 
and the thermal conduction coefficient is (Chapman 1954; Spitzer 1956) 
k=6X10 7T erg/cms K, 
so that the thermometric conductivity is 
K =5x10°' T?/p (cm? s). (7.51) 


Comparing (7.49) and (7.51) it is evident that K =40v, so that the 
thermal conductivity is more important than the viscosity (Prandtl 
number K/v>1) in damping any wave with a significant longitudinal 
component. Only the transverse Alfven wave of small amplitude, or with 
circular polarization, is sufficiently free of temperature fluctuations to 
escape the damping effect of thermal conductivity. The viscosity affects all 
waves, of course*. It is evident, therefore, that such viscous, conducting 
atmospheres as the stellar corona act as a strong filter, passing Alfven 
waves and perpendicular magnetosonic waves to the exclusion of others. 

In the hot tenuous gases that occupy all of space outside stellar 
photospheres, and outside the cool interstellar neutral hydrogen clouds, 
the viscous and thermal damping are both large compared to the resistive 
dissipation. On the other hand, in the high densities of the stellar 
photosphere, and everywhere inside any non-degenerate star, resistive 
decay dominates the viscosity and thermal conductivity. Resistive diffu- 
sion exceeds viscosity wherever 


p > 107°? T* (g/cm?) 


Thus in the typical stellar photosphere (p = 1077 g/cm’, T= 10* K) and 
in the typical stellar interior (p =107 g/cm’, T= 10’ K) the inequality is 
amply satisfied. The effects of viscosity and thermal conductivity can be 
ignored compared to resistivity. Resisitivity is the dominam source of 
*In the hot tenuous ‘collisionless’ plasma the viscosity is suppressed by the 


magnetic field, of course, but in that case other wave—particle interactions enter 
the picture and the waves are strongly damped anyway. See discussion in $7.7. 
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dissipation but may be insignificant for many purposes. Only in the 
photospheres of the coolest stars is resistivity a strong effect. For instance 
in the solar photosphere where 4 may be as large as 10° cm?/s~' the 
characteristic decay time of a wave with length À is A*/4x 10's. So for 
waves longer than, say, 100 km, the decay period is an hour or more and 
generally longer than the transit time of the wave. Elsewhere within the 
sun, resistive damping is completely negligible, and viscosity and thermal 
conductivity even less important. 

However, as soon as we move out from the photosphere to the low 
densities of the chromosphere (p=107'? g/cm’, T=2x10* K), viscous 
and thermal conductive damping are strong and are important for waves 
of small length. In this case »=7x10°cm*s ', and the viscous decay 
time is A2/310°s. A wavelength of 100 km is unaffected by resistivity, 
damped only slightly by viscosity, and decays in 10*s by thermal conduc- 
tion. The low corona, (p =107'* g/cm*, T=10° K) because of its high 
temperature and low density, is strongly dissipative through viscosity and 
thermal conductivity. The kinematic viscosity is v = 1:2 x 10'° cm’ s7? so 
that viscous damping occurs in A7/5X 10's. Any wavelength less than 
10° km is strongly damped by viscosity, and all but the Alfven waves, or 
magnetosonic waves propagating perpendicular to the magnetic field, are 
quenched even more rapidly by thermal conduction. The stellar corona 
has a deadening effect then, filtering out much of the high-frequency 
noise from the star. 

In the outer corona and stellar wind regions of a star the particle mean 
free path becomes longer than most wavelengths and the formal concept 
of the coefficients of viscosity, resistivity, and thermal conductivity is no 
longer applicable. The energy of a wave cannot be dissipated by collisions 
in less than one collision time. But, as it turns out wave—particle interac- 
tions become important in the absence of collisions (taken up in the next 
section) so that dissipation is not absent. 

In the interstellar regions of ionized hydrogen (the Hy regions where 
p=104 gcm? and T=10* K) we have v=10'*cm*s ' and a viscous 
damping time of A?/2 x 10°°s. With typical Alfven and sound speeds of 
10kms7!, any wave with a length greater than 10'°cm propagates 
several times its own length before being damped by viscosity and 
thermal conduction. 

In summary, then, hydromagnetic waves with A> 10° km propagate 
without significant damping in stellar photospheres and stellar interiors’, 
while only the longest wavelengths can escape out through the stellar 


5 Clearly the reader can confound this simple generalization by thinking of a 
magnetic field sufficiently weak, or distances sufficiently great, that the propaga- 
tion time becomes longer than the computed decay time. Hence, it is advisable to 
assess each new situation afresh, without relying on general statements. 
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corona. For most purposes the damping in interstellar Hy regions may be 
neglected unless for some reason we are interested in very short 
wavelengths or very long times. 

In the cool and only slightly ionized regions of interstellar space (the Hy 
regions, where T= 107 K, N~ 1-10 H-atomscm™ and N, ~ 107° cm~’) 
the viscosity dominates over thermal conduction and resistivity, while 
ambipolar diffusion, discussed in §4.6, is most important of all (Cowling 
1957). The ions and electrons are tied to the magnetic field and partici- 
pate in the wave motion. The massive neutral component of the gas 
participates in the wave motion only to the degree that it is compelled by 
collisions with the ions and electrons. We note then, that an ion collides 
with the N neutral atoms cm™ at a rate f = NAw where A is the collision 
cross-section and w the relative velocity. Since A is approximately 
inversely proportional to w, it follows that Aw has a nearly constant 
value, which proves to be of the order of 2-5 x 10~? cm? s™’ (Osterbrock 
1961). Thus, for N = | atom cm™* we have f '=4%10°s between colli- 
sions. A roughly comparable number applies to electrons, but their 
momentum is so small that their effect may be neglected. It is clear then 
that if the wave period is small compared to the collision period 4x 10° s 
(corresponding to the very small wavelength of 4x 10'* cm= 10 pe for 
the typical value V, = 10 km s`") the oscillations of the ions die out in 
one collision time, of 4x 10°s= 10 years. More interesting is the cir- 
cumstance where the wave period is long compared to the ion—neutral 
collision time, and both the neutral and ionized component participate in 
the wave motion. The rate of dissipation is the frictional force F between 
the ionized and neutral component, multiplied by the relative motion Av 
of the two components (see §4.6 and (4.42)). The characteristic dissipa- 
tion time 7 in a wave of amplitude B and scale l is, then, of the order of 
F . Av divided by the energy density in the wave, which for simplicity we 
take to be just B?/8. Hence with |F] of the order of B*/87l it follows 
that 

1/7=F . Av/B*/87, 
= Avl, 
_ B 144 
PMN:NAw ` 


With M, =10 7 g, N=1cm™°, N;=10° cm™, and with B=3x10°G, 
typical of the cool interstellar H; region, a wave with the small scale of 
0-1 pe decays in about 3 x 10’*s, during which time it propagates 1 pc or 
10 wavelengths (if V,=10kms—'). A wave of 1 pc propagates some 
10? pe while decaying. Thus, the ambipolar diffusion strongly affects the 
short wavelengths, but not those in excess of 1 pc. A more sophisticated 
discussion of the problem may be found in Cowling (1957). 
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Altogether, it would appear that the longer Alfven waves of small 
amplitude travel unhindered nearly everywhere. The magnetosonic waves 
of small amplitude are more heavily damped, but even there the longer 
wavelengths are significantly dissipated only in the high thermal conduc- 
tivity of stellar coronas. In interstellar space the regions of hot, tenuous, 
and fully ionized gas transmit waves longer than about 10'° cm pretty 
well, while the cool neutral regions transmit only those waves longer than 
about 1 pc. It would appear the muffling of interstellar noise is sufficient 
to suppress any significant reverberation. 


7.7. Dissipation of hydromagnetic waves in a collisionless plasma 


In the hot tenuous plasmas of the stellar winds from most stars, the 
collisional mean free path is so long as to preclude any significant 
collisional damping of hydromagnetic waves. The plasma may be consi- 
dered to be essentially without collisions and the degradation of energy, 
insofar as it exists, must depend upon wave-—particle interactions in lieu of 
particle-particle collisions. The fascinating and endless complications of 
the collisionless plasma, with its inexhaustible supply of internal degrees 
of freedom, are beyond the scope of this work, but the damping by 
wave-particle interactions is a large effect, and we are obliged to note its 
effect on the large-scale fluid properties of the plasma. First of all, we 
point out that the large-scale behaviour of the collisionless plasma is, 
apart from the dissipation, described correctly and fully by the fluid 
equations, relating the bulk velocity v(r, t), the pressure, and the magnetic 
field. The pressure may be anisotropic in principle, and the degradation of 
the fluid motions cannot be described by simple diffusion coefficients. 
And, of course, the conventional elementary derivation of the hyd- 
rodynamic equations is no longer valid. But it is no accident that the basic 
hydromagnetic relations (4.16) and the fluid equation (5.10) both remain 
valid if we replace the scalar pressure 6,p by the pressure tensor p,. ‘The 
fluid equation is nothing more than the statement of local conservation of 
momentum, on the basis of which the Maxwell stress tensor was defined 
in the first place (see the formal discussion in Brueckner and Watson 
1956; Chew et al. 1956; Parker 1957; Montgomery and Tidman 1964, 
Chap. 13; Frieman et al. 1966). The computation of the pressure tensor 
Pu is much more difficult than for the classical fluid, of course, because of 
the possible anisotropy and the small-scale internal instabilities that an 
anisotropy excites, not to mention the other wave-particle effects that 
contribute to dissipation of waves. Fortunately the large-scale fluid mo- 
tions in astrophysical circumstances have characteristic periods that are 
very large compared to the small-scale internal degrees of freedom (such 
as the ion cyclotron motion and the electron and ion plasma oscillation). 
Consequently it is sometimes a workable approximation to compute the 
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large-scale motion as for a fluid, taking into account no more than the 
simple anisotropy of the thermal motions relative to the magnetic field 
direction. Then the modifications as a consequence of the accumulated 
small-scale wave-particle interactions are introduced in a qualitative 
manner through modified coefficients of resistivity, etc. Sometimes more 
direct methods are required. 

Consider, then, the wave particle interactions pertinent to the question 
of the degradation of hydromagnetic waves (defined to have frequencies 
small compared to the ion cyclotron frequency). The effects are some- 
times referred to under the general term of Landau damping, following 
Landau’s first identification of a collisionless damping effect (Landau 
1946) in plasma oscillations. There are a variety of wave—particle interac- 
tions involving transit time, or resonant effects (Bohm and Gross 1949; 
Gross 1951; Van Kampen 1955, 1957; Stix 1962; Montgomery and 
Tidman 1964; Tanenbaum 1967). They can be deduced only from 
detailed simultaneous solution of the collisionless Boltzmann equation 
(the Vlasov equation) and Maxwell’s equations, or some equivalent 
self-consistent treatment of the fields and the individual particle motions. 
Until 1966 Landau damping was known only in the small-scale waves 
with frequencies above the ion cyclotron frequency. Then Barnes (1966, 
1967, 1968) showed that all hydromagnetic waves are subject to Landau 
damping of one form or another, with the sole exception of those waves 
propagating precisely at right angles to the ambient magnetic field (0 = 
m2) and the Alfven mode. Barnes showed that when the magnetic 
pressure B*/87 is comparable to, or less than, the gas pressure p (i.e. 
B21, Vs> Va), the damping is large. Indeed the slow mode is essentially 
obliterated, the waves decaying in only a fraction of their period. It is this 
situation (B?/87- p) with which we are usually concerned in astrophysi- 
cal circumstances (the solar corona immediately above an active region, 
and the magnetosphere of a pulsar being the only two exceptions that 
come immediately to mind). So there is a major dissipation effect in any 
region such as the outer corona and solar wind, or a supernova remnant 
where the hot tenuous gas is effectively collisionless. 

As a consequence of wave—particle interactions, the fast mode mag- 
netosonic wave has a characteristic decay time of only 2—20 wave periods 
(a characteristic decay length of 2-20 wavelengths). Only when the wave 
vector is within about half a degree of 90° from the large-scale field does 
the damping become negligible. The dissipation for propagation near the 
direction of the field (9<40°) is associated with ion heating, while the 
sharp peak of dissipation from 8 =80° to 89° is associated mainly with 
electrons. The wave heats those particles that move along with it, so that 
when V:= Va, some of the ions can keep up with the wave and are 
accelerated (heated) thereby. On the other hand, the electrons move very 
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fast compared to the wave speed and keep pace with the wave only when 
travelling along the ambient magnetic field at nearly right angles to the 
direction of wave propagation. Altogether the damping of hydromagnetic 
waves in a collisionless plasma is stronger than in circumstances where 
there are collisions, for there the collisions serve to suppress the wave- 
particle interactions that damp the wave so strongly in the collisionless 
plasma. 

What then of the Alfven wave of small amplitude, which avoids these 
sordid effects? Further theoretical investigation of hydromagnetic waves 
in a collisionless plasma has shown that the pure undamped Alfven mode 
of small amplitude is, in fact, an exact simultaneous solution of the 
Vlasov equation and Maxwell’s equations, even in the relativistic case 
(Barnes and Suffolk 1971; Barnes and Hollweg 1974). But it has been 
shown that there are other pitfalls, which the Alfven mode with finite 
amplitude cannot escape. As a consequence of the non-linear effects, 
neglected in the treatment of waves of small amplitude, it has been shown 
that all hydromagnetic waves, except the Alfven wave with precise 
circular polarization, steepen as they propagate (Parker 1958; Montgom- 
ery 1959; Kulikovsky and Lyubimov, 1965; Barnes and Hollweg 1974) 
evolving into other modes or into a collisionless shock (Tidman and Krall 
1971). In particular, Sagdeev and Galeev (1969), Galeev and Oraevskil 
(1963) have shown that the linearly polarized Alfven wave is unstable to 
decay into a magnetosonic wave and a back-scattered Alfven wave. 
Hence the initial wave evolves into another mode that is not immune to 
Landau damping (Cohen and Kulsrud 1974; Cohen and Dewar 1974), 
What is more, the non-linear interaction of two circularly polarized 
Alfven waves leads to a form of Landau damping (Lee and Völk 1973) 
i.e. the thermal particles gain energy at the expense of the waves. Finally 
we should note the demonstration by Holiweg (1971) of non-linear 
Landau damping of Alfven waves (Barnes and Hung 1972), and the 
non-linear damping of magnetosonic waves by a two-stream instability 
(Papadopolous 1973). Altogether it is evident that all hydromagnetic 
waves in a hot tenuous (collisionless) plasma are subject to damping in 
either first or second order in their amplitudes. 

The question of the propagation and dissipation of hydromagnetic 
waves in a hot plasma has been studied principally in connection with the 
waves in the solar wind, generated by activity at the sun and by the 
interaction of streams of wind with different velocities. The waves are 
often observed to be of large amplitude at the orbit of Earth. It ts inferred 
that they contribute substantially to the momentum (Belcher and Davis 
1971) as well as the energy (temperature) of the wind (Barnes 1971; 
Hollweg 1972, 1973, 1974). The solar wind is a particularly effective 
laboratory for studying hydromagnetic waves because the density, veloc- 
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ity, thermal velocity distribution, and magnetic field of the passing wave 
can be observed and measured directly with instruments carried on 
spacecraft (see review and discussion by Barnes 1975, and Hollweg 1975; 
see also Barnes and Scargle 1973, for a discussion of wave propagation in 
the collisionless plasma of the Crab Nebula). The solar wind is the ideal 
laboratory for study of the propagation of hydromagnetic waves, some- 
thing that is very difficult in the small dimensions of the terrestrial 
laboratory. 

For present purposes we note the various forms of damping of hyd- 
romagnetic disturbances and pass on to the question of the non- 
equilibrium and instability of magnetic fields that are likely to produce 
those disturbances. 
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THE ISOLATED FLUX TUBE 


8.1. Basic physical properties 


Tuts chapter begins the development of the properties of the individual 
tube of flux. A continuous field distribution B(r) is a juxtaposition of 
elemental flux tubes, each tube crowding against its neighbours with 
pressure B?/87 and striving to shorten its length with tension B*/47. The 
eqn (6.1) for magnetohydrostatic equilibrium is the statement of 
balance of these forces. In many circumstances in nature, such as the solar 
photosphere, the magnetic fields are observed to split into separated flux 
tubes of small cross-section. Thus the dynamical properties of the indi- 
vidual tubes provide an understanding of large-scale continuous field 
distributions, as well as the phenomena of separate flux tubes in the sun 
and other bodies. Curiously, even the most elementary properties of the 
individual flux tube have been largely ignored in the conventional de- 
velopment of hydromagnetic theory, most theoretical work being con- 
fined to analytical or numerical solution of the hydromagnetic equations 
for continuous field distributions B(r). The conventional approach has 
provided a wealth of knowledge on equilibrium fields (see Chapter 6). 
But the high degree of symmetry of conventional analytical solutions 
completely misses the general non-equilibrium of the less symmetric, and 
hence more probable, field topologies. The non-equilibrium of almost all 
magnetic fields is associated with the broken symmetry of the topology of 
their lines of force, or elemental flux tubes. Hence, this chapter initiates 
the development leading to the general non-equilibrium of magnetic 
fields. We begin with the equilibrium properties of the elemental tube of 
force, with obvious immediate application of the general principles to the 
isolated flux tubes observed in the sun. 

To fix ideas, consider a slender flux tube of small cross-section’ A 
embedded in an ideal fluid of infinite electrical conductivity, as sketched 
in Fig. 8.1. The statement that the tube is slender means that the 
characteristic transverse dimension, or diameter, (4A/7) is small com- 
pared to the scale of variation along the tube, such as the radius of 
curvature, the scale height of the surrounding gas, etc. The field strength 
B is presumed uniform across A. Hence in hydrostatic equilibrium the 


l We may as well imagine a tube of circular cross-section, of radius R = (AJT, 
although the calculations and conclusions are generally correct for any shape. 
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NES 


Fic. 8.1. A sketch of the slender flux tube with internal field B(r), confined by the local 
external pressure P(r). 


fluid pressure p; within the tube is also uniform across A. Conservation of 
magnetic flux requires that the product AB be independent of distance s 
along the tube, 


A(s)B(s) =®. (8.1) 


where the constant ® represents the total flux in the tube. The fluid 
moves freely along the tube of flux, communicating its pressure as it 
would along any open flexible tube. Hence the internal pressure p; varies 
with longitudinal distance s in the manner described by the longitudinal 
component of the hydrostatic equilibrium eqn (6.1), 


dp,/ds + p,dy/ds = 0 (8.2) 


where p; is the fluid density inside the tube and y is the gravitational 
potential (the gravitational acceleration is g=—Vys). The external pres- 
sure P exerted on the surface of the tube may be made up of an external 
fluid pressure p. plus the magnetic pressure of neighbouring flux tubes. 
For the present discussion suppose that the external pressure is solely the 
pressure p, of an external fluid in hydrostatic equilibrium in the gravita- 
tional potential x, 


Vp.t peVis = 0. (8.3) 
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Suppose further that the fluid has the properties of an ideal gas, so that 
both inside and outside the tube 
p = pkT/M 


where M is the mass per particle and T is the temperature. In order to 
solve (8.3) to obtain p, as a function of height z, note that the curl of (8.3) 
yields 


Vp. X Vu =0 
while the vector product with Vis yields 
Vp. x Vib = 0. 
It follows that p, and p., and hence T., must be functions only of y 


pe=pl), pe=pl), T.= Ty) 


for hydrostatic equilibrium. The hydrostatic equilibrium condition (8.3) 
can be rewritten in terms of p, and T, as 


V In pe FiAM/KT Ap) Vb = 0. 


Integrating this equation yields 


us 
pelt) = peldodexp| -| duaark Tc) } (8.4) 
Wo 

The internal pressure p; is defined along the tube so that (8.2) can be 
integrated to give 


us 

p(s) = pildodexpy -— | duMyKT CH). (8.5) 
Now consider the question of local hydrostatic equilibrium across the 
diameter of the tube. As already noted, we are considering an elemental 
tube whose diameter A? is small compared to the scale of variation L of 
conditions along the tube. Hence the transverse component of (6.1) is 
dominated by the term 4(p,+ B?/87)/dn where n denotes distance in the 
direction perpendicular to the tube axis. The other terms are separately 

all smaller by a factor A?/L or more. Hence 


an \Pi ga) 


This equation states that the total pressure p;+B?/87m does not vary 
significantly across the tube and, hence, must be equal to the total 
pressure immediately outside. It follows that 


pi + B?/87 = p. (8.6) 
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at every location along the tube. Since p; and p, are both determined by 
the gravitational potential yw, it follows that B = Bt) as well. 
Altogether the basic conditions (8.4)-(8.6) yield 


B°*(h) 
S14 


=p.ioexp| -| dumykT.cw)| 


te 


— pilbo)exp} - i disM/ ZON (8.7) 


UF, 


Given the temperatures T;(y) and T.(ys), the field strength depends only 
upon the gravitational potential 4, and is independent of the path of the 
flux tube through the medium. It should be noted that, if by some 
artificial means we were to set up a situation in which (8.7) were not 
satisfied, then upon releasing the system the first thing to happen would 
be to establish the local condition (8.6) of transverse hydrostatic equilib- 
rium, in approximately the Alfven transit time A?/V, across the diameter 
of the tube. Longitudinal equilibrium takes longer, of the order of the 
Alfven transit time L/V, along the length L of the tube. Thus, for 
instance, if we had artificially compressed the tube in the neighbourhood 
of some position s=s,, making the magnetic field abnormally strong 
there, then, upon releasing the tube, the immediate establishment of 
lateral equilibrium (8.6) implies a reduced internal gas pressure p;. The 
reduced gas pressure in the region ‘pulls’ fluid along the tube into the 
region, inflating the tube and restoring the tube to equilibrium (8.7). Two 
formal examples of the disturbance, and the return to equilibrium, are 
presented in $8.5. The point to be emphasized here is that the 
specification of the hydrostatic fluid pressure on any surface which intersects 
the flux tube, say, the surface y= Wo, determines the field strength 
everywhere along the tube. 

If we suppose, for instance, that, as a consequence of low electrical 
conductivity somewhere along the tube, it is possible for fluid to leak into 
the tube, gradually neutralizing the pressure difference p.—p,, it is clear 
from (8.6) that the field strength must decline with time and the tube 
expand everywhere along the length of the tube. By the same token, if in 
some way the interior is evacuated, thereby enhancing p.—p,, the field 
increases and the tube radius shrinks everywhere along the tube. This will 
occur, for instance, when the tube is lengthened by external forces, 
thereby increasing its internal volume without supplying additional gas to 
the interior. Presumably it is an evacuation of the interior that is responsi- 
ble for the very concentrated flux tubes (1000-4000 G) that appear at the 
solar photosphere. Some static or dynamical effect must evacuate the 
interior of those tubes. 
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8.2. A flux tube in thermal equilibrium with its surroundings 


One or two examples are in order to show the control of the field 
density by the gas pressure. Suppose, for instance, that the temperature is 
the same inside and outside the flux tube, so that the scale heights are 
equal, A(z) = A.(z) = kT(z)/Mg = A(z), where, it will be recalled, z is the 
vertical dimension and g is the local gravitational acceleration in that 
direction. Define 


m(z)= | dz'/A(z’) 
0 
to be the number of scale heights above z =0. It follows from (8.4) and 
(8.5) that 


pz) _ pez) 
p{0)  p.(0) 


It follows from (8.6) that the field pressure varies in direct proportion to 
the gas pressure, B*(z)/87p.(z) = constant, and the field strength varies as 


B(z)= BO)exp{—zm(z)}. (8.8) 


=exp{—m(z)}. 


The ratio of the Alfven speed to the sound speed is independent of z. It 
follows from (8.1) that the characteristic transverse dimension A2(z) of 
the tube varies as 


A(z) = A*(O)exp{—gm(z)}. (8.9) 


Thus the tube expands and the field declines with height. The tube 
diameter and field strength are a function only of height z, regardless of 
the path followed by the flux tube. The radius of the tube declines upward 
with a scale height equal to four times the pressure scale height in the 
surrounding atmosphere. This upward relaxation is the expected nature of 
a slender flux tube beneath the surface of a star when the tube is in 
thermal and hydrostatic equilibrium with its surroundings. On the other 
hand, the flux tubes observed in the sun show the remarkable property of 
intense concentration where they come up through the photosphere, 
indicating that something has driven them far from local thermal equilib- 
rium, and perhaps also hydrostatic equilibrium. 


8.3. Flux tube with cooled interior 


Suppose, then, that the temperature T,(z) within the tube differs from 
the temperature T.(z) outside by a small amount, AT. Then 


T(z) = T.(z)-AT(z). 
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with AA(z)=kAT(z)/Mg the scale height within the tube is 
1 1 | AA(z) | 
—— = 444 teeth 
A(z) A(z) A(z) 
It follows from (8.7) that 


nae [LEP EE 


nop pE o [E a 


The ratio of magnetic pressure B’/87 to gas pressure pe(z) increases 
monotonically, asymptotically approaching the value of unity at large 
heights. 


B?(z)/87 ~ p.(z) (8.11) 


On the other hand, note that the magnetic pressure itself reaches a 
maximum at the level z =z,, at which dB7/dz =0, where 


B*(0) a AAC’) AA(z,) 

1- expy- | dz -=x 7 =1-—__.. 

8 mp.(0) 0 Az(z’) A(Z) 

It is apparent that z,>0 if B°(0)/8ap.(0) is less than AA(z,)/A,(z,), and 
otherwise negative. The field density declines above z = z,, although not 


as fast as the gas pressure p.(z). The maximum field strength, at z,, has 
the value 


(8.12) 


B nad ST = Ph Z JAA(Z1)/Ac(21). (8.13) 


The maximum magnetic pressure is the fraction AA/A, of the gas pressure 
at Zz = Z4. 

As a simple special case suppose that A, and AA are constant and that 
B?(0)/87rp.(0) is so small compared to AA/A as to be negligible. Then it 
follows from (8.12) that z; = A., where the pressure is 


Pe(Z1) = Pe(0)/e 


(8.14) 
B max 8T = {pe(O)/efAA/A, 


(with e =2-718). The maximum magnetic pressure is reached within one 
scale height of the reference level z =0 and is the fraction AA/eA, of the 
gas pressure at the base reference level. The magnetic pressure relative to 
the gas pressure continues to increase above z = zZ; 


B*(z)/87p.(z) = 1—exp(— zAA/A2) (8.15) 


being essentially equal to the ambient gas pressure above A,/AA scale 
heights. 
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In this example the cool interior of the flux tube is evacuated by 
gravity. The reduced temperature allows the interior gas to drop down 
the tube, evacuating the upper portion so that the field strength is 
compressed to the limiting value (8.11) by the external gas pressure. The 
important point is that a very small temperature reduction AT leads to 
nearly complete evacuation of the tube if the reduction extends over 
many scale heights. 

In view of the usually large characteristic scale of the variation of 
temperature compared to the pressure scale height in most stellar photo- 
pheres, it follows that any AT will generally extend over many scale 
heights. Thus even a very modest AT leads to the condition that B?/87 is 
of the same order as the gas pressure p.. Presumably it is this effect that 
permits the modest temperature reduction in the sunspot or starspot 
(AT/T = AA/A=0-3) to compress the magnetic field to 3000 G or more 
(Parker 1955, 1975b; Schliiter and Temesvary 1958). 


8.4. Flux tube without confining pressures 


If a magnetic flux tube is not confined by a pressure differential p. — p; 
then it expands to fill all the available volume, with a corresponding 
decrease in the mean energy density. As an example imagine that the axis 
of a flux tube with total flux ® coincides with the z-axis, and the tube is 
confined by external pressures to the small radius a everywhere in 
z°>L?. The field strength within this thin tube is Bo = ®/ra?. On the 
other hand, where it extends between the planes z= +L, the field is 
without confinement. The field expands to fill the volume —L<z<+L 
as shown in Fig. 8.2. The field is easily calculated, writing 


B=—VW, VVW=0 (8.16) 


Fic. 8.2. The magnetic lines of force of a flux tube without confining pressure between the 
planes z = +L. The field density is plotted along the central plane z = 0 in units of ®/27L?. 
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in the region between the planes. The boundary conditions are that B 
vanishes at large radial distance w = (x° + y’) from the z-axis, the normal 
component B, =—dW/dz vanishes on z = +L, and the total flux across 
z=L—e and z =—L +e is ®, as e — 0. The flux is confined to the small 
neighbourhood a of w=0. In terms of the infinite sequence of positive 
images at z=(4n—1)L and negative images at z =(4n+1)L, the poten- 
tial is 


W= Wa È liw? +{z —(4n—- 1) PP 2—-[w? +{z —(4n t+ DLFT A 
(8.17) 
so that 
p2 F {zones int 
Qa ot Uw? +{z2-(4n-1ILYP [we t{z—-(4nt+iL}*h 
(8.18) 


Where the lines of force issue from the confining cylinder w=a in 
z? = L?, the field is radial and falls off inversely with the square of the 
distance, which follows directly from (8.17), 


B =®/2rr? =4B,a?/r’ 


The field on the z-axis falls to a minimum of 0-94 Bya*/L* at the 
midpoint z =0 between the bounding planes z = +L. The field is plotted 
as a function of w on the midplane z =0 in Fig. 8.2. 


8.5. Stability of a magnetic flux tube 


An important question in studying the equilibrium of a magnetic flux 
tube is the dynamical behaviour of the tube when deformed from equilib- 
rium, so that (8.2), (8.3), and (8.6) are not satisfied. We have already 
asserted the physically obvious fact in 88.1, that the flux tube is stable and 
eventually returns to the longitudinal equilibrium’ (8.7). It is interesting 
however, to work out the formal mathematical theory of the dynamical 
behaviour and illustrate the general theory with some simple examples. 

Consider, then, the slender flux tube? with total flux P embedded in an 
incompressible fluid (B7/87< p.) in the absence of a gravitational field, 
so that the external pressure p, is uniform along the tube. The equilib- 
rium configuration is a uniform cross-section A, and field strength Bo 


2 A flux tube has neutral stability against deformation of its cross-section. Since 
the longitudinal dynamics of a slender tube is independent of the shape of the 
cross-section, we ignore the shape here. 


* It is not necessary to assume that the tube is straight when it is slender, although 
that is the simplest case conceptually. 
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along the length of the tube, with A,By=®, and an internal fluid 
pressure 


Di = Pp. — Bo/8 T 


as a consequence of the magnetic pressure B3/87. 

Suppose that the tube is placed in a non-equilibrium state with a 
cross-sectional area varying as A(s) with distance along its length, and 
perhaps with some longitudinal fluid velocity v(s). Suppose that the tube 
is slender, i.e. the characteristic scale of variation of A and v along the 
tube, viz. (In A/ðs) * and (d In v/ds) ', is large compared to the charac- 
teristic transverse dimension A?. Then in the ensuing motion the trans- 
verse velocities, characterized by dA2/dt, will be small to the same order 
compared to the longitudinal fluid velocity v. Hence, the equation of 
motion for the longitudinal component of the momentum equation re- 
duces to 


v—+—-=0 (8.19) 
neglecting terms O[A2/d In A/ds] compared to one. In view of the small- 


ness Of the transverse fluid velocity both inside and outside the tube, the 
condition for transverse equilibrium is 


p(s) + B*(s)/87 = p(s) (8.20) 
to the same order. Conservation of fluid requires that 
JA/dt+A(vA)/ds =0. (8.21) 


It is a straightforward procedure to solve (8.1) and (8.19)-(8.21). Use 
(8.1) to eliminate B from (8.20). Then remembering that p, is uniform it 


follows that 
êp _ D a (5) (8.22) 
ðs Saas \A7/ 


Using this relation to eliminate p; from (8.19) the equation of motion may 
be written in terms of v and A, which must be solved simultaneously with 
(8.21). To do this we introduce the Lagrangian coordinate E(S, t) of the 
element of fluid initially at the position s =S at time t=0. Then conser- 
vation of fluid (8.21) requires that the element of volume dV within the 
tube between the two elements of fluid at € and €+dé be constant. 
Writing dé = (d&/0S) dS, it follows that 


dV=A(€ t)(ddo0S) dS = A(S, 0) dS (8.23) 


where A(S,0)=A(S) is the initial cross-section. This relation is the 
integral of (8.21). There remains, then, the equation of motion (8.19), 
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with the pressure gradient given by (8.22). It is convenient to introduce 
the accumulated volume along the tube, 


V(S)= f dSA(S, 0) (8.24) 


as the coordinate of position. If we choose the lower limit of the 
integration to lie at some point where the fluid is motionless over the time 
interval with which we are concerned, then it follows from (8.23) that 


ECS.) 
vis)= | dZA(Z, t), dV/ot =0 


We also have 
d&/aV =(a&/AS)/ A (S, 0), 
=1/A(, t). 


Noting that the fluid velocity v(é, t) is just ð¢/ðt, the equation of motion 
can now be written 


PE P a 1 
at? 8apdaé A? 
_ ® 1 a (agé\? 
-mp 380835 (GV) ` 
_@ i ð (2 2 
~ 8rp tð V AV wv) 
p? pE 
= Sap oV? (8.25) 


The general solution is 
&(S, t) =4F{V(S)+ at} +5G{V(S)— at}, (8.26) 
where a =®/(4ap) and the functions F and G are arbitrary. The ‘fluid 
velocity at the position &(S, t) is 
v(t) =5 [F'{V(S) + at}— G'EV(S)—at}]. (8.27) 


The magnetic field ts 
B(é j= /ACE t) 
= dag/aV 
=4@[F'{V(S) + ath+ G'V(S)— at} ]. (8.28) 


The solution (8.26) represents waves propagating without dispersion 
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along the coordinate V with constant velocity dV/dt = +a. The coordi- 
nate velocity is the Alfvén speed aS/dt = +a/A (S, 0). The displacement of 
an element of fluid from its initial position S is &(S, t)—S. 

The functions F and G are determined by the initial conditions. Since S$ 
is the initial linear coordinate of the fluid that is later at €(S, t) at time t, it 
follows that S = &(S, 0). Then (8.26) becomes 


2S = F{V(S)}+ G{V(S)}. (8.29) 
The initial fluid velocity follows from (8.27), 
v(S, 0) =3a(LF'{V(S)}- GVS), (8.30) 
and the initial field follows from (8.28) 
B(S, 0) =3®[F'{V(S)}+ G'{V(S)}], (8.31) 


which is equivalent, through (8.1), to the reciprocal of the initial cross- 
sectional area A(S,0). Prescription of the initial velocity v(S, 0) and 
initial cross-section A(S, 0) together with (8.25) serves to determine F, G, 
and V(S). Note that differentiation of V with respect to S gives A, while 
differentiation of S with respect to V converts (8.29) into (8.31). 

Suppose, as an example, that the fluid is initially at rest. Then (8.30) 
requires 


F'(V)=G'(V) 
and 
F(V) = G(V) + constant. (8.32) 
It follows from (8.29) that 
S =F{V(S)}, (8.33) 


where the integration constant in (8.32) has been put equal to zero by 
suitable location of the origin of the coordinates S. It follows that F is the 
inverse function of V, 


F=V". (8.34) 


The function V(S) now follows from specification of A(S,0), and F 
follows from (8.34). The subsequent displacement of an element of fluid 
from its initial position S is, then 


&(S, t)— S =4F{V(S)+ at} +$F{V(S) — at}—FLV(S)} (8.35) 


with v(€ t) and B(£ t) given by (8.27) and (8.28) with G = F. 

Two examples will suffice to illustrate the effects. Suppose that the tube 
is compressed over a length L to a cross section 1 — v, and expanded over 
an adjacent length L to a cross section 1+¥v, where v is a number 
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O<v<1. It is convenient to place the origin of the coordinates $=0 at 
the point between the two sections so that 


1 for S >L? 
A(S,0)=41l+v for O<S<L (8.36) 
1—v for —-L<S<0. 


The total volume of the tube is conserved in this way. It is readily shown 
that V(S) has the piecewise linear form 


V(S)=vL +S, aS/aV=1. for S?>L? 
V(S)=(1+v)S, aS/faV=1f(l+v) for O<S<L 
V(S)=(1—-»)S, aSfaV=1/A—-v) for -L<S<0O. 
The inverse function F=V~' is then piecewise linear as well. The 
disturbance separates into two symmetric waves propagating in opposite 


directions, with velocities +a. After separation the pulse travelling in the 
+ s-direction has a fluid velocity v(& t) and cross-section A(&, t) 


v=t+eav/2(1+v), A=(14+v)/1+4v) for —4vL<é-at<L 
v =—apv/2(1—v), A=(1—v)/1—-4v) for —-L<€-at<—3svL 


within the pulse, and the undisturbed values v =0, A =1, (é—-at)’>L* 
ahead and behind. The pulse is plotted in Fig. 8.3 for the special case 
v =2, Note the asymmetry of the pulse, created by the non-linear interac- 
tion with the other pulse prior to separation. 


A=(1+ v)/(1+4y) 


A=(I—v)/(L—) 


a rere oe 


1 
2e] 


-e a e i a e 


| 
| 
1 


vja=—vyv/2 (Q — vy) 


Fic. 8.3. The solid curve is a plot of the cross-sectional area and the dashed curve is the 
longitudinal fluid velocity in the pulse propagating in the positive z-direction away from the 
initial disturbance (8.36). The curves are plotted for v = 3, although the algebraic values are 
indicated for general v. 
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Fic. 8.4. The solid curve is a plot of the cross-sectional area and the dashed curve is the 
longitudinal fluid velocity in the pulse propagating in the positive z-direction away from the 
initial disturbance (8.37). The curves are plotted for v = 4%, although the algebraic values of 
the asymptotes are given for general v. 


For the second example suppose that the initial cross-section is 
A(S)=1+ vS/(L?+ S°} 
and (8.37) 
V(S)=S+vr{(L*+$7)—-L} 


so that the cross-section is 1+v for S>L and |—v for S« -L witha 
smooth transition across S = 0, plotted in Fig. 8.4 for comparison with the 
pulse moving in the +S-direction. There is a net displacement of fluid 
toward +S, with the total integrated volume in the interval (~S, +S) 
undisturbed. The inverse function is 


S(V)=(1—v?) HV +vL — pL? +20LV4 VIA. 


The disturbance separates into two wave trains, of course. The wave 
propagating toward positive S$ (into the cross-section 1+v, and field 
strength B,/(1+¥v)) moves with the local Alfven speed a/(1+v) and is 
located in the neighbourhood of s=at/(1+v). The velocity profile is 
plotted in Fig. 8.4 for v=4. The velocity takes up the constant value 
—av/(1+v) behind the pulse, where the cross-section goes asymptotically 
to 1—v* and the field to Bo/(1— v?), which, incidentally, is the mean of 
the values B,/1+v) at S= +, The pulse is a ‘rarefaction’ wave. The 
other pulse, located in the neighbourhood of s =—ait/(1—v) is a ‘shock’ 
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wave, with the field increasing through the wave. Note again the non- 
linear distortion of the wave from the initial form of the cross-section, 
arising while the waves are disentangling themselves prior to separation. 

These two examples illustrate the stable character of the flux tube, with 
the departure from equilibrium producing waves propagating along the 
tube. Any such waves interact with oppositely moving disturbances and 
their form is altered thereby, but they are stable and they are non- 
dispersive when not ‘colliding’ with oncoming waves. They leave the tube 
behind in a state nearer to equilibrium than the initial state: In the first 
example the tube is left exactly in equilibrium; in the second the field is 
the arithmetic mean of the two extremes, so that further reverberations 
are necessary before complete equilibrium is established. It is clear that 
any dissipation in the system, causing the waves to damp, eventually leads 
to hydrostatic equilibrium. 


8.6. The equilibrium path of a flux tube in an atmosphere 


The previous sections have dealt with the local transverse hydrostatic 
equilibrium of the slender magnetic flux tube, showing how the field 
strength is determined at every location along the length of the tube by 
the ambient gas pressure. For a given temperature field T,(y) and T.(y) 
the field strength B(ẹ) is a function only of y and is independent of the 
path of the tube. We now consider the net transverse and longitudinal 
stress in the flux tube, and the consequent path of the flux tube through 
the atmosphere. 

The net tension, or longitudinal stress, along a flux tube is readily 
computed from the complete stress tensor 


M; —6,p = — ô; (p + B7/87) + B,B/4rr. 


The total pressure p+ B’/87 is, according to (8.6), continuous across the 
tube and into the surrounding medium. Hence the only extra stress 
contributed by the flux tube above the level of the surrounding medium is 
the tension B?/47 along the tube. The total tension J along the tube of 
cross-section A 1s, then, 


J = AB*/4a 
=DB/4r (8.38) 


in terms of the total flux ®= AB and the field intensity B. Thus the net 
tension varies directly with the field strength B and declines with height, 
as discussed in the special cases of $$8.2 and 8.3. 

Now in addition to the tension along the tube there is a buoyant force 
+ A(p.— p,)Vur per unit length as a consequence of the different density p; 
inside the tube. Noting that p = pM/kT, it follows that the buoyant force 
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F per unit length ts 


F = Ag(p.— pi) 
= A(p./A.~ pil Aj) (8.39) 
1 B? 1 1 


upon application of (8.6) and the scale heights defined as kT/Mg in 88.2. 
Note that F and F are functions only of yw irrespective of the path 
followed by the flux tube. 

It is evident from (8.40) that if the temperatures inside and outside the 
flux tube are the same, the density reduction and the attendant buoyant 
force per unit length are simply proportional to the pressure of the 
magnetic field, 


F = ABIB TA. (8.41) 


In the general case differentiate (8.7) with respect to z. Then 
— Le, (8.42) 


Note from (8.38) that 


= A (p;/ A; ~~ Pel Ae) 
_ (8.43) 


upon employing (8.39). This relation applies to any flux tube regardless of 
its orientation relative to the vertical. The relation follows from the 
condition (8.6) that the internal and external pressures balance and are 
each described by the barometric relation. For a vertical flux tube the 
relation clearly must be satisfied because the buoyant force per unit 
length must be balanced by the upward decline of the tension. The fact 
that (8.43) also follows from the lateral pressure equilibrium and 
barometric relations for the gas merely illustrates the internal consistency 
of the system which makes possible the simple hydrostatic equilibrium of 
the tube. 

For a straight horizontal flux tube there is no component of the tension 
to oppose the buoyant force, with the result that the tube rises steadily 
upward through the atmosphere. The rate of rise is worked out in 888.7 
and 8.8 and proves to be rapid in the convective zones of stars and in the 
galaxy, and often important, if not rapid, in the stable interior of a star. 

A flux tube that is not entirely horizontal may be held in equilibrium by 
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the tension J over horizontal distances of the order of the scale height as 
a consequence of the curvature of the tube (Parker 1975b). If the slender 
flux tube makes an angle @(z) with the horizontal direction at the height 
z, where the tension in the tube is F(z), then equilibrium requires that the 
horizontal component of the tension be constant, 


a F(z)cos 6(z)=0. (8.44) 
dz 


What is more, the vertical component of the tension must just balance the 
buoyant force 


d7(z)sin 0(z)=— F(z) ds. 


Since dz =ds sin @(z), this is 


sin pig sin 0 =—F. (8.45) 
dz 
The tension is given as a function of height by (8.7) and (8.38) in terms of 
the temperature of the gas, so the only unknown function is 6(z). Both 
(8.44) and (8.45) must be satisfied by a single 6(z), but they are readily 
shown to be equivalent. Use (8.43) to eliminate dJ/dz from (8.44), 
yielding 


dé 
F sin o tF cos 6=0. (8.46) 
z 


Use (8.43) to eliminate d¥/dz from (8.45), combine terms in F, and 
divide by cos 0. The result is (8.46) again, the same as was obtained from 
(8.44). 

To calculate the path of a slender flux tube, rotate the coordinate 
system about the vertical z-axis so that the tube lies in the yz-plane. 
Then if y = y(z) denotes the path, it follows that 


dz/dy = tan (2). (8.47) 
Integrate (8.44), 
F(z)cos 0(z)=F (zocos 0(zo), 


and solve for cos @(z) in terms of the tension J(z), and eliminate @(z) 
from (8.47). Separation of variables in (8.47) and integration yields 


y(z)= yz) | dg 


„o TOIT Zo)cos (Zo) ~ HE (8.48) 


for the path from the foot point y = y(z). The tension F(z) follows from 
(8.38) and (8.7), so that the problem of computing the path is reduced to 
a quadrature. 
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Since the flux tube is of the nature of a buoyant rubber band, it is 
obvious that the path will be an arch of some form or other. It is easier, 
therefore, to see the consequences of (8.48) if the integration is carried 
downward from the apex of the arch (where @=() at some height Zp. 
Without loss of generality the coordinates may be moved so that the apex 
lies at y =0, midway between the foot points of the arch at z = 2) (< z2) 
and y=+y(z,). Then 


a 
ITAOIT” z) — 1P 


To explore the nature of this path suppose that the gas temperatures 
internal and external to the tube are equal, T,(z)=T,(z)=T(z),as we 
would expect in thermal equilibrium, so that (8.7) reduces to (8.8) and, 
through (8.39), (8.49) becomes 


y(z)= + [l (8.49) 


ENE {? dé 
yG) = =| [exp{—m(Z)}— 1È (8.50) 
where, now, 
m(z)= | aya) (8.51) 


z 


in terms of the scale height A(z) = kT(z)/Mg. 

The obvious question is how far apart can the footpoints be, where the 
tube is anchored in some suitably dense restraining medium. Noting that 
the arch gets wider and wider the farther down it extends from its apex, it 
is obvious that the maximum width is y(—%). This is finite in any 
circumstance in which the integral on the right-hand side of (8.50) 
converges. It is necessary and sufficient for convergence that lm(z)| 
increase faster than 21n |z| as z > —%, i.e. that the temperature T(z) not 
increase as fast as |z|. In view of our belief that the internal temperatures 
of astrophysical bodies are bounded, it follows that the convergence 
condition is universally satisfied and the arch formed by a flux tube in 
hydrostatic equilibrium is limited to finite width. If the foot points are 
separated more widely than the finite distance 2y(—%), then the tension in 
the tube is not sufficient to overcome the buoyant forces, there is no 
equilibrium, and the tube floats upward toward z = +%. 

Two examples are sufficient to illustrate the limitations. The simplest is 
the isothermal case in a uniform gravitational field, for which A(z) is 
independent of depth. Then (8.50) yields the path 


tan?(y/2A) =exp[(z.—z)/A]-1, (8.52) 


so that the maximum value of y is 7A. In an isothermal atmosphere, any 
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flux tube anchored at points separated by more than 277A cannot be held 
in equilibrium against the buoyant forces. 

In a polytropic atmosphere, extending downward from its top at z =0, 
we have a linear variation of temperature 

T = To(- z/A) 
and 
N = NaC zA), p =p zA, 
where a is a free parameter and the temperature scale A is 
(a + DkT,/Me. Note that 
d(In p)/ddn T)=a +1. 

Then (8.50) reduces to 


2f{Z, 
y(z)=|z,] | du/(u*®*!—1) (8.53) 


where now both z and z» are negative, and |z,|<|z|. The width at z =~% 
is finite for all & >1. For a>1, the maximum width of the arch is 


PE){(a — 1)/2(a + 1)} 
(a+ Dalat 1} 


The maximum width declines as (a—1)"' as a increases from unity, 
reaching 2y(—~)/|z,|=9-08 at the adiabatic value a =4 (y=3), 5-06 at 
a =2, 2-42 at a =3, and declining asymptotically as 27/a for a > 1. The 
special case a = 1 yields 


2y(—%) = 2 |z| (8.54) 


z = z, cosh(y/z>). (8.55) 
For a =2, 
y(z)=|z2|3 Fly, k), (8.56) 
where F(b, k) is an elliptic integral of the first kind, with 
cos tb = V3+1—-2/z5 
J3—-1+2/z,’ 
= (2~V3)/4 =sin?(a/12). 
For a =3, 


y(z)=|z,| 2-2F{are cos(z,/z), 2-2}. (8.57) 


4In the solar convective zone, for instance, the effective value of @ is one or 
greater, with a=1 at a depth of 800km (where T=9x10°K), rising to a 
maximum of about 8 at 10° km, and falling slowly to 2 at 10* km, and finally to 
the adiabatic value 1-5 at 210° km (Spruit 1974). 
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Fic. 8.5. A plot of the path y= y(z) of a flux tube in hydrostatic equilibrium in an 
isothermal atmosphere, given by (8.52) in units of the scale height A, and in the polytrope 
atmospheres a = 1, 2,3, given by (8.55) in units of the depth z,, of the apex below the 
upper surface of the atmosphere. 


The equilibrium paths (8.52), (8.55), (8.56), and (8.57) are plotted in 
Fig. 8.5. Figure 8.5 emphasizes again the limited width of the arches 
(except 8.55 ), and we conclude that in general magnetic buoyancy cannot 
be suppressed over horizontal widths greater than a few scale heights. 
Hence, any magnetic fields in the interior of an astrophysical body must 
eventually appear at the surface. This brings us to the question of the rate 
of rise of a buoyant magnetic field and the question of whether, indeed, it 
is possible to anchor a magnetic field at all, as we have tacitly assumed in 
our discussion of the arched equilibrium path. 


8.7. Rate of rise of magnetic field in thermal equilibrium 


Consider the rate of rise of a slender horizontal flux tube of small 
cross-section A, extending across a stratified atmosphere of pressure p,(z) 
and temperature T.(z), all subject to a uniform gravitational acceleration 
g in the negative z-direction. The buoyant force per unit length is given 
by (8.40). Suppose in the first instance that the gas inside the tube is in 
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thermal equilibrium with the gas outside, so that the temperature T; 
within is equal to the temperature outside. Then (8.40) reduces to 
2 


gg — A B- =l 

F= g7 dyn cm ^. (8.58) 
This upward force causes the tube to rise at a rate u, which is opposed by 
the aerodynamic drag. The drag on various circular, elliptical, and other 
cylinders has been studied extensively (see, for instance, Goldstein 1938) 
both theoretically and experimentally. If we suppose, for instance, that 
the cross-section of the tube is circular with radius R, then A = mR? and 
the aerodynamic drag associated with the rate of rise u is 


Fy spu- RCp, (8.59) 


where C, is the drag coefficient. The rate of rise of the flux tube reaches 
its limiting value when the aerodynamic drag balances the buoyant force, 
in which case (Parker 1975a) 


u = Va (r/CpP(R/AF. (8.60) 


The drag coefficient Cp is well known from experiment for Reynolds 
numbers Nz = Ru/v between 107° and 10° (cf. Goldstein 1938). It is large 
compared to one at small Reynolds numbers, declining to 30 at Np=1, 4 
at Nz=10, and 1 at Np=10°. For Np>10° the drag coefficient lies 
between 0-1 and 1-0. The molecular viscosity of the gases in stellar 
envelopes is so small that for any magnetic field and tube radius in which 
we are interested, the rate of rise is sufficiently large that Ng > 1. Hence 
(a/C,) typically has values of 2-5. For R of the same order as A, then, 
the rate of rise is comparable to the Alfven speed, u=O(V,). It is not 
possible to anchor flux tubes for long in thermodynamic equilibrium with 
the exterior gas (T, = T.). Thus, for instance, a magnetic field of 1 07 G at 
a depth of 10° km in the solar convective zone, where p =5 x10 gcm™, 
produces an Alfven speed of 1-2ms '. A buoyant rise of 1 ms‘ carries 
the tube the distance of 10° km in 10° s, or 3 years. Generally speaking, it 
is not possible to anchor any but very weak fields in the convective zone 
of the sun, or other stars, or in the gaseous disc of the galaxy, for 
extended periods of time. It is clear that the dynamo in a star or a galaxy 
can produce fields only up to the strength where the buoyant rise time is 
comparable to the time for regeneration and amplification of that field. 
The regeneration time for the azimuthal field of the sun is of the order of 
the sunspot period of 11 years. Hence, it would appear, from the simple 
estimate given above, that it is not possible to produce an azimuthal field 
in the sun in excess of a few hundred gauss, and any such fields must be 
produced at depths of 10° km or more (Parker 1977). 

Now it should be noted that the calculation based on the simple drag 
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formula (8.59) involves a number of idealizations. First of all it is based 
on the idealization of a circular equilibrium cross-section, whereas in fact 
the cross-section of a slender flux tube has neutral stability and may be 
seriously deformed. Twisting the tube helps to stabilize the cross-section 
and is taken up in §9.8. Generally speaking the cross-section tends to 
widen across the direction of motion, becoming a flat ribbon of great 
width (because A = constant) as a consequence of the stagnation pressure 
tpu?” at the top and bottom of the cross-section, and the reduced pressure 
at the sides. Indeed, we anticipate that a large cross-section tends to 
flatten and then break up into several smaller tubes, which in turn flatten, 
etc. The rate of rise will be reduced below the idealization (8.60) for the 
circular cross-section. Altogether the question is an interesting non-linear 
theoretical problem in fluid mechanics. It is essentially the dynamics of a 
two-dimensional free bubble without surface tension, and it is particularly 
difficult because of the free and variable boundary. It has not, so far as we 
are aware, received attention in the literature on fluid mechanics. Obser- 
vations of the flux tubes coming up through the surface of the sun show 
no evidence of flattening, either on the large scale (10*-10° km) of the 
active region or on the small scale (10° km) of the individual magnetic 
knots (cf. Beckers and Schröter 1968). Hence we suggest that a circular 
cross-section is a useful approximation to the truth (see Goldstein 1938 
for the modifications of the drag on cylinders with elliptic cross-section). 

More serious corrections to (8.60), for application to such real prob- 
lems as the flux tubes in the solar convective zone, arise from the general 
turbulence of the fluid through which the flux tube is rising and from the 
convective instability of the fluid. The drag formula (8.59) is based on 
motion through a passive and quiescent medium, with the turbulence 
limited to the wake, if the Reynolds number Ru/v is large enough to 
produce any turbulence at all. If the fluid is turbulent in its natural state, 
the question arises as to the modification of the drag formula (8.59). 
There is little or no appropriate wind tunnel data. The only theoretical 
tool available to treat the problem is the conventional mixing length 
theory of Prandtl (cf. Goldstein 1938; Dryden et al. 1956). In its most 
primitive form the mixing length theory describes the effect of small-scale 
turbulence on the large-scale flow of the fluid entirely in terms of the 
product of the characteristic dimension | and r.m.s. velocity v of the 
dominant eddies in the small-scale turbulence. The assertion is that the 
dynamical effect on the large-scale flow is effectively an enhanced 
kinematic viscosity, v.=4vl referred to as the equivalent eddy viscosity. 
One then proceeds to work out the large-scale flow from the Navier— 
Stokes equations with the molecular viscosity v augmented by the eddy 
viscosity, so that v is replaced by v+ v.. This simple approach, charac- 
terized by a single constant v., ignores the boundary layer effects, the 
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variation of the mixing length, and the diffusion of turbulence in gradients 
in the large-scale velocity. Although commonly used in treating as- 
trophysical problems, it must be regarded as an order-of-magnitude 
estimate of the effect of turbulence, at best. More sophisticated forms of 
the mixing length theory are available, in which the mixing length l is 
modified by the presence of the boundaries of the large-scale flow, but 
they are cumbersome and inspire no great confidence in any special case 
until checked by direct experiment. Consequently, we proceed using the 
simplest form of the theory to estimate the order of magnitude of the rate 
of rise of a buoyant tube through a turbulent fluid, being fully aware of 
the lack of precision in the result. Indeed, the fact should not be 
overlooked that the scale | and velocity v of the turbulence in the 
convective zone of the sun, or other star, to which we might apply the 
results, are known only from application of the same mixing length theory 
to the problem of convective heat transport. Consequently l and v are 
themselves both uncertain in any real circumstance. 

To continue, then, an eddy viscosity v,=3vl yields an effective 
Reynolds number 


Ne =uR/(v+v.) = 3(R/))(u/v). 


The drag force and the rate of rise now follow from (8.59) and (8.60) with 
the drag coefficient Cp appropriate to the Reynolds number Np com- 
puted from the eddy viscosity ve- 

Now, for the tube radius R comparable to the eddy size | and 
Ne = 3u/v, it is evident that Np is of the order of one only if the magnetic 
field is as large as the equipartition value so that Va =v and u=O(V,). 
This is the case already discussed, with (7/Cp)? of the order of one, for 
which u~ Va. If, on the other hand, the field is much weaker than the 
equipartition value, then Va «v so that u«v and Na«1. Hence, for 
fields below the equipartition value, the Reynolds number is small and 
the drag coefficient Cp is large, so that the factor (a/Cp)? in (8.60) 
decreases from 0:3 at Ng=1 to 0-1 at Ng=0-1. The rate of rise is 
significantly below the Alfven speed for small Reynolds numbers. Wind 
tunnel data is available for small Reynolds numbers (cf. Goldstein 1938). 
Fortunately, when Ng<1 the hydrodynamic flow of a viscous fluid 
around a cylinder can be treated by formal methods (cf. Lamb 1932). The 
drag per unit length of tube proves to be 


Fy=A4Anpur/Q, i.e. Cyh=87v/QuR. 


The factor Q is the number In(4/Np)+4-—y, whose y is Euler’s constant, 
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equal to 0-577. This theoretical result for the drag agrees very well with 
the drag measured experimentally, Ngk <1. The terminal velocity of rise 
is, then, 


u = QR? VZ /8Av 
= V,(30/8)(R*/AD V a/v. 


In the application of the mixing length theory to convective zones of stars 
it is customary to suppose that | = A, for lack of a better value. Hence, for 
weak fields, the rate of rise is 


uf Va = (3.Q0/8)(R/A)* V a/v. (8.61) 


The Reynolds number is 
Ne = (9Q/8)(R/AP(V a/v). 


The factor 3Q/8 is of the order of one. If R/A is also of the general order 
of one, then Ng is as small as (V,/v)*. The rate of rise is the small 
fraction V,/v of the Alfven speed. 

To illustrate the application of these theoretical results to the rise of 
flux tubes in the convective zone of the sun, consider the broad fields that 
emerge through the surface of the sun to produce the large bipolar 
magnetic regions. The total flux may be as high as 310°" Mx, in the 
form of 40G in a region with radius R=5x10* km. Suppose that the 
field is 107G at a depth of 10° km, halfway to the bottom of the 
convective zone. The tube radius is then about 3x10*km. The scale 
height at a depth of 10°km is 4x10*km and the gas density is 5X 
107? gcm °, so that the Alfven speed is 1-2ms~'. The standard mixing 
length theory of the convective zone (cf. Spruit 1974) suggests a turbulent 
convective velocity v=30ms~'. Then v/V,=25, Q=7, RJA =i, and it 
follows that Np = 0-004. The rate of rise is u =0-06 Va =7 cms +, so that 
the characteristic rise time over one scale height is A/u =4-3 x 10°s=14 
years. The rise time exceeds the 11-year half period of the magnetic cycle 
of the sun, in which the field is amplified by the solar dynamo (see 
Chapter 21). Hence, it seems possible to amplify the azimuthal field of 
the sun up to 10? G deep in the convective zone without undue loss of 
field by the buoyant rise. But note that a field of 200G yields Va = 
2-4 ms™!, so that Np =0-02, O =7, and the rate of rise is v =0-12 Va = 
29cm s™!. The characteristic buoyant rise time A/u is then 1-4 10° s, or 
4:4 years. The field, upon reaching 200G, rises rapidly toward the 
surface. Even in the lower convective zone where p is as large as 
0-1 gcm™ and the scale height is somewhat larger, field strengths cannot 
be pushed beyond about 300 G before escape. Altogether it would seem 
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that the buoyant rise limits the amplification of the general azimuthal field 
in the solar convective zone to no more than a few hundred G**. 

It must be remembered, of course, that this result carries with it all the 
uncertainties of the simple mixing length theory. In addition, it omits the 
possibility that the temperature within the rising flux tube may be 
different from the temperature outside (T; 4 T,). That is to say, contrary 
to the special condition of thermodynamic equilibrium T;= T, on which 
this section is based, the gas within the tube may have a positive or 
negative buoyancy of its own. The next section takes up the problem in 
an atmosphere that is stable against convection, so that T; within a rising 
tube is less than the temperature T, outside. The point to be noted here 1s 
that the general convective instability of the ionization zone beneath the 
surface of the sun, and other stars, implies that the temperature within a 
rising flux tube is higher than the temperature outside, accelerating the 
buoyant rise. The effect is small for weak fields, but for strong fields it 
may contribute significantly to the rate of rise (see §§10.10 and 10.11). In 
that case (8.60) provides only a lower limit on the rate of rise. The very 
intense flux tubes, for which V4 > v’, near the surface of the sun may rise 
significantly faster than suggested by (8.60). 

Zwaan (1978) has pointed out that if a flux tube is somehow confined 
solely by the dynamical pressure of external turbulence, then it may have 
less buoyancy than given by (8.58). For suppose that T; = T. and p;= pe so 
that the external pressure is larger than the internal pressure only because 
of the external turbulence, exerting a mean dynamical pressure 5p,v°. 
Then, in place of (8.6) we have B*/87 =4p.v~. It follows from T, = T; and 
pa = p; that pe = pi, so there is no magnetic buoyancy. As a matter of fact 
the external turbulence deforms the flux tube and produces internal 
velocity fluctuations with their own dynamical pressure, 4p;v7. The special 
case of a thin flux tube squeezed periodically and equally on both sides is 
worked out in §10.4. There is an enhancement of the mean field ((B)) 
along the tube given by (10.38). For the same internal and external gas 
pressures, the dynamical enhancement of the mean field is by the fraction 
in? of the external dynamical pressure 5p,v*, where n is a number less 
than one. Thus a modest reduction of buoyancy might be accomplished, 
but it does not significantly alter the estimated limiting field strengths. 


5 Other authors have proposed rates of rise considerably smaller than those 
estimated here. Unno and Ribes (1976) employ a formula equivalent to (8.61) 
without the factor Q. Schüssler (1977) uses values of the eddy viscosity that are 
about 30 times larger than we have used. 


é The equipartition field computed from Spruit’s model (Spruit 1974) of the 
convective zone is of the order of 2 x 10° G in the lower convective zone, so that a 
few hundred G is clearly a weak field. 
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8.8. Rate of rise of magnetic field in a stable atmosphere 


If we take into account the possibility that the gas within the flux tube 
is not precisely in thermodynamic equilibrium with the outside, there are 
two possibilities. In an atmosphere that is unstable to convection the 
rising gas finds itself warmer than its surroundings, T;> Te, and the 
buoyancy (8.40) is enhanced; in a stable atmosphere the rising gas finds 
itself cooler than its surroundings, T,;< Ta, and the rise is suppressed. In 
the former case, then, in the convective atmosphere (such as the convec- 
tive zone of most stars), the simple estimate (8.60) is still to be considered 
correct as a lower bound and the rate of rise is of the order of the Alfven 
speed. The only exception to this would be for the weakest fields where 
the flux tube is completely at the mercy of the turbulent convection, being 
wafted about to such a degree that (8.60) becomes irrelevant. 

In the second case, of a stable atmosphere in which the rising tube 
becomes cooler than its surroundings, the rate of rise may be enormously 
reduced below the Alven speed, and the problem needs reconsideration 
(Parker 1974, 1975a). The slender horizontal tube rises until the internal 
temperature falls so far below the external temperature that the internal 
and external gas densities are equal and the buoyancy force (8.40) 
vanishes. Thereafter the rate of rise is controlled simply by the rate of 
heat transfer into the flux tube, warming the interior and permitting 
further upward motion of the tube. 

Given the basic condition (8.6) for pressure equilibrium, it follows that 
the tube rises until the interior is cooler than the exterior by the amount 
AT=T.,—T, at which p;=p, and the buoyancy vanishes. Then since 
T = M,/kp, it follows that 

A T — M p e P i 
k pe 
MB 
k 87. 
B? 
© Sap. 
RB? 
~ SakN. 
This temperature reduction leads to an inflow of heat, say at a rate dO/dt 
per unit length. In keeping with the idealization that the conditions within 
the slender tube are uniform across the diameter, we use Newton’s law of 
cooling, that the rate of heat loss dQ/dt is simply proportional to the 
difference AT between the internal and external temperatures, 


dQ/dt =axkAT (8.63) 


(8.62) 
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where «œ is a numerical constant of the order of unity’ and x is the total 
effective heat transfer coefficient of the medium (erg/s cm K). 

Now in terms of the first law of thermodynamics it follows that the 
inflowing heat will increase the thermal energy as well as do work in 
expanding the system. Thus 


dQ_kAN,dT, dA 


= — 8.64 
dt y—l dt Pi di ( ) 


where k/(y— 1) is the specific heat per particle at constant volume. This 
equality relates the rate of rise dT;/dt and dA/dt to AT and ultimately 
B?/87. If the velocity of rise is u, write 

dT; dT, dA dA 

dt dz’ dt dz’ 
and consider how T, and A vary with the elevation z of the tube. 
Conservation of magnetic flux requires that AB =® = constant and con- 
servation of matter requires N;A = M = constant. But as already noted, 
the tube is always very close to the height at which N; = N.. so NASM 
and B/N. = ®/.At. Hence, it follows from T,= T,—AT and (8.62) that 


dT, dT, a B? 


dz dz dz \8akN. 
_aT,__B?_dN. 
dz 8rkN? dz ` 


Hence (8.64) can be written 
T, 2-y B*?)1dN 
dQ uA |S75 e hY \— l (8.65) 
dt y—1 T, dz y— 1 87pe] Ne dz 


Use (8.62) to write dO/dt in (8.63) in terms of T., equate the result to 
(8.65), and solve for u. The result is 


2 —i 2 2— —1 
y STB (==) (s+ 2n) (8.66) 
STADI T. dz Srp. yr-1 


where we have defined the indices n=d(In N,)/d(In T,), and ô= 
n—1/(y—1). In an adiabatic atmosphere, n=1/(y—1) and 6=0. Ina 


7 It is a simple matter to show from the heat flow equation CaT/at = kV’ T that the 
internal temperature across a uniform circular cylinder of fixed radius R, specific 
heat per unit volume C, and thermal transport coefficient x, subject to the 
steadily declining external temperature T,(t)=T)(1—-¢/r), is Tw, t= 
T.(t)~ T)>C(R* — @’)/4«7 in terms of the distance w from the axis. In terms of the 
difference AT between the mean temperature inside and outside, AT = 
ToCR?/2xr, the rate of heat loss per unit length is then dQ/dt = nR °CTo/T = 
2a«x AT. corresponding to a =27. 
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stable atmosphere, the temperature declines with height less rapidly than 
in the adiabatic atmosphere, so that 6>0. This formula for the rate of 
rise can be simplified, noting that generally B*/87p.« 1, while y-1= 
O(1). Then, in terms of the total heat flux J upward through the 
atmosphere 

| 


I=—« dT./dz erg cem”? s™t, 
and the temperature scale height À, 
i jà = dln T.)/dz, 
(8.66) reduces to 


a He 8.67 
TS R? STP. De (8.67) 


where we have written the cross-sectional area as A =7R*. In terms of 
the mean upward velocity of flow ur of the thermal energy, 


ur =(y—1)1/p. (8.68) 
the rate of rise of the flux tube is (Parker 1974, 1975a) 
à? B? 
u= 2 (8.69) 


NT mly — 1) R? 8ap. 


For a slender flux tube R « A, A the rate of rise can be very rapid; even 
for weak fields, B?/8ap.« 1. A number of examples will serve to illus- 
trate the rates under various circumstances. Gurm and Wentzel (1967) 
treat the rise of spherical cells of magnetic field, with comparable results. 
In the sun the convective zone is believed to begin at a depth h of 
about 210° km beneath the surface (Weymann 1957; Schwarzschild 
1958; Baker and Temesvary 1966). Above that level (8.60) is applicable, 
yielding high rates of rise. The density in the lower convective zone is of 
the order of 0-1gcm™ (Spruit 1974), so that for a field of 10°G, 
V,=1ms? and, from (8.60), u=O(V,). The characteristic rise time is 
hju=2 x108 s=7 years. In the stable region beneath the convective zone, 
(8.67) or (8.69), is applicable and the rate of rise is very much slower. At 
the top of the stable interior, immediately below the base of the convec- 
tive zone, the density is of the order of 0-2 gem °? and the temperature is 
2x10°K. Since 1=10'! ergcm’s"', and y=}, it follows that the up- 
ward transport velocity of thermal energy is given by (8.68) to be about 
2x10cms!. The temperature scale height is 4 =10° km while the 
pressure scale height A is half as much. The index n increases rapidly 
from its adiabatic value of 3 in the convective zone to 3 or more, so that 
§=3 in the stable interior. Put a/78(y—1)=O(1). Then for 10°G, 
B?/82p.= 107'', and a flux tube with radius R = 10° km (A/R = 10”) rises 


150 THE ISOLATED FLUX TUBE 


at a rate of u =107 up=2X107'° cms". In the 4X 10°-year life of the 
sun, the distance traversed is only 300 km. A field of 3000 G is required 
to raise the flux tube of radius 10° km a distance of one scale height 
(5x10*km) in the 4x 10° year age of the sun. A tube of larger radius 
rises more slowly, of course, with the requirement B% R to achieve a 
given velocity u/u;. Altogether, then, magnetic buoyancy is important for 
ejecting 10°-G fields from the convective zone, but it has negligible effect 
in the stable radiative interior of the sun. A flux tube of 10°G in the 
stable interior may be considered to be permanently anchored. 

It is interesting, then, to consider what primordial fields might possibly 
be buried in the stable radiative core of the sun. Some authors (Barten- 
werfer 1973; Chitre et al. 1973) have suggested that there may be fields 
of sufficient strength to modify the gas pressure and, hence, the neutrino 
emission, to some significant degree. To make the best possible case for 
this, suppose that the field is coherent over a radius as large as R= A. 
Then (8.69) reduces to 


u = uB I8 mpe 


and the rate of rise is the same fraction of ur as the magnetic pressure is 
of the total pressure. Thus if B’/87p. is as large as 0-1, so as to have a 
significant effect on the nuclear reaction rates, then u is as large as 0-1 ur, 
and the field rises rapidly. To treat a specific example, consider a position 
at a radial distance of r= 101° cm (0-14 Ro) from the centre of the sun, 
where p, = 10'? dynem™, [=210'* ergcm™*s"', and uy=10™° cms +}. 
Then if the gas pressure is reduced 10 per cent by the magnetic field 
(B?/Sap.=0-1), the rate of rise of the field is u=10-°cms™'. The 
characteristic rise time if t=r/u=10'°s=3%x10° years. Any such field 
(510° G) in the early sun would have departed long ago. Hence we 
doubt that magnetic fields trapped in the interior of the sun since its 
formation have any significant effect on the thermodynamic state and the 
thermonuclear rates in the interior of the sun (Parker 1974). Note, 
however, that a much weaker field of 10’ G (B?/8zp,=4107°) has a 
characteristic rise time of 10'° s, or 3x 10'' years, and so might conceiva- 
bly be trapped in the interior of the sun without our being aware of it. 
Such a field has no sensible effect on the interior structure of the sun, of 
course, but the total flux might be as large as r°>B = 10°’ Mx. If some 
portion of this were to appear at the surface of the sun, it might 
contribute significantly to the normal fluxes of 10% Mx observed there. 
Any such scenario must be worked out carefully, however, before it can 
be seriously considered. There is no evidence from the mapping of the 
surface field of the sun that there is a permanent field extending up from 
the interior. The fields that appear at the surface seem to be part of the 
general solar dynamo (see discussion in §§21.1 and 21.2). On the other 
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hand, in the magnetic A-stars, exhibiting rigid rotation of oblique field 
patterns of 10°G, we may be observing a primordial magnetic field 
embedded in the star and preserved to the present time. Many of the 
magnetic stars can be of no great age (say, not more than 10° years) so we 
should be surprised if they had lost all their primordial field in so short a 
time. 


8.9. The mutual attraction of rising flux tubes 


8.9.1. The problem posed by observations 


It is an observed fact (Beckers and Schröter 1968) that the magnetic 
knots, appearing in such great numbers in bipolar magnetic regions on the 
surface of the sun, exhibit a mutual attraction for each other during the 
formative stage of the sunspots. The attraction is between magnetic knots 
of like polarity, whose magnetic fields repel each other. The growth of the 
sunspots appears to be a consequence of the mutual attraction and 
coalescence of knots to form pores and to join existing pores and spots. 
No presentation of the theory of individual flux tubes can pretend to be 
complete without taking up the challenge of this remarkable behaviour. 

The magnetic knots represent the intersection of magnetic flux tubes 
with the surface of the sun, with fields of 1100-1400 G (Beckers and 
Schröter 1968). Their mutual magnetic repulsion, then, is strong. An 
important clue to the cause of the attraction is that it extends only to 
magnetic flux tubes newly arriving at the surface. Once the development 
stage is passed, and there are no new flux tubes arriving at the surface, 
the knots lose their mutual attraction and begin to move apart, as one 
would expect them to do. Indeed, the decay of sunspots is nothing more 
than their decomposition into smaller spots, and into magnetic knots 
which then disperse over the surface of the sun. 

The explanation for the mutual attraction during the formative stages 
appears to be the upward motion of the tubes so that they are subject to 
the hydrodynamic forces of the rising tubes located nearby (Parker 
1978b). Two bubbles of the same size rising up through water attract each 
other whether they are rising side by side, or one behind the other. If they 
are side by side, then they are attracted by the Bernoulli effect. The fluid 
streams by faster on the sides facing each other, thereby reducing the 
pressure and sucking the rising objects toward each other. On the other 
hand, if one is nearly behind the other, then it is boosted along in the 
wake of the leading bubble. The rate of rise of flux tubes in a convective 
zone is comparable to the Alfven speed, with the result that the hyd- 
rodynamic forces of attraction are strong. 

The basic facts on magnetic knots are fields of 1100-1400 G over a 
diameter of about 10° km, giving a total flux ® of about 10'’ Mx. Beckers 
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Fic. 8.6. A sketch of two neighbouring flux tubes rising through the surface of the sun with 
the field above the surface expanded to fili the available volume. 


and Schröter (1968) found about 210° knots within 1-4 10° km of a 
unipolar spot. About one-third of the knots had the same polarity, and 
two-thirds had the opposite polarity, of the sunspot, so that the algebraic 
sum of the magnetic flux in the knots was comparable in magnitude, and 
opposite in sign, to the spot. 

Now the repulsion of two knots of like polarity is readily calculated. 
The field of a single knot with flux ® spreads out radially above the 
surface of the sun in the same manner as the field above the surface of a 
magnetic pole M= ®/27 lying on the surface. The repulsion of two poles 
separated by a distance 2h (large compared to the radius a of the 
individual knots) is (#/2h)*. But, of course, in the real case the field exists 
only in the half-space above the surface so that the repulsion is half this 
amount. Altogether, then, magnetic knots of radius a and field strength 
Ba. so that ® = 7a*Bo, repel each other with a force 


F.=4Bga*(a/2h)y 


above the surface of the sun. Below the surface of the sun the fields are 
compressed into isolated flux tubes so there is no magnetic interaction. 
There are only the hydrodynamic forces caused by the rapid rise of the 
tubes. Figure 8.6 is a sketch of the field configuration of two neighbouring 
flux tubes. Consider first the hydrodynamic attraction of two horizontal 
flux tubes rising side by side with a velocity u. 


8.9.2. Transverse attraction of rising tubes 


The physical principles involved in the mutual hydrodynamic attraction 
of two rising flux tubes separated initially by a horizontal distance 2h, are 
readily illustrated by the example of two circular cylinders of equal radius 
set in parallel motion in an ideal fluid. Consider, then, two cylinders, each 
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of radius a with their axes parallel to the z-axis and lying symmetrically 
at (x,y = +ho), as shown in Fig. 8.7. At time t=0 suppose that both 
cylinders are set in motion with a velocity uo in the x-direction. At the 
same time they are given velocities +v, in the y-direction, so that in the 
subsequent motion their distance h(t) on either side of the xz-plane 
varies with time dh/dt = v(t) as they move in the x-direction with velocity 
u(t). The fluid in the neighbourhood of the cylinders is set in motion by 
the cylinders. The subsequent motion of the fluid and cylinders was 
worked out first by Hicks (1879), and in a different form by Greenhill 
(1882), and is presently available in the republication of Basset (1888), 
whose exposition can be taken over directly for the present purposes. ‘The 
fluid velocity is determined from the fact that the motion is irrotational so 
that the velocity potential and the stream function are the conjugate parts 
of an analytic complex function. The total kinetic energy of the two 
cylinders plus the fluid is represented by 2T and can be written 


T =3R(u> +0"). (8.70) 


The quantity R is the mass of each cylinder plus the effective mass of the 
moving fluid associated with it. It is a function of the separation 2h of the 
cylinders and can be shown to be 


R(h)= rao + map {1 +2 2 E). (8.71) 


Fic. 8.7. The geometry for considering the mutual hydrodynamic attraction of parallel flux 
tubes with circular cross-sections moving together in the x-direction. 
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where p is the density of the fluid and ø is the density of the cylinder. The 
quantity q = q(t) is defined as exp(— 2a) where a is the parameter relating 
the separation h(t) and the cylinder radius a, 


h(t) =a cosh a(t). (8.72) 


With the understanding that the subscript zero denotes the initial value, 
and u, v, h, q, a without the subscript imply the value at time t, note that 


a =Inth/a + (h?/a?—1)}. (8.73) 


The mass function R is positive and declines monotonically with increas- 
ing separation h. For h = it is obvious that q =0 and R has the limiting 
value ma*(p+a), which tells us that, so far as total kinetic energy is 
concerned, an isolated circular cylinder moves in the company of an 
equivalent mass of fluid equal to the mass of the fluid it displaces. 

At the other end of the scale (h — a), where the cylinders come into 
physical contact, the velocity of the fluid streaming between the cylinders 
becomes large without bound. We expect therefore, that R remains well 
defined (because T is well defined) as h—a but that the derivatives 
d"R/dh" may show some unusual behaviour. It is evident that q increases 
to one as h/a decreases to one. Let q =1—e, then, so that 


hja =(1—46)/1 —e)?=1+he7+4e7+..., 
Then note that the nth term Y, in the sum defining R can be written 
Y,=q/(itqt@?+...+q"y 
={1—gn(1 +4n)e? + Ole H(n + 1) 
with the aid of the sums 


14+24+3+4+...+n=4n(n+1), 14+3+6+...+4n(n—1) 
=tn(n—1)(n+1). 


Hence 


2 1 @ Snes 
R(h) = 1a°(o + p) +207 Y aap e yf 


The first sum yields g7*—1. The second sum is divergent, indicating that 
the second derivative d*R/dq’ is singular at q=1. At h=a (q=1) the 
value of R is 


R(a)= 7a*{o + pGa?—1)} = wa*(o +2-290p). (8.74) 


Thus R(a) is larger than R(~) by (0 +2-290p)/(o+p), which equals 
1-645 for the case that o =p. The equivalent mass of fluid carried with 
each cylinder as they come into physical contact (h = a) is 2-290 times the 
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mass 7ra*p of the fluid displaced by the cylinder. It follows from conser- 
vation of mass and energy that the velocity of the cylinders increases with 
increasing separation and decreases as they approach each other. 

The motion of the cylinders is readily deduced from the expression 
(8.70) for the kinetic energy. With no external forces applied to the 
cylinders, the kinetic energy T is a constant of the motion. It is obvious, 
too, that the momentum of the system in the x-direction along the plane 
of symmetry is a constant of the motion. The conjugate momentum in the 
x-direction ts 47/du = Ru. In terms of the initial values, then, 


Ru = Rou, (8.75) 
R(u? + v7) = Rau? + vo), (8.76) 

with 
u = dx/dt, v =dh/dt, R=R(h). (8.77) 


Using (8.75) to eliminate u from (8.76) it is readily shown that 
v? = (ug + v6)(Ro/ R)— ug(Ro/ RY, 


from which the quadrature 


af — ao 
ho ho{(ug + vg) Ro/ R — ua 2/R7\2 


follows directly. The path (x, +h) of the cylinders also follows directly, 
from the fact that dh/dx = v/u, so that 


dh/dx = +{(1 + v2/u2)R/R —-1¥. (8.78) 


Now suppose that initially the cylinders are moving in the positive 
x-direction (ug > 0) while moving apart (vọ>0) so that h increases with 
time and R/Ro declines from its initial value of one. Initially dh/dx is 
positive. If 1+v/ug is so large that (1+ v9/ug)R/R, remains larger than 
one as h-> (and R declines to R,,), then it is obvious from (8.78) that 
dh/dx remains positive as h becomes large without limit. The cylinders 
forever move apart on a path with asymptotic slope 


dh/dx ~{(1 + v6/uz)R./ Ro- 1. 


On the other hand, if 1+v6/u¢ is not so large, and (14+ vda/ud)R../Ro is 
less than one, then when h increases to some finite positive value hmar 
dh/dx declines to zero. At that point in time the cylinders are moving 
along parallel courses and the hydrodynamic attraction subsequently 
causes them to move together. The slope dh/dx passes through zero and 
becomes negative. The cylinders coast on until they collide. It follows that 
the necessary and sufficient condition that the moving cylinders come 
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together is 
(14 v6/ud)R.< Ro. 


That is to say, their initial velocity of separation v, must be less than 
Vo < Uo Ro/ R..— 1). (8.79) 


If vo is larger than this, the cylinders escape from each other. Hence it 
follows that two cylinders moving on parallel courses (va =0) with the 
same initial velocity uo will eventually come together, as a consequence of 
their mutual hydrodynamic attraction, no matter how large their initial 
separation may be. 

To examine the mutual attraction in more detail, consider two cylinders 
that are widely separated, h >a. Then gq ~(a/2h)° and is very small. It 
follows from (8.71) that the mass function is 


R=nat{ot+p(lt+a7/2h?+..)} (8.80) 


to lowest order. To compute how far the cylinders move along together 
before colliding, consider the case where t=0 when they are moving 
parallel to each other with velocity uo and large separation 2h,. Then the 
distance Ax over which the separation declines from 2h, to 2h is given by 
(8.78) as 


Ax _ [ d(h/ho) 
ho h/hn (RIRo—1F 


~ [ae ol: ho [ dth/ho)(h/ ho) 
7 p A Shiho (1— h? (ho? 
E (200 +0) h (1-2 
p a hol ` 
The distance to collision (h =a« hy) is, then, Ax, given by 
Aye fetele o (8.81) 
ho p a 
For o = p this is 
Ax./ ho -= 2ho/a (8.82) 


and is large compared to the initial separation because of the initial weak 
attraction at large separation. The path followed by the cylinder is the 


ellipse 
( ) (5 h (; 1 
ho 0 0 | 


in the coordinates Ax and h. 
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The final direction of the path at the time of collision (h = a) is readily 
worked out from (8.70) and (8.71). The value of R at h=a is given by 
(8.74), while the initial value follows from (8.80) (for hy > a). From (8.75) 
the final value of u is 


otp 
HU = Ua ————— 
“a+ Ga? ~1) 
= U 6/177 me 0-607 Uo 


for o = p. It follows from (8.76) that the final value of v i.e. the velocity of 
approach of each cylinder to the plane, is 


va = Ug(Ro/ R,)U— Ro/Ra) 
— u2 p(a +p) Gr? — 2) 
© {a+ pGa?— DP" 


Hence, for o =p, Va =0-49u,, so that v,/u, =0-81. The path makes an 
angle of about 39° with the x-axis, so the collision is moderately hard. 
It remains to give a direct result for the attractive forces exerted on 
each cylinder. Consider an external force describable by a potential 
function V(x, y*). Then the Lagrangian for the cylinder at (x, y) is 


L =4R(u?+v2)-V. 


Hence the equations of motions are 


d oV 

— Ru +— =0 

dt ax 
d dR av 
— Rv—-3(u? +v’) —+— = 
dt p~2(u q oy 


Suppose that the external V(x, y) is constructed so that u and v are both 
constant, with the cylinder moving along a straight path with constant 
speed. Then we require that 


ð Vjðx = — uv dR/dh, a Vjðy =4(u* —v*) dR/dh 


with h =h y+ vt. At large separations, then, the force required to maintain 
the constant motion is 


F, =—aV/ax =—a*p(uv/a)(a/h)’, (8.83) 
F, =—adV/ay =— ra? p{(u?— v7)/2a}(a/hy. (8.84) 

For parallel motion (v =Q), the force of attraction is, then, 
F, =—aa*p(u?/2a)(af/hy (8.85) 


per unit length of cylinder. The force per unit mass is of the same order as 


158 THE ISOLATED FLUX TUBE 


u’/a and varies inversely with the cube of the separation. The criterion 
(8.79) for capture becomes 


D< ze 
o5 Hooo) \h 


and declines as h~*. The inverse cube relation for the attractive force is 
readily understood from the fact that the velocity perturbation produced 
by one cylinder at the position of the other varies inversely with the 
separation h. Hence the Bernoulli effect Ap varies as h. It is the 
gradient of the Bernoulli pressure Ap that causes the attraction, leading 
to h~. 

It was pointed out that, in the region above the surface of the sun, two 
flux tubes repel each other with a force 


F.= 7a’ pVila/hy’. 


Beneath the surface of the sun the tubes attract each other with the force 
(8.85) for the motion u perpendicular to their axes (see Fig. 8.6). The 
attraction over any length of cylinder tn excess of L overcomes the 
repulsion, where LF = F,, or 


L =1hV2/u?. (8.86) 


With u comparable to V, the mutual hydrodynamic attraction over a 
length equal to one-eighth of the separation 2h of two tubes is sufficient 
to overcome the repulsion and bring the tubes together. It would seem, 
then, that the mutual magnetic repulsion of magnetic knots of like 
polarity is readily overcome by the mutual hydrodynamic attraction of 
rising flux tubes. The observed mutual attraction and coalescence of 
magnetic knots appears to result from hydrodynamic attraction. The effect 
continues so long as the flux tubes are rising. Once the flux tubes 
approach a vertical posture and cease to rise, there is no longer a mutual 
hydrodynamic attraction. Separate magnetic knots repel each other and 
flux tubes already bundled together to form a sunspot are inclined to 
separate again into individual magnetic knots (unless other forces come 
into play to hold them together; Meyer et al. 1974). 

The mutual hydrodynamic attraction of two rising flux tubes separated 
vertically as well as horizontally can be worked out along the same lines 
as the simple case of two tubes on the same level. However, the algebraic 
manipulations are formidable because of the loss of the principal sym- 
metry of the problem. The example of two tubes rising side by side is 
sufficient to illustrate the principles. We turn to the other symmetric 
situation, in which one tube follows directly behind the other. 
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8.9.3. The longitudinal attraction of rising tubes 


The physical principles involved in the mutual hydrodynamic attraction 
of two rising flux tubes following one behind the other are readily 
illustrated by the properties of the wake behind a horizontal circular 
cylinder rising upward through a passive fluid. The passage of an object, 
such as a flux tube, through any but an ideal inviscid fluid is accompanied 
by a drag force F, on the object. After a time t the total momentum 
imparted to the fluid is 


t 


Momentum = | dt’F,(t’). 

0 

The momentum spreads out from the path of the body so that the motion 
of the fluid is slower than that of the body, with the result that the moving 
fluid is soon left behind and is termed the wake of the body. The intimate 
relation between the drag and the wake of a moving body has led to an 
extensive study of wakes by aerodynamicists (cf. Goldstein 1938; Coutan- 
ceau and Bouard 1977). The properties of wakes are remarkable, their 
vortex structure exhibiting beautiful symmetric patterns behind the mov- 
ing body. Mathematical formulations of comparable beauty have been 
developed to describe the wake (cf. review in Goldstein 1938). The 
elementary mathematical treatment of the long thin wake of a cylinder 
moving transversely with constant velocity U through a homogeneous, 
and initially static, fluid is well known. If the cylinder is moving along the 
x-axis, leaving behind a narrow wake that spreads out in the y-direction, 
then, in the frame of reference of the wake, the Navier-Stokes equations 


pív. V)w=—Vp+yuV-v 
reduce to a simple form. Far down stream the fluid in the wake has nearly 
the background velocity U in the x-direction, so write v, = U + êv, where 
dv, « U. The principal velocity gradients are across, rather than along, the 
wake (d/dy >0/dx) so that the incompressibility, 


d6v,/0x + ddv,/dy = 0, 


leads to a transverse velocity v, that is small compared to the longitudi- 
nal velocity 5v,. Neglecting 0/dx except where it is multiplied by U, and 
neglecting ôv, compared to 6v,, the x-component of the Navier-Stokes 
equations reduces to 


pUd6v,/dx = ug dv,/dy”. 


This equation is nothing more than the familiar heat flow equation with t 
replaced by x. The desired solution is 
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for which dv, is a maximum on the path of the body along the x-axis and 
falls to zero at x = +œ and y= +, It is apparent that the characteristic 
width of the wake is (4p/pU)*x2, increasing in proportion to the square 
root of the distance x behind the body. If a is the radius of the cylinder 
producing the wake, then the Reynolds number is R=pUa/j and the 
width of the wake can be written simply as (x/a)/R?. The forward 
velocity ôv, in the wake declines only very slowly, x2, with distance x 
behind the body, from a value at high Reynolds number that is compara- 
ble to U immediately behind the body. It is the extended upward motion 
of the fluid in the wake of a rising tube that hastens the upward progress 
of a tube back in the wake, causing it to catch up. 

Now any attempt at a quantitative assessment of the upward motion in 
the wake of a rising flux tube in the sun must include the effect of the 
pre-existing turbulence and the effect of the convective forces that boost 
the wake along in its upward motion. The effect of the pre-existing 
turbulence may be included in a conventional, if not precise, manner 
using the familiar mixing length theory and the concept of eddy viscosity. 
On the other hand, the effect of the convective forces, which tend to 
accelerate the rising flux tube and its wake, is beyond the scope of the 
present introductory treatment and will be discussed but not treated 
quantitatively. 

Consider, then, the rate of rise U of the flux tube producing the wake. 
As a starting point, note that the rate of rise of a tube, with circular 
cross-section of radius a, through an atmosphere with neutral convective 
stability (i.e. a temperature gradient equal to the adiabatic gradient) is 
given by (8.60), where the drag coefficient Cp is equal to 30 for a 
Reynolds number Ng =1, and to 4 at Np= 10. The analytic form (8.61) 
applies (as well as 8.60) if the eddy viscosity of the background turbul- 
ence of the convective core is strong. Putting the mixing length | equal to 
the tube radius R, the Reynolds number is 


Na = (9n/Cp)(R/A)EV a/v. 


The numerical factor (97/C,) is of the order of unity for Ng= 1. The 
tube radius near the surface of the sun is presumably comparable to the 
scale height, so (R/A)?=O(1). We are concerned with intense fields, 
considerably in excess of the equipartition value (see §§10.10 and 10.11). 
With Vi =10v7 immediately below the surface, and probably larger at 
depth, it follows that Np=3 and Cp=10. Hence, it follows from (8.60) 
that the rate of rise is 0-5 V, or more. With such large velocities the 
Bernoulli effect is strong, so that the horizontal attraction of rising tubes 
is effective to large distances. The characteristic Reynolds stresses pu* = 
oV in the wake exceed the Reynolds stresses pv? of the ambient 
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turbulence, dying out inversely with distance back along the wake. Hence 
the wake effect is strong. 

We do not attempt to calculate here the enhancement of the wake of a 
rising flux tube by the convective forces. It is possible that the wake 
initiated by a passing tube may go on to develop an identity of its own, 
feeding on the convective energy available from the superadiabatic 
energy gradient. Thus the first tube to rise through the region may initiate 
a column of upwelling fluid that persists for some time afterward. Subse- 
quent tubes are caught up in the rising fluid so that they are boosted 
along the trail initiated by the first tube. The passage of subsequent tubes 
serves to redefine the rising column of fluid and reaffirm the established 
trail. 

Altogether, the observed mutual attraction of magnetic knots on the 
surface of the sun seems to follow in a straightforward way from the 
hydrodynamic effects of rising flux tubes. Without such effects the mutual 
repulsion of knots of like polarity, and the tension along the lines of 
force, would dominate, leading to the breakup of magnetic knots and 
pores, rather than their coalescence. Breakup and decay is exactly what 
occurs when the tubes cease to rise through the surface, i.e. when no new 
flux appears. It is only the rising flux that has the attractive effects 
associated with it. 


8.10. Transverse oscillation 


The transverse oscillation of a slender magnetic flux tube about the 
equilibrium path merits brief attention. To treat the two-dimensional 
problem first, consider the magnetic field B in the z-direction confined in 
equilibrium to the slab —a < y < +a, whose centre plane coincides with 
the xz-plane. The whole is immersed in an ideal, incompressible fluid of 
uniform density p. Imagine a small transverse sinusoidal displacement of 
the slab in the y-direction by the amount &(z, t)=e exp i(wt—kz). In 
keeping with the idealization of a slender flux tube, assume that e, ak « 1. 
The fluid outside the tube is initially at rest, so that it has no vorticity. 
The displacement of the slab sets the fluid in motion, and the velocity 
v(y, z,t) can be written as —V@®(y, z, t). The velocity satisfies Euler’s 
equation 

dv/dt+(v.V)v+Vp/p = 9. 


Noting the vector identity (v . V)v = (V xv) xv+Vv7/2, the equation can 
be written 


V{—a@b/at+3(Vb) + p/p} =, 
leading to the well known result 


ajat = p/p +3(V®)? + constant. (8.87) 
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Now since V . v=0, it follows that V’® = 0. The transverse component 
(the y-component) of the displacement is continuous across the bound- 
aries y = +a. Hence, for the space y =a to the right of the slab, write 


= +(iwe/k)exp{—k(y — a)sexp ilwt — kz), 


with a similar expression to the left (y = —a) in which the y-dependence 
is -~exp{+k(y+a)}. Then neglecting terms second order in e, the as- 
sociated pressure fluctuations follow from (8.87) as 


pty, z, t) = pd@/at 
= —pe(w’/k)exp{—k(y — a)}exp i(wt — kz) 


in y >a, with a similar expression for y = —a. 

To write the equation of motion for the slab of field and fluid, denote 
by F the tension per unit area in the field, equal to B*/47 for a uniform 
field in the z-direction. Then, to first order in the displacement €&(y, z, t), 
the curvature of the slab is 6?&/@z*, around which the total tension 2a7 
produces a restoring force 2a%d’&dz*. The pressure of the fluid outside 
exerts a combined force —p(a, z,t)+p(—a,z,t) on the surface. Al- 
together, Newton’s equation of motion for the slab is 


a 
rap 2$ = 207 2- pla, z, t)+ p(—a, z, t). 
Substituting the expressions for € and p, and cancelling all common 


factors, yields the dispersion relation 
w°(14+1/ak)—k*F/p =0 
or a phase velocity 
wlk = +(#/p)(ak)3/(1 + ak)? 


We recognize (J/p)2 as the expression for the velocity of propagation of a 
transverse wave in a string with tension J and density p, equal to the 
Alfven speed V, = B/(4mp)? in a uniform field B. The reduction of phase 
velocity by {ak/(1+ak)¥ is the direct result of the inertia of the external 
fluid, which is set in motion out to a characteristic distance y = +1/k from 
the slab no matter how thin the slab (ak « 1). Hence, the longer wave 
lengths propagate slower. The waves are dispersive, so that wave forms 
are not preserved during propagation. The group velocity dw/dk is larger 
than the dispersive phase velocity by the factor (3 +2ak)/2(1 + ak). 

A flux tube limited to a finite cross-section, in place of the infinitely 
broad slab, is not so heavily burdened by the external fluid. The tube slips 
back and forth without forcing more than the local fluid into motion. The 
phase velocity is corresponding larger, equal to V,/V2 for a tube with 
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circular cross-section. To demonstrate this consider a flux tube with 
radius a extending along the z-axis and undergoing a periodic displace- 
ment =e exp i(wt—kz) in the y-direction, where e « a <« 1/k. In view of 
the long wavelength 27/k in the z-direction, the motion of the external 
field is principally in the x- and y-directions. If w denotes distance 
(x?+ y’)? from the z-axis and ¢ the polar angle measured from the x-axis, 
then the velocity potential of the external fluid is 


® = (a*eiw/aw)sin o exp i(wt — kz), 


satisfying the boundary condition that the radial component of velocity is 
continuous across w =a, on which ve =sin ġo dédt. It follows that the 
associated pressure fluctuation is 


p(@, ġ, t)=— pa?w*(e/w)sin p exp i(wt — kz). 


Consider the equation of motion in the y-direction for the thin slice of 
the flux tube contained in the interval (x, x +dx). The width of the slice is 
2a sin ¢ in the y-direction so that Newton’s equation yields 


. d é . H 
2pa sin œ dx =2af sind dx-37 pla, db, t) dx + p(a, — p, t) dx. 


Substituting the expressions for € and p, and cancelling all common 
factors, yields the dispersion relation 


w° |k? =F /2p, 


independent of x. All parts of the cross-section oscillate together, so that 
the circular cross-section is preserved. It should, however, be noted again 
that the cross-section of the untwisted tube has only neutral stability. 

For the tension J = B’/47 of a uniform field B along the tube, w/k is 
just the phase velocity +V,/V2. The phase velocity is only slightly 
impeded by the external fluid. The waves are non-dispersive so that forms 
are preserved during propagation. 

It is a simple exercise in elliptic coordinates to work out the phase 
velocity for a tube with an elliptic cross-section of arbitary orientation 
relative to the direction of oscillation. Detailed calculations for surface 
waves in a slab of field, and for the oscillations of a slab for which ka 1s of 
the order of unity, or greater, have been given elsewhere (Parker 1974). 
It is also a simple matter to treat the oscillation of flux tubes with an 
internal density p; different from the surrounding fluid. But the consequ- 
ences are neither surprising nor of general interest, so we do not burden 
the reader further. 

It is evident that signals can be transmitted along the slender flux tube 
at speeds only a little less than the Alfven speed. In the real world the 
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waves are damped by viscosity, so that their range of propagation is not, 
of course, unlimited. In the convective zones of stars, where the isolated 
flux tube is expected, the eddy viscosity of the turbulent convection is the 
dominant effect. The convection produces the principal signal and is also 
the principal agent for the destruction of that signal. Consequently it is 
not evident that one can learn much about subsurface conditions from the 
twitching of the flux tubes appearing at the surface of a star. 

Twisted magnetic flux tubes are taken up in the next chapter. Their 
circular cross-section is stable, rather than neutral. The mean tension is 
less than B*/47, so that the phase velocity of transverse waves is reduced, 
all the way to zero in the limiting case of strong twisting. 


8.11. Summary 


There are two points that emerge from the basic theory. The first is that 
in hydrostatic equilibrium the field density at any place along a slender 
flux tube uniquely determines the field density everywhere else along the 
flux tube, in terms of the temperature of the gas in which the tube is 
immersed. The result was worked out for the simple case of a tube of 
small cross-section across which the field is uniform. It is clear from the 
nature of the problem, however, that a large number of elemental tubes 
of different field strength can be placed side by side to form a tube whose 
field varies over the cross-section. So the statement of unique determina- 
tion of B along the tube applies to any slender tube whether its field is 
uniform across the diameter or not. 

There are a number of obvious conclusions concerning the detailed 
behaviour of the magnetic fields observed, for instance, in the solar 
photosphere. Their most outstanding feature is their remarkable concent- 
ration, to fields of 10°G or more in the thin tubes in the supergranule 
boundaries, and to 3-4 10° G in sunspots. Their existence over periods 
of more than a minute implies transverse hydrostatic equilibrium (8.6), 
from which we conclude that the pressure within is reduced, by some 
mechanism somewhere along the tube, by the amount B?/87 below the 
ambient gas pressure. Indeed, the longevity of the concentrated fields 
Suggests in many cases an approach to longitudinal hydrostatic equilib- 
rium along some extended length of the tube. In such cases, the concent- 
ration of field at the surface reflects conditions along the length of the 
tube, and not merely at the surface. We conclude that the concentrated 
tubes cannot be in thermal equilibrium with their surroundings 
everywhere along their length if they are also in hydrostatic equilibrium, 
because, if they were, then, as noted in §8.2, the ratio of the Alfven peed 
Va in the tube to the sound speed Vg in the gas is independent of depth 
below the surface. But B?/87 is comparable to p. at the surface and 
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hence everywhere below, indicating that V, = Vs everywhere below the 
surface. According to the results of $8.7, the tubes would rise at the 
sound speed and escape from the sun in an hour. One might save the 
situation by anchoring the tubes in the deep stable interior below the 
convective zone, but with such permanent anchorage, it is then difficult to 
understand their origin and their variation with the sunspot cycle. Their 
intensity would reach 2x 10°G at the base of the convective zone! It 
seems more conservative to suppose that the tubes are not everywhere in 
thermal equilibrium with their environment (see §10.10). 

The cool sunspot is clearly not in thermodynamic equilibrium with its 
surroundings, of course, and, as pointed out at the end of §8.3, its intense 
field appears to be a direct consequence of this fact. The accumulated 
effect of the cooling over many scale heights produces the concentrated 
field at the surface, with the magnetic pressure comparable to the gas 
pressure. The small flux tubes in supergranule boundaries may be simi- 
larly accounted for (Parker 1976, 1978a; Roberts 1976) but there are still 
many unanswered questions on their stability, etc., just as with sunspots. 
It may be that there are dynamical effects, in addition to the hydrostatic 
forces discussed so far, but that is a topic for discussion in Chapter 10. 

The second point is the magnetic buoyancy of the magnetic flux tube 
which prevents an overall hydrostatic equilibrium. We worked out in §8.6 
the arched equilibrium path of a slender flux tube in a stratified atmos- 
phere when the two ends of the tube are ‘clamped’ in some suitable way. 
We found that if the tube is held in clamps separated horizontally by 
more that a few scale heights, they cannot hold down the tube between. 
That part of the tube floats up through the atmosphere and escapes into 
space. The rates of rise worked out in §§8.7 and 8.8 indicate that there is 
no possibility for ‘clamping’ flux tubes in the solar convective zone, but in 
the stable solar interior below, the rate of rise of fields of 10°-10° G is 
sufficiently slow that they may be considered clamped for many purposes. 
From these facts we conclude that the continual emergence of magnetic 
fields through the solar photosphere is an inevitable consequence of the 
presence (and generation) of magnetic fields in the convective zone. 

Altogether it would appear that in no stellar interior is it possible to 
store primordial fields of such pressure as to affect the internal structure 
of the star. In no stellar convective zone is it possible for there to be fields 
of 107 G or more that do not make their appearance at the surface of the 
star. Indeed, the rapid rate of rise of such modest fields restricts their 
generation by the hydromagnetic dynamo effects of the convection and 
circulation to the lower parts of the convective zone, which is a point of 
concern in Chapter 22. We may safely say that if no fields appear at the 
surface of a star, then there are none of any significance in the convective 
zone. We will take up the matter again in Chapter 13 where the question 
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of buoyancy and the escape of magnetic field is treated from the point of 
view of the Rayleigh-Taylor instability. 
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9 


THE TWISTED FLUX TUBE 


9.1. Basic properties of a twisted tube 


THE magnetic flux tube appearing in the turbulent astrophysical environ- 
ment cannot be entirely free of twisting, and is often referred to as a flux 
rope. Only a few revolutions in a long tube are enough to produce the 
qualitative dynamical effects of instability and non-equilibrium. The tor- 
sion concentrates in the upper expanded portions of the tube, reducing 
the total tension in the flux rope to zero and negative values, causing 
buckling of the tube into a corkscrew form. Hence, if there are two or 
three revolutions anywhere in a long tube, they will be concentrated at 
the apex of the tube where the tube emerges through the surface of the 
star, causing dynamical non-equilibrium, dissipation, and general activity 
(Parker 1974, 1975a). Thus it is no coincidence that the flux ropes 
observed emerging through the surface of the sun are often active. Their 
activity reflects the concentration at their apex of some modest degree of 
torsion produced by the convection and circulation at depth. Indeed, the 
accumulated torsion at depth is severely limited by escape to the apex and 
immediate destruction through line cutting, etc. The non-equilibrium of 
the flux rope under most astrophysical circumstances is a major source of 
stellar, and perhaps galactic, activity, and merits examination in some 
detail. 

The equilibrium magnetic configuration of a uniform axi-symmetric 
twisted flux tube of radius R with field components b, (w) and b,(a) is 
given by (6.11) as 


p(w) + b2(a)/8 7 = f(a) +w dffda, bi(a)/8 r =—t@dfidw (9.1) 


where w denotes distance from the axis of the tube (the z-axis) and p(@) 
is the fluid pressure. The generating function f(a) is the total pressure 
p+(b2+b%)/8a and is arbitrary except that f2=0, df/dw<0, and 
d(w*f)/dw = 0 in order that the field components be real and the pressure 
p positive. The equality signs in the first two conditions are achieved only 
for the tube without twisting, and in the third only for a purely azimuthal 
field (complete twisting). The total pressure is continuous across the 
lateral boundary w= R of the tube, so that f(R) is equal to the ambient 
pressure outside. For the present we suppose that the tube is surrounded 
by a gas of uniform pressure P= f(R), although pressure variations with 
height, and the possibility of external magnetic fields, are taken up later. 
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Note that b? and p are entirely interchangeable within the freedom 
provided by (9.1) for radial stress balance. Thus if p is zero, it is replaced 
by a suitable magnetic pressure b2/87. In general if p(w) is constant 
across the diameter of the tube, it may be dropped from (9.1) by the 
simple expedient of replacing f—p by a new function, call it f again, 
representing the magnetic pressure alone. Then f(R) is equal to the fluid 
pressure increment P—p across the boundary rather than the total pres- 
sure outside. In the discussion that follows we frequently consider the 
simple force-free case p(ar)= constant, using (9.1) without the fluid 
pressure reckoned into f. 

The individual magnetic lines of force are helices of fixed radius w. The 
angle &(m) between a line of force and the z-direction—the pitch 
angle—is 


tan 0(@) = w dd/dz = b,(a@)/b,(w) 


O| wdfido \ 
E sap arz) l (2.2) 


where @ is the azimuthal angle measured around the axis of the tube. The 
equation for the line of force crossing z =Q at (Wo, do) is 


w = Wo, Z = Wy COt Bo(d — do), (9.3) 
the line making one revolution around the tube in a distance 
A(ar) = 27 dz/d@ 
= 2ara@ cot (o). (9.4) 


To understand fully the representation (9.1) in terms of the total 
pressure f(w) note that f(@)= constant represents a flux tube without 
twisting (b = 0), for which p+ b2/87r = constant across the interior. In the 
other extreme, the most rapid variation of f(@) is 1/m’, for which 
p+b2/87=0 and the magnetic field is the familiar azimuthal field of a 
line current, bẹ x% w `. The tube in this case is ‘completely twisted’ with 
b?=0. All possibilities between these two extremes are possible. 

A few remarks are in order on the form of f(a). To avoid the physical 
impossibility of infinite Ohmic dissipation in any small resistivity in the 
fluid, we suppose that the electric current density (c/4a)V Xb is finite 
everywhere within the tube. It follows that b, must vanish at least as fast 
as w toward the axis of the tube. Hence df/dw vanishes at least as fast as 
w and, in the neighbourhood of w=0, f(w) can be expanded as 
f(@) = f(0)+5f"(0)w" +... where f’(0)<0. Hence b drops out and 
p + b2/87 = f(0) on the axis of the tube. The theoretical maximum value 
of p+b2/8m at any radius w occurs if b,(@) = 0, so that the fluid and the 
longitudinal field must bear the full pressure. This follows formally from 
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(9.1) noting that f(@)<f(0) and df/dw <0. Hence the theoretical max- 
imum in the longitudinal field at a radius w occurs if there is a level place 
(a ledge) in the generally declining f(a), in which case p + b2/87 = f (w) < 
f(0). This upper limit on the longitudinal component of the field declines 
outward with f(@). Generally 52/82 will be less than the theoretical 
maximum, of course. Altogether, then, p(a)+ b2(w)/87 < p(0) + b2(0)/8 7 
because it must balance the accumulation of inward force from the 
tension in by. It will be shown in a moment that for fixed P, the mean 
value (p)+{b2)/8m across the tube is unaffected by the twisting. Hence 
p(0)+ 62(0)/8a must increase, and p(R)+52(R)/8m must decrease with 
the twisting of the tube, 


p(0) + b:(0)/8a > (p)+(bz)/87 > p(R) + b2(R)/87. 


This is perhaps the proper place to remark that we do not expect to 
find in nature flux ropes more complex than a more or less uniform twist 
across the radius of the tube, so that the azimuthal field b,(@) increases 
monotonically with w while p(@)+ b2(a)/87 declines monotonically. We 
expect neither local horizontal ledges in f(a), yielding layers of purely 
longitudinal field, nor local sharp drops, with f(@) « w”, yielding layers 
of purely azimuthal field. Above all we expect no layers of reverse twist in 
the flux tube; b, has the same sign for all w. The mathematics that we 
employ in developing the properties of flux tubes is quite general, of 
course, permitting all manner of field variation across the radius of the 
tube. But there is little reason at present to clutter our conceptual picture 
with more than the simple twisted tube. The exposition that follows 
concentrates on the simple case in which b2(a) declines monotonically 
with increasing radius, b2(0)>b2(#)>b2(R). The more exotic cases 
produce amusing field configurations upon radial expansion, but they 
seem to be of little practical application in astrophysics, and in any case 
the reader can see at once the consequences once he is familiar with the 
basic effects presented here. 

Now in the absence of a gravitational field, the pressure p(@) is 
uniform along each line of force, and in most cases is determined by 
external conditions at the ‘ends’ of the tube. Hence, with p(w) given, one 
thinks of the equilibrium in terms of an adjustment of b,(@) and b,(@), 
through local expansion or contraction, so that the radial gradient of 
(b> +b3)/8m balances —dp/d@ and the inward force b4/4am@ of the 
tension in the lines of force wrapping around the tube. If the external 
conditions are such as to produce p(@) = constant across the radius of the 
tube, then p drops out of f and the equilibrium adjusts itself into a 
force-free field with (b2+b%)/8m balanced solely against the tension 
b4/47 in the lines of force wrapped around the tube. It is the tension in 
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b, that produces the concentration of field toward the axis of the flux 
tube, but with the limitations cited in $85.4 and 6.3. In the present 
context note that the mean value of the pressure p+ b2/87 is 


ro 2 [° 1_ df 
(p) + (b2)/8 m = zl doe f+5 ot) 
4, (“twit 
R? J dw 
= f(R). (9.5) 


That is to say, the mean pressure of the fluid and longitudinal field within 
the tube is just equal to the external pressure exerted on the boundary of 
the tube. This relation for the force-free twisted tube is identical with the 
untwisted tube, as indicated in §8.1 by (8.6). 

For the force-free tube the condition reduces to (b<)/8a = f(R) where 
now f(R) represents the increment in fluid pressure at the boundary. 
Hence the mean square longitudinal field in a force-free tube is un- 
affected by the twisting. We may go on to show, then, that the mean 
longitudinal field declines with increased twisting: In the untwisted tube 
there is only a longitudinal field, and it is uniform across the tube; the 
square of the longitudinal field is equal to the mean square and to the 
square of the mean. When the tube is twisted, the longitudinal flux ® 
along the tube is conserved 


R 1 
P= 2n| devo f+; ost) 
0 


da 


while an azimuthal field appears and the tube radius R increases in 
association with the decline in the mean longitudinal field. The generating 
function—i.e. the total magnetic pressure—which was initially uniform 
across the tube, now declines monotonically from the axis to the bound- 
ary, so that b, is no longer uniform’. But if the longitudinal field is not 
uniform then the mean square exceeds the square of the mean, 


(bz) > (by. 


The inequality becomes more pronounced as the twisting increases. But 
(b2) is not affected, so for a fixed confining pressure increment P~ p, the 
mean longitudinal field declines as the twisting is increased. The twisting 


‘Only for the special case f(w)=C,+C,/w’, for which b2/8m=C,, does the 
longitudinal field remain uniform. But such a field has a singularity at w=0 
where an enormous fluid pressure gradient is required to balance the azimuthal 
field bal 8r = C,/©@°, contrary to our assertion that we are treating a force-free 
field. 
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increases the total field pressure f(@) within the tube because it increases 
the azimuthal field b3(@) = -3w df/dw, but it does so at the expense of 
the mean longitudinal field. It is important to keep these facts in mind 
when we come to the question of the very intense flux tubes (>10° G) 
that appear in, say, the solar photosphere. Contrary to the conventional 
folklore, twisted flux ropes cannot provide the effect. Only the peak field, 
in the neighbourhood of the axis of the tube, increases, while the rest of 
the field spreads out so much as to reduce the mean. 

To illustrate these effects consider what happens when a force-free flux 
tube is twisted uniformly along its length. Suppose that initially the flux 
tube is not twisted, with radius Ry and a uniform field By along its length. 
The field is confined by the fluid pressure increment P,= B4/87 at the 
surface of the tube. The total flux along the tube is ®= 7R7B,. Now 
suppose that the tube is twisted by one revolution in each 27a of length. 
The fluid pressure is held fixed along each line of force so that the field is 
force-free across the radius R and is confined by the same pressure 
differential Py across the surface. The generating function is 


f(@) = Po(1+ R*/a*)/(14 w/a’). (9.6) 


Initially, in the absence of twisting, a was infinite and f(@w)= Pp. It is 
readily shown that 


bz Po(lt+R*/a*) bg Po + R*/a’) w 

8m (+w? 8r (+a Y a?’ 
Hence b,/b, = w/a, and it follows from (9.2) and (9.4) that the distance 
along the tube per revolution is 2ra, independent of the radial distance 


w. 
The mean square fields are 


2 f me 2 
Gaze (Be) Po (ae*)n(t+)-1} 
while the mean longitudinal field is 
(b,) = Bo(1 + R?/a”)*(a?/R7)In(1 + R7/a’). 
Then the total flux is 
® = 7R*(b,_) 
= 7a” Bo(1+ R?/a’)? In(1+ R7/a”) 


and is fixed, of course. Hence, as a decreases with increasing twisting, this 
relation gives R/a. The decline of the mean field with increasing twisting 
(declining a) is shown in Fig. 9.1, together with the increasing radius of 
the tube and the increasing peak field on the axis of the tube. The total 
tension (eqn (9.10)) in the tube becomes negative when a/R falls below 
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Fic. 9.1. A plot of the mean longitudinal field (b,}, in units of the field By in the absence of 
twisting, as a function of the length a in which the lines of force make one revolution 
around the tube. The increase of the tube radius R and the peak field b,(0)/By are also 
shown. 


0-252, at which point the peak field has risen to 4-09 By and the mean 
longitudinal field has fallen to 0-73 By. Further twisting only causes the 
tube to buckle. 


9.2. Total tension and stability of a flux rope 


With the above facts in mind, consider the total tension J in the flux 
tube. For the uniform flux tube without twisting the total pressure 
p+62/8m is uniform across the tube, and is equal to the external 
pressure, so that the only outstanding stress is the tension b2/4a. It 
follows that for a tube of radius R, 


F = 7R*(b2/47). 


For the twisted tube, described by (9.1) in terms of the total pressure 
f(@), the net tension J in the tube above background is the integral over 
the cross-section of the total stress within the tube minus the uniform 
background pressure f(R). With the convention that tension is positive 
and pressure negative, it follows that 


bz 
ŽE ifl) -fR 


R 


5 = 20 


0 


dwol 


Cor ( doo 57! -2p(w) +f(R)}, 


daw 
= mR*{3f(R)—(f)— 2(p)}, 
= mR*[3{f(R)—<p)} +<p)}- (f), (9.7) 
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etc. where the angular brackets denote the average over the cross-section, 


R 


2 
N= | ool) 


etc. For a force-free field, in which the gas pressure p(w) is uniform 
across the radius of the tube, and so can be dropped from (9.1), the 
tension can be written 


J = wR*{3f(R)—(fy} 
= aR{3f(R)—(b2)/8 m — (bg)/8 7}. (9.8) 


If we suppose that the confining pressure increment f(R) remains un- 
changed, then (b2) is unchanged and the only effect of the twisting is to 
increase (bj). The pressure of b4/8a reduces the tension, and with 
sufficient twisting, the total tension becomes negative. The tube is under 
longitudinal compression rather than tension, causing it to buckle, going 
over into a corkscrew form. 

As an illustrative example, consider again the uniformly twisted, force- 
free tube (9.6). The tension is readily shown from (9.7) or (9.8) to be 


F = rR°P,{3—-(1+ a7/R*)in(1+ R*/a°}. (9.9) 


Twisting the tube (decreasing a) decreases the total tension, from the 
maximum value 


To = 7R°Bo/4a = 27R’P, (9.10) 


in the untwisted tube, to zero when R/a reaches 3-97, and to negative 
values, indicating a net compression, for R/a > 3:97. 

In the development that follows we will have frequent recourse to (9.7) 
and/or (9.8) as an indication of the stability of the cylindrical flux tube. 
The slender flux tube without twisting is stable, being stretched taut (and 
stable) by the tension wR*(B*/47) along its length (see §8.5). The 
introduction of twisting diminishes the tension until the simple cylindrical 
equilibrium form of the tube becomes unstable to buckling and kinking, 
which clearly must occur by the time the tension goes negative (if not 
before), placing the tube under longitudinal compression. The strongly 
twisted tube then slips into a corkscrew form for partial relief of torsion. 
Unfortunately the corkscrew equilibrium is difficult to treat. Further 
twisting brings adjacent loops of the corkscrew into contact with one 
another, and it will be shown in Chapter 14 that there is then no 
equilibrium at all. There is dynamical line cutting, and hence magnetic 
activity, at the contact areas, preventing the accumulation of further 
torsion. Altogether, then, active magnetic dissipation dominates and 
prevents torsion accumulating beyond the approximate upper limit indi- 
cated by J =0. 
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The complexity of the conditions for the onset of buckling may be seen 
from the fact that the tension is not uniformly distributed over the 
cross-section of the tube. The longitudinal magnetic stress density 1s 


(b2— b3)/8m = Po(1+ R7/a*)\l- w*/a*)/(i+ w/a’). 


It represents a tensile stress of Po(1+ R?/a°) dyn cm ~* on the axis of the 
tube, which increases as the twisting (measured by R/a) increases, but it 
falls to zero at the radius w =a. Beyond w = a the stress is compressive, 
rising to a maximum P,(R’/a*—1)/(R*/a* +1) at the surface of the tube. 
The compression at the surface increases asymptotically to Po for large 
R/a, while the tension along the axis becomes increasingly peaked there. 
It is the outer portions of the tube that impose the buckling. 

In this first exploratory exposition we will be no more quantitative than 
the approximate criterion J =0 for the onset of buckling and kinking, 
although it would be desirable, certainly, to work out more precise 
criteria in the future. To give an idea of the validity of this rough criterion 
consider the uniformly twisted rope 


b, = Bo, b = Bow/q 
so that 
p(a@) = p(0)—(Bo/47) @7/ 4°, 
f(a) = p(0) + (Bo/8 a) — w*/q°) 


out to a radius w = R, beyond which there is a uniform pressure P = f(R). 
The rope is untwisted and stable for R/q=0. It is readily shown from 
(9.7) that 


Hence ¥=0 when q decreases to 0-5R. Roberts (1956) treated the 
stability to infinitesimal perturbations directly from the hydromagnetic 
equations, finding the precise result 


q? =4l(k? + finn! R?) -m Ik? 


for marginal stability of the spiral mode exp i(m@+ kz) where jmn 1s the 
nth zero of the mth order Bessel function. We presume that with the 
onset of instability the equilibrium form of the flux tube changes from a 
cylinder to a corkscrew form, the degree of spiralling of the corkscrew 
increasing with further twisting. The first instability to appear as the 
twisting increases (q decreases) occurs for m=0, and then for k=O, 
choosing the smallest root jo, = 2-405. Roberts predicts instability when q 
falls below 0-83R, somewhat before the total tension falls to zero (at 
0-5R). 
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More recent work shows the situation to be somewhat more compli- 
cated, based on the fact that when the ratio of the mean values of the 
transverse and longitudinal fields b, and b, exceed the ratio of the 
circumference 27R to the length A of the flux tube, then the equilibrium 
is subject to the kink instability (Shafranov 1957, 1970; Kruskal and 
Tuck 1958; Kadomtsev 1966; Ware and Haas 1966; Raadu 1972; Furth 
et al. 1973; Goedbloed and Sakanaka 1974; Sakanaka and Goedbloed 
1974; Molodensky 1974, 1975, 1976). Thus a long straight tube is subject 
to the kink instability for very small amounts of twisting (b,)/(b,)= 
2mR/A. However, it appears that for small (b,)/(b,) there is a nearby 
equilibrium, of a slightly corkscrew form, that is stable. The larger is 
(by)/(b,), the more extreme becomes the corkscrew shape of the flux 
tube, of course. The criterion that the twisting be small enough for J >0 
in the straight tube is equivalent to the statement that the straight tube 
relapses into only a moderate corkscrew form. Further twisting of the 
tube increases the looping of the corkscrew, until adjacent loops touch 
and rapid reconnection occurs (see Chapters 14 and 15). Recent observa- 
tions of a flux tube in a solar flare (Cheng 1977) show the increasing 
corkscrew form of the flux tube as by increases relative to b,. 


9.3. Dilatation and stretching of a flux rope 


As a first example of the behaviour of a flux rope consider the 
equilibrium of a twisted tube of uniform radius R =c, described by (9.1), 
when the tube expands (or compresses) to a new radius C as a consequ- 
ence of a change in the fluid pressure on its boundary, at the same time 
that the tube is stretched (or contracted) longitudinally. It is obvious from 
the topological invariance of the lines of force in the infinitely conducting 
fluid that radial expansion and/or longitudinal contraction increase the 
pitch angle of the helical lines of force, i.e. on a given line of force b,/b, 
increases. The tension J along the rope is reduced, so that buckling 
occurs if the radial expansion, or longitudinal contraction, goes too far. 
Thus a flux tube can be made unstable by radial expansion or longitudinal 
contraction. 

To illustrate the basic effects as directly as possible (Parker 1974) 
suppose that the fluid pressure extending along each line of force within 
the tube is the same, so that p(w) is uniform throughout the tube (w < c) 
and the magnetic field is force-free, with 


b2(a@)/87 = f(w) +50 dffda, baw) =-jmdfidw. (9.11) 
The tube is confined by an external pressure excess 
Ap=P-p= f(c) (9.12) 


at the boundary w = c. 
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Then suppose that the tube is stretched lengthwise by a factor a, at the 
same time that the confining pressure excess Ap takes up the new value 
AP, which might be larger or smaller than Ap. The helical lines of force 
initially with radius w ultimately find themselves at some new radius 
Il=I(w), and the radius of the tube is C=II(c). The field components 
b,(@) and b,(@) are expanded or compressed to B,(II) and B,(ID. 
Assuming that in equilibrium the fluid pressure is again constant across 
the radius’, it follows that B, and B, can be expressed in terms of the 
generating function F(II), 


B2/8a=F+4dF/dil,  B4/8m = -4l dF/dll. (9.13) 
The boundary condition at the surface is 
AP = F(C). (9.14) 


Conservation of the longitudinal flux initially through the annulus 
(w, w+dw), and ultimately through (T, TI +dII), requires that 


b,(@)a dw = B, (DI dll. (9.15) 


Conservation of azimuthal flux initially through dw dz at radius w, and 
ultimately through dll dZ at II, requires that 


bs (©) dw = aB, (I) dil. (9.16) 


Square (9.15) and (9.16) and use (9.11) and (9.13) to write the field 
components in terms of the generating functions f and F. Then introduce 
the new radial coordinates u= w°/L?, U=MN/L? where L is some 
suitable length scale, to be determined later to suit our convenience. The 
conditions (9.15) and (9.16) can be written 


d(UF)/dU = (du/d UY d(uf)/du, (9.17) 
a? dFjdU = (du/d UY df/du. (9.18) 


To obtain the differential equation for the mapping u(U), multiply 
(9.18) by Usa? and subtract from (9.17), obtaining 


F =(du/dU)*{duf/du —(U/«@’) df/du}. (9.19) 
Differentiate with respect to U and eliminate dF/dU with the aid of 
2 The mathematical problem is tractable for the more general case (9.1) wherein 
the field is not force-free, but it is necessary in that case to specify the new 


pressure distribution in terms of the initial p(w). The extra specifications then 
obscure the basic points of the illustration. 
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(9.18). The result is 
0= du jus ean U 1) 


dus a’ du 


AE (Se SaL) 1 df du 


2\dU) \ du? a du’) a du | (9.20) 


dU (dU? a? du 


Now before plunging into the formal solution of this equation, it is well 
to have an idea of what we wish to extract from it. We know from simple 
physical considerations that the degree of twisting is increased by radial 
expansion and reduced by compression. We would like to work out one 
or two illustrative quantitative examples, to show, for instance at what 
point the total tension J falls to zero and equilibrium ceases to exist. We 
will find that, in the limiting case of large expansion or contraction, the 
profile of the field across the radius of the tube approaches a simple 
asymptotic form, regardless of the initial profiles. For instance, for 
extreme contraction the field becomes uniform without significant torsion 
(B,/B, — 0, B, = constant), the vestiges of the initial twisting then being 
confined to a surface layer of vanishing thickness. For extreme expansion 
the field becomes essentially azimuthal (B,/B, —> 0, Bẹ «1/m@) with the 
vestiges of the longitudinal field confined to a small neighbourhood of the 
axis. A property of both of these asymptotic states is that the form of 
each is an invariant to both radial and longitudinal expansion or contrac- 
tion. Thus, obviously, a flux tube without twisting (the asymptotic limit of 
compression) remains untwisted for any expansion, no matter how large. 
It is equally obvious that a flux tube composed of an azimuthal field (the 
asymptotic limit of expansion) remains azimuthal for any degree of 
compression. As we shall soon see, there are intermediate forms of 
twisting which are also invariant. With this picture in mind, then, let us 
begin the tedious algebraic journey that leads ultimately to formal illust- 
ration of the effects. 


9.4. An example of dilatation and stretching 


Noting that (9.20) is homogeneous in f, it is clear that, without loss of 
generality, f(u) can be normalized to one at u=0. The generating 
function f(u) can be expanded in a series of ascending powers of u, 


f(u)= 1- u+au’ + azu? t..., (9.21) 


normalizing df/du to —1 at u =0 by suitable choice of L. Solution of 
(9.20) involves inverting this expansion? so, to consider the simplest 


‘Let 0=d(uf)/du— aU df/du so that (9.17) can be written d(In(du/dU))/dU + 
(d6/dU — a? df/du)/26. To proceed with the integration it is necessary to express u 
in terms of f and 8. 
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example, suppose that f(u) is expressed by the first two terms of the series 
f(u)=1-—u with the restriction u <3 so that the fields 


b2/8m=1-2u, b4/8a=u 


are real. The azimuthal field grows linearly with radius, while the lon- 
gitudinal field is uniform near the axis, dropping with increasing steepness 
to zero at w =L/./2. The fields may cut off at any radius less than L/,/2, 
of course, with the boundary condition (9.12). 
If du/dU #0, (9.20) becomes 
d*u du\? 1 du : 
1-2u+U )- (SE) +—5—- = 0. 22 
J07 í u lo ) dU a dU (9 ) 
To solve this equation, introduce the scale change U= a*y. Then write 
y= 1—2u+yp. The result is 


d? du\? 
(a 


which can be rewritten 


2dýldp dyd? _ 1 dy 
1-(dẹġ/du)} ydp 
The integral is obviously 
Y[1-(dy/du)]= constant 
or 
(dydy) = 1+ K/¥. (9.23) 


Hence 
1-2ut+p i 
u=] aul + Ky», (9.24) 
1 


where the arbitrary constant of integration has been evaluated from the 
fact that u and U both vanish on the axis of the tube.” 

Before proceeding further, the sign of K must be determined. Noting that 
O0<u<$ and w>0 it is clear that p> 0. It follows, from (9.23) and the 
requirement that du/dy be real, that K is positive or negative depending 
upon whether (dy/dy.)* is larger or smaller than one. Suppose, then, that 
the twisted flux rope is sufficiently expanded radially in proportion to the 


41n the circumstance that fluid has been injected along the axis of the tube, 
producing an internal column of fluid of radius u», the axis u = 0 maps into p, and 
the lower limit on the integral is 1+ po. 
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stretching a that u is larger than the corresponding u, so that 0< 
du/dp <1. Then since 


di/du = 1—2 du/dy, 
it follows that -1<dd/dy < +1, requiring that K be negative. If, on the 
other hand, the tube is compressed and/or stretched so that du/dy > 1, 
then d/d < —1 and K must be positive. 
9.4.1. Compression of the flux tube 


Suppose that the rope is compressed sufficiently so that du/dp > 1. 
Then di/du < —1 and (9.24) yields 


—p=(1-2u+p)y(K+1—-2u+p)i—(K +1) 
+ K sinh7'(1/K*)~ K sinh” '{(1 —2u + u)/ KP (9.25) 


where the negative sign is chosen because yw diminishes outward from the 
axis of the tube. The constant K is to be determined from the fact that c 
maps into C (with C<c). Altogether, then, the mapping u = u(U) proves 
to be a transcendental relationship. The generating function F(U) follows 
from (9.19) and (9.23) upon noting that du/du >1 so that O>dd/dy = 
—(1+ K/w). Then 


F = (duldy fot 
= (p4 -dylid Y 
= (W4 H1 +1 + Kipypy. (9.26) 


Given that the tube terminates where F has the value given by (9.14) at 
II = C (say at u = u, = &?°C?/L? and u=u,=c’/L”*) it follows that 
K = p HatAPi yey 1] (9.27) 
where h, is the value of 1—2u,+p, at the surface. This equation must 
now be solved simultaneously with (9.25) to obtain K and C/L for a given 
AP and a. 
In order to demonstrate the full effect of compression, suppose that the 
initial field f(a) extends all the way out to the limiting radius c= 


L/V2 (u.=4), where b, falls to zero and the total flux along the tube ts 
(Sar)arL7/3. Then w= u, in (9.25) and 


O=p.+ ui K+ p.2-(K+1)!+K sinh '(1/K2)—K sinh '(u / K}. (9.28) 
A strong compression (u, <« u,) reduces this to 

K2= (2/3) — ps— Gous +...) (9.29) 

with K related to AP by (9.27). It then follows from (9.25), neglecting 
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terms O(«”) compared to one, that 


b={1-(— pap/ pp =~ w/e)? (9.30) 
u =A[1 +u {11 pè) uF] 
=3{1 — (1 — w/a) (9.31) 
It follows from (9.19) or (9.26) that 
1 —2 u? 3 J 
F(u)= Dua! [1 +341- (1 — uu u] (9.32) 
uca 
1 , 
=o qth 3u p us}. (9.33) 
9uza 


Then, from (9.13), the longitudinal field is 
B2/8a=F+p dFidp 
1 f 3u, —4 
This field is uniform, with the value 
B?/8m = 1/9 pia" 


except in the very near neighbourhood (1 —p/p.<3m2) of the surface U,, 
where the field plunges precipitously to zero 


B2/8a = (2/27 w2a*)(1 — ul us). (9.35) 
The azimuthal field is 
B2/8a =—p dFidp 
= (u/9p2a*){1—(1— pdu uF (9.36) 
and is very weak compared to B2/8a except in the thin region at the 
surface 1—p/u,<32/2 where B3/8m jumps abruptly to its value 


142a% at the boundary. The total magnetic pressure is the sum of (9.34) 
and (9.36), giving the essentially uniform pressure 


F(w) = 1/9p 504 (9.37) 


(9.34) 


across the entire tube. 

It is evident that, if the initial tube did not extend out to u,=3, the 
outermost layers would be missing, and the abrupt drop of B, and rise of 
B,, would both be missing from the compressed tube. The compression 
would leave the tube essentially straight and untwisted, with the pitch 
angle @, given by (9.3), close to zero. 

It is obvious by inspection of (9.20) that the uniform untwisted flux 
tube, for which f = constant, is an invariant field form. For (9.20) integ- 
rates to du/dU = constant so that F = constant, from (9.19). 
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9.4.2. Expansion of the flux tube 


Suppose that the tube is expanded sufficiently that du/du<1. Then 
K <0, and it is convenient to write Q=—K>0, so that (9.24) yields 


u = (yp -— OY —-(1 - OF + O cosh "(h/Q)?— Q cosh™(1/QF. 
(9.38) 


If again we consider the complete flux tube, out to u,=3z, then again 
us. = u, and substitution into (9.38) yields the relation between p, and Q. 
For large expansion, u, > 1, u, the result reduces to 


oa fi- +0) (9.39) 


which is related to AP through (9.24). To this order yf =1+ mu and 


LfIn(14+ p) 3 3u 
u =z|4 ~ 1- ])+ m 
2i Inp, inu,/ 2(1+ p)in*p, 


2 1742 —1 1 
fir e 2 In ps | +f. 7 
(1+ p,)in py n“ Ms 


=i (9.40) 
It follows from (9.19) or (9.26) that, to the same order, 
F(w) = 1/{4a7(1 + u)ln (us). (9.41) 
Hence 
B3/8ap = B2/87 = 1/{4a7(1 + uyin (u). (9.42) 


The longitudinal field is negligible compared to the azimuthal field 
throughout the outer portion of the radius l= p< p,. The magnetic field 
is principally azimuthal. Generally speaking, longitudinal stretching of the 
flux rope has the opposite effect of radial expansion, reducing the 
azimuthal field in proportion to the longitudinal field and reducing the 
pitch angle of the spiralling lines of force. 


9.4.3. Invariant field configuration 


It was pointed out in §9.4.1 that the limiting form F = constant for 
compression is an invariant form of the field. So too is (9.41). To show 
this, suppose that f(u) is given exactly by” 


f(u)=1/(.+u) (9.43) 


5 This is the same form as (9.6), representing a helical field in which all lines 
of force make one revolution in the distance 27L. 
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for 0& u= +œ. Then (9.20) reduces to 
du 1 /du\? 1 du 
-— S) 4———=0 
du^ 1+u \dp l +u du 


(9.44) 


where again U=a’p. Then divide through by du/da and integrate, 
obtaining 
du ,, itu 


— =M 9.45 
du 1lt+pu ( ) 

where M is the constant of integration. Integrating again, 
lt+u=N(1+p)™ | (9.46) 


where N is the integration constant. If u and p are to vanish simultane- 
ously, we must put N = 1, so that 


lt+u=(14+yp)™. (9.47) 
It is obvious that M>1 yields du/du > 1, etc. If u, maps into u, then 
_ In(i+u,) 
~ inl +u)’ 


which determines M in terms of the expansion. It follows from (9.19) that 


1 +p /du 2 
Flu)= (l+u) (E (9.48) 
M? 
PETI (9.49) 


Thus the form of the generating function written in terms of u = Ua? is 

unaffected by radial or longitudinal expansion or contraction. The initiai 

field is 

N (Sar) p = (Sapo! L 
l+¢o@°7/L*’ b 1+? L 


b, = (9.50) 
The final field (B,, B,) is the same function of u, apart from the factor 
Mla? in magnitude and the change of scale from L to aL. They are 
shown in Fig. 9.2 as a function of radius u°. 

If initially the field is confined by the pressure differential Ap, it follows 
that 


1 +u, = 1/Ap. (9.51) 


Finally, when the confining pressure is AP, the tube is confined to w= p, 
where 


1+. = M?/o*AP. (9.52) 
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IE 
Fic. 9.2. A plot of the fields B, and By in units of M(87r)?/a from (9.49) and the total 
) 


tension (dashed line) in units of (7L?/a In?(1+u,) from (9.54), as a function of 2. The 
total field pressure, from (9.48) in units of M’/a*, is identical with B, in units of M(8 rla. 


Noting that u, is related to u, through (9.47), it follows from (9.51) and 
(9.52) that 
Ap = (@*AP/M*)™, (9.53) 
which serves to determine M, given a, Ap, and AP. 
As an example, suppose that a*AP = «Ap where e<« 1, so that the tube 
expands. Then, it follows with the aid of (9.52) that 


_ +In(.+p.)-2M In M 

~ In +p.) +In(1/e) 

_ In + p,) | 2MM htp), | 
In(1/e) Ind+p) Iad) ` 


_ in( + p,) 2 In(1/e) 
~~ In(1/e) £ "nae " linn ole. |. 


The total tension in the tube follows from (9.8), 
gT ea 3 by -1} 
a? Ind+p,) (+ pind + py) 


The tension declines to zero as u, increases to 15-8, as shown in Fig. 9.2. 
Hence expansion of the tube to m, = 15-8(C/aL = 3-98) destroys stability. 


(9.54) 


9.5. Variation of radius along the tube 


A slightly different problem is the equilibrium of a slender flux rope 
extending through an inhomogeneous atmosphere so that the confining 
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pressure Ap varies along the tube (Parker 1974). The problem is superfi- 
cially not unlike that of simple dilatation and extension treated above, 
although the equilibrium of the tube has some remarkable properties in 
the expanded portion of the tube. 

Consider first a flux tube with uniform radius c for z<—h and uniform 
radius C for z>+h. The radius may vary in any arbitrary manner 
throughout —h < z < +h, as sketched in Fig. 9.3. Then how is the field 
distribution b,(@), b,(@) at z=— related to B,(II), B,(II) at z= +0? 
There are three exact integrals of the equilibrium equations that relate 
the conditions at z=+, The first is the uniform extension of fluid 
pressure along the magnetic lines of force, so that, if the fluid pressure is 
uniform across the tube at z = —%, it is also uniform at z = +œ, It follows, 
then, that the field in the tube of uniform radius c at z=— can be 
described exactly by (9.11), while the field in the uniform radius C at 
z =+% is described exactly by (9.13). 

The second exact integral is the conservation of longitudinal flux in 
each annulus (w, w +d), (II, H +dIP between z = +0, This condition is 
expressed by (9.15) and (9.17). The third exact integral is the conserva- 
tion of torque along the annulus so that 


(9.55) 


This condition replaces the conservation of azimuthal flux (9.16). Any 
unbalanced torsion shifts coils of field along the tube, from the regions of 
small radius to the regions of large radius, until (9.55) is satisfied. 

Divide (9.15) into (9.55) and square the result so that the field can be 
written in terms of the generating functions. The result is 


df dF 
24 m —_—_—— 
w= UP (9.56) 


Fic. 9.3. A schematic drawing of the flux tubes of radius c and C joined through an 
arbitrary variation of radius in ~h <z < +h. 
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to be solved simultaneously with (9.17). Divide (9.56) by U and subtract 
from (9.17), obtaining 


r- (<4) Se) iar (9.57) 


OXU) du Udu’ 


Differentiate with respect to U and use the result to eliminate dF/dU 
from (9.56), obtaining the equation 


du {,d(uf) du d?(uf)/du\ 1 d / df 
o= 2A 4 (yr E 
dU |" du dU? du? \dU/ Udu\ du 


(9.58) 


The equation can be satisfied by du/dU =0 for which u = constant and 
F x 1/U, giving a purely azimuthal field, B, = 0, Bẹ ~ 1/@. Alternatively 
the differential expression in braces must vanish giving u = u(U). In that 
case the example f= 1—u, 0% u=} treated in $9.3 reduces (9.58) to 


du du /du\? u 
0 1—2 -(<*) al 9.5 
au 4% ae au) U (9.59) 


This equation is not subject to exact integration by elementary methods. 
So consider the two cases of extreme compression C« ¢ (u/U, du/d U > 1) 
and extreme expansion C >c (u/U, du/dU « 1). 


9.5.1. Extreme compression of the flux tube (C<« c) 


If the tube at z = +œ is enormously compressed relative to z = —%, then 
du/dU and u/U are both large, presumably to the same order. Then drop 
the linear term u/U from (9.59) compared to d?u/dU*. The equation is 
integrable, yielding 


2u=1-[1 {1-01 -2u.)}U/ UP 


where the constants of integration are chosen so that u(U,)=u, and 
u(0)=0. Consider the complete tube so that u, =3 and 


2u=1-(1~-U/U,». (9.60) 
It is readily shown that 

du l 

dU 3U,(1-U/U,}” 


which is O(1/U,) for U/U,<« 1, and increases without bound as U/U, —> 1. 
Hence the outer layer of the tube, of radius c, where b, goes to zero, is 
compressed into a thin layer immediately inside the surface of the small 
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radius C. The generating function follows from (9.57) as 


F(U)= + 
D =g t aU 
] 
= 1+ 0(U, 9.61 
api {t+ OWN) (9.61) 
to the order considered. Then the longitudinal field is 
B2/8m = 1/90}, (9.62) 


The azimuthal field is much weaker 
B3/8m = (U/UJO(U,") 


and cannot be computed properly to the present order. The flux tube is 
essentially free of torsion where strongly compressed. 


9.5.2. Extreme expansion of the flux tube (C >c) 


If the tube at z = +%, is enormously expanded compared to z =—®, 
then du/dU and u/U are both very small, so that the second-order term 
(du/dU) may be dropped from (9.59). The expansion enormously en- 
hances the degree of twisting, so that it is sufficient to limit discussion to 


small values of u, for which the twisting at z = —~ is slight. Neglecting 2u 
compared to one, (9.59) reduces to 
d'u u 
—;+t— = (). 9.63 
dU? U l ) 


The solution is 
u(U) = C UJ 2U) + CU Y,(2U?), 


where C, and C, are arbitrary constants and J; and Y, represent Bessel 
functions of the first and second kind. With the boundary conditions that 
u(0)=0 and u(U.)=u,, the solution is 


U?J,(2U?) | 
U)=u.—- 9.64 
MO" TOU) Oe 
Then 
duu Jo(2U2) o 
— = 9.65 
dU UJ (2 U3) ( ) 
and it follows from (9.57) that 
25 2(2U2) + (2? 
F(U)= uct mt U2) J7( )} (9.66) 


UJi(2U;}) 
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Hence 


B?_uiTiQU) By _uvi@U) 


8r URCUD 8m US(2U2) 


The fields B, and B,, and the total pressure F, are plotted in Fig. 9.4 out 
to the first zero of Ja (2U?) at U = U, = 1-4458 where II/L = U? = 1:2024. 

It is evident from inspection of (9.67) that the longitudinal field B, falls 
to zero at U = U,. Suitably choosing the sign to avoid negative B,, the 
field rises to a maximum beyond and falls to zero again at U=7-618 at 
the second zero of Jo, etc. This is odd, in view of the fact that the 
longitudinal field where the tube is compressed to u,« 1 is essentially 
uniform, b2/8m=1. The unphysical behaviour of (9.67) becomes absur- 
dity in (9.65), which yields du/dU <0 beyond Uo, whereas u(U) and 
U(u) represent a progressive mapping of one radius onto another. Both 
u(U) and U(u) must be non-decreasing functions of their arguments, and 
single-valued. Altogether eqns (9.64)-(9.67) are physically acceptable for 


(9.67) 


1-0 


ee ee 


0-8 


0-6 Bs 


0-4 


0-2 


0-0 0-4 0-8 1-2 
Fic. 9.4. A plot of the fields B, and B, in units of (87Uu?)?J,(2U2) as a function of 
radius U? from (9.67), together with the total pressure in units of 10(u2/U,)Jj(2U2) from 
(9.66). The total tension in units of mL?u? from (9.74) (dashed line) is given as a function of 
U2, 


188 THE TWISTED FLUX TUBE 


expansion of the tube out to U,= Uo = 1-4458. They are unacceptable 
beyond. But there is no physical obstacle to expanding the tube beyond 
U. = U. The confining pressure increment is AP = F(U,), with a value 


AP = uči Us (9.68) 


at U = Uo. If AP is made smaller than this, the tube expands beyond Uo. 
Noting from (9.65) that du/dU =0 at Up, it is evident from (9.59) that 


du/dU =0 (9.69) 
is the solution for U > Up, so that u = u, for all U > U,. Then 
F(U) = u2/U (9.70) 


and the field is entirely azimuthal, with B, =0 and 
Bs/8a = uz/U. (9.71) 


There is no longitudinal flux beyond Up. The lines of force of the 
azimuthal field where U,> U, are drawn entirely from the surface u = t 
of the tube. Altogether, then, where the expansion exceeds Uo, the 
equilibrium configuration is 


B? u2Ji(2U?) Bi us Ji(2U>) 


_ ) Ba | 9.72 
8n UOUS 84 U, OU) (9-72) 
with 
W2RQU)+RQU)} 
FU) = — 9.73 
(U) UoJi(2 U2) l ) 


out to Up, irrespective of how far beyond U, the tube is expanded®. Note 
that numerically we have U¿J (2 Uè) = 0-624. The field beyond Us is an 
azimuthal sheath, given by (9.70) and (9.71), with the outer boundary 
location II = C determined by the confining pressure AP = u?/U,. 

The lines of force that make up the azimuthal sheath in the portion of 
the tube expanded beyond U, arrived there by slithering along the 
surface of the tube from the less expanded portions as indicated in Fig. 
9.5. The topology of the lines is invariant, of course, because we assume 
infinite electrical conductivity. The helical coils are propelled onto the 
expanded portion, to achieve the equilibrium configuration required by 
(9.59), by the torque transmitted along the helical field. The surface of 
field forms a coil spring, which is weak in the expanded portion of the 
tube and strong in the compressed portion. Hence the spring in the 


° This asymptotic form is, oddly, just the special force-free field V x B= 2B/L, 
wherein the electric current is everywhere parallel and proportional to the 
magnetic field. 
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ly o 


Fic. 9.5. A sketch of the magnetic lines of force from the surface of the flux rope sliding 
along the tube and winding themselves onto the expanded portion of the tube, where 
U, > Up, to form an azimuthal sheath. 


compressed portion dominates and relieves its tension by unwinding, 
which then winds up the coil in the expanded portion where the field is 
too weak to resist. The transfer of coils proceeds at essentially the Alfven 
speed, the shifting coils of field being nothing more than torsional Alfven 
waves. 
Now consider the tension and stability of the flux tube. The tension in 

the tube out to U {< Uọ) is readily shown from (9.7) and (9.66) to be 

C 2_ p2 

J= 2n | amf Fup}, 

0 87 
where the first term in the integrand represents the magnetic stress and 
F(U,) represents the contribution of the reduced gas pressure within the 
flux tube. It is readily shown from (9.66) that the magnetic contribution is 


Tu= WL? u2Jo(2U2)/ U2F,(2 U2), 


which falis to zero as U, increases to Uo = 1-4458. The contribution from 
the pressure is 


Tp = 7L*U,F(U,) 
so that the total tension is 
F = wL7{u2Jo(2U2)/ U2, (2 U2) + UF(U,)} 
_ mL’u? 
J2 U>) 
and is plotted in Fig. 9.4 as a function of U, for U, = Up. As U, increases 
to Uo, Jy, declines to zero and the total tension takes on the value 
F = TL U F(U) 
= 7h u?. (9.75) 
If the radius of the type is expanded beyond U,, the field within the 


longitudinal core U< U, remains unchanged, contributing nothing, there- 
fore, to the total tension. The confining pressure increment declines as 


{J3(2 U2) + J3(2 U2) + Jo(2UD J, (2 UA / US, (9.74) 
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F(U) = u2/U, with U,> Up, so that the total contribution of the longitud- 
inal core is the tension mL? U F(U) = 7L’uzU>/U, produced by the 
reduced pressure. The azimuthal magnetic field in the sheath Uo < U < U, 
contributes only a compression (negative tension), in the amount 
B3(11)/87. The total contribution of the azimuthal sheath, including the 
reduced gas pressure F(U,), 1s 


U, 
J= TL’ l d U{- B41)/8 7 + F(UD} 


Up 
= 7h? u2{1— Uo/ U, —1n(U./ Uo)} (9.76) 


with F(U)=u2/U. The total tension in the longitudinal core and 
azimuthal sheath is, then, 


F = rL’ u — lal UJ Uh. (9.77) 


The total tension falls to zero when U, reaches eU,=3-93, and is 
negative (representing a net compression) for larger U,. Evidently the 
azimuthal sheath cannot be extended beyond C/L = 1-98, if indeed it can 
develop as far as that. 

As a matter of fact, we saw in §9.2 that at least in one special case 
instability occurs before the total magnetic stress 


o 
Jm” 27| dII(B2— B4)/87 (9.78) 
0 
falls to zero. The magnetic tension Jy, is less than the total tension by the 
confining pressure increment AP. For U,< U, the magnetic tension 1s 
wh ue 


U, 
Jau” t d 6 2 2) Si > 


mL uzto(2 U2) 
UCU) ` 


(9.79) 


which goes to zero at U,= Up. If this is a better criterion for the onset of 
instability than J =0, it raises the question whether the azimuthal sheath 
ever appears in nature. 

The azimuthal sheath is built up of coils of field that slither along the 
tube from the concentrated to the expanded regions. Since they come 
from an infinitesimal surface layer of the concentrated portion of the 
tube, it must take a very long time for them to accumulate on the 
expanded portion to build up the azimuthal sheath required for static 
equilibrium (Parker 1974). We would expect that, when a segment of a 
tube is first expanded, torsional equilibrium along the tube is not satisfied, 
but is established only after a period comparable to the Alfven transit 
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time along the tube. For a slender tube this may be long compared to the 
time over which the expansion occurred. When the segment is first 
expanded, the field in the tube is approximately in the state (9.42) or 
(9.50). The expansion may be to arbitrarily large radii if the confining 
pressure AP is sufficiently small. Then with the passage of time, and the 
redistribution of the helical lines of force along the tube, the distribution 
tends toward (9.67) and (9.68). If the expansion exceeds Up, the final 
redistribution of surface lines of force to build up the azimuthal sheath— 
compressing the longitudinal field back inside Us—takes a very long time. 
Hence, the expansion of a portion of a flux rope is followed by a long 
period of active redistribution of field coils along the rope to the ex- 
panded section. If the initial expansion (without torsional equilibrium 
along the tube) approaches U,=15-8, then the tension (9.54) goes to 
zero, so that instability, and then dynamical dissipation and line cutting 
between neighbouring loops of the corkscrew rope, are an evident result. 
For so large an expansion the re-establishment of equilibrium is a 
complicated procedure. If the line cutting proceeds fast enough, it may 
largely break the helical topology, reducing the twisting of the entire tube 
so that equilibrium is eventually achieved with only a modest torsion in 
the expanded portion and essentially none elsewhere. The result would be 
the loss of a large portion of the initial magnetic energy, the loss going 
into heat and motions of the fluid. 

A more modest initial expansion, say to U, = 10, might avoid the initial 
instability, but would become unstable as torsional equilibrium is estab- 
lished, with Fu vanishing for U,= 1:44 and J for U,=3-93. It is an 
interesting question whether the expanded portion of the tube for U,> 
U, = 1-44 can survive its instability to approach hydrostatic equilibrium 
without having much of the total twisting destroyed. Or does dynamical 
line cutting between loops of the corkscrew always cut back the total 
twisting, reducing u, by increasing L to where U,< Uo? Unfortunately 
these important dynamical questions lie beyond the elementary problems 
of static equilibrium treated here. Our illustrations indicate the singular 
nature of the equilibria, from which we infer the inevitable appearance of 
contortions and instabilities, without, however, telling us very much about 
the details of those dissipative effects. An alternative approach is to 
observe the fields in action in the sun, treating the sun as the ultimate 
analogue computer. Unfortunately the sun, the active stars, and the 
galaxy ‘compute out’ problems of magnetic activity under conditions that 
are often so complicated as to obscure the basic principles that it is our 
purpose to discover. 

The general conclusion from the calculations is that a flux rope is most 
strongly twisted where it is expanded, and twisted but little where it is 
compressed. If the expansion is extreme (U,> Uo), then the trend toward 
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torsional equilibrium along the tube builds up an azimuthal sheath on the 
expanded portions of the tube. Instabilities and dynamical line cutting 
may destroy the azimuthal sheath as rapidly as it is produced, with the 
result that no static equilibrium may be possible so long as there remains 
any significant twisting any where along the flux rope. 

It follows from these general principles that the flux ropes that emerge 
through the surface of the sun and expand into the essentially empty 
space above the photosphere capture most of the twisting from the 
compressed portions beneath the surface. The expanded portions above 
the surface sometimes show torsion, up to pitch angles of 3 = 7/4 (see, for 
instance, Nakagawa et al. 1971; Nakagawa et al. 1973). The fact that the 
torsion is often small above the surface suggests that there is very little 
(9< 1) in the concentrated flux ropes beneath the surface. Even 0 = 7/4 
where the field is expanded to 10° G above a sunspot extrapolates to 
920-1 back into the sun where the field is compressed to 4x 10° G or. 
more. The failure to observe any near to 7/2 is probably a result of the 
dynamical dissipation that sets in when the tension J is reduced near to 
zero. Much of the observed activity of flux ropes emerging through the 
solar photosphere is to be understood as the direct manifestation of the 
dynamical dissipation (Parker 1974). 


9.5.3. Invariant field configuration 


The limiting form (9.66) for the generating function is an invariant, as 
may readily be demonstrated from (9.58) by putting (Parker 1976) 


f(u) = J2(2u2) + J4(2u?). (9.80) 
Then if du/dU #0, (9.58) becomes 
n gdu Juz (sy “| 
J (Qu? — A -— ] -—/;=0. 9.81 
(2u) qg a laU) U 9.81) 
It is readily shown that 
wJ (2u) = QUJ (20>) (9.82) 


is an exact solution of (9.81), where Q is an arbitrary constant’. It follows 
from (9.57) that 


F(U) = QJ U+ J2 UD}, (9.83) 


which is the same form as f(u), q.e.d. 


"More generally write Z (Qu =c,J,(2u2)+ ce Y,(2u?) with f= Zi+Zi. Then 
uZ, (2u) = OU2Z,(2U") in place of (9.79), and F(U) = O7fZ3(2U%) + Z}(2U%)} in 
place of (9.80), ete. 
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The field components are 


b2/8a=Ji(2u), 3/8 w = J7(2u?) (9.84) 
Bz/8r=Q7°I2U2), — B3/8r = O77(2U?). (9.85) 
With the boundary condition U = U, for u = u, (9.82) yields 
Q = u2J,(2ud/U,(2U2) (9.86) 
and 
wT Ou) UCU) (9.87) 
uzJ (2u?) UJ (2 U3) 
The total tenston is 
, J20) JZU 
T=rL’ u J2 pire 7 F 9.88 
PS th Ud eT H UD POUD (9-88) 


which is essentially (9.74) again. The total flux is 
p = mL*(Sar Pugs, (2u). (9.89) 


It is evident from (9.85) that the longitudinal field b, falis to zero, and 
the field is entirely azimuthal, at the first zero of Jo, where u = U,. To 
avoid the uninteresting complications of another layer of field beyond, the 
solution is limited to u, < Uo, so that the longitudinal field has the same 
sign everywhere across u(U). It follows from V.B=O0 that the longitudi- 
nal field must have the same sign everywhere else along the tube. 

Now the invariant solution leads again to the azimuthal sheath when 
the expansion exceeds Uo = 1-4458, of course. It follows from (9.82) that 
du QJ,(2U?) 


dU Jud ” 


from which it follows that expansion to U, = U, = 1-4458 causes du/dU 
to vanish, with the physical absurdity that du/dU <0 if U, goes beyond 
Uo. Expansion to U,= U, occurs if the confining pressure increment falls 
to 


AP = F(U,), 
= O7F{(2U)). 
Using (9.82) to obtain Q in terms of u, and Up, it follows that 
AP = uJ (2u) / Up. (9.90) 


Expansion beyond Up, occurs if the confining pressure falls below this 
level, leading to the azimuthal sheath 


F(U) = u Ji(2u})/ U = B3/8 7. (9.91) 
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Thus (9.82) applies out to U = Up, with u = u, for U > Up. The position 
of the outer boundary U, is determined by the confining pressure AP = 
F(U), so thatë 


U, = u J? (2u2)/AP. (9.92) 


It should be noted again that the equilibrium field in the inner core, 
U< U, does not change as U, increases beyond Uo. The only effect of 
declining AP, and increasing U, beyond Uo, is the increasing thickness of 
the azimuthal sheath. Within U < U, the fields are 


BZ u,J{(2ua) 
8m UpJ?(2U8) 
B} _uJi(2ua) 
Si UJ l2 UX) 
The inner core is determined only by conditions in the compressed 
portions of the tube where u, < Uo. 
The total tension including both the longitudinal core (U < Uo) and 
azimuthal sheath (U< U < U,), is essentially the value (9.77) already 
computed, 


JU’), 


Ji(2U>). (9.93) i 


T = mL’ u J (2u2){1 —In(U,/ U,)}. (9.94) 


9.6. Vertical extension of a flux rope 


In §§8.2, 8.3, and 8.6 we worked out the equilibrium configuration of 
an elemental flux tube (without torsion) in a stratified atmosphere. The 
calculations show that there is no equilibrium if the ‘ends’ of the tube are 
anchored more than a few scale heights apart in the horizontal direction. 
If the feet are more widely separated, then the magnetic buoyancy 
overpowers the tension and the tube floats up through the atmosphere at 
approximately the Alfven speed (see §8.7). In this section we take up the 
same general question for the twisted flux tube. Equilibrium proves to be 
even more elusive than with the untwisted tube. Magnetic buoyancy 
overpowers the tension if the flux tube extends vertically more than a few 
scale heights, irrespective of how close together the feet may be an- 
chored. The apex of the tube floats upward, expanding, twisting, reducing 
the tension to zero, and taking the tube farther from equilibrium. 


This calculation assumes, as in previous examples (Parker 1975a), that there is 
some slight longitudinal component of field in the azimuthal sheath so that longi- 
tudinal hydrostatic equilibrium can be established and (9.95) is applicable. If 
(9.95) is not applicable, then an endless variety of circumstances can be imagined. 
One such case is treated in §12.4 where the curious result is shown that, if B, is 
identically zero, there is no convective equilibrium in the azimuthal sheath in the 
presence of any temperature gradient. 
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Consider again a slender flux tube whose radius R(z) is small compared 
to the local scale height A= kT/mg. It is clear that in hydrostatic equilib- 
rium the radius of the flux tube increases continuously and monotonically 
with height in the atmosphere. For instance, in the limit of small twisting 
the equilibrium radius increases exponentially with a scale height equal to 
4A (see §8.2); for strong twisting the radius increases with a scale height 
2A. Hence dR/dz = O(R/A), and, for a tube of sufficiently small radius R, 
the taper əR/ðz can be made arbitrarily small. Hence the representation 
(9.11) and (9.13) for a tube of uniform cross-section is applicable to the 
slender (0R/dz « 1) tube, neglecting terms O(R/A) compared to one. The 
mathematical formalism developed in 89.5 for the exact solution of the 
tube with uniform, but different, radii at z =—œ and z = +œ% is directly 
applicable to the problem of the slender tube of slowly varying radius. 
The three exact integrals relate conditions at two positions, say z = 0 and 
Z = 2Z,, along the flux tube, and the forms (9.11) and (9.13) provide an 
approximate representation of the integrals at the two levels. The only 
difference is that now, with a gravitational field present, the first integral 
is not uniform pressure but rather the barometric law dp/dz = —pg along 
each line of force. Thus, if the slender tube is assumed to be in local 
thermodynamic equilibrium with its surroundings, the pressure declines 
with height inside the tube in the same proportion as without. If the 
ambient pressure in the atmosphere is 


P(z)=P(0) exp] — [ azine}, 


then the confining differential pressure exerted on the surface of the tube 
is given exactly by 


AP(zAP(0)=exp} — [ azz) = G0), (9.95) 


as with the torsion-free tube (see §8.2). 

We now use the approximate relations (9.11) and (9.13) to evaluate the 
three integrals at z =0 and z =z,. Neglecting terms O(R/A) compared to 
one, the boundary condition at z =0 is 


f(u.) = AP(O) 
while at any other position z, 
F(U,) = AP(z) 
= f(u)G (2). 


Conservation of longitudinal flux and torque yield (9.17) and (9.56), 
respectively. The invariant form (9.80) for f(u) is as convenient as any 
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(see other examples in Parker 1975a). Then F(U) is given by (9.83) and 
(9.86), and it follows that 


Lau) oe) | „2u 
UL OUD u 2u) 
Solution of this transcendental equation yields U, in terms of G(z). We 
may as well suppose that the tube at z =0 is twisted but little (u, & 1) 
because the torsion increases rapidly with height and soon reaches large 
values anyway. Taking u,« 1, then, it follows that within a few scale 
heights U, is also small and (9.96) reduces to 


U2=uz/G(z) 


neglecting terms of the order of u, compared to one. The tube radius 
increases upward with a scale height 4A, while the field declines with a 
scale height 2A, as already shown by (8.8). 

The radius of the tube increases with height, with U, reaching the value 
U,= 1:4458, where the azimuthal sheath begins, at the level (call it 
z = Zo) where G(z) falls to 


Us 1 LA Y ~- 
G (zo) “U. {1 + J2(2u2)/J{(2ua)} 
o 


(9.96) 


= (u$/U H1 + O(u.)}, (9.97) 
Note that the buoyant force per unit length at the height z is 
F(z) = 7wC*(z) gAp(z), (9.98) 
= rL*U(z)AP(zV A(z), (9.99) 
= TL? U2) FCU,V A(z), (9.100) 
= (A/A)BS/877, 


where A is the cross-sectional area mC?(z). This last expression is 
identical with (8.58), of course, since the relevant field is B, at the surface 
of the tube. Equilibrium requires that F be balanced by the upward 
decline of J given by (9.88), 

dF /dz =—-F. (9.101) 


It is an elementary but tedious exercise to differentiate (9.88) with respect 
to U,, and (9.96) with respect to z to obtain dU,/dz to show that (9.101) 
is satisfied, i.e. to show the internal consistency of the Maxwell stresses. 
The point is that if F does not diminish sufficiently rapidly with height, 
then (9.101) will soon see J diminish to negative values. There is, then, 
no tension to oppose the buoyancy’, and hence no equilibrium. Such is 
the case in the azimuthal sheath. 


° The forma! mathematical possibility of holding down the buoyancy by compres- 
sion from above is not an available option in most physical circumstances. 
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The azimuthal sheath begins at the level z =z, where U, = Uo and 
extends upward from there. Above z = zo, F(U} is given by (9.91) so that 
the condition F(U) = AP(z) reduces to 


U, = uJ (2ug)/f(u)G(z). (9.102) 


The radius increases rapidly upward, with a scale height of only 2A. 
Now, the magnetic buoyancy per unit length is given by (9.100), and 
can be written 


F(z) = nL’ uJ Qud/A. (9.103) 


This is a positive quantity and essentially independent of height (except 
insofar as A=kT/Mg may depend upon z). The buoyancy of the 
azimuthal sheath alone is 


F 4(z) = (TL? NUJ (2u (U, Up) Uy (9.104) 


The azimuthal sheath is free to slide vertically on the inner core U< Ua. 
so we consider the stresses within the sheath independently. The tension 
in the azimuthal sheath (see (9.76) and (9.94)) is 


I y(z)= —a7L7uJ{(2u2){1 —In(U,/U,) — U,/U3 (9.105) 
Then with U, given by (9.102), it follows that 
dU,/dz = UJA, 
and it is readily shown that 
dF /dz =F 4, 


There is, then, a self-consistent hydrostatic equilibrium up to the level 
where F, given by (9.94), falls to zero. Denoting this level by z= 2), it is 
evident from (9.94) that U,=2-72 Us, at z,, and that z,=z,+A, so that 
the tension goes negative only one scale height above z,. There is no real 
physical possibility for holding down the flux tube above z = z}. Magnetic 
buoyancy takes over, running away with the tube to the top of the 
atmosphere. Any slender tube—even with a very small pitch angle at 
z = 0—extending more than a few scale heights above z =0, is susceptible 
to this runaway buoyancy. 

As an illustrative example suppose that the pitch angle is 9 =10° at 
z =0. It follows from (9.84) that uz=0-17 and from (9.80) that AP(Q) = 
1-0. It follows from (9.90) that the pitch angle increases to 7/2 at Zo 
where AP falls to ui/U, = 1/47-6 only four scale heights above z =0. Tha 
total tension vanishes in only one more scale height. Thus in five scale 
heights the twisted rope changes from a 10° pitch angle to catastrophe, 
with its upper portions (z > z,) running away up the atmosphere. 
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9.7. An idealized example of a vertical flux rope 


There is a particularly simple idealized example showing the runaway 
character of the non-equilibrium. Imagine a slender flux tube free of 
torsion, but which has a certain amount of azimuthal flux wrapped around 
it as a sheath. Imagine this magnetic cable in an atmosphere which buoys 
it upward, with the feet of the cable anchored in some suitably dense 
stratum at z =O. The azimuthal sheath is concentrated by the buoyant 
forces at the apex of the tube (discussed at length in Chapter 8 and 
sketched in Fig. 9.6) the relevant formulae being (8.8) and (8.9) for a field 
strength B,(0O) and tube radius R(O) at the reference level z =0. Suppose 
that the azimuthal sheath begins at zọ where the radius is Rọ. Above 
Z = Zo, then, the longitudinal core is of uniform radius Ro and uniform 
field strength B,(z), while the field in the azimuthal sheath is B,(@) = 
B.(zo)(Ro/w) out to w=R,(z) where Bi(w)=87AP(z). Hence with 
(9.95) it follows that 


I dz’ 
Riz) = Roexp|5 | =I (9.105) 


z=() 


Fic. 9.6. A sketch of the idealized flux tube composed of a purely longitudinal core 
surrounded above the level z =z, by a purely azimuthal sheath. 
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The total tension in the cable above zo is readily shown to be 


B2(z0) | 1 | dz’ } 
Gj = R246] HR , 
(z) Aa "lo 2 2, A(z’) 


which vanishes at z=z, just two scale lengths above z,. The total 
azimuthal flux in the sheath between its lower edge at z, and the point of 
runaway at Zz, is 


Zz, R(z) 
P, = | dz| dwB,, 


Ro 


zy R(z)} 
= B, (zRo | dz| dw aw, 
Zo Ry 


z 


= B, (2)Ro| dz n= 


l 
Zi 


= 3 B, (2)Ro| azf dz'/ A(z’). 


20 Zo 


If A is independent of height, then, with z, = z,+2A, it is readily shown 
that 


Pa =2B,(Z)RoA 
= 20A/7Ry (9.106) 


where @ is the total longitudinal flux 7R2B.(z,). 

The runaway flux is relatively modest, amounting to the azimuthal flux 
produced by twisting the tube of radius R, over a distance of only one 
scale height to a pitch angle of the order of 7/4. Note further that PD, isa 
declining function of the height at which the azimuthal sheath begins, 
because ® is constant, and A usually is constant or decreasing with height 
in most astrophysical bodies, while R, increases according to (8.9) with a 
scale height 4A. Thus the critical P, for runaway declines with height 
with a scale not larger than 4A. When runaway begins, then, conserving 
the total azimuthal flux, the system moves farther and farther beyond 
equilibrium. 

We can see, then, that a cable with an azimuthal sheath may be in 
equilibrium provided that it does not raise its head above the level where 
the azimuthal sheath is sufficient to runaway with it to the top of the 
atmosphere. Once the tube extends above that critical level, it is doomed 
to be carried up out of the body. 

Just how fast the non-equilibrium buoyancy will actually carry the rope 
upward is a difficult theoretical dynamical question, which our present 
equilibrium studies cannot answer. The Alfven speed is the characteristic 
velocity, but the precise answer depends upon the distance that helical 
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coils of field are shifted along the flux rope, in competition with line 
cutting and dissipation in the expanded portion of the tube. The basic 
point is the qualitative assertion that twisted magnetic flux tubes are 
continually active, and are soon irretrievably lost from astrophysical 
bodies, even more rapidly than the elusive untwisted tube, treated in 
Chapter 8. The ephemeral bipolar regions (Harvey et al. 1975) appearing 
in the solar photosphere and giving rise to the x-ray bright spots (Vaiana 
et al. 1973) are presumably a direct consequence of this general principle. 
There is no possibility of holding them down because J <Q, and once 
FJ <0, the apex buckles and kinks, becoming the seat of the dynamical 
dissipation that gives the enhanced x-ray emission (Parker, 1975a). 


9.8. Flattening of a rising flux tube 


The rate of rise of a slender tube of circular cross-section in an 
atmosphere unstable to convection was estimated in §8.7 to be of the 
order of the Alfven speed, as given by (8.60). It is this rapid rate of rise 
that leads to such severe non-equilibrium when the buoyancy overcomes 
the tension in the tube. Now the calculations in §8.7 were based on a flux 
tube without torsion. When a tube is twisted, but still force-free, the 
buoyancy is given by the expression (9.98). This expression is identical 
with (8.58) for the untwisted tube if it is remembered that the relevant 
field strength B is the field at the surface of the tube. Thus the charac- 
teristic Alfven speed is to be computed for the surface field and the 
external density. 

It was pointed out in §8.7 that the dynamical pressure of the external 
fluid on the rising horizontal tube tends to flatten the tube so that it 
becomes a horizontal ribbon whose width extends across the direction of 
rise. In the twisted tube the flattening is resisted by the stresses in the 
azimuthal component of the field, limiting the eccentricity of the cross- 
section to finite values. To work out what that 1s, consider the irrotational 
flow of an ideal fluid around the elliptic cylinder 


2 2 


— * y =] 
a? cosh*& a*sinh’& 


using the elliptic coordinates (see, for instance, Jeffreys and Jeffreys 1950; 
Morse and Feshbach 1953) 


x =a cosh € cos n, y =a sinh é sin n. 


The cylinder is given by = éo. Then if the fluid velocity v outside the 
cylinder is written as ~V®, the velocity potential ® satisfies (8.70) and, 
for incompressibility, V°® = 0. In the elliptical coordinates (é, 7) this is 


ao P/a +o Pan = 0. 


THE TWISTED FLUX TUBE 201 


Suppose that the external fluid moves with uniform velocity vo in the 
y-direction at large distance from the cylinder. Then the solution which 
reduces to = —voy at infinity and has v; =0 on the boundary & = & is 


P = —p,a{sinh €+3(1+exp 2&)exp(—é)}sin n. 
The components of the fluid velocity are 


ve=—(/h)ab/ag v, =—(1/h)ab/an 


m 


where h is the scale factor (a/2}({cosh 2& — cos 2n}. 
For a steady flow the fluid pressure follows from (8.70) as 


p= Pot 5p(v5- v”), 


where po Is the fluid pressure at infinity where the velocity is vy. Hence, 
on the boundary of the cylinder, where v; =0, 


2(sinh £+ cosh &)” cor a 


9.107 
cosh 2&)— cos 2n l ) 


p- po=Spv3|1- 
The pressure at the two stagnation points (x= 0, y = a sinh &; €= &, 
n = 77/2) is higher than the pressure at the sides (x =+a cosh &, y=0; 
E= ġo n=0, 7) by the amount 


Ap =3pv,(1 +coth &)’. (9.108) 


It is this pressure difference that tends to flatten the otherwise circular 
cross-section of the twisted flux rope. For a given vo the pressure 
difference increases monotonically with the degree of flattening, from 
2pvs for a circle (&)—> œ) to pv3j/2& for a very eccentric ellipse (č — 0). 
The large pressure difference for the eccentric ellipse is principally the 
consequence of the enormous flow velocity around the extreme edges, 
giving a large pressure reduction there. 

Now consider the equilibrium cross-section of the slender twisted flux 
tube extending across the flow. The tube is flattened to some degree by 
the pressure differences exerted on the tube by the flow. Suppose, then, 
that in polar coordinates the cross-section of the tube is 


R(d)= 5 R„e” cos 2nd, 
n=O 


where € is some small parameter. We suppose that the flow does not 
greatly flatten the tube, so that to a first approximation the first two terms 
of the series are an adequate representation, 


R() = Rot eR, cos 2¢. (9.109) 


To this order the boundary is an ellipse, with semi-major axis Rẹ+ €R, in 
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the x-direction, and semi-minor axis Rọ— €R, in the y-direction, corres- 
ponding to 
coth & = 1+eR,/R,+ Ole’) 
or 
o = 4 In(2Ro/eR,). 


The pressure difference (9.108) is, then, 
Ap = 2pve{1 + O(e)}. (9.110) 


The field within the tube follows from solution of (6.9) after choosing 
the form for the total pressure 
F(A) = p+ B2/87 


of the fluid and the longitudinal field B,. The vector potential A yields 
the transverse components of the field 


B,=(1/w)dA/dd, B = -dA/aw 


in the cross-section as a result of the twisting and flattening of the tube. 
The total pressure declines monotonically with increasing radius w be- 
cause it is opposed by the inward force of the tension in B, (see 
(6.10)-(6.14)). To guarantee this, regardless of the sign of A, write 


8mF(A)=B2- } BA”. 
n=l 


To keep the mathematics as simple as possible, truncate the series after 
n = 1, so that (6.9) becomes the linear equation 

VZ, A -BA =0. (9.111) 
The solution that is finite at the origin and tangential to the boundary 
(9.109) is'® 


A = B, Ro{Ip(By@) — €CL(B,@)cos 24} (9.112) 
where | 


C =B, R, LBi Ro hB: Ro). 
Then 


B,, = 2€CB (Ro/©)bL(B:w)sin 24, 
Ba =B Bı Roi-1,(Bi@) + €CI(B, mw )cos 2}. 


10 The field eqn (9.111) can be solved exactly for the elliptical boundary of 
arbitrary eccentricity using elliptical coordinates. The solution involves Mathieu 
functions of imaginary argument—-the modified Mathieu functions. The elegance 
of the exact solution seems not worth the enormously increased computational 
effort, since the boundary is elliptical only to first order in € anyway. 
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Neglecting terms second order in e the pressure of the magnetic field 
B, at the boundary is just B4/87, which to first order is 
B; BY 
Sm 8r 


— (BıRYX 4P —2eC(1, E — LI cos 24}, (9.113) 


where the modified Bessel functions are understood to have the argument 
B:Ro. The boundary condition is, of course, that the total pressure be 
continuous across the boundary. Hence the magnetic pressure must have 
the same variation around the cylinder as the external fluid pressure 
(9.107). For small e (large é), we have y =4, so that it is necessary only 
to write 2 cos*n =1+cos 2¢ in (9.107) and equate coefficients of cos 2¢ 
in (9.107) and (9.113). The result is the equilibrium eccentricity 


Rie Aapuol. 
“Ro BiB RVR LI) 
Ampvel, D 


SS (9.114) 
BZB RL- LI) 
The circumstance that B, = constant and B, is so small that B, Ro<« 1 
represents a flux tube with a uniform twist'', 


Ba = — B w] Ro 
with 
B. = (Bı Ro” B.. 


The lines of force all make one revolution around the tube in the distance 
A = 27B,/ By. The streaming of fluid past the tube, i.e. the buoyant rise of 
the tube through the fluid, produces the eccentricity 


ER,/Ro= (4rpva/ BEX] + O(B7Ro)}. (9.115) 


The eccentricity is small if the rate of rise vy is small compared to the 
Alfven speed computed for the azimuthal component of the field in the 
tube and the external density p. When the rate of rise becomes compara- 
ble to the Alfven speed, the eccentricity becomes large, and, of course, 
our approximation €R,<« Ro becomes poor. In a stable atmosphere (see 
88.8) the rate of rise is quite small, so that the tube is not strongly 
flattened and (9.115) is a good approximation. In an atmosphere that is 


‘In this case the pressure within the tube is p(@)=F(A)—B?/87= 
{85-67 R>Bi14+3B8{o0°)— B2/87 to lowest order in e and B,Ro. The external 
pressure is p(R,)+(B2+ B2)/8m so that the reduction in gas pressure within the 
tube is Ap(w) = {BZ — B? +2B2@7/Ro\/8a. The magnetic buoyancy per unit length 
is then readily shown to be F =(mR6/A)B2/87, which is identical with (8.58) so 
that the rate of rise is given by (8.60). 
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convectively unstable (see §8.7) the rise may be a significant fraction of 
the Alfven speed, producing significant flattening. 

We should go on to say that the convectively unstable atmosphere will 
undoubtedly be in a state of turbulent convection, as in the convective 
zone of the sun, so that the rapidly rising tube is buffeted by the irregular 
convective motions and the rate of rise retarded to some degree by the 
effective turbulent viscosity (see discussion in §8.8 and Goldstein 1938). 
The tube that is not strongly twisted will be subject to fragmentation as a 
result of both the local turbulence and the flattening caused by the 
buoyant rise. 

We have noted that the flux ropes emerging through the surface of the 
sun are not always strongly twisted. Considering the enormous radial 
expansion they have undergone this would imply that either the twisting 
has been enormously reduced in the apex by rapid line cutting, or the 
ropes are not strongly twisted beneath the surface. Without strong 
twisting beneath the surface, it is not surprising that the emerging flux 
ropes appear fragmented into isolated tubes, down to the limit of resolu- 
tion of the observing magnetograph. 


9.9. Summary 


In this chapter we have explored the behaviour of the twisted flux rope 
when its cross-section varies with time or with position along the rope. 
The outstanding characteristic is the increased pitch angle of the lines of 
force associated with an increase in radius of the tube. The expanding 
radius, then, quickly reduces the tension in the rope to zero and below, so 
that there is no tension available to maintain a taut configuration of the 
tube or to oppose the magnetic buoyancy. The buoyancy carries the tube 
upward through the atmosphere, further expanding the tube and ag- 
gravating the effect. At the same time, the reduction of the net tension in 
the tube makes it possible for the tube to relieve some of its internal 
torsion by taking up a corkscrew form, leading to rapid line cutting etc. if 
the corkscrew becomes so extreme that adjacent coils touch. 

The calculations so far are limited to static conditions, from which we 
demonstrate the instability and non-equilibrium of the flux rope. The 
dynamical nature of the buoyant rise, once the tension J no longer 
overpowers the buoyant force F, and once the tube takes up a corkscrew 
form, is beyond the scope of the present work. It depends upon the total 
torsion along the tube and on the rate at which the coils, propagating as 
Alfven waves, shift the torsion along the tube in response to the varying 
torque. We can only conjecture that the rise of a tube through a 
convecting atmosphere is a rapid affair, with complicated fragmentation 
of the tube. The conjecture is consistent with the observation (Harvey et 
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al. 1975) of complex magnetic field configurations emerging through the 
solar photosphere. 

Generally speaking, magnetic fields are generated deep within as- 
trophysical bodies by the non-uniform rotation and cyclonic convection 
(Parker 1955b, 1971a,b). They escape by turbulent diffusion and by their 
own intrinsic magnetic buoyancy (see, for instance, Parker 1955a, 1975b). 
Hence, the fields observed at the surface of stars are transformed by their 
expansion before arrival at the surface. Their torsion has been enhanced 
by the radial expansion, and perhaps reduced by rapid line cutting. The 
modest torsion exhibited by the flux tubes emerging through the surface 
of the sun suggests that there is relatively little torsion in the flux tubes at 
depth. It is frustrating that we cannot see into the sun to check this 
theoretical conclusion. 

It is amusing to note that the galaxy is an exception, it being the one 
transparent astrophysical body with its own intrinsic field. We see its 
internal fields, as they are generated by the turbulent interstellar medium. 
Indeed, in some respects the interstellar gas is too transparent. We see so 
far that the integrated signal along the line of sight contains little or no 
information on the local fluctuations of the field; we have little or no 
quantitative information on the extension of the fields outside the galaxy 
where they evidently form a galactic halo. 

Altogether it is clear that an astrophysical body with internal turbul- 
ence or convection, and subject to non-uniform rotation, so that it 
generates a magnetic field within itself (see Chapter 19), can have no 
peace, for the magnetic organism that the body creates within itself has 
no equilibrium. The tendency for the field to escape its host is the cause 
of much, if not all, of the magnetic activity of the sun and other stars, and 
perhaps of some galaxies. The unstable, non-equilibrium state of any flux 
rope inevitably produces the line cutting and rapid dissipation that we call 
magnetic activity, with its production of superheated gases and fast 
particles (Parker 1975a, b; Glencross 1975). 
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10 


THE ISOLATION AND CONCENTRATION 
OF MAGNETIC FLUX TUBES 


10.1. The appearance of isolated flux tubes in nature 


THE slender flux tubes treated in Chapters 7, 8, and 9 are a convenient 
device for discovering and studying the basic properties of magnetic 
fields. Any broad continuous field B;(r) may be decomposed into a family 
of close-packed, slender, elemental tubes of flux, so that the properties of 
the individual tube are part of the overall structure of any broad distribu- 
tion of field. Many of the basic characteristics of the thick twisted tube are 
illustrated by the slender twisted tube. However, it has gradually come to 
light in the past decade that the isolated slender flux tube has an existence 
in its own right. 

It was discovered over two decades ago that the sun has a general 
magnetic field, of some 1-10G at the poles and, in a more irregular 
pattern, over much of the middle and low latitudes (Babcock and Bab- 
cock 1955; Altschuler et al. 1974). More recently it has been discovered 
that these broad field distributions are not what they seem. Rather than 
the broad continuous distribution recorded by the magnetometer, the 
general magnetic field of the sun is made up of many small, very intense, 
and widely separated flux tubes. The individual tubes in quiet regions are 
too small to be resolved, but the evidence is now convincing, based on 
comparative studies of the Zeeman broadening of the profiles of different 
lines, that most of the net magnetic flux through the solar photosphere is 
concentrated into small intense tubes of flux located in the boundaries of 
the granules and supergranules (Leighton 1963; Simon and Leighton 
1964; Sheeley 1967, Beckers and Schröter 1968; Livingston and Harvey 
1969, 1971; Sawyer 1971; Simon and Noyes 1971; Howard and Stenflo 
1972; Frazier and Stenflo 1972). The observational questions are numer- 
ous, not the least of which is the direct determination of the magnetic 
field in the individual flux tubes. It is important to know whether the field 
is 2000 G, with a pressure of 1-6 x 10° dyncm ’, as suggested by Living- 
ston and Harvey (1969), Stenflo (1973), and Chapman (1973) or whether 
it is ‘only’ 1500 or 1000 G, with pressures of 0-9x10° and 0:4x 
10° dyn cm respectively. The accumulation of evidence is 1500-2000 G, 
but firm confirmation is desirable. 

The concentration of field into isolated flux tubes occurs spontaneously, 
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in Opposition to the considerable magnetic pressure of the concentrated 
field. The phenomenon challenges our understanding of the basic physics 
of flux tubes. The present chapter explores the thermal and dynamical 
effects in flux tubes extending vertically across a turbulent convective 
zone in order to establish an understanding of the effect. 

In the sun there is very little of the net magnetic flux that escapes 
concentration into isolated tubes. The estimates are that at least 90 per 
cent of the flux in active regions is concentrated into the individual flux 
tubes forming the magnetic knots in the dark intergranule lanes (Beckers 
and Schröter 1968) and an even larger fraction in quiet regions in the 
supereranule boundaries (Howard and Stenflo 1972; Frazier and Stenflo 
1972). In addition to the net flux in the isolated tubes, there is 
everywhere present a fluctuating background field of +1-3 G (Livingston 
and Harvey 1969; Frazier and Stenflo 1972). The ephemeral bipolar 
regions (Harvey et al. 1975) associated with the x-ray bright points 
(Vaiana et al. 1973; Golub et al. 1974) are among the more singular 
features of background field, each representing the emergence of a small 
isolated and concentrated flux tube through the surface of the sun (see 
Chapters 7 and 9 for discussion of the basic physical principles). 

The total flux in the individual filament in the supergranule boundaries 
is estimated to be of the order of 310'* Mx, although there is a 
suspicion that this number, inferred from observations, may represent the 
total of two or more neighbouring flux tubes rather than a single tube. In 
that case 10'* Mx would appear to be closer to the correct value. The 
tubes evidently involve field strengths of 1500-2000 G (see the develop- 
ment of this question in Livingston and Harvey 1969, 1971; Sawyer 
1971; Howard and Stenflo 1972; Stenflo 1973; Chapman 1973). Thus, a 
total flux of 1-3 x 10'* Mx implies a tube radius of 100-250 km. It is 
suggested that the individual tubes are remarkably alike in size and form. 
The field spreads out rapidly with height above the photosphere (Simon 
and Noyes 1971; Frazier and Stenflo 1972), and Frazier and Stenflo 
suggest that each tube may be surrounded by a local background field of 
opposite sign. However, from the fact that the tubes together carry the 
net flux through any general region of the surface of the sun, we must 
presume that the returning local background field of each tube represents 
only a fraction of the total flux in the tube. 

Frazier (1970) points out that the individual magnetic flux tubes are 
concentrated in the corners where three or more supergranules meet. He 
observes downdrafts of the order of 0-1 kms’ in the corners in coinci- 
dence with the fields and with the bright spots in the Ca” network. The 
concentration of fields in the corners is not surprising, since a ‘cork’ 
floating on the surface of the sun would be swept into the downdrafts in 
the corners and trapped at the surface there. 
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If the fields in the magnetic filaments in a given region of the photo- 
sphere all have the same sign, then a typical mean field of 3G over a 
broad quiet region requires one flux tube of 3 x 10'° Mx for each 10** cm? 
of surface area. The characteristic separation of neighbouring tubes is 
then 10*km (to be compared with tube diameters of 210° km and 
supergranule diameters of 2-3 x10* km). The surface area of the sun is 
6 x 107” cm’, suggesting a total of nearly 10° isolated flux tubes through 
the surface of the sun at any one time. 

The restriction of the flux tubes to the junctions of supergranule 
boundaries, and the total number of 10°, suggest that the individual 
magnetic flux tubes are closely associated with the spicules and with the 
fine mottles observed in H,. The facts are that the flux tubes and spicules 
are both concentrated in the Ca network in the supergranule boundaries, 
and particularly in the corners where three or more supergranules meet 
(Frazier 1970). The spicules and flux tubes appear in about equal num- 
bers, there being about 10° spicules (Beckers 1963; Gibson 1973; Lynch 
et al. 1973) and 10° flux tubes extending outward through the surface of 
the sun at any given time. The concentration of the spicule jet cannot be 
explained in the absence of strong magnetic field (Parker 1964; Unno et 
al. 1974), so the spicule presumably occurs in a vertical flux tube. But 90 
per cent or more of the magnetic flux is concentrated in the individual 
flux tubes, with only relatively weak fields in the broad regions between. 
There seems to be no choice, then, but to believe that the spicules are to 
be identified with the individual isolated flux tubes. Evidently there is a 
recurring eruption of gas upward along each filament every 10 min or so 
(0:5-1:0X 10° s) to produce the observed spicule phenomenon (Parker 
1964, 1974b). 

The final point is, then, that Beckers (1963) has shown that the fine 
mottles observed in H, are, in fact, the spicules. If association of the 
spicules with the isolated flux tubes is correct, it follows that the H, 
mottles are photographs of the individual flux tubes, as outlined by the 
gases trapped within them (Parker 1974b). Veeder and Zirin (1970) and 
Zirin (1972) have pointed out that high resolution H, pictures gencrally 
show the detailed structure of the magnetic field in the solar photosphere 
and chromosphere. To this should be added the more specific statement 
that photographic pictures of mottles against the disc of the sun, or 
spicules at the limb, may, in fact, be pictures of the magnetic flux tubes 
that transport more than 90 per cent of the total flux through the 
photosphere. 

In active regions on the sun, and particularly in association with 
sunspots, the individual flux tubes are of somewhat larger diameter than 
in quiet regions, and have been identified by Beckers and Schroter (1968) 
in association with a sharp decrease in the depth of some of the spectral 
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lines. In this way they were able to pinpoint the magnetic flux tubes or 
knots on the visible surface of the sun. They showed that the knots have 
radii of about 500 km and field strengths of 1100-1400 G (10'° Mx). 
Most of the magnetic knots were observed in the dark intergranule lanes 
in association with downdrafts. They observed some 210° magnetic 
knots associated with a large unipolar spot, within a distance of 1-4 x 
10°km of the spot. The individual knots showed both positive and 
negative polarities, with an overall preference by about two to one for the 
polarity opposite to the sunspot. Thus the net flux carried by the 2 x 10° 
knots was 7 x 10?’ Mx, about equal in magnitude, but opposite in sign, to 
the flux through the sunspot. It appears that knots and pores may be 
closely related, the dark pore being the appearance of a magnetic knot 
whose field has increased to 1500 G while its radius has grown to 750 km 
or more. Zwaan (1978) in a recent paper points out that the typical 
bipolar sunspot region grows through the continued emergence of indi- 
vidual tubes of force between the two regions of opposite polarity. Each 
small tube of force breaks through the surface in a concentrated form, 
forming two magnetic knots of opposite polarity. During the growth 
phase of the bipolar region the knots move toward other knots and pores 
of the same polarity, their continual coalescence building up patches of 
field to form the final large sunspots. The formative stage ends when the 
emergence of new flux ceases. After that time the individual magnetic 
knots cease to show the strong affinity for other knots of the same 
polarity, and generally move apart. Sunspots decay largely by the depar- 
ture of small knots and pores from their perimeter. There is, then, a close 
association between magnetic knots, pores, and sunspots. The connection 
is evolutionary, with the spot forming from the coalescence of knots and 
eventually breaking up into knots when its life has run its course. All the 
stages of development from knots to spots involve the remarkable con- 
centration of field to densities in excess of 10° G. The mutual attraction 
and coalescence of knots of like polarity is surprising in view of the net 
repulsion of their fields above the surface of the sun. That effect was 
treated in §8.9. The present chapter is concerned with the spontaneous 
concentration of the magnetic field within a single flux tube. 

Now the observation that the magnetic field extending through the 
surface of the sun is concentrated into isolated and intense flux tubes is 
one of the most remarkable discoveries of new physics in the past decade. 
The energy state of the field at the surface of the sun is some 10° times 
higher than the expected broad distribution allowed by the overall mean; 
the field is concentrated to about 1500 G in regions where, typically, the 
mean field is only 5 G or so. The concentration is the rule rather than the 
exception and defies conventional notions on magnetic fields, whose 
behaviour in the laboratory is always to spread out under the influence of. 
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the isotropic pressure B*/87 to fill all the space allowed by the tension 
B’/47 along the lines of force. In a passive fluid the molecular diffusivity, 
and more important, the hydromagnetic exchange instability, disperse the 
field, permitting a trend toward degradation of the field energy and an 
approach to homogeneity. We might also expect turbulent diffusion to 
produce a similar trend toward reducing the extraordinary field energies 
of the concentrated state observed in the sun. But nature would not have 
it so, apparently. In the one layer of the sun that we can observe—the 
photosphere—the opposite prevails. 

The problem presents itself in two stages. The first stage is the question 
of why the regions of the sun organize themselves into those with field 
and those without. The second stage then, is why are the fields so 
incredibly intense where they exist? To consider the first question, there 
are two lines of thought. The first is that the fields that appear at the 
surface of the sun represent the magnetic debris escaping from the broad 
fields generated deep in the convective zone by the solar dynamo (Parker 
1975a; $8.7). On the basis of the general Rayleigh-Taylor instability of 
any magnetic field in a compressible medium (see Chapter 13) we would 
expect some gross fragmentation of the fields escaping from any as- 
tronomical body. The fragments appear briefly at the surface as they 
escape into space (Parker 1975b; §13.7). But it is not clear that the 
simple idea of escaping magnetic debris can explain why many regions are 
so completely devoid of magnetic field. A more general muddle would be 
expected. 

Is there, then, some additional hydromagnetic effect that causes field- 
free fluid and field-impregnated fluid to separate, progressively concen- 
trating the field into isolated bundles with field-free fluid between? For 
instance, a steady rotation œ of a finite volume of fluid eventually expels 
the magnetic field from the fluid, over a period less than the diffusion 
time (Parker 1963; Weiss 1966; see Chapter 16). The effect is easy to 
understand. The large-scale external magnetic field is, in fact, only an 
alternating magnetic field expliwt) when viewed from the rotating vol- 
ume. So any initial internal field decays away and the external field 
penetrates only the characteristic skin depth (m/w)?, where ņ is the 
effective diffusion coefficient. The same effect applies to a volume subject 
to random, rather than steady, rotation. From the frame of reference of 
the rotating volume, the external field fluctuates in a random manner and 
so does not penetrate far into the volume. Is it true, then, that there are 
extensive field-free volumes of fluid in the sun that remain field-free 
because they circulate in closed regions and so admit no fields, maintain- 
ing magnetic purity through hydrodynamic apartheid? 

Clearly the interior of an element of fluid participating in turbulent 
mixing cannot remain uncontaminated by exterior fields. The element of 
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volume is drawn into a ribbon of ever-diminishing thickness (Reid 1955; 
Batchelor 1955) so that its interior is increasingly exposed to the exterior. 
But might not there be relatively closed circulations on the sun, as there 
seems to be in some planetary atmospheres, as suggested by the bands 
and the red spot on Jupiter? There is no clear answer to this question at 
the present time. As we shall see, the second stage by which the fields are 
so extraordinarily concentrated, plays a role in the first stage. That 
concentration effect aids any natural hydrodynamic apartheid. 

Altogether, then, it seems that there may be several contributing 
factors, starting with the fragmentation of the magnetic debris as it comes 
up from the broad fields generated in the lower convective zone. Then the 
granules and supergranules are localized and coordinated in some degree, 
so that the magnetic tubes of flux are swept into the downdrafts between 
the rising cells by the generally converging flows across the visible surface 
of the sun. Some further mechanism then concentrates the fields in the 
downdrafts to 1500 G so that the field resists being mixed freely about by 
the shifting patterns of circulation of the granules and supergranules. In 
this way the convective overturning, with the help of the concentrating 
mechanism, excludes the field from most of the fluid without necessarily 
having a circulation pattern that is entirely closed. Once the lines of force 
are delivered into the downdraft the field (for its own reasons elaborated 
in §10.11) shrinks from the passing fluid into a state of hydrodynamic 
isolation and magnetic concentration. 

Consider then, the formation of the intense isolated flux tubes on a 
step-by-step basis. Concentration of field into the downdrafts at the 
boundaries of supergranules was discovered years ago, and is to be 
understood as a direct consequence of the sweep of the convection across 
the surface of the supergranule toward the boundaries (Leighton et al. 
1962; Noyes and Leighton 1963; Simon and Leighton 1964; Parker 
1963, 1973; Clark 1966, 1968; Wentzel and Solinger 1967). The super- 
granule velocities v of 0.3kms ‘ at the visible surface (where p=3 x 
10 7 gem?) yield a dynamical pressure 3pv7 = 1-3 x 10° dyn cm *. They 
might be expected to compress the fields in the boundaries to a compara- 
ble pressure, B?/8m =4pv~, or about 55 G. The magnetic knots are found 
in the downdrafts in boundaries between granules, where the converging 
flows may be 3kms~'. The dynamical pressure is 1-3 10* dyn cm, 
perhaps compressing the field to 550 G. But this is nowhere near the field 
strengths of 1500 G or more inferred from observation, whose pressures 
are ten times larger. Magnetic fields of 1500 G have pressures of 0-9 x 
10° dyn cm~”, while the gas pressure at the visible surface of the photo- 
sphere is about 2 x 10° dyn cm~? rising to 510° dyn cm? at a depth of 
200 km beneath the surface. Thus the magnetic pressure is a substantial 
fraction of the ambient gas pressure. The gas compresses the field only 
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insofar as the total pressure outside the flux tube exceeds the gas pressure 
inside. ‘The confinement may, therefore, be attributed to an enhanced 
dynamical pressure outside, or a reduced pressure inside, or a combina- 
tion of the two. 

It is not uncommon to encounter the suggestion that the flux tubes are 
strongly twisted, in such a way as to be force-free, (V xB) xB=0, and 
exert no force on the fluid, thereby ‘explaining’ their intense concentra- 
tion. It was shown in the general development of twisted flux tubes in 
$9.1 that twisting does not concentrate the field in a suitable manner. For 
a given confining pressure increment Ap at the surface of the tube, the 
mean longitudinal field declines as the tube is twisted. The peak longitud- 
inal field, on the axis of the tube, can be increased, but the mean 
longitudinal field decreases (see discussion at the end of §9.1) and the 
1500-2000 G inferred from observations is believed to refer to the mean, 
rather than the peak, field. 

To consider the real possibilities, there are the dynamical effects of the 
external and internal fluid motions that may contribute to the compres- 
sion of the field. There is the possibility of a temperature reduction inside, 
so that the upper end of the flux tube, at the visible surface of the sun, is 
evacuated by gravity. The basic physics of the dynamical effects of both 
external turbulence and longitudinal flow tn a flux tube ts illustrated in 
§§10.3-10.9 with a number of idealized examples. All these effects occur 
in varying degrees in the flux tubes in the sun, and in other stars, and 
probably also in the gaseous disc of the galaxy. The degree to which they 
contribute to compressing the field depends quantitatively on the fluid 
velocities, because none of them produce fields significantly in excess of 
the equipartition value B*=4apv*. Thus, for instance, if there are 
downdrafts in the flux tubes in the sun of 6-8 kms’, the concentration to 
1500 G may be a direct dynamical consequence. However, until suitably 
strong downdrafts are observed, such ideas are only conjectural. It is an 
open observational question as to what effects of concentration arise in 
the magnetic field of the galaxy. 

Consider, then, the possibility that a reduced gas temperature within 
the flux tube may be a prime factor in the concentration of flux tubes in 
the sun (see §8.3). In that case gravity evacuates the interior of the tube, 
so that the magnetic field is compressed by the pressure p of the 
surrounding atmosphere, as described by (8.10) and (8.11). The asympto- 
tic field strength at great heights in the atmosphere is B*/87~ p. It is 
clear, then, that cooling might be the cause of the observed concentration 
(although we are then confronted with the question as to the cause of the 
cooling). A 20 per cent reduction of temperature within the flux tube over 
five pressure scale heights (about 1500 km measured downward from the 
visible surface of the sun) would produce the desired concentration of the 
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field at the surface. Incidentally, in this circumstance the strongest field 
concentration occurs unobserved at a depth of three or four scale heights 
below the surface. So slight a temperature reduction (<10° K) over the 
400-km diameter of the flux tube, partially obscured by the overlying 
photosphere, would be inconspicuous among the 500° temperature varia- 
tions of the granules. 

When we inquire as to the source of cooling, there are several pos- 
sibilities. It has been suggested that the generation of Alfven waves 
through convective overstability in the first thousand or so km beneath 
the surface of the sun may remove a significant amount of heat from the 
flux tube (Parker 1976a; Roberts 1976), along the lines proposed earlier 
for the cooling and compression of the magnetic fields of sunspots and 
pores (see Parker 1974c; and references therein). There is a simpler 
effect, however, stemming directly from the observed downdraft and the 
superadiabatic temperature gradient beneath the photosphere, that pro- 
duces strong cooling and is described briefly in 8§10.10 and 10.11. The 
effect appears to be unavoidable and, consequently, would seem to be the 
principal cause of the spontaneous concentration of the flux tubes in the 
sun to such extreme values. By inference, the same effect is to be 
expected in any star cool enough to have a strong convective zone 
beneath its surface. Consider, then, the variety of the effects in a flux tube 
in a convecting fluid. 


10.2. The concentration of magnetic field 
in converging flows 


The surface concentration of the vertical magnetic field in the 
downdraft between two convective cells, sketched in Fig. 10.1, is ex- 
pected on the basis of elementary hydromagnetic theory (Parker 1963, 
1973). The lines of force move with the fluid, so that they are swept 
toward the downdraft. The field offers no sensible resistance to the 
concentration until the magnetic stress density B?/8a approaches the 
Reynolds stress density pv? of fluid. Hence for weak fields (B? « 4rrpv’) 
the accumulation of field is only a kinematical problem, adequately 
described by the hydromagnetic equation 


aB/ðt = V x (v x B) (10.1) 


in which the velocity v is specified without regard for B. It is sufficient for 
the present purposes of illustration to limit the discussion to two dimen- 
sions. Then let y be the vertical coordinate and x the horizontal coordi- 
nate, with the magnetic field expressed as 


B, =+əA/ðy, B, = —dA/ax. 
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Fic. 10.1. A sketch of the concentration of vertical magnetic field (solid lines) in the 
downdraft (broken lines) between two supergranules. 


Then (10.1) can be integrated once to give 


AoA ðA JA 
d Vv, — tu zm = 0. (10.2) 
dt ðt Ox ay 


The general solution follows immediately in terms of the Lagrangian 
coordinate x;(X,, t) at time t of the element of fluid initially at X; 


A(x, t)=A(X,, 0). (10.3) 


Consider, then, some illustrative examples. Suppose that the magnetic 
field is initially vertical, so that B, =0, A = F(x), B, =—F'(x), in a steady 
converging flow of the form v, = v,(x). Conservation of fluid requires that 
the y-component of the velocity satisfy the equation 


dpv,/dx + dpv,/dy = 0. 


But v, does not enter into the solution (10.3) of (10.2) because A is 
initially independent of y. The x-coordinate of an element of fluid is given 
by 


t= [ dx/v, (x). 
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The converging flow is of the form 


v, = —x/T 


in the neighbourhood of the stagnation point, from which it follows that 
x = X exp(-t/r), 
and 
A(x, t) = F(x exp(t/7)). 
Hence B, remains zero and 
B, (x, t) = —exp(t/7) F(x exp(t/7)) 
= exp(t/T)B, (x exp t/r, 0). 


The field grows exponentially with time while the horizontal scale 
exp(—i/T) is compressed exponentially with time. Thus a typical super- 
granule velocity of 03kms ' at a distance of 510%km from the 
boundary yields a characteristic growth time of +t=1-6x10*s. The 
characteristic life of the supergranule is of the order of 10° s, so the field 
is quickly concentrated from a few G up to the 50-100G that can 
oppose, and locally halt, the converging flow at the surface of the sun. 

As a matter of fact, the supergranule pattern continually drifts with a 
small velocity u=0-2kms ', so that it is of interest to consider the 
converging flow 


v, =(x—ut)/T 
that moves steadily with a velocity u. It is readily shown that 


X ={x —u(t—rt)jexplt/t)— ur. 
Then 


B, (x, t) = exp(t/t)B, {x—u(t—rt(1—exp(—t/t))}exp(t/rt), 0] 
(10.4) 


Again the scale of the field diminishes as exp(—t/t) while the field 
strength increases as exp(t/7). The field also undergoes a net displacement 
{t—r(1—expl—t/t))}u. 

In view of the rapid rise of the field and field pressure with the passage 
of time, it is evident that the simple kinematical approach must very soon 
become inadequate. To take into account the reaction of the field against 
the converging flow in a very simple way, suppose that the fluid motion is 
unaffected until the vertical field reaches a strength B,, whereupon it 
arrests the converging motion. Suppose, then, that fluid converges on 
x =0 from both sides, accumulating a band of field B,, of thickness 2 wt, 
where w is a characteristic velocity to be determined from the rate at 
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which flux is carried into the band from either side. Then v, =0 within 
the band of field -—wt<x<+wt and 


=f 5 wo for x>+wt 
—(x+wt)/t for x<-—wt 


x 


on either side. The solution outside the growing band is just (10.4) with u 
replaced by +w. Thus, for instance, if the initial field were uniform, with 
B, (x, 0) = Bo< B4, it would reach B, simultaneously everywhere after 
the passage of a time t = 7 In(B,/B,). If, on the other hand, the initial field 
declines inversely with distance away from x = 0, then write 


B, (x, 0) = B wa/(wr + |x|) 


so that the band of field of strength B, has vanishing width at time t = 0. 
It follows that for subsequent times 


B,(x, t) = B,wr/{x — w(t—7)}$ 


in x >+wt, with a similar expression for B, (x, t) in x <—wt. If the field at 
a distance L from the band is aB, where a <1, then 


wt = Laj(1 ~a). 


As a specific example, suppose that the limiting field is 60 G, and it is 
accumulated from a background field of 2G at a distance of L= 
2x 10*km, where the converging flow is 0-3kms_'. Then it is readily 
seen that a=35 and wr=70km with t=7X10*s so that the rate of 
growth of the thickness of the band of field is 2w =2 x 10° cms’! reach- 
ing a thickness of 4x 10° km in a time of 2x 10*s. 

These few examples suffice to illustrate the sweeping of weak fields into 
the supergranule boundaries. Other examples are easily constructed or 
can be found in the references cited in $10.1. Resistive diffusion of the 
fluid across the vertical field has been included in the work of Clark 
(1966, 1968). The reduced electrical conductivity of the solar photo- 
sphere (o = 10°-10'°s', Kopecky and Obridko 1968; Oster 1968 and 
references therein) leads to rapid diffusion in some cases. Indeed the 
characteristic diffusion velocity c*/mao aciuss a distance a comparable to 
the 200-km radius of one of the concentrated flux tubes is 0-16 kms7! in 
the thin photospheric layer where øo is as small as 10° s~'. The crossing 
time is only 10°s. The thin photospheric layer of poorly conducting gas 
outside the tube pours into the partially evacuated interior like flood 
waters into a storm sewer. The effect is not without interest and merits 
further investigation. 

There is a question that is the complement of the concentration of 
magnetic field in the downdraft at the supergranule boundaries, and that 
is the field brought to the surface by the upwelling at the centre of the 
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supergranule cell. We must ask, then, down to what depth does the 
supergranule extend? Evidently the main azimuthal field of the sun lies 
below the bottom of the supergranule. Any part of the field that extends 
up into the supergranule would presumably be brought to the surface, 
and packed into the boundary of the supergranule cell. Thus, for instance, 
the ephemeral bipolar regions appear to be small strands of field whose 
magnetic buoyancy, together with the upwelling of the supergranule, has 
brought them to the surface. We have suggested (see §8.7; Parker 1975a) 
that magnetic buoyancy raises the general azimuthal field of the sun so 
rapidly to the surface that the field must be limited to 10* G or less and 
produced at depths of 1:5x10°km or more. If that is indeed the case, 
then the supergranules probably do not dip into the azimuthal field 
(Parker 1973). Only in this way can we explain the generation of 
magnetic field in the convective core of the sun and the observed relative 
absence of upwelling field in the supergranule cell. 


10.3. A magnetic flux tube in a turbulent fluid 


The intense isolated flux tubes in the supergranule boundaries in the 
solar photosphere extend downward for 1-2 x 10° km through the vigor- 
ous turbulent convection of the ionization zone below the surface. Thus 
the first task is to explore the dynamical effects of external turbulence on 
an isolated tube of flux. We shall, therefore, treat a number of idealized 
circumstances to discover and illustrate the basic effects that might be 
expected. It is premature to construct models of the phenomenon as it 
actually occurs in the sun, for reasons that will become clear below, but it 
is advisable to have the basic facts and figures in mind so that we can 
judge the effectiveness of the various dynamical processes as we work 
them out in the succeeding sections. 

The vertical and horizontal components of the gas velocities in the 
granules and supergranules are observed only at the visible surface of the 
sun. We are, then, free to guess how they vary with depth. Waddell 
(1958) inferred from his observations of the granules that the vertical 
component of the motion at the surface has r.m.s. values of 1-8 kms"! 
while in the horizontal direction the r.m.s. velocity is 3-Okms +, giving a 
total r.m.s. velocity of 3-5 kms '. Beckers’s (1968) observations indicate 
3 kms™! r.m.s., or 6kms' velocity differences between granule centres 
and boundaries. The motions observed in supergranules are horizontal 
flow of the order of 0-4kms—' (Leighton 1963). There are no observa- 
tions that allow direct inference of convective or turbulent velocities 
below the visible surface. The mixing length theory of the convective zone 
(B6hm-Vitense 1958; Mihalas 1965; Spruit 1974) suggests numbers of 
the general order of magnitude of 1 kms~'. The important point is that 


OF MAGNETIC FLUX TUBES 219 


the observed 3 kms‘ in the photosphere where p ~ 3 x107 g cm™ yields 
Reynolds stresses (or energy density) of the order of 4pv?= 
1-3 x 10* dyn cm™, comparable to the magnetic pressure B?/87 of about 
600 G. Thus the surface velocities presently inferred from observation 
lead to dynamical pressures that are inadequate by a factor of ten to 
compress the fields to the 1500-2000 G inferred from observations. 
There are, however, the two possibilities, that (a) increased resolution 
may discover much higher gas velocities in concentrated regions (see, for 
instance, Beckers 1976; Deubner 1976) and/or (b) the velocities at the 
surface may also exist at depths of 10° km where the fluid density is 
p~10° gcm? and 2kms™' yields dynamical pressures of 2x 
10° dyn cm’, equivalent to 2200 G (Meyer et al. 1974). With this brief 
review of the observational facts and inferences of the dynamical situation 
in the solar photosphere, we proceed to the theoretical investigation of 
the effects of external turbulence on the internal state of a flux tube. 

To formulate the essentials of the problem, and yet keep the problem 
tractable, we consider again the slender flux tube, with a width or 
diameter small compared to the scale of variation along the tube. Then 
the transverse components of both the magnetic field and the velocity 
within the field can be neglected to good approximation. The dynamical 
equations describing conditions within the tube reduce to those for a tube 
lying along a straight path, say the z-axis. The tube is massaged by the 
pressure fluctuations exerted on it by the exterior turbulence, with 
dynamical effects upon the gas and field in its interior. We shall specify 
the external pressure P(z, t) exerted on the tube, to illustrate the effects. 
It makes little difference whether P(z, t) is thought of as the pressure in 
the turbulent fluid along a straight or contorted path. 

The calculations in this and later sections show the not surprising result 
that the equipartition condition B*/8m=3pv" is an approximate upper 
limit on the enhancement of the field by the external turbulence, but 
there is no simple universal relation. In some circumstances the mean 
square field is increased by 47pv~, while the square of the mean field is 
increased much less and may actually decrease. In other circumstances, 
both may in principle be increased by more than 47rpv?, as a consequence 
of accumulated effects along the flux tube. And finally, we shall see that 
infinitesimal convective forces in an ideal fluid may increase both the 
magnetic field and the fluid velocity to unlimited values. So we must 
proceed carefully, constructing the formal mathematical solutions to the 
idealized circumstances that best illustrate the various possible effects. 

There are two easily identifiable effects of external turbulence on the 
internal field of a concentrated flux tube. The simplest is turbulent massage 
which alternately squeezes the flux tube here and there along its length, 
causing local expansion or compression of the tube with an associated 
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motion of the fluid back and forth along the lines of force within the tube. 
The Bernoulli effect in the fluid motion within the tube reduces the 
internal gas pressure relative to the external gas pressure, leading to an 
increase in the equilibrium magnetic pressure. The effect is readily 
demonstrated by formal solution of the hydrodynamic equations. 

The other effect occurs when the external turbulence is carried in a 
general flow along the flux tube, so that the massage becomes a systema- 
tic stroking of the tube in a single direction. It will be remembered that 
the flux tubes observed in the sun are confined, by the converging flows 
on the surface, to the convective downdrafts between granules and 
supergranules so that they are subject to downward stroking by the 
external turbulence. The effect is a downward pumping of the fluid within 
the tube, partially evacuating the interior and compressing the magnetic 
field, and is treated in idealized form in §10.5. 


10.4. The Bernoulli effect within a flux tube 


Consider the dynamical effects within a flux tube as a consequence of a 
periodic pressure applied to the surface of the tube (Parker 1974b). It is 
sufficient to treat the problem in two dimensions, considering a slender 
flux tube extending along the z-axis from z =~—L to z = +L. The surface 
of the tube is y = Y(z, t) and the field strength B(z, t) is assumed to be 
uniform across the small width 2 Y(z,t) so that conservation of flux 
implies 

Bz, t) Y(z, t)= Bo Yo (10.5) 


where By and Yọ are the field strength and width, respectively, at the 
distant ends of the tube z =+L. Local lateral pressure balance leads to 
the relation 


P(z, = p(z, t)+ B*(z, t)/8a (10.6) 


between the variable fluid pressure P(z, t) applied to y = +Y(z, t) by the 
external turbulence and the internal fluid pressure p(z, t). For simplicity 
we suppose the fluid to be inviscid and incompressible. The restriction to 
a slender tube means that 0 Y/dz « 1, so that the transverse components of 
the field and fluid velocity are small, O(ə Y/dz), and the tranverse forces 
per unit volume are small, O{(@ Y/ðz Y}. The equations for conservation of 
momentum and fluid along the flux tube are then just 


du/dt + uðu/ðz +(1/p)dp/az = 0 (10.7) 


dY/at+auY/az =0 (10.8) 


for the velocity u(z, t) along the tube. 
To keep out extraneous effects from the ends of the tube, we suppose 
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that the pressure difference there between the exterior and the interior of 
the tube has the fixed value Po— po. Then at z = +L transverse hydrosta- 
tic equilibrium requires that 


Po— po = Bò/8 7. (10.9) 


Suppose further, that there is no expulsion of fluid from the tube, 
u(+L, t)=0, and that there is no progressive displacement of the fluid 
within the tube, so that 


(u(z, t) =0, (du/dt) = 0, (10.10) 


where the angular brackets denote the time average at the position z. 
Now (10.6) and (10.7) can be combined to eliminate p yielding 


pou/dt + (d/dz)(P +4 pu? — B?/87) =0 (10.11) 
Averaging Over time eliminates du/dt. Integration over z yields 
(P+4pu* — B?/87) = constant. (10.12) 


But if u vanishes at the distant ends of the tube, where the external 
pressure is Po and the field is Bo, it follows that the constant is Py— 
B¢/87 = pọ. Hence, 


(B*)/87 =(P)— po+3p(u*) (10.13) 


at any point along the flux tube. The conclusion is that the massaging of 
the tube by the external turbulence enhances the mean magnetic field 
pressure above the mean ambient fluid pressure difference (P)— pp by an 
amount equal to the mean kinetic energy density of the turbulence, as a 
consequence of the Bernoulli effect. 

One is tempted to halt the inquiry at this point with the optimistic 
conclusion that we have demonstrated how the field pressure is enhanced 
by the external turbulence. But it must be remembered that the observer 
sees the field itself rather than the mean square, or root mean square, 
field, and the above result gives only the mean square. As we will soon 
see, the mean field (B) behaves rather differently from the square root of 
(10.13). 

Equations (10.5)-(10.8) can be solved quite generally to give u(z, t) 
and the associated p(z, t) in terms of Y(z, t). First of all note that B(z, t) 
follows from Y(z, t) through (10.5), so the problem is to compute the 
external pressure fluctuations P(z, t) responsible for a given B(z, t) or 
Y(z, t). Integrating (10.8) from some arbitrary reference point z= a, it 
follows that u(z, t) is related to Y(z, t) by 


u(z, t)={u(a, t) Y(a, t)— [ dxa Y(x, t)/atl/ Y (z, t). (10.14) 


a 
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Integrating (10.11) from z =a yields 
P(z, t) +3p{u"(z, t)— Va Yol Y°(z, D} 
= Pla, t)+3p{u*(a, t)— Va Yo! Y (a, t) 


-p| dxdu(x, t)/at (10.15) 


after using (10.5) to eliminate B. The velocity V, is the basic Alfven 
speed By/(4ap)? computed at the undisturbed ends of the flux tube. The 
internal pressure p(z, t) follows from (10.6) and (10.15) as 


p(z, t)+spu7(z, t) = p(a, t)+5pu(a, )-p| dxðu(x, t)/ðt. (10.16) 
These relations serve to determine u(z, t), B(z, t), P(z, t), and p(z, t) in 
terms of the tube width Y(z, t). Suppose, then, that the tube width is 
given by 


Y(z, t)= Yo{1 +n cos wt cos kz exp(—ek|z])} (10.17) 


where n <1, so that Y(z, t) is positive for all z and t, and e is small but 
positive and non-vanishing so that in the limit of large L the width 
Y(+L, t) at the ends is just Yo. Thus, the tube width has a time average 
value of 2Y, everywhere along its length, but in the central region, 
z*<1/e’k? there are standing waves of amplitude nY, on each surface. 
The waves die out toward the ends of the tube. The volume of the tube is 


V(t)= af dzY(z, t) 


0O 
n COS wt 


=2Y,| L +e 
oL k(1 +e?) 


{e(1—cos kL exp(— ekL)) 


+ sin(kLJexp(—ekL)} 
=2Y,L{1+ Ole, exp—ekL)}. 


In the present limits of €e — 0, ekL — œ, the volume is constant and there 
is no flow at the ends if we choose the reference point z =a to lie at the 
symmetric midpoint z = 0, where u(0, t)=0. Then u(z, t) = —u(—z, t). It is 
sufficient to treat only the half z >0, the results for the other half of the 
tube following from the symmetry. The requirement that the tube be 
slender is KY,< 1. 

It follows from (10.14) that 


u(z, t)= nw sin wt [s + (sin kz —€ cos kz) exp(— ekz) 


LOTET l, (10.18) 


1+n cos kz cos wt exp(— ekz) 
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For large positive z, then, 
u(z, t) ~~ (enw/k)sin wt x{1+O(e)} 


which satisfies u(+L, t)=0 in the present limit of small e. For e arbitrarily 
small there is a broad region z*<1/e7k? in which the velocity has the 
simple periodic form 


ulz, t)= nw sin wt sin kz (10.19 
k{1 +n cos wt cos kz} 


representing standing waves. Note, finally that the time average of (10.18) 
is zero, so that the time average of du/dt is also zero and, hence, 


(| dxdu(x, at) =0 


which will be used in some of the manipulations that follow. 
We need the mean square of the velocity in the central region z?« 
1/e°k?. It is readily shown that the time average there of u?(z, t) is 


(u*(z, t)) = (w?/k*)tan? kz[1/{1 —n?cos? kz¥—1], 


upon noting that 
1 (7 drsin*r -5 [n] 
T h (+a cost? a? l-a? l 
The average over z yields 


Iw? mi2 | 1 l 
2) = Puj. 
Ku) f du tan'u (1 —n’cos?u) 


Thus for n« 1, 


2 2 
luy =“ | 1+ 3n?/2*+ Sn*/25+175n6/224 Ba 


Ak? 
(2m +1)! (m—5)(m—3)...3, ) 
P A, 10.20 
(2m+2)! (m+1)! l ) 
while for n — 1 we have 
2 2 mi2 
(u?\) = 2 | du tan*u(csc u—1) 
wrk? Jo 
20° i du sin u 
omk? h 1+sinu 
pe (1-2) 
C AN (10.21) 
k? ar 
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The external pressure responsible for the variations of Y(z, t) and the 
non-vanishing of u(z, t) follows from (10.15) as 


P(z, t)= P(0, t) 
+3pVal{1+n cos kz cos wt exp(—ekz)} *~{1+n cos wt} °] 


—Zpu’(z, )-p| dxdu(x, t)/dt. (10.22) 
Q 
Then noting that 
1p 
m h (t+@cos7t)? (1~a?)’ 


it follows from (10.22) that the time average pressure’ is 
(P(z, t) =(P(0, t))-3p(u*(z, t)) 
~4oV2[(1 — n?)? - {1 — n?cos*kz expl- 2ekz)}?]. (10.23) 
Then since u is negligible, O(€V4), at the ends of the tube, it follows that 
(P(0, t)) =(P(4L, Dtp VKA ~n*) 2-1 (10.24) 
and 
(P(z, t))= Pyo—spu*(z, t) 
+4pV2f41—n*cos? kz exp(—2ekz)} ?—1]. (10.25) 
In the central region z*« 1/e*k*, where exp(—ekz)=1, the average over 
z yields 
(Plz, D) = (PEL, D)e 0) —heVA41-= = nk in). 
(10.26) 


where K(n) is the complete elliptic integral of the first kind. The time 
average of the internal fluid pressure follows from (10.16) as 


(p(z, t)) =(p(0, t)) -3p(u*(z, t)). (10.27) 
Since u7(+L, t) is small, O(e7V%), it follows that 
(pL, t)) =(p(O, t)) 
and 


(p(z, t)) =(p(4L, t))—40(u7(z, 1). (10.28) 


! Note that the pressure P(+L, t) at the ends oscillates with time but is uniform 
over space, so that it has no effect on the fluid velocity or the magnetic field 
there. The pressure difference P—p maintains the constant value P~ po. 
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showing the reduction of the interior pressure by the Bernoulli effect. 
This same expression holds for the average over the central region. The 
time-averaged magnetic field follows directly from (10.5) and (10.17) 


(B(z, t)) = Bo{1—- n’cos’kz exp(—2ekz)}? (10.29) 
upon noting that 
1 (F dr 1 
ifp aT a 10.30 
=| It+acost (1l-—a’p l ) 


The mean value of the time average field over the central region z?” « 
l/e*k*, wherein exp(~ek |z|)=1, is readily shown to be 


_ 2Bo M du 
(B(x, 1) = m J, (1—n*cos*u): 


2B 
= K(n). (10.31) 
Ja 


Incidentally the mean square field is 
(B*(z, t)) = B3{1—n*cos*kz exp(—2ekz)}? 


upon noting (10.25). The average of this over the central region is 


2d 
«(B*(z, t)) = B} 0 on nK(n). (10.32) 
Combining (10.26) and the space average of (10.28), and using (10.9) and 
pV = Bé/4a, it follows that 
B2 d 


(P}- (p) = 2 =~ nK(n), 


=(B*)/87, (10.33) 


with the help of (10.32) in the last step. This is, of course, just the 
combined time and space average of (10.13). 

Now, we know from (10.13) that the mean square field is enhanced 
above Py— po by the amount of the Bernoulli effect Gpu?). The important 
question is the enhancement of the mean field, for a given mean external 
pressure P and applied internal pressure pọ. In the static case 


(BY /8r =«P)—(p(£L, t) (10.34) 
(where {B}=Bo and P= Po, of course). In the dynamical case it 
follows from (10.26) and (10.31) that 
2d 


(BY'I8n—~(P)— p= E {Z Kom} 2 4 nki Hou?) (10.35) 
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with 4p€u’) given by (10.20). For small n 
(2/ar)K(n) = 1+4n7+9n4/644... 


so that, neglecting terms fourth order in n, the result is 
2 
n 
(BX /8m =«P)— pot 207 (w°*/k*— VA). (10.36) 


On the other hand, if n=1, then 
K(n)= In 4—4 In(1 —n’)+ Of(1 —n7)Ind — n’), 
and, with the aid of (10.21), 


2 
(BY?/8=(P)—p.+4o|2s (1-=)- Vas}. a035 
To interpret these mathematical results, note that the phase velocity 
wlk associated with the externally applied pressure fluctuations is com- 
parable to the velocity v of the external turbulence. If we suppose, then, 
that the magnetic field By at the ends of the tube is very weak, so that 
V,.<«v, (10.36) reduces to 


(BY 8r =«P)— Po tapu n?/4 
=pv*nt/4 (10.38) 


with the replacement of w/k by the characteristic turbulent velocity v. 
Under the same circumstances (10.37) becomes 


(B*)/87 =(P)— po+2pv°(1 — 2/7) 
=4pv?(1—2/7) (10.39) 


so long as n does not approach too closely to one. Comparing these two 
expressions with the static situation, given by (10.34), it may be seen that 
the mean field is enhanced from a weak value Bo up to some fraction of 
the equipartition value. The fraction is less than the upper limit (1— 
2/7)? =0-6 imposed by (10.39). 

On the other hand, if the initial field By is not weak, but instead is near 
the equipartition value VA =v? =w*/k*, then n will be small compared to 
one and (10.36) tells us that «BY -= BZ. There is then no significant 
enhancement of the field beyond the initial value By near equipartition. 

Altogether, then, it appears that the fluid motion induced within the 
tube by the turbulent massage of the external turbulence increases the 
mean field only to a fraction of the value (47rpv")? that one might have 
hoped from conventional arguments on equipartition of energy. On 
the other hand, the mean square field is increased by the expected 
amount, as indicated by (10.13), because of the peaks in the time average 
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where kz is equal to an integral number times m. We presume that it is 
the mean, rather than the r.m.s. field, that is inferred from observation, so 
we must look further. 


10.5. Turbulent pumping of a flux tube 


Consider the dynamical effects within a flux tube as a consequence of 
travelling pressure fluctuations applied to the surface of the tube (Parker 
1974a) by the turbulence outside. We have in mind the effects that arise 
when the turbulence outside the tube, represented by standing waves in 
§10.4, is convected along the tube with a velocity w relative to the gas 
inside. Such circumstances would arise if there were a large-scale bulk 
motion of the turbulent fluid outside. In the sun, for instance, the flux 
tubes appear to stand vertically in the strong downdrafts at the junctions 
of three or more supergranules, so that the turbulent external fluid is 
generally streaming downward along the tube. 

It is sufficient to treat the same slender flux tube as in §10.4. The 
fluctuations in the width 2Y(z,t) as a consequence of the variable 
pressure P(z,t) exerted on the tube by the external turbulence, are 
assumed to have a uniform velocity w in the z-direction along the tube so 
that the tube boundary has the simple form y =+ Y(z— wt, t). The ques- 
tion is under what circumstances the travelling deformation of the bound- 
ary induces a net motion, and partial evacuation, of the fluid within. The 
problem is not unlike that of rowing a boat on the surface of a lake. The 
oars of the boat deform the surface of the water and when moved, the 
deformation transmits force (momentum) to the water of the lake. But we 
wish to treat the problem quantitatively with the simplification of an ideal 
fluid. It is a well known theoretical fact that the motions of an inviscid 
fluid initially at rest remain irrotational, so that there can be neither drag 
nor lift on any body moving steadily through the fluid. Drag and lift are a 
consequence of vorticity, needing some slight viscosity to bring them 
about. So we cannot row a boat on the surface of the inviscid lake”. We 
cannot row, that is, unless we are clever enough to use oars with blades of 
infinitesimal thickness. One introduces vorticity into real fluids with oars 
and paddles of finite thickness, and into ideal fluids with appendages of 
vanishing thickness. In view of the intractability of the real problem, with 
a small amount of viscosity and much turbulent vorticity, we study the 
drag on the ideal fluid through vortex sheets introduced by infinitely thin 
partitions. The idealizations allow us to proceed with a minimum of 
calculation to a rough estimate of the net pumping of the fluid along the 
tube. 


* Although we can coast any distance with constant velocity by pushing off from 
the shore or hurling an oar from the boat. 
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Suppose, then, that the tube has uniform width Yọ everywhere except 
at z—wt=Q, where there is a thin partition extending from the wall 
y =+ Yo inward to y =+Y,(1—n) where, as in §10.4, 0<n<1. Thus, the 
width is 2 Yo everywhere except at z = wt, where the width is 2 Y,(1—n). 
The flow of fluid and field through the constriction is easily treated, using 
a conformal mapping in the frame of reference of the constriction at 
z = wt. Denote the fluid velocity by u in the frame z = wt of the moving 
constriction. Then the momentum equation is 


ou, 8 (pB) BoB 
ON ax, dX; Pt Sa) 4r ðX; 


(10.40) 


for steady flow, while the hydromagnetic induction equation reduces to 


u; a =B; S (10.41) 
with 
du,/dx, = 0, 0B,/dx; = 0. (10.42) 
Write the magnetic field in the form 
B; =al4ap¥u, (10.43) 


where «œ is a numerical constant not equal to one (but see, $10.6). The 
hydromagnetic equation (10.41) is automatically satisfied, the curl of B; is 
zero everywhere throughout the fluid (but not at the boundaries, of 
course), and the force (VxB)xB/47 exerted on the fluid by the field 
vanishes so that (10.40) reduces to the Euler equation 


V(p +35pu*) =0 (10.44) 


for irrotational flow. The fluid pressure is determined by the divergence 
of (10.44). Noting that 


V° u? = 2(du,/dx; )(du,/dx; ) 
for an irrotational flow, the result can be written in either of two ways, 
V*(pt+spu*)=0 or V*p=—p(du/dx,)(au,/dx,). 


There is no viscous term in (10.44) of course, so if the fluid motion is 
taken to be irrotational, with uniform velocity —w along the tube at 
z = +%, then the motion is irrotational everywhere along the tube and the 
velocity u; can be written in terms of the velocity potential, 


In view of (10.42) it follows that V?¢é = 0 and u; can be written in terms of 
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the stream function t, 
u, = +dW/dy, u, = —dy/az (10.46) 


with V°y=0. The magnetic field follows from either @ or & through 
(10.43). 
With the boundary condition that the normal components of u; and B, 


i 


vanish on y=+Y(z,t), w and œ are readily obtained from a conformal 
mapping (see for instance, Smythe 1939) as the real and imaginary parts 
of 


i +id = 2 wYo sin”! \ sin(ng/2)| (10.47) 
T S 


where 


=n tié, n = y/ Yo, é=(z—wt)/ Yo, 
s =sin(ar(1—n)/2). (10.48) 


The stream function and velocity potential are given by 


o2 a [ nies 
p= i Yow sin ~R; (10.49) 
h == ow cosh (R +S), (10.50) 


where R and S are positive quantities with the values 
1. > 1, 45 5 
R=} 41+—sin(azn/2)cosh(7é/2) t-z cos*(an/2)sinh*(aé/2) V, 
| S l 


S= {a -4 sin(mn/2)cosh(ré/2) I Hs £0s?(arn)2)sinh?(aé/2) È. 


The upper boundary of the tube n=1 corresponds to the streamline 
us= WY, while the centre line (the z-axis) corresponds to ys =0, with the 
lower boundary n =—1 as ẹ =—wYj. The velocity potential along either 
boundary is 


d= 2 WY cosh“ cosh(zré/ 2» 
T S 


On the centre line (the z-axis) 


2 1 
d= z wYo cosh fis +— 5 sinh*(ré/2)} 
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so that the velocity is 


w cosh(7ré/2) 


~ {s?-Fsinh?(ré/2)} (10.51) 


u, = 
in the frame moving with the partition. 

Now suppose that for t<0 there is no constriction of the channel so 
that v, =—w everywhere within the channel. At time t=0 the thin 
partition is pushed in at z = wt so that n increases smoothly and continu- 
ously up to a value no in a time 7, say 


0 for t<0 
n(t)=< not/t for O<t<+7 (10.52) 
No for t>r. 


The streamlines are pinched in by the partition, as shown in Fig. 10.2 for 
n =4. The partition produces a variation of pressure within the fluid in the 
neighbourhood of the partition. The total pressure head Ap is readily 
computed by integrating from €=—° to £= +% along the z-axis (or any 
other convenient streamline) yielding 


+00 


Ap=Yo|  dé(@plaz), -o 


+o ðu, ð. 
=-Y| ag =+— 4 2) 
oj él p at az Puz y 


t> /ðu 
=-pY,| d ( z) 
P of 5 at y=0 


The acceleration follows from (10.51) as 


ðu, — w cosh(ré/2) ds 
at {s?+sinh?(a/2)}2 ET 


Tey 
Fic. 10.2. The streamlines of the flow in the neighbourhood of the moving partition z = wt 
for the case n =0-5. 
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where 


ds _ -79 = cos{a (1 —n)/2}. 


Thus 


ds ef dé cosh(ré/2) 
-æ {8° +sinh? (Té 2} 


=+2pw Yo = 
Suppose, then, that there is one partition every l-cm along the tube, 
where l is rather greater than Yọ so the concentration of flow through 
each constriction is not greatly affected by the constrictions at a distance l 
on either side. In this case the mean pressure gradient along the tube is 
Ap/t during the insertion of the partitions, where Ap is given by (10.53). 

Suppose, now, that the partitions are withdrawn. If they were of finite 
thickness, the flow of the ideal fluid would return to its initial uniform 
state u, = —w with the disappearance of the partitions. But the partitions 
are of vanishing thickness, so that, just as in real turbulent flows, the flow 
is not reversible. Withdrawal of the partitions leaves a vortex sheet 
where the partition had been (see Fig. 10.2) and the flow is unaffected by 
the withdrawal. Thus, insertion and withdrawal of the partitions intro- 
duces a net pumping or sweeping of the fluid along the tube that can be 
blocked only by an opposing pressure gradient —Ap/l. 

Over a distance L the total pressure reduction is ApL/I. In terms of 
external turbulence composed of eddies of diameter | and velocity v, all 
convected at velocity w along the tube, the characteristic rise time of the 
constrictions is t= //v with 


tan(an/2). (10.53) 


d nY 
di nY) = - 
With n =4 (10.53) gives 
Ap = pwv Yo/l. (10.54) 


Thus, in principle, over a suitably long distance L, the total pressure 
difference pwv YoL/I? can be very large. The accumulated sweeping effect 
of the moving constrictions greatly reduces the pressure inside the tube, 
and the magnetic field B is compressed to some fraction of the ambient 
external gas pressure. 
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In practice, however, the moving constrictions are relatively ineffective 
when B?/87 exceeds the kinetic energy density pv? of the external 
turbulence. To give an idea of the accumulation of the effect over long 
distances note that the external turbulent pressure fluctuations, of order 
lpv? above the ambient pressure, compress the mean field B up to the 
value B’ where (see (10.6)) 

B” B? 


< ef po’. 
Sr 8r 2P 


Conservation of flux across the slender tube indicates that the width of 
the tube is reduced from Yọ to (1—1n,) Yo where 
B'(1—no) Yo = YoB 
or 
no = 1 —{B?°/(B? + 4rpv®)¥}. 
Then (10.53) yields 
Ap = 2pwv( Yo/ Dno tan(mno/2). 


The fluid is swept in the positive z-direction by the moving constrictions 
so that the tube is increasingly evacuated toward negative z, the mean 
rate of reduction of fluid pressure being Ap/l. The sum of the fluid and 
magnetic pressure is equal to the ambient external pressure, which is 
presumed to be independent of z. Hence the magnetic pressure increases 
toward negative z at the rate 


d B? 2 
PP Ba = (2PWUno Y,/l )tan(ano/2). 


Where the tube is so strongly evacuated that B?/87 >4pv’, it follows that 
No = 27pv?/B*« 1 


so that 


Integrating over z yields 
B*/87__ oe Zo = 2) 
2lv l 


i = (10.55) 
3pv? 
The magnetic pressure increases only as the cube root of the distance 
along the tube. In order to increase B’/8a by a factor of ten above the 
value of pv? for the solar granules, the sweeping would have to extend 
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along the tube for a distance of the order of 1071, or 10° km. We conclude 
that the turbulence carried in the downdraft along the flux tube produces 
field energy densities up to, but not significantly greater than, the turbul- 
ent energy density. Thus the observed photospheric granule velocities of 
3 kms ' where p=3x 1077 gem” may concentrate fields to densities of 
the order of 600 G. Since field pressures ten times greater are inferred 
from the magnetic observations, something remains yet to be discovered. 


10.6. Fluid motion within a flux tube: incompressible case 


Having failed to find a mechanism whereby the turbulence outside the 
flux tube can evacuate the tube significantly beyond the equipartition 
value B*=4pv*, consider what effects might arise from the hyd- 
rodynamic forces within the tube. Again we find that there are no flows 
that push B*/8a beyond the kinetic energy density 4pv? of the fluid. But 
there are some intriguing possibilities for the local increase of 4pv? and 
B?/8m together to arbitrarily large values (in an ideal fluid) by the 
application of arbitrarily weak convective forces (Parker 1976b, c). This 
raises the question of whether the concentrated and unresolved magnetic 
fields of the small flux tubes in the supergranule boundaries are associated 
with concentrated, and so far unconfirmed, high-speed fluid motions (see, 
for instance, Deubner 1976). The question can, of course, only be 
decided by observation. The purpose here is to develop the basic physics 
of the effect. If observations should confirm the existence of the fluid 
motions in the flux tubes in the solar photosphere, we would then be in a 
position to develop quantitative models. The possibility of a direct and 
intimate connection between the concentration of field and the eruptive 
spicule phenomenon suggests that high fluid velocities within the tube 
should not be discarded out of hand. 

In this section we consider the idealized case of the quasi-stationary 
flow v; of an incompressible, inviscid, infinitely-conducting fluid along a 
magnetic field B; (Parker 1976a). The dynamical equations are 


av; dv, ð ( a B, ðB; 
“+ pvj ta pt) =, 10.56 
Pat Pax ax P Ba) 4n ox, (10.56) 
ðB; ð ð 
ðt dx, OX, 
dv,/ax, = 0, ðB;/ðx; =0. (10.58) 


These equations possess the well-known (Lundquist 1950) stationary 
- equipartition solution 


v; = +B/(4ap)2, p+ B?/87 = constant. (10.59) 
Chandrasekhar (1956b, 1961) has shown that an infinitesimal perturbation 
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of the system leads to undamped oscillation about the equilibrium, so that 
the equipartition solutions may be said to be stable. 

The physical basis for the solution is simple enough. The fluid streams 
along the field so that the Bernoulli formula p +4pv* = constant is applica- 
ble along any magnetic line of force. The pressure reduction where v ts 
large exactly compensates for the increased magnetic pressure at the same 
place, satisfying (10.59). The centrifugal force of the fluid streaming along 
the field lines with curvature K exactly compensates the centripetal force 
of the tension B’/47 in those same lines, pv’ K = KB*/47. 

Imagine, then, a slender flux tube with weak uniform magnetic field Bo 
over the cross-section Ay extending between the planes z = +L. There is 
a slow motion of the fluid with velocity Vo = Bp/(4ap)? along Bo. Suppose 
that there is at our disposal the means to massage this tube with some 
small external pressure difference 6P, applied along the surface of the 
tube, as well as at the ends. Consider what changes in the field and fluid 
velocity such gentle manipulation can accomplish. 

If the cross-sectional area of the tube 1s A while the scale of variation 
of field and cross-section along the tube has a characteristic scale A large 
compared to the radius (A/a)? of the tube, then the transverse compo- 
nents of field and velocity within the tube are small compared to the 
longitudinal components by the factor A?/A and can be neglected. The 
equation of motion for the longitudinal flow velocity v along the tube is 


ð ð f 

ðv ð (2+0?) =0 (10.60) 
ðt ðz \p 

while the hydromagnetic equation is 


0B aB ð 
p? 


Prr 3, 70. (10.61) 
Conservation of magnetic flux requires 
AB = AoBo (10.62) 
and conservation of fluid, 
ðA a 
or T3, 0A) =0. (10.63) 


Substitution of (10.62) into (10.63) to eliminate A in favour of B yields 
(10.61), of course. 

The total pressure of the fluid and field outward against the sides of the 
tube is p + B?/87. This is equal to the total external pressure pot B4/8 m + 
ôP, exerted inward on the tube, so that ôP is 


5P(z, t)= p(z, t)+ B?(z, t)/87 — (pot Bo/87), (10.64) 
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and is presumed to be at our disposal. It is this small pressure difference 
ôP that is to manipulate the tube. It is a straightforward procedure to 
solve (10.60) and (10.61) for the pressure 6P(z, t) associated with any 
particular deformation of the tube. Keeping in mind that we are in- 
terested in producing a slow deformation of the tube while remaining in 
the neighbourhood of the equipartition solution (10.59), write 


v=Vt+u, V=+4+B/(4apy (10.65) 
with the supposition that u is small. Then (10.61) reduces exactly to 


al auo 
atV əözV ` 
Integration over z yields 
Z ð l 
,t)=—-V(z,t | ds — ——-~- 
u(z, t) (2, 0) or ET Vis, £) 
with the boundary condition that the fluid is undisturbed (u = 0, V = Vo, 
p = Po) at z =—L. Integrating (10.60) over z leads to 


ðvls, t) 
S . 


(10.66) 


p(z, t)+3pv7(z, t) = po tap Vo- | d (10.67) 
-L 


Hence, with the definition (10.64), the field and velocity changes in the 
tube are related to the externally applied pressure 5P by 


, Z ð 
&P(z, Ò/p = — uv—ne- | ds v(s, t) 
-L ot 
z a V(s, t) | V?(z, 2) 
~ 1+ 
p ds ðt V?(s, t) 


eM en a) 


z dV(s, t) f „ð 1 
+ —> ds’ — -r 
| a| ðt E ` at Vis’, t) 


+V( of is | 
SEJ, SO ae vVe DS 


This can be simplified in keeping with the spirit of the present calculation 
that the deformation is slow, so that ð V/ðt« VaV/ðz. Then 

Z dV(s, t 

Í ds (s, t) 

cL at 

z ð Vs, t 

| ds IMs) 

ot 


«3V°(z, t), 


oViz,t 
<AV(z, 1) VS 


236 THE ISOLATION AND CONCENTRATION 


etc. and all terms second order in the time derivative of V can be 
neglected, yielding the first-order expression 


a z l ð V(s, t) V”(z, t) 
5P(z, t) = p| ds l1 + VAs >| 


E at 

for the pressure S5P(z,t) to bring about the change 0V(z, t)/dt. The 
pressure ôP decreases with z along any part of the tube where the field is 
increasing, 3 V/dt > 0, and the magnitude of dP is proportional to the rate 
of increase of V. It follows that an applied pressure ôP of arbitrarily small 
magnitude can manoeuvre the flux tube into any intense field configura- 
tion provided only that 6P is applied for a sufficiently long period of time. 
In simple terms, the fluid motion V along the tube provides the mechani- 
cal advantage. This necessary motion is transformed, by the conservation 
of flux and fluid along the tube, so that the system remains in the 
neighbourhood of the equipartition solution, and the mechanical advan- 
tage continues throughout the deformation. The deviation u(z, t) of the 
fluid velocity from the equipartition solution is small, being first order in 
ð Vjat. 

It is evident, then, that a weak field By and small fluid velocity Vo in a 
non-dissipative system can, Over a period of time, be transformed into a 
field B of arbitrarily large intensity by an externally applied pressure 
d5P(z, t) of arbitrarily small magnitude. In view of the fact that the system 
remains near the stable equipartition solution throughout the transforma- 
tion, there should be no strong instabilities. Clearly any final equipartition 
State 1s stable. 

To illustrate the nature of the external pressure necessary to produce a 
simple compression of the tube, consider the simple example 


V(z, t)= Vo{ita(texp(—|z|/D} (10.69) 


(10.68) 


wherein V(—L, t)= Vp and the weak magnetic field By is compressed over 
a region of characteristic length 2/ in the vicinity of z =0, to a maximum 
value B,[1+a(t)] at z =0. Supposing that L is so large that expl- L/D) = 
0, it follows from (10.68) that 


d 
dP(z, th=—plVo 7 {2 +a exp(z/Dtexp(z/D), 
in the region z <Q, while for z>0, 


lt+a xp} 


x | 24a +{1 -exp(-2/D}{ 1+ a 


Then if the field is increasing with time (da/dt > 0), the pressure decreases 
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Fic. 10.3. A plot of the externally applied pressure 5P(z, t) in units of — plV, da/dt, causing, 
growth of the compressed field (10.69) at the rate Vo da/dt at z=0. 


monotonically with z. The total pressure difference between the upper 
and lower ends of the tube is 


da (2+a)* 
dP(L, t)=—plV,— 
( > ) Pp 0 dt +o 


(10.70) 


The pressure 5P(z, t) is plotted in Fig. 10.3 in units of — plV, da/dt for the 
initial departure of the tube from uniformity (a@ = 0) and for compression 
of the field at z =0 to 2Bola = 1), 3B,(a =2), etc. The reader may easily 
explore a variety of other cases. The basic principles are adequately 


illustrated by the present elementary example and show unlimited growth 
of field. 


10.7. Field compression with convective forces: incompressible case 


Suppose that the flux tube extends upward through a region of convec- 
tive instability (as in the region immediately below the solar photosphere) 
so that the fluid motion along the flux tube is subject to a force 
proportional to the equipartition velocity V. In place of (10.60) write 


LA (2 +407) -¥ (10.71) 
ot dz \p T 

where 7 is a constant, measuring the characteristic acceleration time of 

the fluid by the convective forces. With the boundary condition that the 

deviation u(z, t) from the equipartition velocity V(z, t) does not vanish at 

z=—L, the solution of (10.61) becomes 


u(z,t) uL, t) (F a 1 
ME A s2 
Viz,t) VOL Ð Jı dt Vis, t) 
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in place of (10.66). Integrating (10.71) yields 


aV(s, t) _ Vis, 2) 


-+f 
p(z, t)+4pv°(z, t)=p(-L, t)+4pv(-L, t)—p | ds| s 
—L T 


in place of (10.67), upon neglecting terms second order in the time 
derivative. 

The pressure difference necessary to carry out the deformation is 
(10.64) 


5P(z, t) = p(-L, t) +p V° (-L, t)— po 30 Vo 
u(—L, t) 
V(-L, t) 


+ VŽ, o) Í, ds TA D |. asf ven] 


+ o| VEL thu(—L, t)— V (z, t) 


(10.72) 


Suppose that the compression of the field is to arise spontaneously, with 
no externally applied manipulative forces, 6P =0. Then (10.72) reduces 
to an equation for V(s, t). The solution is particularly simple if it is 
assumed that the field at z =—L is very weak and remains unperturbed, 
V,=0, u(-L, t)=0, for in that case 


PP l. (10.73) 


Z ð 
0= Vz, of ds vsa l, 


There is a similarity solution of the form 
V(z, t) = F(z)explot), 


for which 


0 =oF(2)| aot (o-*) p dsF(s). 


Differentiate once with respect to z and divide through by 2oF(z)F'(z). 
Then differentiate again with respect to z. The results can be written 


F'/F=(1-1/207)F"/F'. 
The solution is 
F(z)=(C\z+C)'*, 


where C, and C, are arbitrary constants. Since V(—L, t)= Vo =0, write 
the solution as 


V(z,th=V,1+2/L)' *°7exp(ot) 
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for an initial velocity V, at z =0. Substituting this result back into (10.73) 
yields an identity, so that there is no dispersion relation relating o to 7. 
The growth rate ø is determined by the initial form of V(z, t) together 
with the strength 1/7 of the convective forces. 

The deviation from the equipartition state is 


ulz, t)=(L/27)(1+2/L) 


which is independent of time and is small for small convective forces 
(large +). The fluid pressure is 


p(z, t) =p(-L, t)-3pV"(z, t) 
= p(-L, t)-zpVi0 +2/L)*""*"exp(2ot), 


so that the fluid pressure within the tube declines with height and with 
time. 

A particularly interesting special case is 207 = 1—e€ where e« 1. Then 
the growth time of the field is 27r(1+e+...) and the field and velocity 
have the form 

Viz, t)= V1.4 2z/L)fexp{( — e)t/27} 
with 
p(z, t)=po—3p Vi — 2/L)**exp{(1 ~ €)t/27}. 


The flux tube is relatively broad at z =—L where the fluid enters, but has 
a smaller and nearly uniform cross-section elsewhere. The variation of 
field strength B, and radius AŻ, along the tube is plotted in Fig. 10.4 for 


1-8 i p or l 


0 
oy 

0-6 

0-4 

0-2 | 


— 1-0 0 1-0 


Fic. 10.4. The curves increasing monotonicaliy with z/L represent the field strength, of 
Alfven speed V(z, t)/ V, while the decreasing curves represent the relative radius of the 
tube. The values of e = 1—207 are indicated on each curve. 
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e=0, 0-1, 0-5, and 1:0. The important point is that the field grows 
exponentially with time given only that the convective force 1/7 is 
non-vanishing. Any prescribed field strength is reached in the course of 
time. 

We could go on from here to explore other solutions and cases, 
generally working toward the illustration of a complete self-consistent 
solution for a body of fluid in which the magnetic field is brought into a 
compressed state by the convective forces. In particular, it is desirable to 
demonstrate the limits for dynamical stability. However, there is a more 
elementary problem that needs attention, and that is the nature of the 
equilibrium solutions in a stratified atmosphere where the gas density 
varies along the flow. 


10.8. Fluid motion within a flux tube: stratified atmosphere 


The analysis of §§10.6 and 10.7 illustrates the dynamical evolution of 
equipartition flow from weak to strong fields under the influence of forces 
of arbitrarily small magnitude. The field within the flux tube grows slowly, 
but it grows without limit. Arbitrarily large field strengths—and as- 
sociated flow velocities, of course—can be achieved by the most modest 
of forces. This remarkable conclusion is, of course, valid only in the 
circumstances of the ideal incompressible fluid for which it was calculated. 
When we turn to the question of the evolution of a flux tube extending 
vertically across a stratified atmosphere with pressure scale height A= 
kT/mg, there are limitations introduced by the fact that equipartition 
lov? = B?/87 can ordinarily be achieved at only a single height in the 
atmosphere (Parker 1976c). 

Consider, then, a slender, isolated flux tube of cross-section A(s) and 
field strength B(s) extending along some path in an atmosphere of 
temperature T(z) and mean particle mass m in a gravitational accelera- 
tion g in the negative z-direction. Distance along the tube is denoted by 
s, making an angle #(s) with the vertical z-direction. 

It is clear that if the path of the flux tube were horizontal, then the fluid 
density would be uniform along the tube and the analysis of the previous 
sections would be applicable initially. But we do not expect to find 
horizontal convective forces, so it is not clear what might drive the fluid 
velocity in a horizontal tube toward the concentrated form. In any case 
the flux tubes in the sun are more or less vertical, as are the convective 
forces, so it is the vertical configuration on which we concentrate atten- 
tion. 

Then conservation of magnetic flux requires 


A(s)B(s) = AgBo, (10.74) 
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while conservation of matter leads to 
A(s)p(s)v(s) = Appovo (10.75) 


for the steady fluid velocity v(s) along the tube in the gas density p(s). 
Dividing (10.74) into (10.75) yields the basic conservation condition 


e(s)v(s)/B(s) = povo/ Bo. 
Hence the ratio of the kinetic energy density to the magnetic energy 
density varies inversely with the density 
apv? 1 
B?/8r p 


The ratio of the kinetic energy to the magnetic energy increases with 
height. Hence the equipartition condition B; =(4mp)?v, can hold at only 
one height in the atmosphere. As we shall soon see, this restricts the 
growth of intense fields and limits them to the general vicinity of the 
height where pv? = B*/47. It will be shown that this can occur only in the 
neighbourhood of the level where dA/dz = —4, which condition is satisfied 
only in a narrow interval of height in the solar photosphere. But, 
curiously, this happens to be at just the level where the intense magnetic 
ficlds are observed. Altogether, then, we are interested in a flux tube 
which extends from great depth, where pv*<« B?/4r upward across the 
height where dA/dz =—4, to somewhere above, where pv?> B?/87. 

To illustrate the dynamical equilibrium along a flux tube in a stratified 
atmosphere, in which the ambient gas density varies with height z as a 
consequence of the gravitational acceleration g, note that the equation of 
motion is 

dv 1dp 

as pas SOO? 0 
where s denotes distance measured along the tube and (s) is the angle 
between the axis of the tube and the vertical. Since dz =ds cos ¢, the 
equation can be written 

vtd, oo (10.76) 

"dz p dz 
for any inclination of the tube. Suppose that the temperature of the gas 
flowing along inside the tube has the same value T(z) as the gas outside, 
where the pressure is P(z) = P(O)f(z) with 


jozef- f atts} 
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It is convenient to denote height z in units of the scale height Ao = 
kT,/mg at the reference level z=0, so that z=Ap@, and to write the 
temperature in units of Ty, so that T(z)= T,@(z). Then 


t 
fle) =exp|-[ agave} (10.77) 
0 
The field density B(z) is determined by the difference between the 
external pressure P(z) and the internal pressure p(z), 
B?(z)/8r = P(z)— p(z). 


If the field is measured in units of its strength By at z =0, so that 
B(z)= Buz), then the condition for lateral pressure balance can be 
written 


pO = PORO- np O (10.78) 
where n = B3/87P(0). Write (10.75) as 
V = UVotbpol p 
= VolOPol p 
= Vo(1—n)bO/(f — np’). (10.79) 


The equation of motion (10.76) can now be written 


d ae = ny p0? 
dgl (f-ny?y 


where p = mv3/2kTo. 

The solution of (10.80) is easily worked out for a number of special 
cases. Thus, for instance, for the isothermal case, for which 0=1, it 
follows from (10.77) that f =exp(—¢), and from (10.80) that 


{et} +i [E-o (10.81) 


since f and # are both equal to one at z =0. As another example, the 

special case 0 =1—34¢ is immediately integrable, yielding f =60°= 4°, so 

that the field pressure declines in direct proportion to the gas pressure, 
In the weak field limit, with n, u <« 1, (10.80) reduces to 


d 2 a 
poani- \+1=0 (10.80) 


1 d(in 4°) _1+d0/dé -nf 2e i i Ony? 10.82 
5 a Olnfl uo = 1) §1+O(np?/ fy} ( ) 


over the range of @ for which nis*<« f. Thus, the weak-field problem is 
reduced to a quadrature. For the isothermal case, 0 = 1, the weak-field 
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solution is 


(n= WPO 
nf- 


It is evident that (10.83) increases without bound as f(¢) approaches u/n, 
so that the exact solution (10.81) must be used in that neighbourhood. 

We are interested as much in the general structure of the solutions of 
(10.80) as in the individual special solutions and examples. To consider 
the general structure note that @(Z) can be expressed in terms of f(¢), and 
note from (10.77) that df/dg =—f/@. Then (10.80) can be written 


dln 4°) _ Fp’, f) 


WE (10.83) 


dg GUP, fy we 
where 
> _2p(l-nýřof 2u(1—n)’ade 
F(db DE EPP ne dc’ (10.85) 
owe. p=ofn Hoare) goso 


It is evident that the magnetic field pressure %* passes through an 
extremum at the zeros of F, while dé/dy* vanishes and ¢ passes through 
an extremum at the zeros of G. Thus, for instance, if G vanishes at č = @,, 
where (éa) = Wa, F(E) = fa, the solution w*(Z) is confined to one side of 
ča, where it may be double-valued. If C=(0G/dw7), and D=(dG/df),, 
where again the subscript denotes the value at (=@,, then (10.84) 
becomes 


yaba df _ — CU? — ba) + DF = fa) 
fa dy? F, 
in the neighbourhood of (fa, Y2). The solution is 
2 CFapaba f _ Dfa- > 
Cae- Df.) E ep Pw wa) | 


Expand the exponential in ascending powers of y? ~ ys. To lowest order, 


f- fa == CO Fp DN — Wa), 


so that f goes through a maximum or minimum (depending upon the sign 
of C/F,) and returns from whence it came. Thus there is no dynamical 
solution extending through the atmosphere from deep down (f> 1, G>0) 
up to the top (f« 1, G <0). The only solution extending across the entire 
atmosphere is hydrostatic equilibrium, u = 0. 
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The only way to avoid the turn-around at ¢, is for F to have a zero at 
¢, as well. Then if both F and G have simple zeros at @,, their ratio is 
finite and (10.84) provides a smooth continuous solution across the 
critical point, which we now denote by @, (i.e. €,=¢. if G and F both have 
simple zeros there). Expand F and G about f, and We so that (10.84) can 
be written 

dy? _(W?—-WA+(f-fOB 
df (W-wC+(f-f.)D 


to lowest order, where A =(0.u2/f.)(@F/au2), B=(6.2/f.)(0F/af).. and C 
and D are the corresponding derivatives of G, as already defined. Define 
the function S(f—f,) as 


S(f =f.) = (W* — bof fo). 
The variables S and f—f, are separable and the solution of the equation 
1S 
(f-f.(S—a)*(S—b) =Q 
where Q is an arbitrary constant, a and b are the roots of CS*+ 
(D—A)S —B, so that 
2Ca=A-—D+{(A—D)?+4BC}, 
2Cb = A -D ~-{(A -DY +4BCẸ, 
and the exponents a and 8 are 
2a =1+(4+DH(A -DY +4BC}, 
2B=1-(A +D)H(A -DY +4BCẸ, 
The solutions S =a, S=b for Q =0 are of particular interest, repres- 


enting smooth passage across the critical point f =f. In the near neigh- 
bourhood of f,, there are the two solutions 


2C? — we) = (a, 6) x (F — fo). (10.87) 


Thus there is a solution extending continuously from the bottom to the 
top, across the critical point in the middle, provided only that F and G 
have common zeros. It is this requirement on the zeros of F and G that 
determines the ratio u/n of the kinetic energy density to the field energy 
density 3p 9v2/Ba/8m at z =0. 

Consider, then, the conditions necessary for the simultaneous vanishing 
of F and G. Put F= G =0 and solve (10.86) for n, using the result to 
eliminate the term n from (10.85). The result is 

2al -ny ny S i) 
1) — 


F-n 
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Fic. 10.5. The solid curve represents d7/dz in the sun (Spruit 1974) from the base of the 


photosphere to a depth of 1000 km, while the dashed curve represents dT/dz to the base of 


the convective zone at a depth of 2 x 10° km. The two curves labelled mg/2k represent the 


critical values d@/dg=— 5 at the respective heights in the convective zone. The peak of 


dT/dz at a depth of about 40 km corresponds to d6é/dé=— 1-5. 


requiring’ that dé/dé =—3, i.e. that 
——=-} (10.88) 


The scale height, A= kT/mg, must vary half as fast as the height z. The 
existence of a suitable dynamical solution, then, depends upon the 
temperature declining sufficiently rapidly with height. Before going on 
with the development of the mathematical properties of the solutions it is 
appropriate to inquire whether the necessary condition is ever satisfied in 


nature. 
Consider the sun. The solid curve in Fig. 10.5 gives dT/dz in the outer 


1000 km of the convective zone, based on the model given by Spruit 
(1974). The nearly horizontal solid line represents the critical value 
(10.38), mg/2k =1-86x10°* Kcm™! for g=2:7x10*cms~” and a gas 
composed of 95 per cent hydrogen and 5 per cent helium by number. The 
dashed curves represent dT/dz from the top of the convective zone down 
to its base at a depth of 210° km, and the critical value mg/2k as a 
function of depth, allowing for the increase of gravity and the decrease of 
mean molecular weight from the increasing ionization. It is evident that 


* The alternatives are u =0 (hydrostatic solution), or n = 1 (vanishing gas density 
within the tube so that v is undefined and the result is a special case of u = 0.) 
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the critical condition (10.88) is met in the uppermost 100km of the 
convective zone. And this is precisely where the intense flux tubes are 
observed. 

We are particularly interested in the circumstance that deep in the 
atmosphere the kinetic energy density of the fluid motions is small 
compared to the magnetic energy density, which is in turn small com- 
pared to the thermal energy density, 


Sav" « B?/87« P. 


In this region the solution to the dynamical equations approximates 
hydrostatic equilibrium 


P(E « F(Z) (10.89) 


with nwp?(£)« f(£). Assume that n and u are comparable in order of 
magnitude. Suppose that, as in the solar convective zone, the temperature 
scale height is large compared to the pressure scale height so that 
dé/dg«1. Then it is readily seen by inspection of (10.85) and (10.86) 
that, deep in the atmosphere (where f>1, nibs’), the function F is 
negative and G is positive. It is also evident from the facts that f+ nibs? > f 
and dé/d€<1 that as f declines upward through the atmosphere, the 
function G reaches its zero before F. In this situation there is no 
dynamical solution extending up past the zero of G. The solution turns 
around at ¢ = ĉo. Only the completely hydrostatic solution u =0 extends 
all the way, since in that limiting case ¢) moves up. to ¢ =+, 

Suppose, then, that there is a thin stratum in the upper atmosphere, at 
some level ¢ = €. in which the temperature declines sufficiently rapidly so 
that d@/dg=~—}. There is a value for the flow velocity, characterized by 
u = mvg/2kT , such that the zero of G occurs at £=¢., at which F also 
vanishes, so that the solution extends smoothly across the critical point <. 
as described by (10.87). Thus the construction of the dynamical solution 
extending from the bottom to the top of the atmosphere is an eigenvalue 
problem which determines the value of u/n. 

The problem is particularly simple in the weak field case, for which 
(10.82) is the appropriate equation. It is clear that the denominator of the 
right-hand side vanishes where nf= u8. In order for the solution to 
extend across ¢., then, nf must have the value u8 at ¢., in which case 


d(in p/d =— 1/20 


at the critical point. But presumably the temperature 6(Z) is specified, so 
that č. is determined by the condition (d6@/dZ),=—3. The function f(Z) 
follows from 6(@) through (10.77). Hence, for the zero of the de- 


nominator of (10.82) to coincide with dé/df=— 3, n/a must have the 
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value 
ni p = OEF E). (10.90) 
That is to say, the characteristic flow velocity vo is determined by 
vo= Valun? 
= Val(fel OÈ (10.91) 


where V, = Bo/(4rTpo¥ is the Alfven speed at the reference level £=0 
where the fluid velocity is wv. 

To illustrate the general nature of the dynamical solution in a stratified 
atmosphere, consider the simple situation in which the temperature 
declines upward according to 


1—exp(— hg) 
from €=—% to €=£,<¢,, above which the temperature has the fixed 
value 


A(f)= 


_ 1—expth({,—¢,)} 
1—exp(— hg). 


The temperature is essentially uniform in the lower part of the atmos- 
phere and would fall to zero at =, were it not for the intervention of 
the isothermal atmosphere at £,(< ¢,). The ambient pressure follows from 
(10.77) as 


05 (10.93) 


FE = (gy PH" exp[—{1 -exp héhé] (10.94) 


In order that there be a critical point, it is necessary that d@/dZ fall to —4 
in €<¢,. Hence, it must be required that 


2h exp{h(¢,— ¢,)} > 1—exp(—h,). 
Since €,<,, this can be satisfied if and only if 
2h>1—exp(—hZ,). (10.95) 


For the weak field case, ny? < f, the magnetic field follows directly from 
integration of (10.82). If 


h =1-—exp(~hZ,), (10.96) 
then the integration is elementary. The temperature is 
h6()=1—-(—h)exp(hg) 
and the pressure is 


f(g) = O(Qexp(-hé). 
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Since w& is normalized to unity at €=0, the magnetic field 1s 


h exp(— h¢) 


T—exp(-n(Z, 0} (10.97) 


w(t) = 


The critical point lies at 
hf,=—In{2(1 —h)}. (10.98) 


Evidently é. can be positive or negative depending upon whether h is 
greater or less than one-half. It follows with the choice (10.96) that &, is 
related to ¢, by 


f.=¢,-(/h)in2. (10.99) 


Finally note that the temperature and pressure at the critical point are 
6.=1/2h and f,=2(1—h) respectively, while the magnetic field is w2= 
4h(1—h). The field is a minimum at ¢ = ¢,. The eigenvalue follows from 
(10.90) or (10.91) as 


ujn =2(1—h). (10.100) 


This ratio must be positive on physical grounds, requiring that O0<h<1. 
It is obvious from (10.97) that for large negative ¢ 


P~ hf), 
while for £— ¢, 
PO~- hai 
=pżl4hlé i). (10.101) 


Altogether, then, the magnetic pressure at large depth is proportional to 
the ambient gas pressure, declining with height with a scale height Ao/h. 
The field passes through a minimum at ¢,, and, in the weak field 
approximation, increases without bound toward the top ¢ = ¢,. Above Z, 
the temperature ts uniform, with value 


hd, =1—(1—h)exp(aé3), 
and the pressure is 
FE) = fh expt— (¢ — €)/ 02} 


where f= 0, exp(—al,). Note from (10.96), (10.98), and (10.100) that 
with €.<¢,<¢, we have 


2(1—-h)>exp(—hf,)>1—-h 
and 


nf>/wO,={1/2(1— h)}exp(— aZ2) <1. 


OF MAGNETIC FLUX TUBES 249 


~] T | l To o] 
LV x=} E 
l 7 
4 w 
L i 
us 
2 D 
Se A — | 
l < | 
<I 
—3 ~ 2 — Í . 0 l 2 


(8 
Fic. 10.6. The heavy curve, labelled ws, represents the magnetic field pressure normalized 
to unity at €=0, as given by (10.97) for h=0-5. The pressure f and temperature ð, all 
normalized to unity at £=0, are also shown. An isothermal atmosphere is appended at 
¢=1-0, 1-2, and 1-3, with the corresponding drop in ẹ?. The light vertical line at the 
right-hand end corresponds to {= čo = 1-386. 


Hence nffu0,<1 for all £>£,, and it follows from (10.82) that ys? 
declines monotonically with increasing height above ¢,. It is readily 
shown from integration of (10.82) that the magnetic field in the isother- 
mal region above ¢, is 


YAE) — 42 {2(1 —h)— exp(— hé,)sexpt(g — £,)/0} 
| * 2(1—h)exp{(Z ~ £,)/@.}—exp(— ac) 


where 5 is given by (10.97) evaluated at Z. 

The field is plotted in Fig. 10.6 for the special case h =0-5, for which 
é-=U and ¢,=1-386. The field above £, is shown for éo>=1, 1-2, 1-3. 
Figure 10.6 also shows 0@(¢) and f(Z) (without the isothermal plateau 
above ¢,). The important feature is the sharp rise of the magnetic field 
above the critical point at ¢ =0, as indicated by (10.101). In the present 
weak field approximation, the increase becomes arbitrarily large as Q, 
declines below the value @, at the critical point. Thus the limiting increase 
of a weak field depends quantitatively upon the detailed temperature 
structure of the atmosphere. In the sun (see Fig. 10.5) the critical point, at 
dé/dg=—4, lies very close under the photosphere and temperature 
minimum, admitting the possibility of strong concentration. 


10.9. The limits on field compression in a stratified atmosphere 


Consider now a simple example using the exact equations for strong 
fields in order to see what the real limits on field intensification in a 
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stratified atmosphere are. To make the calculations tractable suppose that 
the temperature is uniform with a value 0 = 1 in <0, and uniform with a 
value 6=6,=1—4¢, in £>£,>0. In the intervening region, 0<¢< , 
let the temperature decline linearly 


OE) = 1-36, 
so that dé/d¢ is just equal to the critical value —4. 


Note that in č <0 the pressure is just f(Z) =exp(— ¢). Hence deep in the 
atmosphere (10.81) reduces to 


ny li) ~ f1- (1 — njexp ut. (10.102) 
But w and f are both positive. Hence it must be required that 
(1—n)exp wp <1. (10.103) 


It follows from (10.86) that 
G~nfi+O(1/f)} 


and is positive. Therefore, G must remain positive all the way up to ¢ =, 
if there is to be a dynamical solution. Hence at £=0, where p’ = f = 8 = 
1, 


G=n—pu(i+n)>0 
OT 


u <ni (n+1). (10.104) 


This upper limit on u automatically satisfies (10.103). Hence the dynami- 
cal solution will have an eigenvalue which satisfies (10.104). 

In the transition region (0, £,) the solution is f = 6? = y? = (1—44). The 
solution must cross the critical point somewhere in (0, ¢1), so that G must 
be negative at ¢,. It follows from (10.86) that 


G(é,)=n0,—-uwOt+n). 
If this is to be negative, then 
6,<p(ltn)/n<1, 
i.e. 
E >HUl-—u(l+tn)n} 


if there is to be a dynamical solution extending across the critical point. 
The critical point lies at the zero of G, so that (10.86) yields 


nô.=pu(l+n). 
Hence 


f.=2{1—-p(1+n)/n} 20 
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or 
O lsd, 


n 1+n 


<1. (10.105) 


The location of the critical point is limited only to the interval (0, 2,) in 
this example, so that p/n is not precisely fixed but is only limited, as 
indicated by (10.105). If we fix & by letting ¢, decrease to zero, then, 
since 0<¢.<¢,, it follows that u/n takes on the limiting value 1/(1+n) 
allowed by (10.104). 

In the isothermal region ¢ > €, the pressure is 


fE = fi expi-(C- 4a W Ort 
and the field is given by 


u(l-ny ory? (Eat) 2 
meee + 6, In = u + 6, In{(1 — 1) 67}. 
Fon F167 
As ¢— +œ the pressure goes exponentially to zero and 


wei(l-n)yr 

The magnetic field pressure ° declines as the square of the gas pressure. 

The field declines monotonically in £>0 from its maximum w= 1 at 
¢=0. The interesting physical question is the factor by which the field 
increases up to £=0. Note the asymptotic solution (10.102) deep in the 
atmosphere, which can be rewritten as 

B*(z)/8a ~ P(zX1-— (1 — n)exp u}. 

On the other hand, at ¢¿=0 
B*(0)/87 = nP(0). 


Thus the ratio of field pressure to gas pressure 1s enhanced as ¢ increases 
to zero by the factor 


us? 


R=n/{i-(—n)exp u}. (10.106) 


The enhancement factor is largest when u assumes the maximum value 
allowed by (10.104), 


Rmax = [1-1 —n)exp{n/(n + 1)}] (10.107) 


plotted in Fig. 10.7 as a function of n. Note that n is just the ratio of the 
magnetic pressure to the ambient gas pressure evaluated at the reference 
level ¢=0. In the present example the ratio of field to gas pressure is a 
maximum at ¢=0, so n represents the maximum value of that ratio. It is 
evident from (10.107) and Fig. 10.7 that the enhancement factor Rmax 
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Fic. 10.7. A plot of the dynamical enhancement R,,,,(eqn (10.107)) of the magnetic 
pressure relative to the ambient gas pressure as a function of the ratio n = B3/87P(0) of 
field pressure to gas pressure at £=0. 


increases without bound as n declines toward zero (Rmax~2/3n) (see 
§10.8) and decreases to one as n increases to 1. The intense flux tubes of 
1500 G in the sun involve n=0-4 at the critical point where d8/d¢ = —4 
about 10*°km below the visible surface. The enhancement factor is 
Rmax = 2 1n this case. 

In Fig. 10.8 the gas pressure f(£) is plotted, together with the field 
pressure °(Z), for n=0-1, 0-2, and 0-4 with u equal to the maximum 
value n/(n +1). The field above ¢ = 0 may vary in a variety of ways. If, for 
instance ¢,=2, then the temperature falls linearly to zero at ¢, and the 
decline of ys” is the same for all n. The field is also shown above £ = 0 for 
n=Q-1 and the arbitrary choice £,=0-2005 so that 6; =0-90 and fi = 
it and for n=0-2 with £,=0-406 so that 6,=0-797 and f,=%. The 
decline of 7 above the critical point at £=0 is of secondary interest at 
the moment. 

The principal point of interest is the sudden upsurge of the magnetic 
pressure ws over the gas pressure toward the critical point at £=0, seen 
in Fig. 10.8. It is important to note, however, that the upsurge, by the 
enhancement factor Rmax, is limited to a factor of about 2 for n =0-4, 
corresponding to about 1500G at ¢¿=0. The dynamical compression of 
the field is not insignificant, then, nor is it adequate to accomplish the 
entire feat of compression from a few hundred G to 1500 G entirely on its 
own. The dynamical enhancement may function in partnership with other 
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effects, such as reduced temperature, to bring about the extraordinary 
compression of field indicated by the observations. 

It is obvious that if the dynamical effects are to be combined with 
cooling, then the analysis should be repeated without the restraining 
assumption that the temperature within the flux tube is equal to the 
temperature outside. This leads to mathematical difficulties in the form of 
movable critical points. Another obvious theoretical question is the 
stability of the equilibrium dynamical solution. Only the equilibrium 
solutions have been presented here; the very difficult question of their 
stability has been put off to some future time. Chandrasekhar (1961) has 
demonstrated stability of the equipartition solution in an incompressible 
fluid. In the stratified atmosphere stability is expected below the critical 
point, where the tension in the field dominates the Reynolds stresses 
(pv? << B*/47r). At some height above the critical point, however, the 
Reynolds stress dominates; the Reynolds stress increases upward relative 
to the magnetic stress as p~'. Consequently, the upper end of the flow is 
unstable (Geronicholas 1977b). The resulting turbulent instability above 
the critical point may be the cause of the spicule phenomenon higher up 
in the atmosphere. 

If the dynamical enhancement plays a role in the concentration of the 
field, then the updrafts and/or downdrafts within the individual flux tubes 
must be comparable to the Alfven speed. A field of 1500G at ¿=0 
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Fic. 10.8. A plot of magnetic field pressure ẹ? (given by eqn (10.81)) normalized to unity at 
€=0 for n=0-1, 0-2, and 0-4. Above £=0 the temperature declines with height as 
6 = 1-32, becoming isothermal again at £, = 0-2005 in the case n =0-1 and at €, =0-405 for 
n=0-2, For ¢,=2, ° follows the part of the curve labelled ¢,=2 for all n. The 
temperatures are shown by the dashed line and the pressure f(£) by the dotted line for £<0. 
For ¢>0, the pressure coincides with the curve for y* labelled £, =2. 
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where p =3:5X10°’ gem’ (Spruit 1974) corresponds to a speed of 
7kms '. Deubner (1976) has pointed out that some observations of the 
downdrafts in association with the intense but unresolved flux tubes 
suggest the possibility of extreme velocities. Confirmation or denial of 
high velocities is the critical observational test, obviously. If observations 
should confirm strong downdrafts, the next theoretical step would be to 
develop a quantitative model. 


10.10. Reduced temperatures and field concentration 


10.10.1. General ideas and possibilities 


The sections above have examined the fluid motions within a slender 
flux tube, and the compression of the field, as a consequence of external 
pressure fluctuations and as a consequence of quasi-steady flow along the 
tube. The effects are many and varied, but none surpasses in any 
significant degree the equipartition relation B? = 4mrpv?. Hence, fluid 
velocities of 6-8kms~' would be required to produce the observed 
1500 G fields. The observed gas velocities at the surface of the sun are 
not so large. Hence, it would seem that the fields are compressed by some 
mechanism other than a direct confrontation of the Reynolds and Max- 
well stresses. The alternative is a temperature reduction AT of the gas 
within the flux tube, causing a partial evacuation of the tube by the forces 
of gravity. If T(z) is the ambient temperature, while the temperature 
within the tube is T(z)— AT(z), then it follows from (8.7) (or (8.10)) that 
the ratio of the magnetic field pressure in a slender flux tube to the 
ambient gas pressure p(z) outside varies with height according to 


Bz) _, f,  B*(Zo) pF dzAT(z) 
8ap(z) l {1 so exp | [ RTH ATO 
(10.108) 


above the base level zp), where A(z) is the pressure scale height kT/mg. If, 
for instance, the field is weak at zo, so that B?(zo)« 8ap(z,), then 


B*(z) 2 dzAT{(z) 
8 ip(z) z A(Z)LT(z)-AT(z)] 


(see also (8.13)). As already noted, even a modest temperature decrease 
AT/T «1, extending over many scale heights can produce a significant 
pressure reduction within the tube, so that B’*/8a may be a major 
fraction of the ambient gas pressure p. 

What, then, might produce a temperature decrease within an intense 
magnetic flux tube extending more or less vertically upward to the surface 
of the sun? Sunspots are cool at the surface and the compression of the 


=1-exp| - (10.109) 
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field to 3000 G may be understood on that basis (Parker 1955a; Schlüter 
and Temesvary 1958; Deinzer 1965). Perhaps the small flux tubes are to 
be understood as mini-sunspots, then. Unfortunately there has not been a 
definitive demonstration of a sunspot cooling mechanism of such a nature 
as to produce the observed field concentration. The observed cooling is 
adequate if it extends to a depth of 1-2 x 10° km, but no mechanism for 
such cooling has been shown. It was pointed out by Biermann ( 1941) that 
the strong field of the sunspot suppresses the convective transport of heat, 
which is the principal energy transport throughout the convective core. 
Choking off the heat supply from below clearly produces a cool surface, 
in agreement with observations, but it also dams up the heat below the 
sunspot so that the gas is hotter, rather than cooler, than the ambient 
temperature T(z), thereby dispersing the field, so far as we have been 
able to work out (Parker 1974c, 1976a: Boruta 1977). A simple model is 
constructed in §10.10.2 to illustrate the difficulty. 

In view of the non-existence of any formal example illustrating the 
formation of a sunspot as a consequence of magnetic inhibition, we 
suggested that the convective generation of Alfven waves in the strong 
field immediately below the sunspot might consume so much energy as to 
produce the observed cooling and the attendant concentration of field 
(Parker 1974c, 1975c; Boruta 1977). The idea was originally proposed by 
Danielson (1962) to explain the missing energy flux of sunspots. If the 
outflow of heat is blocked by the magnetic field, one might expect the 
heat to flow around the edges of the spot, appearing as a bright ring 
immediately outside. There is no bright ring, so there was a serious 
question as to the fate of the energy that does not appear in the dark 
sunspot umbra. 

Danielson suggested that the convective forces convert the heat into 
Alfven waves, which then propagate along the magnetic field up into the 
atmosphere above the spot and/or back down into the interior of the sun. 
Presumably, the waves propagate with but little dissipation. Their ulti- 
mate fate is not of direct interest to the sunspot question. The idea was 
developed by Savage (1969), Musman (1967) and Moore (1973) who 
showed that, with the partial reflection of Alfven waves in the steep 
density gradients near the visible surface, the convecting fluid is subject to 
overstability (Thompson 1951; Chandrasekhar 1952, 1953, 1956a, 1961), 
generating Alfven waves. The linearized theory cannot calculate the 
strength of the resulting Alfven waves, of course. We suggested that the 
idea should be turned around (Parker 1974c, 1975c) with the generation 
of Alfven waves the principal cause of the cooling of the sunspot, rather 
than merely a device for accounting for some missing energy. About 75 
per cent of the normal photospheric brightness is missing in the umbra of 
a sunspot (3900 K as opposed to the normal 5600 K), so the convective 
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heat engine must be approximately 75 per cent efficient. In this view the 
magnetic inhibition of convective heat transport becomes a secondary 
effect, helping to shape the temperature pattern of the sunspot, with its 
sharp edges, etc. but it is not the principal cause of the sunspot. Boruta 
(1977) has illustrated the formation of a sunspot by Alfven wave cooling 
in terms of the growth of a small perturbation in an initially uniform 
magnetic field. 

The idea that sunspots are cooled principally by the convective genera- 
tion of Alfven waves has not been confirmed by observation, although 
some strict limits have been placed. Unfortunately there is no feasible 
way to calculate how much wave energy should appear above a sunspot. 
Geronicholas (1977a) has shown that upward propagating waves are 
partially reflected back down into the sun in the steep density gradient at 
the photosphere, the amount of the reflection increasing rapidly with the 
period and wave length of the waves. The observations of Beckers (1976) 
and Beckers and Schneeberger (1977) put limits on the Alfven wave flux 
above a sunspot, but the limits are not incompatible with the expected 
wave flux if one takes account of the reflections in the low chromosphere 
(where the wavelength is large because of the declining gas density). 
Cowling (1976) asserts that 75 per cent efficiency is too much to expect of 
any heat engine, but offers no concrete alternative (Parker, 1977). It is 
interesting to note, too, that Spruit (1977) has shown that the absence of 
a bright ring around a sunspot does not necessarily imply that there is any 
heat flux missing. The convective heat transport at depths of 10* km in 
the sun is so effective that the heat blocked by the magnetic field of the 
sunspot spreads out over many times the radius of the sunspot in the 
relatively Opaque surface layer of the sun, contributing a brightness 
enhancement so diffuse as to be well below the level of detectability. 

Roberts (1976) has pointed out that convective overstability is to be 
expected in the slender flux tubes in granule and supergranule bound- 
aries. Hence one expects at least some modest cooling. Even a small 
reduction of temperature, by some 10 per cent over 5 scale heights, is 
sufficient to give fields in excess of 10° G at the photosphere. The heat 
engine would need an efficiency of only 35 per cent. The 10 per cent 
reduction of temperature is comparable to the temperature reduction in 
the intergranule dark lanes and would be undetectable‘. 

- Altogether this leaves the theory of the concentration of magnetic flux 


* The flux tubes in the supergranule boundaries are associated with bright dots, 
which are, in part, of chromosphere origin (as a consequence of the dissipation of 
Alfven waves perhaps). Spruit (1977) has pointed out, however, that a slender 
flux tube with an internal temperature below the ambient temperature of each 
level may appear bright because we see deeper into the sun along the tube, to 
where the ambient temperature is higher. 
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tubes in an untidy state. The dynamical effects treated above are real, but 
observational estimates of the fluid velocities imply that their dynamical 
consequences are not of major importance in achieving 1500 G. The 
theory of the generation of Alfven waves indicates that waves are 
produced in the small flux tubes and in sunspots, but neither theory nor 
observations can show yet that there are enough waves produced to 
provide the necessary cooling. It would seem advisable, then, to look 
further into the physics of the flux tubes in a convective environment. 
§10.10.2 presents a simple linearized model of the magnetic inhibition 
of convective heat transport and its effect on the growth of magnetic 
concentrations from an initial uniform magnetic field. The result is a 
general stability of the field, with any initial inhomogeneities decaying 
rather than growing. The magnetic inhibition of convective heat transport 
by itself contributes nothing to initiating the concentration of magnetic 
fields. In $10.11, then, we return to the problem of the concentration of 
fields in the small flux tube and the magnetic knot, pointing out that their 
universal association with downdrafts, together with the magnetic inhibi- 
tion of convection, suggests a new approach to the physics of field 
concentration, in which the superadiabatic gradient in the convective zone 
plays a direct role. The theory shows that field concentration in 
downdrafts at the top of a convective zone is a direct and automatic 
consequence of the downdraft and the superadiabatic gradient. 


10.10.2. Magnetic inhibition of heat flow and the concentration of fields 


Consider the temperature variations beneath the surface of the sun 
arising from the magnetic inhibition of convective heat transport. There 
are a number of examples that can be treated to illustrate the basic 
physical principles (cf. Parker 1976a). Suppose, for instance, that there is 
an initial vertical uniform magnetic field By extending upward in the 
z-direction across a highly conducting atmosphere with a uniform temp- 
erature gradient, so that in barometric equilibrium, 


T(z)=To(1-2/d),  p(z)=po(1—2/A)}%, — p(z) = polz). 


The scale height of the atmosphere at z=0 is Ayp=kT,/mg, and it is 
readily shown from the barometric relation that A = aA y. Suppose, then, 
that the system is perturbed slightly, so that the magnetic field, while 
remaining nearly vertical, has a magnitude By+ 6B(x, y, z). As a consequ- 
ence of the change in field strength, suppose that the normal uniform heat 
transport coefficient kọ becomes ko(1—q) where the reduction q is 
proportional to the relative change in the magnetic pressure, 


5 B*(z)— Bo B,dB(x, y, Zz) 


Bape) P Ama) 


q(x, y,z)=B 
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where B is a numerical constant. The change in the magnetic pressure is a 
consequence of the change in the total temperature, written T(z)-— 
5T(x, y, z), through the barometric relation (10.109). Remembering that 
(10.109) gives the variation of the magnetic pressure from the ambient 
value, i.e. (B*— B3)/8 ap, it follows for infinitesimal 5T that 


B°T, f dz'ôT(x, y, z’) 


i, Po (10.110) 


q(x, y, Z) = 


The heat flow equation is 


poc (P40, |= V .{ko(1 —q)V(T—8T)}. (10.111) 


With V T =0 the linearized form of this equation is 


dot To Ko | dq To 

2T, To. to fysg da T) 
ðt à p(z)C dz À 

Choose the level z = 0 so as to be the free radiative surface. Then at z = 0 


the boundary condition is 


Ko = aT2A (10.112) 
for the equilibrium, and 
3T 2 pi—z,fa 
a gar- | dzsT/(1—z/A)’ 


for the perturbation. 

We are interested in unstable solutions in which the temperature 
perturbation ôT grows exponentially with time so that the field begins to 
gather itself into bunches. It follows from (10.111) that a solution of the 
form 


ST = T)0(z)exp(ik,x + ik,y + t/7) 
yields 


1 24 p24 B a-i) _ le 
Le toce (ke tky+ RAOS dz? = 


It is evident that the term 1/r for the growing mode makes a positive 
contribution to the coefficient of 0, equivalent to the diffusion kł+ k4. It 
is sufficient, then, to look for neutral stability, 1/7 = 0, because if there are 
no neutral solutions, then it may be presumed that there are no growing 
solutions. Writing €=1-—2/A, so that the free surface is at €=1, the 
differential equation reduces to v, =O and 


d?6/dé? —{A2(k2 + k2) + aß? E30 =0, (10.113) 
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and the radiative boundary condition at £= 1 is 


dé, an € dé@ 
Ge 40—ap? |S (10.114) 


Writing k? = kł+ k2, the solutions of (10.113) are expressible as 
0=2K,(kAé), ECKE) 


in terms of the modified Bessel functions of order p, where p° = aB? +4. 

Suppose, then, that the base level z = zy is taken to lie very deep in the 
atmosphere (Z)»A) where the perturbation goes to zero. Then for 
kà >0, the function I, is excluded and the solution is just 


0 = EK, (kAé). 


To treat the case for strong inhibition of heat transport, let aB?=6 so 
that p=3. The integral in (10.114) is readily evaluated, yielding the 
boundary condition 


K3(kA)+(6kA — 1/kA)K3(kA) = 0. (10.115) 
Given that 
Ki(x) = (a1/2x)2(1 + 1/x)exp(— x), 
K(x) = (a/2x (1 +3/x +3/x7)exp(—x), 
this requirement reduces to 
(KAP +7(kA)?+12kA +12 =0. (10.116) 


There are no positive roots to this equation and hence no solutions 
satisfying the boundary conditions with neutral stability. It is readily 
shown that there are stable solutions for which ôT and ôB relax back to 
zero. It can also be shown that, if the base level zọ is placed at a finite 
depth and a fixed perturbation is introduced there, the perturbation 
extends through to the surface, but greatly reduced (see also Boruta 
1977). 

The absence of growing perturbations is no surprise, of course. It can 
be shown (Parker 1976a) that the blockage of the heat flow in any 
element of volume ôV causes the element of volume to introduce a 
perturbation in the local temperature field, with the form of a dipole 
pointing in the direction opposite to VT. Hence the temperature is 
increased on the hot side of 8V and reduced on the cool side. So in an 
object such as a star with an internal source of heat, it is the lower side of 
dV that is hotter. Hence integration of the barometric relation (10.109) 
upward through the atmosphere first encounters an increased tempera- 
ture, resulting in a reduced field at the centre of the element of volume 
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ôV. A reduced field means reduced inhibition of convective heat trans- 
port, contrary to the initial assumption that the heat flow is blocked by 
ôV. 

It has yet to be demonstrated whether the magnetic inhibition of heat 
flow plays a direct role in the formation of sunspots and pores. It does 
play a role in the concentration of field in the small flux tubes in 
supergranule boundaries, however, but in quite a different way from the 
conventional application to sunspots, as we shall see. 


10.11. The superadiabatic effect 


10.11.1. General conditions within a vertical flux tube 


The small concentrated flux tubes in quiet regions, and the somewhat 
larger tubes producing the magnetic knots in active regions, are found 
exclusively in downdrafts, in the boundary between supergranules, and in 
the dark lanes between granules. Consider the effects expected as a 
consequence of a downdraft within the individual flux tube. 

The first point to note is the well known fact that the temperature 
gradient in the top few thousand km of the convective zone of the sun (or 
other star of moderate surface temperature) 1s significantly steeper than 
the adiabatic temperature gradient. The strong superadiabatic gradient is 
a direct consequence of the high opacity and large outward energy flux 
from the interior. The opaque gas is forced by the high heat flux into 
turbulent convection. The consequent eddy viscosity and eddy heat 
transport strongly damp the convection, so that the temperature gradient 
must be strongly superadiabatic in order to force enough convection to 
handle the heat flux. 

It is also a fact that the turbulent velocities in the first few thousand km 
beneath the surface of the sun are comparable to the Alfven speed in 
fields of only 200-300 G. Hence the observed fields of 1500 G are very 
much stronger than the turbulence (B*>47rpv’) so that the turbulent 
convection is very strongly suppressed and constrained by the field. The 
fluid in the field may oscillate up and down along the lines of force, but 
does not mix freely. Hence we return to Biermann’s (1941) point that 
convective heat transport is strongly inhibited within the magnetic field. 
The idea has led to a number of investigations of the suppression of 
convective heat transport along the lines of force of a vertical magnetic 
field (Walen 1949; Cowling 1953). The researches of Thompson (1951) 
and Chandrasekhar (1952, 1953, 1956a, 1961) established the existence of 
overstability and the production of oscillatory motions in strong vertical 
fields, as well as convective rolls aligned along the horizontal fields. 
Cowling (1957) pointed out, however, that oscillatory motions involve no 
mixing of fluid and so are ineffective in transporting heat. It is easy to 
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show (Parker 1978) that the effective heat transfer by oscillatory motions 
does not exceed the order of the radiative heat transfer. In the present 
problem we are concerned more with the heat flow across the lines of 
force, into the flux tube, than with the vertical transport along the lines, 
because we are working with a slender flux tube (radius <400 km) of 
considerable length (~4000km). The two-dimensional interchange of 
vertical lines of force would transport heat into the flux tube, then. Such 
long convective rolls, extending along the lines of force, are excited by 
convective forces in horizontal fields (Chandrasekhar 1961), but not in 
the vertical fields with which we are presently concerned. Hence there 
seems little possibility for significant convective heat transfer into a 
concentrated vertical flux tube. The convective transfer may be as small 
as the radiative transfer. The radiative transfer coefficient is smaller than 
the normal convective transfer coefficient by a factor of about 10° at 
depths of 10°-10* km below the surface of the sun. Hence, the gas within 
the concentrated flux tube is an extraordinary thermal insulator compared 
to the gas outside the flux tube. Indeed, with downdrafts of the order of 
10? ms7! or more suggested by observation (Frazier 1970; Deubner 
1976), a reduction of convective transport by the factor «e=107+ is 
sufficient for the gas in the downflow to behave as a thermal insulator so 
that its temperature varies approximately adiabatically. | 

Now the general magnetic field through any region of the solar photo- 
sphere is swept by the fluid into the downdraft at the junction of three or 
four supergranules. The gas outside the tube descends in the downflow, 
mixing with the surrounding fluid as it goes down, so that its temperature 
increases with depth more or less as computed from the familiar mixing 
length models of the convective zone (see, for instance, Spruit 1974). The 
gas inside the tube descends, but it is such an excellent thermal insulator 
that its temperature increases nearly adiabatically with depth. The 
superadiabatic temperature gradient in the normal convection outside the 
flux tube is so much steeper than the adiabatic gradient of the gas 
descending inside that the gas inside rapidly becomes cooler than the gas 
Outside at the same depth. To a first approximation, neglecting heat 
transport inside the flux tube, the internal temperature T, varies along the 
adiabatic gradient, 


dT;/dz =(dT/dz).a. 


Descending from z, to z,, the temperature rises by 


T(z) - Tiz) = — [ dz(dT/dz).a, 


Zi 


remembering that with z measured positive in the upward direction, 
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(d7T/dz),4 is a negative quantity. Hence if the gas has the same tempera- 
ture T(z2) inside and outside at the level z}, the gas inside is cooler by the 


amount 
72 i2) d 
AT(z,, -| d (2 —— 
(2; Z2) zı z dz ad dz 


at the lower level z,. 

The rate of descent of the gas may be very slow. The downdraft inside 
the tube need only be large enough that the reduced heat transport does 
not warm it up to the ambient temperature T(z) outside. As a matter of 
fact the reduced temperature of the gas within the tube causes it to sink 
independently of the downflow of gas outside. The larger is AT, the 
stronger is the downward force causing the internal gas to descend. We 
expect, therefore, that the downflow continues within the flux tube, 
maintaining a temperature reduction that is a substantial fraction of the 
idealized value above. Hence we suggest (Parker 1978) that: (a) a strongly 
reduced temperature within a flux tube in a downdraft is inevitable, (b) the 
reduced temperature is responsible for the evacuation of the flux tube and 
the compression of the field to 1500G or more; and (c) the reduced 
temperature may also be the cause of the very intense downdrafts in the 
fields inferred by Deubner (1976). The field strength in the flux tube 
follows from the temperature reduction AT through (10.109). A small 
temperature reduction over many scale heights produces a magnetic field 
pressure that may be a substantial fraction of the ambient gas pressure 
(Parker 1955a, 1976a). Descending only a few thousand km from the 
surface of the sun reduces the temperature by 10° K or more below the 
ambient value, so that B?(z)/87p(z) exceeds 0-5 and B~1500G at the 
surface. 


10.11.2. Heat transport and adiabatic cooling 


Consider the heat transport coefficients representative of radiative and 
convective effects in the first several thousand km beneath the surface of 
the sun. The heat transport coefficient K is defined such that the heat flux 
is F=~—KVTergcm “s '. For the radiative heat transport coefficient the 
standard expression is 


K,=4acT?/3«p 


where a is Stephan’s constant for black-body radiation and x is the 
Rosseland mean opacity for the medium (cf. Chandrasekhar 1939). 
Mixing length theory decrees that the convective heat transport is of the 
order of 3pC,vl{(dT/dz),—dT/dz} where C, is the specific heat at con- 
stant pressure, v is the rms turbulent velocity, and | is the characteristic 
eddy size (mixing length). Convention equates | to the scale height A(z). 
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More elaborate expressions are sometimes employed. Values for an 
effective vertical heat transport coefficient K, are readily obtained from 
Spruit’s model of the convective zone (Spruit 1974) by noting that, at 
depths of 10*km or more below the surface of the sun, convective 
transport is the dominant effect and by defining the heat transport as 
—KAdT/dz—(dT/dz),4}. Since F=6%x 10! erg cm~s 3, the temperature 
gradient obtained from Spruit’s tables yields K.. The results are presented 
in Table 10.1 with depth (—z) measured downward from unit optical 
depth in the continuum. The important point is the small value of the 
radiative transport below depths of 100km compared to the normal 
convective transport. 

Consider, then, the cooling of an insulated slab of fluid, x? < a2, moving 
in the z-direction up a temperature gradient: consider the idealized 
circumstance of an incompressible fluid with an initial temperature dis- 
tribution T)(1+ z/h). Suppose that the heat transport coefficient in the 
slab x7< a? has the uniform value eK, with specific heat pC. The heat 
transport outside the slab, x? >a’, is K and is extremely large compared 
to eK. Denote the thermometric conductivity by Q = €K/ pC. At time t=0 
the column is set in motion in the positive z-direction with a uniform 
velocity v. The transfer equation within the slab is 

oT; O(a 42h) 
at az ax? az? 


(10.117) 


The external temperature remains at the initial value T.= T,(1+2z/h) asa 
consequence of the high thermal conductivity. The temperature within 
the slab can be written 


T(x, z, t) = Tof{f(x, z) + O(x, z, O} (10.118) 


where Tyf(x, z) is the asymptotic steady state temperature (as t— >) 


TABLE 10.1 
The specific heat per unit volume and the convective radiative heat 
transport coefficients as a function of depth below the visible surface 
of the sun, taken from Spruit (1974) 


Specific heat 


Depth K, K. ec, 

(km) (erg cms K) (erg cms K) (erg cm? K) 
33 2-8 x101? ]1-5x10!4 60 

120 1-22 x10!2 8x 10!4 2-1x 10? 

1x10° 1:5x 101° 1-7 x 101° 3-9x 107 

1x 107 3:3 x 10° 3x10!8 3-2x 105 


2x 104 1-4x 101° 1x19! 1-7 x 10° 
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satisfying 
(Seer) 
"az Q dx* az? 
and @ is the initial transient caused by setting the slab in motion. It is 
readily shown that 
f(x, z)= 14+ 2/h—(v/2Qh)(a?— x’). (10.119) 


Hence, with the initial temperature distribution To(1 + z/h), it follows that 
the initial form of @ is 


O(x, z, 0) = (v/2Qh)(a?— x’). (10.120) 
The desired solution of (10.117) is then (cf. Carslaw and Jaeger, 1959) 


A(x, z, t)= 3 C, cos(n — D == exp{- O(n —4)° n tja’). 


0h, 


It is readily seen that this form satisfies (10.117) and vanishes at x7 =a? 
so that the temperature is continuous across the faces of the slab. The 
coefficients C, are readily evaluated using (10.120), with the final result 


_ 2a* v z225 1)" a 4)ax/a 


—1)3 exp{— O(n —3)° rta’. 
2 


(10.121) 


Note, then, that the temperature on the midplane (x = 0) of the slab is 
lower than the temperature of the external medium at the same level z by 
the amount 

4 < a 1 
AT = T,(va?/2Qh) 1 “aad yt 


~exp{- O(n—- yma’) | 


The relaxation time to the final eee state is 4a°/m°Q, and the final 
asymptotic temperature difference is 


AT = T,a2v/2Qh. (10.122) 


The adiabatic temperature gradient of the incompressible fluid is zero, so 
the difference between the ambient gradient d7/dz and the adiabatic 
gradient is T,/h. Hence AT is equal to a*v/2Q times the difference in the 
temperature gradients. 

To treat a specific example, note that Table 10.1 gives the ambient 
thermometric heat transport coefficient at a depth of 10° km as K,/pC, = 
4x10'*cm*s7'. The temperature gradient is T)/h =3-4x10° K cm. 
For a thin slab, say a = 10” km, then, the relaxation time is 10/e s and the 
final reduction is 


AT =0-4x107*v/e. (10.123) 
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1000 


Depth (km) 


100 


AdT/dz (K cm~!) 


Fic. 10.9. A plot of the excess AdT/dz of the temperature gradient over the adiabatic 
gradient as a function of depth below the surface of the sun. It is this excess that causes the 
reduced temperature within flux tubes. 


Thus with e as small as 1074 and a downdraft of 10?ms™! (cf. Frazier 
1970) there arises the enormous temperature difference of 4X 10° K (the 
ambient temperature at a depth of 10° km is 15 x 10? K). The difference is 
so large because it is the asymptotic value for an infinitely long slab. 


10.11.3. Conditions beneath the surface of the sun 


Consider the difference AT between the temperature of gas flowing 
downward in a flux tube and the ambient gas temperature T(z} of the 
convective zone of the sun. The ambient and the adiabatic temperature 
gradients d(In T)/d(In p) are available from Spruit (1974), so that 


A(dT/dz) = dT/dz ~(dT/dz)u.a 


o k lang) Ginah 02 


where g is the gravitational acceleration (2-7 x 104 cm s~*), m is the mass 
of the hydrogen atom, and u is the molecular weight (available from 
Spruit 1974). The difference A dT/dz is plotted in Fig. 10.9 as a function 
of depth. Integrating downward from a depth of 33km (below unit 
optical depth) the resulting AT is shown in Fig. 10.10 by the solid curve 
in units of thousands of degrees. The integral 


une | dzAT 
k T(T—AT) 


I= (10.125) 


266 THE ISOLATION AND CONCENTRATION 


| 8x10? 
6x 107° 
2 AT/IT(T— AT) 
4x107? 
] SS ~ Ln 
Noe «10-9 
ie 
a ~~ __ 
YO ~= 
1x 103 2x 108 3x 108 4x 105 
Depth (km) 


Fic. 10.10. The solid curve AT (in thousands of K), given by the integral of the excess 
AdT/dz downward from a depth of 33 km below the surface, represents the temperature 
reduction of an adiabatic volume of gas below the ambient temperature. The curve labelled 
AT/T(T—AT) is the integrand of (10.125) including the factor pmg/k with the ordinate 
measured on the right-hand side of the figure. The two dashed curves represent the integral 
downward from 33 km and upward from 4000 km. 


in the exponential in (10.109) is given by the two dashed curves in Fig. 
10.10, integrating downward from the depth of 33 km, and upward from 
a depth of 4000 km. The integrand AT/T(T'—AT) is also shown. Figure 
10.11 shows the ratio B?/8zp, and the field strength B in units of 10*G, 
as a function of depth under the simple assumption that the internal and 
external gas pressures are equal (so that B =0) at a depth of 4000 km. 
The depth of 4000km was chosen quite arbitrarily for the present 
illustration. Since we do not know the velocity of the downdraft nor the 
precise value of the heat transport reduction factor e, there 1s no way to 
determine how far down into the sun the downdraft extends. The depth 
of 4000 km yields a surface field of 1700 G, comparable to the observed 
values. A greater depth would produce a stronger field. The example is 
sufficient to illustrate the physical principles. 


10.11.4. Discussion 


It would appear from the foregoing that the concentration of the 
general magnetic field of the sun into isolated flux tubes is a consequence 
of the supergranules and of the strong superadiabatic temperature gra- 
dient in the first few thousand km beneath the surface. The supergranules 
sweep the lines of force into the junctions of their boundaries. The field is 
compressed to a few hundred G by the converging flows. The gas within 
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the field is part of the general downdraft in the boundary. The suppres- 
sion of convective heat transport by the field allows the temperature of 
the gas flowing downward within the field to fall below the temperature of 
the ambient gas outside the tube. The downdraft within the field is then 
enhanced, and the upper portion of the field is strongly evacuated by 
gravity, producing the observed concentration to 1500 G. For lack of a 
better term we call this process the superadiabatic effect. 

Given that the breakup and compression of the general solar magnetic 
field into intense isolated bundles is the direct consequence of the 
supergranules and the superadiabatic temperature gradient, it follows that 
the same breakup and compression is to be expected in the fields of other 
G-stars. The existence of magnetic fields in other G-stars is an inference, 
of course, from the fact that the sun has a field. Indeed, since the 
magnetic field of the sun is a consequence of the convection and circula- 
tion (Parker 1955b, 1957, 1971; Steenbeck et al. 1966; Leighton 1969; 
Steenbeck and Krause 1969), we may infer that all main sequence stars 
with convective zones, i.e. with surface temperatures below about 
8000 K, have magnetic fields. And, if we correctly understand the cause 
of the breakup and compression of the general field of the sun, we expect 
that the fields in such stars are also subject to breakup into isolated flux 
tubes in the boundaries of the dominant convective cells. We expect, too, 
that the tubes are compressed by the barometric consequences of the 
downdraft, along the lines illustrated in the sections above. It would be 
interesting to resolve the fields at the surface of an M-dwarf, for 


1 x 108 2x 103 3 x 108 4x 10 
Depth (km) 


Fic. 10.11. The ratio of magnetic pressure to gas pressure, the gas pressure in units of 
10° dyn cm?, and the magnetic field in units of 10*G as a function of depth below the 
surface of the sun. 
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instance,—say, a U.V. Ceti flare star—to see how extreme the effects might 
be there. Such stars convect all the way to their centres and are known, 
from their enormous flare-like outbursts, to possess strong magnetic 
fields. However, reality decrees that we pursue the basic physics with the 
aid of the nearest star, the sun, which, with ingenuity and hard work, can 
be studied in close detail. 

The general occurrence of the superadiabatic effect in the magnetic 
field of the sun has extensive implications for the structure of the solar 
atmosphere. First of all, the superadiabatic effect produces strong 
downdrafts but not updrafts. In an updraft the magnetic field is dispersed 
at the surface by both the diverging flow and the enhanced temperature 
of the rising gas. Only in the downdraft is the sign of the effect such as to 
intensify the field and the downdraft. In this way, then, we can under- 
stand the observational fact that there are strong downdrafts of 0:1- 
3 kms™! (Frazier 1970; Deubner 1976) in the junctions of supergranule 
boundaries where the fields are concentrated, with no corresponding 
intense updrafts anywhere. 

The preference for downdrafts in magnetic fields has implications for 
overstability and the emission of Alfven waves. The problem of oversta- 
bility in a downdraft has not yet been worked out, but, as a guess, it 
would seem that the strong downdraft favors the downward emission over 
upward emission. Thus, unfortunately, the emission of Alfven waves and 
the additional cooling of the flux tube becomes an elusive observational 
question. The theoretical evidence (Roberts 1976) is that Alfven waves 
are produced. The problem is to determine to what extent. The genera- 
tion of Alfven waves has two consequences of possible importance. One 
is the cooling of the region of emission. The other is the heating of the 
tenuous atmosphere in the field above the surface of the sun. The 
problem needs further investigation. 

The superadiabatic effect in a slender flux tube (radius ~ 10° km) 
operates in a downdraft of 10 m s™* or more. The observations of Frazier 
(1970) and Deubner (1976) show values from 10° ms ' to more than 
102 ms~', which appear entirely adequate for the superadiabatic effect. 
The general circulation pattern for the downdrafts within the flux tubes 
raises some interesting questions. Figure 10.12 is a schematic drawing of 
the lines of force of the general field at the surface of the sun. The lines 
spread out above the surface and fill essentially all of the volume. The 
solid arrows indicate the general downward flow of gas along the lines. 
The question is the source of that gas. Somewhere gas must flow upward 
from the surface of the sun, perhaps in sheets between the fields of 
neighbouring flux tubes. Such sheets of gas would be highly unstable to 
the hydromagnetic exchange instability. The breakup of the sheet, and 
the subsequent mixing of gas into the field, may be the source of gas 
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Fic. 10.12. A sketch of the magnetic field of isolated concentrated flux tubes where there is 
a net magnetic flux through the surface of the sun. The solid arrows represent the downdraft 
within the field. The dashed arrows are the conjectured upward flow supplying the 
downdraft. 


supplying the downdraft (Giovanelli, 1977). The upward flow in this case 
would proceed as indicated by the dashed arrows. 

The flow, driven by the downdraft in the concentrated flux tube, would 
contribute through instability and dissipation to the heating of the at- 
mosphere above the surface. To estimate an upper limit to the heating of 
the atmosphere above, note that a downdraft of only 10? ms! working 
against the pressure differential Ap = B?/8m = 10° dyncm 2 does work at 
a rate of 10° ergcm™’s"'. If this occurs over the fraction 1/300 of the 
solar surface (in a region where the mean field is 5 G and the field in the 
flux tubes is 1500 G), the mean is 3 x 10° erg cm? s~! over the surface of 
the sun (for a total of 2 x 10°’ ergs'). This is enough energy to contri- 
bute significantly to the heating of the solar corona and chromosphere. 

The flow of gas along and across the lines of force may involve 
dynamical effects. For suppose that the gas crosses over the lines of force 
only high up in the chromosphere or in the low corona. Then below that 
level the fluid streams along the lines of force. Conservation of matter 
and magnetic flux lead to the condition 


pvi B = povol Bo, vo] V a = (vo/ V ao) Pol p} 


along each elemental flux tube, where the subscript zero denotes the 
value at the surface of the sun where pọ=3x107 gem °, By, =1500G, 
and V,9=7-5kms_'. Typical observational values for downdrafts are 
Vo = 10? ms‘ or more (Frazier 1970: Deubner 1976) in association with 
the flux tubes. Consider, then, the flow velocity along the same lines of 
force at some height z above the surface where the field has spread out to 
a typical mean value of, say, B=5G. The velocity increases upward, 
inversely proportional to the gas density p, becoming equal to the Alfven 
speed where the density has fallen to 0:-5x107'!°gcem™ in the low 
chromosphere. At that level v=V,=2kms'. Higher up in the 
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chromosphere where p=10°'* gcm™* the fluid velocity reaches v= 
10? kms"! and V, =14kms™!. 

It follows, then, that even so modest a downdraft as 10? ms ' at the 
photosphere leads to powerful dynamical effects in the low chromosphere 
where the kinetic energy density pv? becomes equal to the magnetic 
energy density. The dynamical effects are treated at length in §§10.6-10.9 
where it is shown that the flux tube can be strongly concentrated in the 
neighbourhood of the equipartition point. The present problem is mod- 
ified slightly from the earlier treatment because the flux tube is confined 
by the neighbouring flux tubes rather than by the gas pressure. The 
condition (10.88) for a critical point is not met anywhere above the 
photosphere, so there is no transition from strong to weak field in steady 
flows. Hence, the dynamical effects are not entirely clear except that they 
may be large. The dynamical interaction may be unstable leading to 
intermittent flow and violent oscillations of the field. It must not be 
forgotten that the spicules are associated with the intense flux tubes 
(Beckers 1968; Gibson 1973; Parker 1976a), representing variations in 
the gas flow in the strong magnetic field (for one very simple possibility 
see Parker 1964). 

The final point concerns the flow velocity of v=10*kms where 
p =107'* gcm? in the chromosphere. No such velocities are observed. 
Hence, we conclude that the hydromagnetic exchange instability, or some 
other disorganization effect, has caused the gas to cross over the lines of 
force at some lower level. It would seem, then, that the strong dynamical 
effects of the downflow in the low chromosphere may be complicated by 
instabilities higher in the chromosphere, so that the origin of the spicule is 
very complicated indeed. Both the updraft that supplies the downflow, 
and the downflow itself must be treated to get at the overall picture of the 
state of the field and the fluid motions. The picture is much more 
complicated than the conventional notions of the structure of the 
chromosphere. 

As a final comment, it is not clear in what way the filigree structure in 
the photosphere (Dunn and Zirker 1973) fits into the picture. Altogether, 
it is evident that the superadiabatic effect is a complicated meteorological 
phenomenon, with consequences for the solar atmosphere and fields 
above, and for the magnetic fields far below, the photosphere. 

The theoretical problems are sufficiently difficult that observational 
guidance is essential. Both vertical and horizontal motions as a function 
of both horizontal and vertical position are needed, ideally with a spatial 
resolution of a hundred km. The velocity cannot be directly observed to 
such small scales, but perhaps detailed studies of line profiles (cf. Beckers 
and Morrison 1970) would help in determining the statistical distribution 
of velocities. Particularly interesting and important for the theoretical 
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development is the nature of the downdraft as it sinks several thousand 
km below the visible surface of the sun. The maximum field strengths 
evidently occur well below the surface, where both the field and the gas 
flow are out of reach of observation. Only the most extensive and precise 
modelling of the heat transfer and the hydrodynamics can hope to work 
out the quantitative details of the conditions beneath the surface. 

This is perhaps the appropriate place to remark that the theoretical 
questions posed by the extreme concentration of the flux tubes in the 
supergranule boundaries should not divert us entirely from other ques- 
tions such as the common appearance of isolated bipolar regions (emerg- 
ing flux tubes) in the sun, and presumably in other stars. The ephemeral 
bipolar regions (Harvey et al. 1975) appear within the supergranules and 
are made up of fields concentrated to the not insignificant strength of 
10° G. The ephemeral bipolar regions show no signs of the cooling that 
characterizes sunspots, but otherwise they behave like miniature bipolar 
sunspot groups, complete with miniature flares (Vaiana et al. 1973). They are 
a subject in themselves to be considered in parallel with the sunspot group. 
Their existence indicates the broad range of intensities and scales over 
which the bipolar active region phenomenon occurs, with flares ranging 
from bright points below the limit of resolution (< 400 km) and involving 
energies of perhaps 10°’ erg, to the largest flares of 10° km extent and 
10°* erg. The ephemeral bipolar region is to be understood as an emerg- 
ing buoyant flux tube, that owes its appearance to the buoyant non- 
equilibrium of the general solar magnetic fields generated far beneath the 
surface, and its activity to their topological non-equilibrium. 
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11 


THE TOPOLOGY OF MAGNETIC 
LINES OF FORCE 


11.1. General properties of lines of force 


THE topological properties of the lines of force of a magnetic field B;(r) 
determine the activity of that field. For all but the most symmetrical 
topologies the field possesses no equilibrium, being compelled to a life of 
dynamical dissipation. For that reason it is essential to consider the 
topological properties of magnetic field lines before taking up the general 
question of dynamical non-equilibrium in Chapters 13 and 14. As a 
matter of fact, the topology of magnetic fields is a subject of some interest 
in its own right. The lines of force are generally stochastic (Jokipii 1966; 
Jokipii and Parker 1969a; Parker 1969) and, if confined to a finite 
volume of space, they are also ergodic (Jokipii and Parker 1969a). The 
random walk of neighbouring lines of force plays a fundamental role in 
the propagation of cosmic rays through the galaxy where the individual 
particles are closely constrained to motion along the lines. The diffusion 
of cosmic ray particles across the mean field direction relies upon the 
random walk of the individual lines of force relative to the mean field 
(Getmantsey 1963; Jokipii 1966; Parker 1968b; Jokipii and Parker 
1969b; Lingenfelter et al. 1971). Thus the general inflation of the galactic 
field by the cosmic rays is an immediate consequence of the stochastic 
property of magnetic lines of force (Parker 1965, 1966, 1968a, 1969). 
The inflation of the field is the principal means of escape of the cosmic 
rays from the galaxy and is evidently the source of a halo of cosmic rays 
and magnetic field surrounding the galaxy. In most astrophysical cir- 
cumstances the pattern in which the lines of force wind about their 
neighbours varies along the field and is the principal source of the 
dynamical activity of the magnetic fields of stars and galaxies. It is 
important, therefore, to understand the universal stochastic properties of 
the magnetic fields that appear in nature. 

We recall that the lines of force of a field B;(r) are the instantaneous 
family of solutions, conveniently symbolized by 


fit) =A, fo(r) = Az, (11.1) 
dx/B, =dy/B, =dz/B,, (11.2) 
where A, and A, are constant on each individual line of force. ‘The 


properties of the lines of force were discussed at some length in $4.2. Ina 
fluid with infinite electrical conductivity, the topology of the lines is 


of the two equations 
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invariant, the lines of force being carried with the fluid. In the presence of 
resistivity the topology is not invariant (see illustrations in Parker and 
Krook 1956; Parker 1963b; Weiss 1966). It is possible to define the lines 
of force at each instant of time, but there is often no unique way by which 
the lines at successive instants can be related to each other. In particular, 
an unsymmetric topology may evolve rapidly as a consequence of the 
associated dynamical dissipation, even in very highly conducting fluids. 
But that is a topic for a later chapter. Here we confine attention to the 
topology at any instant of time. 

The fundamental fact of the topology of B,(r) is that, in the absence of 
magnetic monopoles the field is solenoidal, 


ðB;/ðx; = 0. (11.3) 


The magnetic lines of force can end only on a magnetic charge, whose 
apparent non-existence implies that magnetic lines of force do not end. It 
is not impossible that the magnetic lines of force close on themselves, but 
in any case the lines do not terminate. In the hypothetical circumstance 
that a magnetic field B,(r) without singularities is confined to a finite 
region of a two-dimensional space, the lines of force make up a family of 
closed curves, f(x, y)= A. However, magnetic fields in the real three- 
dimensional physical world are not constrained to so high a degree of 
symmetry. Almost all of the lines of force of a field in three dimensions 
fail to close. To put it in simple terms, the cross-sectional area of a 
mathematical line is zero’. Then, noting that a line may assume almost 
any configuration in space, we can see that it is highly unlikely that any 


‘In slightly distorted form this basic fact played an important role in scientific 
journalism some years ago, under circumstances sufficiently amusing to merit 
repeating. The National Aeronautics and Space Administration planned to release 
to the press statements of the scientific purpose of the various instruments to be 
carried into interplanetary space on a certain spacecraft. However, they experi- 
enced some difficulty in obtaining a statement from the team of scientists 
responsible for the magnetometer. With the deadline drawing near the project 
manager was forced to desperate measures. So he prepared an alternative 
statement which was to be published if the magnetometer team did not supply 
him with a suitable statement of their own. The manager’s statement noted that 
the magnetic field carried in the solar wind is, after all, of no great importance, as 
may readily be seen from the fact that the field strength is only 5x 107° G at the 
orbit of Earth, corresponding to one line of force through each 2 m°. That is to 
say, the lines of force are separated in space by distances of the order of y2 m. The 
lines have no intrinsic width of their own, so the chance of a cosmic ray proton 
hitting one of the lines arises solely from the finite radius of the proton. This being 
10°’? cm, the mean free path for a proton colliding with a line of force is 
2x10" cm or about 10° a.u., i.e. far larger than the dimensions of the inner solar 
system where cosmic ray modulation was being studied. Faced with the prospect 
of this press release the magnetometer team found time to write a rational 
statement on magnetic fields in the solar wind. 
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line should run into its own tail to form a closed curve. In almost all cases, 
then, an individual line ts of infinite length. 

In the unlikely circumstance that the magnetic field 1s confined to a 
finite volume V in three-dimensional space, (i.e. the normal component 
vanishes everywhere over the surface S of the volume V) the lines of 
force within V are ergodic in almost all cases. That ts to say, the line of 
force through any point P, in V also passes, somewhere along its length, 
within some arbitrarily small distance & of any other point P, in the field. 
within V. In this case the functions f,(r) and f,(r) are infinitely repetitive 
and multiple-valued. Given a value for A, and A,, and a value of z for 
which there is one solution (x, y) of (11.1), there will in almost all cases 
be infinitely many pairs of numbers (x, y) that are solutions. Only if 
symmetries are imposed are f, and f» not infinitely repetitive and the lines 
of force not ergodic within V. 

Ergodic fields have some interesting properties, such as a general 
absence of hydrostatic equilibrium. It is easily seen from (6.1) that, in the 
absence of gravity or other external forces, the fluid pressure is uniform 
along a line of force, B. Vp =0. If the line of force fills the volume V 
occupied by the field, and if p is to be a continuous function of position, 
then p is uniform throughout V. Hence Vp=0 and (6.1) reduces to 
(V x B) x B=0. The field has no forces exerted on it by the fluid anywhere 
throughout its entire volume. But it was shown in §5.3 that a magnetic 
field tends to expand so that inward forces must be exerted if the field is 
to be confined in equilibrium. Hence there is no equilibrium for an 
ergodic field. The various loops and coils of the field try to expand 
outward through the fluid, leading to Vp #0. The pressure gradient causes 
a continual shifting of fluid along the magnetic lines of force so that 
gradually the loops and coils are able to free themselves from the fluid 
and expand outward through the surface S of the volume. With the 
passage of time the field slowly extricates itself from the fluid in V by the 
simple process of transferring the fluid along the ergodic lines (or line) of 
force to some single position, call it Py, leaving all the rest of the field free 
of fluid. 

The importance of ergodic fields in the astrophysical universe is not 
clear, because there is probably no volume of space that is entirely 
isolated magnetically. In no instance of which we are aware can the 
internal field be declared to be ergodic in the precise mathematical sense 
of the word. The magnetic field of Earth is partially isolated, with at least 
90 per cent of the lines of force through the surface turning around and 
re-entering the planet, while some 5-10 per cent extend into the 
geomagnetic tail and connect in whole or in part to the magnetic field of 
the solar wind (Lanzerotti 1972: Paulikas 1974; Frank et al. 1976). 
Similarly, the magnetic field of the sun is only partially isolated. The 
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strong fields of active regions are closed, re-entering the sun after 
extending above the surface, but the magnetic flux emerging in quiet 
regions is extended out into interstellar space by the solar wind. The 
external magnetic field of the galaxy is not observed (but there is evidence 
for an extended magnetic halo) so little can be said. The basic theoretical 
principle is that, of course, if left to itself, the magnetic flux extending out 
through the surface of an astrophysical body actively seeks the lowest 
external energy state available to it, and that is the closed form of a 
dipole. In most cases the field carries on dynamical line cutting to achieve 
this lower energy state, so that, if left to itself, the magnetic field of an 
isolated static astrophysical body is closed. 

On the other hand, very few astrophysical bodies are so placid as to 
reach the ultimate closed equilibrium configuration. At least some small 
portion of the lines of force are forced open by escaping gases. The solar 
wind is the most familiar example (Parker 1963a). There may be a similar 
outflow of gas from the nucleus of the galaxy forcing open any lines of 
force of the nuclear field (Johnson and Axford 1971). Altogether, then, 
there appears to be no physical situation allowing clear application of the 
theoretical ergodic properties of the isolated region of magnetic field. 

It ts amusing to note, however, that if, contrary to the best values 
available from observation (Gott et al. 1974), one were to assume matter 
densities so high as to close the universe, then on the scale of the cosmos 
the field would be ergodic. But as with other aspects of the question of an 
open or closed universe, the result is without local physical consequences 
(ignoring the profound psychological impact that the ideas seem to have 
in some quarters). 

On the whole it appears that, instead of fields occupying closed cells in 
space, the opposite situation obtains. In no circumstance are the lines of 
force of any magnetic field in the real world fully confined to a finite 
region of space. At least some small fraction of the magnetic flux wanders 
away into other parts of space, never to return. 

To illustrate the expected universal wandering of magnetic lines of 
force in a three-dimensional space, suppose that we were to take a 
snapshot of the universe at some suitably defined instant of time t and 
then explore the topology of the lines of force in that ‘instantaneous’ 
picture. As an exercise consider the point P on the page in front of us. 


"P 


The point defines a line of force of Earth’s magnetic field. We contrive to 
follow the line to see where it leads. We expect that the line passes many 
times around through Earth and out into the magnetosphere, building up 
the preliminary appearance of an ergodic field. But if that is the case, 
then sooner or later the journey along the line of force must lead up 
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through the surface of Earth at high latitude on a line that passes out into 
the solar wind. From there the line of force travels either to the sun or 
into interstellar space. If to the sun, then again we journey around many 
times through the body of the sun. If the line does not escape from the 
sun, then as our journey continues it begins to build up the appearance of 
an ergodic line. Hence, sooner or later, we will find ourselves coming out 
of the sun on a line of force extended by the solar wind through the solar 
system into interstellar space. We do not know that all of the lines of 
force extended by the solar wind into the outer solar system connect into 
the galactic field in interstellar space (see illustrative models in Parker 
(1963a), Yu (1974), and references therein). Some may return to the sun, 
in which case the story is repeated. In almost all cases, however, the line 
eventually escapes into interstellar space. The general idea then repeats 
itself in the magnetic field of the galaxy. 

This author does not have the vision to fill in the details of the journey 
around, and in and out, of the gaseous disc of the galaxy (Parker 1969). 
But the general principles are clear. If intergalactic space is not entirely 
free of gas and field so that the galaxy is not a completely magnetically- 
isolated system, then the line eventually leaves the galaxy to extend out 
through the cosmos along a path that we cannot guess. The wandering of 
a line of force in the infinite three-dimensional space in which we 
evidently exist (Gott et al. 1974) raises some interesting conceptual 
questions that we are not prepared to treat. 

On the other hand, if there are no fields in intergalactic space, then, of 
course, the galaxy is magnetically isolated and we expect the field to be 
ergodic throughout the galaxy. In that unlikely circumstance the journey 
would take us near, and ultimately through, each of the 10'” stars, large 
and small, within the galaxy. A Cook’s tour ad infinitum! 

Coming back to the remarks at the beginning of the chapter, the 
wandering of magnetic lines of force through space is of primary concern 
to the theory of propagation of individual charged particles, such as 
cosmic rays, through the solar system and through the galaxy. In the limit 
of small mass m the trajectories of a classical particle of charge q are 
precisely the lines of force of the static magnetic field in our instantaneous 
picture of the universe. We suppose that the particle is initially projected 
precisely along the local line of force with the velocity wy Then the 
particle has no diamagnetic moment p = 4mw:/B because the ratio of its 
perpendicular velocity component to its parallel velocity component 
w/w; is zero. The cyclotron radius of the particle is zero, so that the 
particle is not repelled as it enters regions of strong field and the drift of 
the particle across the lines of force is zero. The trajectory reduces 
precisely to the line of force, the particle travelling the full length of the 
line. In the real world, of course, the field is not static, as in the snapshot 
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under discussion. What is more, cosmic rays are so numerous that their 
collective pressure may be a dominant dynamical consideration (Parker 
1969) in shaping the form and motion of the gas and field. But so long as 
the cyclotron radius of the particles is small compared to the scale of 
variation B/|VB| of the magnetic field, the lines of force are a useful 
approximation to the trajectories of the individual particles. In particular, 
if cosmic rays pass freely in and out of the solar system, then there must 
be a substantial connection of the lines of force from the solar wind into 
interstellar space, etc. (see discussion in Parker (1968b), Jokipii and 
Parker (1969b)). With this brief guide to the infinite wandering of an 
individual line of force, the next question is the relative wandering of two 
neighbouring lines. 


11.2. Stochastic properties of lines of force 


Consider how two neighbouring lines of force wander apart as a result 
of local random fluctuations in the magnetic field. To fix ideas consider 
the line of force through the point P above, and through a neighbouring 
point P’ at a small distance ôs on the page from P. The point P’ serves as 
the starting point of another journey along a line of force through the 
cosmos. The journey along the line through P’ exhibits the same general 
features as along the line through P, but eventually the two lines wander 
apart so that the quantitative aspects of the journey become quite 
different. We consider here how rapidly the paths of the two journeys 
diverge. 

Jokipii (1966) pointed out that the power spectrum of the magnetic 
fluctuations evaluated at zero wave number represents the random walk 
of the magnetic lines of force. In the context of the lines of force through 
P and P’, we note merely that the field at any point on the line through P’ 
differs slightly from the field on the line through P because of local field 
gradients. The random variations of the local gradients along the line of 
force cause the lines to random walk relative to each other. Therefore, 
they walk away from each other. To illustrate the problem in quantitative 
terms consider the idealized circumstance that the line through P lies 
along the z-axis, on which the field density is B(z). Then in the near 
neighbourhood of the z-axis, the field can be represented by 


B, =x 0B,/ox+y dB,/oy+... 
B, =x dB,/dx+y dB /oy+... 
B, = B(z)+x 0B,/ox+y 0B,/dy+... 
to sufficient approximation. The coefficients are all functions of z, with 
(11.3) leading to 
dB,/ax +dB,/dy +dB/dz = 0. 
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With one line of force along the z-axis, the equations for the neigh- 
bouring line, with coordinates x(z), y(z), are 
dx B, dy_ B; 


dz B? dz B? 
so that to first order 
dx/dz = a,x + axy, dy/dz =a,,.x tay, (11.4) 
where the coefficients are 
a,;(z) = B~ 3B;/ðx; i, | =X, y. (11.5) 


Suppose that the field a,,(z) varies at random with z, with a characteristic 
correlation length A. Suppose further that the A |a,;(z)|« 1 so that x(z) 
and y(z) change but little over one correlation length. It follows that the 
point (x(z), y(z)) random walks as z varies along the line of force. The 
probability distribution w(x, y, z) of x(z), y(z) is described by a Fokker- 
Planck equation 


A [Arau AX) 7 (11.6) 


əz dx; Ox; | 2Az 


where (Ax; Ax;)/Az is the mean change of x and x; in the distance Az 
along the lines of force (see, for instance, Chandrasekhar (1943)). The 
(Ax; Ax;)/Az can be related by standard computational methods to the 
two-point correlation function Rj,. of the œ;(z), 


Rial) = (06; (Zoey (z+¢)= Ryu) (11.7) 


We presume that the statistical properties of the a,(z) are locally 
independent of z so that the correlation is a function only of the 
separation ¢ of the two points. The mean value is most conveniently 
taken over an ensemble of systems. The standard procedure to calculate 
(Ax; Ax;)/Az is to integrate (11.4) over z for a distance Az such that 
Az >A but Az |a,|« 1. Hence over Az there is the small change in x, 


Az Az 

Ax =x | dz’a,,(z)+y | dz’a,, (z’). 
0 O 

Hence 


Az Az 


dz’a,,{z') | dz"a,,.(z") 


0 


(Ax)? = x? l 
0 

Az Az 

dz'a,.(2’) Í dz”"a,,(z") 


0 


Az Az 
+y? | dz’a,,(z’) | dz"a,y(z"). 
0 0 


+2» [ 
J 
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Let z”=z'+€ so that 
Az Azz" 
(Ax)? = x? Í dz'a,,.(z’) | déan (z ++... 


Then with Az large compared to the correlation length A but still 
sufficiently small that Az |a,|«1 (which is possible because we have 
assumed that A |æ;|< 1) such quantities as a,,(z’) and a,,(z’'+Az) are 
uncorrelated, and their ensemble average vanishes. Hence in computing 
((Ax)*) the lower limit on the second integral can be extended all the way 
to —œ because for all ¿< —(z’+A), the quantities a,,(z') and a,,(z'+2) 
are uncorrelated and so have zero mean. Similarly, the upper limit can be 
extended to +. The only error occurs in the neighbourhood of z’ = 0 for 
the lower limit or z’=Az for the upper limit. But that neighbourhood is 
of width A and is, therefore, only a small fraction of the complete range 
of integration of Az. Thus neglecting terms O(A/Az) compared to one, we 
have 


((Ax)?) = x? | dz’ “ dtla, (za, (z'+O) + _— 


Az +00 
=x? l dz’ | dR xx (E) +... 
€ CO 


) a 


The integration over z’ is now trivial, the final result being 
(Ax Ax Az = ner | AERO, (11.8) 


where repeated indices are summed over ł and 2. 
Suppose, as a simple example, that the field gradients a,(z) are 
statistically independent of each other. Then write 


((Ax)*)/Az = ajx* + a3y" 
(Ax Ay)/Az =0 
((Ay)*)/Az = b{x? + b3y? 
where 


a= | Rest, a= | ARO, (11.9) 


b=] AER b= S ARD 0110) 
Then for complete isotropy of fields and gradients we have aj = aż = 
bi = bZ =a’. Equation (11.6) reduces to 
ab (Pe 


az 2 (25+) (x? + yy"). (11.11) 
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The variables are separable in polar coordinates. Introduce the dimen- 
sionless coordinate € = a*z/2 and the polar coordinates (w, @), so that 


Ou (2 ð ot) oy (11.12) 


ðE \wdw Iw w dd’ 
Let 
f= (11.13) 
and 
w =explu). (11.14) 
Then 
afla =8 fldu? +a’ flap. (11.15) 


This equation has the same form as the heat flow equation in rectangular 
coordinates, whose solutions are well known (see, for instance, Carslaw 
and Jaeger (1959)). 

Suppose, then, that at €=0 the line of force has coordinates (wo, Qo), 
so that 

plo, d, 0) m= ôw — DW )O(h _ pol TTo. 
The appropriate form of the solution for €>0 is 
f= E exp| Ste E) 
lé 4 |é| 
where C is an arbitrary constant and uo =In(w,). Hence 
In?(w/ ar) + (p- ho)” 
4 |é! 


where @ extends from — to +œ so that the probability density at any 
point œ is 


1 
(as, Q, =F gee | | (11.16) 


$ bw, 6 +27, £). 


yn = oo 


Denote by P(w, £)dw the probability that the separation lies in the 
interval (w, @+da). Then 


P(w, £) do = w dw | dé h(a, p, €) 


and 
In*(0/ zo) 


1 
We = Tee La 
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The evolution of this probability distribution with increasing distance € is 
plotted in Fig. 11.1, showing the rapid flow of the probability into a long 
tail extending to large radius w. The mean square displacement of the 
line from the z-axis is 


oo 


(mw?) = Í does | dd wha, p, £) (11.17) 
= ap exp 4 |é]. (11.18) 


Thus the r.m.s. separation of the two lines of force increases exponen- 
tially, as exp(2a? |z|), with distance z along the lines of force. 

When, after a distance z = z,, the two lines of force become separated 
by a distance comparable to the correlation length of the magnetic field, 
the simple expansion of the field about the position of one line can no 
longer be applied. In that case one writes the field in terms of the three 
independent fluctuating components 5B,(z), 8B, (z), 5B,(z) at the posi- 
tion of each line, where the field 6B,(z) is a random function of z. The 
two lines random walk independently of each other with increasing z. It is 
sufficient, then, to consider the position of either one relative to the 
z-axis. The change in the position of either of the two lines over a 
distance Az is 


Az 
ax=| dz'dB,.(z’)/B, (11.19) 
O 
Az 
ay=| dz'd5B, (z')/B,. (11.20) 
0 
4 
3 
> — 
S €¢=1/16 
Ea 
[ À 
i A 1/4 
D 1/2 
a 
° 2 
wl, 


Fic. 11.1. A plot of the probability distribution of the radial separation of the two lines of 
force at successive distances € along the lines from their separation w=, at €=0. 
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Then if 68; =6B,/B,, it follows that 


fan 


(Axy = [- dz’6B,.(z’) l l dz"6B,(2”) (11.21) 


0 
Az—z' 


=| azaga) agape"). (11.22) 


—z' 


Assume again that |68;|« 1, and extend the interval Az to many times the 
correlation length. The result is again the standard form (11.8) 


(Ax; Ax;)/Az = B dR; (¢) (11.23) 


written now in terms of the correlation function for ßB;(z), 


R(= (B: (z) B(z +4). (11.24) 


The Fokker-Planck equation for the probability distribution u(x, y, z) of 
the two lines (as a function of distance z along the lines) is (11.6) again. 

In the absence of torsion we expect 6B, and 6B, to be uncorrelated. 
For simplicity suppose that the fluctuations are statistically homogeneous 
and isotropic, so that (Ax~)/Az =(Ay’)/Az=constant. Then if é= 
3(z ~ 2z,)<Ax*)/Az, the Fokker—Planck equation is 


OW dE = 8 pð x? +8 blay”. (11.25) 


If the position of the line is (x,, yı) at E=0, then for €>0 the distribution 
1S 


-Sa ny +0 nyt (11.26) 


48 
The characteristic width of the distribution is 2¢?. A similar probability 


distribution applies to the position of the other line, initially at (x>, y>). 
The mean square separation s? of the lines for €>0 is, then, 


1 
W(x, y, E) = Ané exp] 


s? =(X)— xX) + (y2— yı) + 8E (11.27) 


growing linearly with increasing distance ¢ along the field. The two lines 
of force go their separate ways. 


11.3. The random component of magnetic fields 


Up to this point we have taken for granted that the magnetic fields in 
the turbulent universe have random components, that lead to the stochas- 
tic wandering of the lines of force. Now that we have seen some of the 
consequences of the random component, it is desirable to go back for a 
closer look at the universal appearance of a random component of the 
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magnetic field. To get to the heart of the matter, suppose that in some 
early ‘Garden of Eden’ the magnetic fields were not stochastic. The 
innocent field topologies were closed, and neighbouring lines of force 
remained neighbours in all cases. The question is whether there are 
effects, occurring universally, that would destroy the simple topology, 
converting it to the stochastic patterns of the present tumultous world. 


11.3.1. Local random components 


The simplest illustration of the origin of local random components is 
the supergranulation in the solar photosphere and its effect on the 
magnetic lines of force extending in the solar wind out through the solar 
system (Jokipii and Parker 1969a). The supergranules consist of horizon- 
tal motions at the surface of the sun caused by the upwelling of fluid from 
the convective zone. The horizontal velocities have an r.m.s. value of 
about 0-4kms—', over the characteristic scale L =210*km of the 
radius of the supergranule cell. The characteristic life of the motion is 
7=10°s. Leighton (1964, 1969) has pointed out that this horizontal 
motion of the fluid leads to a random walk of the magnetic lines of force 
of the solar magnetic field with an effective horizontal diffusion coefficient 
of the order of 0:1L*/7 =4x 10? cm’ s”'. He points out that this random 
walk has direct consequences for the dispersal of the solar magnetic field 
over the period of the sunspot cycle. We would expect that the granules, 
for which L=5x10’cm and +r=3%X10’s, have a similar effect, with a 
comparable value 0-1L7/r =1x10'? cm*s '. The point with which we are 
concerned is that, ignoring resistive diffusion, the feet of the lines of force 
at the surface of the sun undergo a random walk while the lines are 
carried out through space with the speed v, of the wind. It is sufficient for 
the present purposes of illustration to consider a uniform radial wind of 
velocity v,, extending the field radially from a non-rotating sun (for a 
more detailed discussion, see Jokipii and Parker (1969a)). Then in a time 
At the pattern of the lines is carried outward a distance Ar=v,At from 
the sun. In a radial wind the transverse dimensions of the pattern increase 
linearly with radial distance r. Thus, while the horizontal random walk has 
a mean square value 


((Ax)*) = L*At/7 (11.28) 


at the photosphere in a time At, the radial transport of this walk to a 
distance r in a time At=r/v,, produces a mean square displacement 


(Ax))/Az = (L?/t0y (to), ~ (11.29) 


where rọ is the radius of the sun. In terms of angular displacement 
Ad = Ax/r, 1t follows that 


(Ad)*) = L7r/ To, 78. (11.30) 
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With a uniform solar wind velocity of v, =4x 107 kms", it follows that 
L?/Tv,, = 10° cm. Hence with ro =0-7 x 10"! em the r.m.s. transverse dis- 
placement at the orbit of Earth (r= 1 a.u. =1:5x10" cm=220 rọ) is 
((Ax)*)/Az =5 10! cm. This corresponds to ((Ax)?)?=0-9x10' cm or 
(Ad) = 0-06. 

Jokipi’s point (Jokipii 1966, 1967, 1968) that the power at zero 
frequency in the fluctuations of the interplanetary field represents the 
random walk of the magnetic lines of force, allows a direct computation 
of the rate of random walk from direct spacecraft observations of the 
interplanetary field. Jokipii and Coleman (1968) deduced the value 
((A¢)’? = 0-06, in close agreement with that estimated from the super- 
granule motions at the sun”. 

Now the foregoing example was chosen for its simplicity, involving the 
direct manipulation of one end of the lines of force at the sun while the 
other end of the line is extended out into space by the solar wind. The 
results sketched in Fig. 11.2, are obvious. But, as a matter of fact, the 
example is incomplete, because it does not involve the reconnection of 
the lines of force. The global topology of the lines is unaffected, because 
with infinite conductivity the ultimate topological connections at either 
end of the lines in interplanetary space are preserved; the random walk of 
the lines outside the sun is precisely reversed beneath the surface of the 
sun. 


11.3.2. Random component in turbulence 


Consider, then, a more complete, if less vivid, example in which the 
lines of force are displaced by a random turbulent velocity v,(r, t) in a 
field with finite resistivity. The overall topology is then altered by the 
resistive diffusion from the initial uniform field to a stochastic topology 
after a finite period of time. 

Consider an infinite space filled with a homogeneous incompressible 
fluid with a high, but finite, electrical conductivity ø, through which there 
is a uniform magnetic field By in the z-direction. For a short period of 
time f, the fluid is subject to a turbulent velocity v;(x, y, z, t), displacing 
the element of fluid initially at X; to a final position x;(X,) at time t. We 
suppose that the velocity is bounded and statistically homogeneous, so 
that x; (X;) is a bounded random function of X, with a correlation length 
L. In particular, if the turbulent velocity is subject to the upper bound 


* Jokipii and Parker (1969a) deduced the somewhat larger value, ((Ad)’Y = 0-3 
from the observed spreading of 1-10 MeV protons (Fan et al. 1968) streaming 
outward from the sun. But more recent observations show that particle streams 
beyond the orbit of earth involve local acceleration of particles in interplanetary 
space, so that their width may in fact be much larger than the ((A@)*) of the lines 
of force alone. 
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Fic, 11.2. A schematic drawing of the magnetic lines of force extended out from the 
supergranules at the surface of the sun by the solar wind, showing the interlacing of the lines 
as a result of the random walk of their feet at the sun. 


lu; |< vo, then the net displacement in the allotted time t,, is subject to the 
upper bound |x;(X,)—X;|<vpt;. To keep the calculations as simple as 
possible suppose that the fluid motions are confined to planes parallel to 
the xy-plane. Then v,(x, y, z, t)=0 and 


dv,/dx + dv,/dy =0. (11.31) 
The magnetic field at time ¢,, is given by (4.32) as 
B(x, y, Z) = Bodx/dz, (11.32) 
B, (x, y, Z)= Body/dz, (11.33) 
B(x, y, z) = Bo, (11.34) 


upon noting that z = Z. The initial lines of force were all parallel to the 
z-axis, with X and Y constant. After the displacement they are given by 
the coordinate mapping 


x=x(X, Y,z) y=y(X Y,z) (11.35) 


represented by the Lagrangian coordinates of the elements of fluid on 
each initial line of force. 

We suppose that t, is exceedingly small and/or the electrical conductiv- 
ity extraordinarily high so that diffusion is negligible during the period of 
displacement, i.e. the diffusion length (nt)? characteristic of the time t; is 
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small compared to the scale of variation of B;(x,). However, following 
the period of displacement, the fluid is held motionless for a sufficiently 
long period of time that resistive diffusion occurs. The behaviour of the 
field is described by (4.15), 


ðB/ðt = 7 V’B, 


leading to a continuous relaxation of the field. To illustrate the qualitative 
effects of the diffusion, expand B in a Taylor series about the initial time 
t=t,. Then, the initial evolution of the field away from (11.32)—(11.33) is 


êB(x, y, Z, t)= nlt — t,)V° B(x, y, Z, t4) (11.36) 


after a small time t—t,. The magnetic lines of force are altered slightly by 
the diffusion. The line through (x, y) at z =0 changes from (11.35) to 


x =x(X, Y, z)+Ax, 
y = y(X, Y, z)+ Ay, 
which are the integrals of the equations 


d(x+Ax) B(x, y, z)+ ôB, (x, y, z) 
dz Bo ? 


d(y +Ay)_ B, (x, y, z)+ 8B, (x, y, z) 
dz Bo ? 


along the magnetic lines of force. 

These exact equations for the line of force can be solved approximately 
when |8B|< |B| by integrating along the initial line of force (11.35). The 
approximation remains valid until the integration proceeds so far that Ax; 
is no longer small compared to the scale of variation of the initial field. 
But for small n(t—1,) there is very little deviation from the initial lines of 
force so that can be a very large distance. We proceed on the assumption 
that t— t; is chosen to be sufficiently small as to justify any values of z 
that we may care to use. Then 


dAx _ 5B,(x, y, z) dAy _ êB, (x, y, z) 
dz Bo > dz Bo 


with x and y given by (11.35). With (11.36) and then (11.32) and (11.33), 
this becomes 


dAx dA 
STEW CG YZ), = a(t HVAC y, 2) 
where f; represents the derivative of the Langragian coordinate x; with 


respect to z. It follows that the displacement of the line of force by 
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diffusion grows with z according to 


Ax =n(t—t) l dz'V?f.(x, y, 2", (11.37) 
0 . 


Ay=n(t-t) | dz'Vf, (x, y, z’). (11.38) 
0 

We suppose that the random displacement of field and fluid (11.26) was 

chosen in such a way that the self-correlation of ðx;/ðz is limited to some 

finite scale L, so that the correlation function 


S(O) = fia dh, + 2) (11.39) 


goes rapidly to zero beyond |f,{=L. Then we may proceed with the 
standard techniques for computing the progressive increase of the mean 
square (ensemble average) of Ax; with z, beginning with the identity 


Ax, Ax, =n lth l dz'V?fix(z, y(z’), z'] | dz"V*fi{x(2"), y(z"), z}. 
o 0 

As in the previous example, let z” = z’+ € and suppose that z > L. Then 

upon taking the mean, the limits of the integration over € can be 

extended to +, 


(Ax, Ax) =n) | az | AEG, yez 


x Vf tx(2’ +E), y(z' +8), z'+ EN. 


It is shown in (A2)-(A5) of Appendix A, Chapter 17 that if S; is defined 
by (11.39), then the auto-correlation function for V7f, is 


(VF. )V FX + &)) = VPV Sal). 


Hence 


(Ax; Ax;) m= n (t— yY | dz’ | dÉV? V? S; lG) 
0 OO 


ant Pz AETV SG, (11.40) 


where & = x,;(z'+ €)—x,(z’). The integral is more complicated than in the 
previous case (11.22), because it is along the deformed line of force 
(11.35). It reduces to that simpler form if we suppose that the turbulent 
displacement of the fluid is small compared to the scale of the turbulent 
eddies. The point is that the integral is generally positive, representing the 
integral of the autocorrelation of the random function V7f, so that 
(Ax; Ax;) progressively increases with z along the lines of force. The 
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diffusion reconnects the initial uniform topology of the lines of force 
(11.35) into a stochastic topology in which the neighbouring lines of force 
wander apart and wind among each other with the random displacement 
Ax; Since turbulence is a universal companion of magnetic fields in the 
conducting gases in the cosmos, we expect that all lines of force have the 
stochastic property exhibited by this example. 


11.3.3. Random component in inhomogeneous resistivity 


The fact must not be overlooked that turbulence is not necessary for 
the existence of a random component of the magnetic field. We are 
accustomed to carrying out calculations with a uniform resistive diffusion 
coefficient n, for reasons of computational convenience. As a matter of 
fact there is no reason to expect ņ to be uniform. One glance at the 10 
per cent temperature fluctuations across the granules in the sun 
(Schwarzschild 1959), or the spicules in the lower corona, or the general 
small-scale fluctuations in the solar wind, is sufficient to establish the 
general ‘turbulent’ inhomogeneity of 7. It is readily shown that random 
fluctuations in ņ lead to stochastic lines of force. 

To illustrate the effect consider a magnetic field B(x) in the z-direction 
which varies in the transverse x-direction. To keep the algebra as simple 
as possible, suppose that the medium is fixed in position so that it does 
not respond to changing magnetic stresses. Then the field is described by 
(4.12) 

dB/at+V x(nV xB) = 0. 


The random variations of the diffusion coefficient y(r) are assumed to be 
statistically homogeneous and isotropic, with a single characteristic scale 
and correlation length | small compared to the scale of variation L of the 
mean field e,B(x). Writing n(r) = no+ dn(n), let (ên) =0 so that the mean 
diffusion coefficient is just the constant no. Then if B is written as 
e,B(x)+ ôB(r, t) the equations reduce to 


noB ĉnôp\ 


ð >) dN, ( 
meee es ae — — + —_—____—- 
( NoV~ | 6B, = 3z B'(x)+O I?’ E 


ot 


d 
(= nov?) ôB, =0. 


ð dn NoB ônêB 
(Ž-n7?) ôB, _ ares — B(x +0 73 3 }2 


These equations are valid so one. as Ôn < yy and |S5B|« B. If SB(r) =0 at 
time t= 0, then subsequently 


5B, (r, p=- ar | dt'G(r,r'; t, t)B'(x jo, 
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where G is the familiar Green’s function 


(r—r')’ | 


cer a A 


for the heat flow equation. There is a similar expression for 5B,, and 
dB, =0. Since (6) =0, it follows that (6B,)=0. For times sufficiently 
small that 4nt« L*, the width of G is small compared to the scale of 
variation of B(x), so that B(x) may be expanded as B,(1+x/L+...) and 
only the first non-vanishing term retained. For t so small that 4yt« I°, G 
is effectively a delta function and the field grows linearly with time 


ôB, (r, t) = —(Bo/L)t 06y(")/dz. 


Then 6B, has the same random properties as ðn (r)/ðz. Ultimately for 
L >l the diffusion reaches a quasi-equilibrium, for which @/dt decreases 
from its initial magnitude, of the order of /I°, to the very much smaller 
y/L*. Then in that limit 


V* 8B, = (Bol noL) 05n/dz 


and 


5B, (r) =~ 


3 


Bo | 3, ddn(r’)/dz 
oe rt d r — 


etc. Thus ôB, (r) may be thought of as the Coulomb potential of the 
random charge distribution ðôn/ðz. As a matter of fact, the notorious 
non-convergence of the Coulomb potential restricts the choice of the 
random function ðôn/ðz within the present approximation |SB| < B. For if 
we do not require that the mean value of d5n/dz over any volume V goes 
rapidly to zero as V exceeds some dimension b small compared to 
L—i.e. something equivalent to Debye shielding—then the integrand 
fails to converge, and 5B, may attain enormous values that are deter- 
mined by the external dimensions L of the region. The approximation 
|B| « By may be jeopardized and a more complete integration of the 
equation for the stationary field 


V x(nV xB) =0 


must be sought. Only if the auto-correlation of d8n/dz becomes suitably 
negative between points separated by distances O(I) so that the volume 
integral of d6n/dz goes rapidly to zero beyond l, is the present formula- 
tion valid. The point important to the present discussion is that d5y/dz is 
a random function of position. The large magnitude of 8B in a fully 
random variation of d6n/dz has interesting implications that are taken up 
elsewhere. 
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For present purposes it is sufficient to consider 5B, for nt« l°. Then 


(— Hot)” 


| = Bot Nol oo 
Ble) =— 9" fan,- Van, + 


(V2)"5n, +. _} 


where the subscript z denotes the derivative with respect to z. To 
illustrate the random walk of the lines of force, consider a field with 
precisely the spatial distribution of the first-order term. Say 


ôB, (r) = €By dn, (r). 


The higher order terms contribute further to the random walk, of course, 
but the lines of this field are already stochastic’. The magnetic line of 
force through the origin has coordinates (Ax(z), 0, z) elsewhere, with 


dAx _—SB, (r) 
dz B,(1+Ax/L) 


Expand 6n,(r) in ascending powers of Ax, with the notation 
Sn, (r) = ôn- (z) + 8n.,.(ZJAX +... 


where the subscripts denote differentiation and the coefficients are 
evaluated at (0, 0, z). Then, neglecting terms second order in Ax, 


dAx/dz = €6n, (z)— €[6n, (zL — 6n,,(z)JAx+.... 


Integrating, this becomes 
Ax(z)=« explelin(2)—Sn(zVL} | dz'flz’), 
0 


where f(z) is the random function 
f(z) =6n,(z) exp[ ~ €{6n, (z)— 6n(z)/L I. 


It is instructive to see what variations of 5y(z) are responsible for the 


* The more fastidious reader may wish to carry through the formal expansion in 
powers of f, obtaining 


Ax(z)=-— eee }- Snov? by(z)~ Vn) 


t a 
—— i a + O(t’). 
L 0 

The integrand is readily transformed into 5n,6n, by integration by parts, so that 
the lowest order contribution to the accumulative random walk is the integral of 
ÖNÖN. 
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accumulation of the displacement. Expanding the exponential in f(z) in 
ascending powers of e there are a number of terms, some of which are 
perfect differentials. Since 6y is a bounded variation, their integration 
leads to no accumulated displacement. Altogether 


Ax(z) = e exple{dn, (z) ~ 5n(z)/L}] 


x (X (H = {6n2(z) ~ n20) 


— € | dz’dn, (zn, (z’) 
0 


2 


+5 | d2’5n,(z"Hn2(2") ~ 26n, (2")8n(2"/L} 


3 


—— | dz’6n.(z’Y6n3(z.) ~ 36y2(z’)8n(z'V/L 
+38n, (ZDEN (Z LZ +.. ), 


We suppose that d6n/dx and 08n/dz are statistically independent, so the 
first term contributing to an accumulative displacement is the integral of 
6n,.07,. It follows that the accumulated mean square displacement over a 
large distance z is 


(Aet | az [dz"3n,2)3n.(2)3n(z")5n.(2") 
0 Q 
where we neglect non-cumulative terms O(e°). Then if C(£) is the 


correlation function for 5n,6n., 


C) = (ôn, (z) bn, (2) dn, (z + L)6n, (z +O), 
It is readily shown that 


(Ax)?)=2e% | CD: 

0 

Altogether, then, the random fluctuations ôn lead to random fluctuations 
in the magnetic lines of force. There is a component of the fluctuations 
which leads to a random walk of the lines with an accumulative mean 
square displacement. 

For larger values of time the field goes over into the asymptotic 
Coulomb integral already mentioned. The random walk may then be very 
rapid, its magnitude depending sensitively on the statistical properties of 
ôn. 

In as much as temperature fluctuations are the rule, particularly in the 
presence of magnetic fields, we expect to find inhomogeneous resistivity. 
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That alone is sufficient to cause random walk of the lines, i.e. random 
variation of the winding pattern of lines of force about their neighbours. 

As we shall see in Chapters 15 and 16, the turbulent and resistive 
conditions that are essential for the initial generation of the magnetic 
fields in Earth and other planets, in the sun and other stars, and 
presumably in the Milky Way and other galaxies, are also the conditions 
that produce the random variation of winding pattern of those fields. We 
conclude, therefore, that all the magnetic fields generated in the cosmos 
have stochastic topologies. There is no way to introduce the extreme 
uniformity and symmetry that would be required for them to be other- 
wise. The large-scale field, however regular its overall pattern may be, 
contains random components of significant strength over comparable and 
smaller scales. This fact leads to the conclusion in Chapter 14 that every 
astrophysical magnetic field is dynamically active. The random compo- 
nents of the field are subject to active dissipation that is orders of 
magnitude more rapid than simple resistive decay of the overall field. The 
high rate of the dynamical dissipation often produces suprathermal parti- 
cles and their many observable effects. 


11.4. An illustration of random walk 


It will be useful for the later developments on dynamical non- 
equilibrium to present a simple illustrative example of the random walk 
of a magnetic line of force, showing how the line wanders about within 
the field as a whole. The line of force, or the elemental tube of flux, it will 
be remembered, is the path for the free passage of fluid. In magnetohyd- 
rostatic equilibrium the lines of force are paths of untform pressure 
through the field (B.Vp =O in the absence of external force). It is the 
random wandering of these paths of uniform pressure through the large- 
scale pattern of the field that in the real world prevents the establishment 
of the conventional ideal equilibria discussed at length in Chapter 6. 

As an example suppose that the principal component of the magnetic 
field is the constant field Bo in the z-direction. To this uniform field add 
the simple uniform twist b, =¢€Byw/a over a distance L, at the regular 
intervals 0< z—n(L,+L5)<L, where n=0,1,2,.... Over the interven- 
ing space, of length L», introduce the dipole field 


b,, = €By(a7/w”)cos o, b, = €By(a*/w*)sin p 
described by the vector potential 
A =e€B,(a7/@)sin o. (11.49) 


The pattern of the fields is sketched in Fig. 11.3. In the regions of 
uniform twist every line of force undergoes the angular rotation eL,/a 
about the z-axis while w = constant. In the regions of the dipole field the 
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Fic. 11.3. A superposition of the winding pattern of the magnetic lines about the z-axis in 
the region of field subject to a uniform twist (light lines, concentric circles) and the region of 
field with the double twist (heavy lines). 


displacement consists of a twist, in opposite sense on either side of ¢ =0 
along the lines A =constant. A line of force entering the dipole field at 
z=L,, with coordinates (@w,,¢,) leaves the region at z=L,+L, with 
coordinates (w, d>), where A = constant leads to the relation 


sin @,/@w,=sin P/T- 
while integration of w dọ = dz b,/Bo yields 
p~ b+ Hsin(2,) —sin(22)} = 2e(L2/a a/m: ysin’ (Q). 


The projection of the line of force through the point w/a=1, @=0 at 
z=0 onto the (w, ¢) plane is shown in Fig. 11.4 for the special case 
where the rotation eL,/a is m/3 and the dipole field has the strength 
eL,/a=4. The numbers on the graph represent the values of n at the 
positions of the projection at z =n(L,+L,) beginning with n =0 where 
w=a and @=Q0. It is clear from the example that the line of force 
performs a complicated walk about the z-axis, the field pattern changing 
constantly along the field. The basic point to be established by the 
example is the penetration of the line of force into new regions when the 
field pattern changes along the field. With one fixed pattern the projec- 
tion of the line executes a simple closed curve, of course, but with the 
combination of two simple, but different, patterns the path takes on a 
completely different character, undergoing erratic excursions over a broad 
region. 
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Fic. 11.4. The projection of a line of force onto the z =0 plane, beginning at w =a, @ =0 
at z=0 and subject to the uniform twist eL,/a = 7/3 for a distance L, along the z-axis, 
followed by the double twist eL„/a =4 for a distance L,. The cycle then repeats n times, 
with the value of n indicated at the position of the line at the end of the nth cycle. 


The example raises a number of interesting questions that we are not 
prepared to answer. Are the excursions bounded in the present example, 
and is the walk random in any sense? Or do the excursions lead to some 
systematic migration? 

It is evident that the mathematical techniques developed to treat the 
trajectories of particles in phase space might be fruitfully applied to the 
behaviour of magnetic lines of force (cf. Dragt 1965, 1966; Arnold and 
Avez 1968; Dragt and Finn 1975). Thus, for a particle with momentum p, 
subject to a force F; we write 


dp;/dt = F. 
Or in one dimension 
dp?/dx =2F. 
For a magnetic line of force of the field (B,, B,, By) there is the similar 
form 
dx,/dz = B./Bo 


with i=1, 2. Fortunately, we do not need the answers to these questions 
to go on to the proof of non-equilibrium. 
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NON-EQUILIBRIUM OF INVARIANT FIELDS 


12.1. General remarks on non-equilibrium 


THE non-equilibrium of magnetic fields appears in a variety of forms. We 
have already noted the runaway ability of flux tubes in a stratified 
atmosphere in §§8.6-8.8, 9.6, and 9.7. There are, in fact, some very 
simple and completely symmetric magnetic configurations that possess no 
equilibrium, and they are the subject of the present chapter. As we shall 
see, a temperature gradient in the absence of gravity, or a fixed boundary 
with vacuum beyond, is sufficient to disrupt the equilibrium, causing 
non-equilibrium of the field and fluid. 

It can be stated quite generally that a suitable break in symmetry is the 
cause of non-equilibrium. Thus in a purely hydrodynamic fluid, involving 
no magnetic field, there is no available equilibrium state if the opposing 
forces do not line up properly. For instance, it is well known (see 
Chandrasekhar 1961) that there can be an equilibrium state in a fluid 
subject to thermal expansion and a gravitational potential y only if the 
temperature gradient dT/dx; and the potential gradient d¢/dx,; are parallel. 
We should add that the equilibrium, when they are parallel, is unstable 
unless suitably damped by viscosity. But instability is quite a different 
effect from non-equilibrium. 

When there is a magnetic field present in a compressible fluid, there 
can be no equilibrium unless the gravitational force —dy/dx; is parallel to 
the magnetic force 0M,/dx;. When they are parallel, there may be an 
equilibrium, but the equilibrium is in many cases subject to the Rayleigh- 
Taylor instability as a result of the magnetic buoyancy (see Chapter 13). 
It will be shown below that a temperature gradient dT/dx,; that is not 
parallel to 0M,,/dx,; generally destroys the possibility for equilibrium, 
forcing the system into a state of motion for as long as the temperature 
gradient is maintained. 

Altogether, then, it is not sufficient for equilibrium that the magnetic 
field possess some high degree of symmetry or invariance. It is necessary 
that the other effects present, such as the thermal expansion of the fluid, 
or the gravitational forces, also be properly symmetrical and aligned. 
Examples of non-equilibrium, where the temperature or the boundaries 
break the invariance, are given in the sections that follow, with particular 
application to fields invariant along the lines of force B; 0B/ox; =O. The 
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uniform field and the azimuthal field are particularly convenient for 
illustrating the effects. 

It should be pointed out that the topology of the magnetic field plays a 
critical role in the various types of non-equilibrium. The present chapter 
deals with symmetric closed topologies. In Chapter 14 we consider the 
general dynamical non-equilibrium that arises when the field topology 
lacks invariance, the topology varying along the general direction of the 
field (Parker 1972; Yu 1973). 

It should be noted that there are non-equilibria that have nothing to do 
with topology, wherein the topology possesses equilibrium states but the 
fluid is initially distributed along the field in such a way as to cause 
non-equilibrium. Such problems often arise in astrophysical cir- 
cumstances, and numerous examples have been treated in the literature. 
They are not our principal concern here, so we note briefly only a few 
well known examples to illustrate their nature and to distinguish them 
from the circumstances where no equilibrium exists for the particular 
topology. 

In the most trivial case, in the absence of gravity, a magnetic field 
B(x, y) in the z-direction in a gas whose pressure p(x, y) does not satisfy 
p + B?/87 = constant, is clearly out of equilibrium, but, equally clearly, it 
will pass into equilibrium in a characteristic time equal to the transit time 
of fast mode (compressional) hydromagnetic waves across the region, in 
which the pressure and the field readjust to equilibrium. We must then 
wait for the fast mode to damp out, of course, but the equilibrium is 
immediately available. Indeed, the hydromagnetic waves may be thought 
of as stable oscillations of finite amplitude about the final equilibrium. 

To point out a well known but slightly less trivial example, it is obvious 
that in the presence of a gravitational field the condition p+ B*/8a= 
constant is not enough for equilibrium. The equilibrium equation for an 
incompressible fluid of fixed but variable density p is 


0=V(p+B*/87)+ pVu (12.1) 


and requires that p = p(s). This may be shown by taking the curl of the 
equation, yielding 


alp, y) _ 
a(x, y) ° 


so that the only solution is p = p(s). Thus, as in any fluid, dense regions 
sink and tenuous regions rise. But once that gravitational separation of 
heavy and light fluid has taken place (in a finite space) the fluid is trapped 
in an equilibrium and can, in principle, settle down to an eternity of stasis. 

Similarly a horizontal magnetic flux tube twisted more in one place 
along its length than another is not in equilibrium, but the transport of 


VpxVy= 
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helical coils of field along its length equalizes the twisting in approxi- 
mately one Alfven transit time, and the tube resides in static equilibrium 
thereafter. 

These non-equilibria commonly occur in nature, and in view of their 
simplicity are taken for granted. We are after more subtle and exotic 
game. We are concerned with field configurations whose topology rules 
out equilibrium, so that in a highly conducting fluid there is no readjust- 
ment and redistribution that can bring the system into equilibrium. The 
present chapter takes up the non-equilibrium of a magnetic field with 
axial symmetry. It is a dynamical non-equilibrium that occurs in the 
azimuthal sheath of any expanded twisted flux rope extending upward 
through a star. The next chapter takes up a slightly different kind of 
non-equilibrium, involving a horizontal magnetic field confined in a slab 
of gas, representing the magnetic field in the gaseous disc of the galaxy, or 
beneath the surface of a star. There exists a single equilibrium state, but 
that equilbrium is unstable, taking the system farther and farther from 
equilibrium into a state of ever increasing chaos over ever diminishing 
dimensions. No ultimate stable equilibrium is available until resistive 
dissipation in the small-scale disorder destroys the large-scale field. 

The examples prepare the way for the discussion of the dynamical 
non-equilibrium of non-symmetric (non-invariant) fields in Chapter 14. 


12.2. Equilibrium of an axi-symmetric azimuthal field 


The axi-symmetric azimuthal field affords the simplest illustration of 
non-equilibrium of a field and fluid in which the Lorentz force 0M,/0x, 
exerted by the field on the fluid is not parallel to the temperature gradient 
dT/dx, across the fluid. It should be noted that in Chapter 9 we considered 
the hydrostatic equilibrium of an axi-symmetric azimuthal field B,(a) 
with the assumption that there was some slight vestige of the longitudinal 
component B,(@) remaining to provide barometric equilibrium of the gas 
in the z-direction along the field. The assumption was based on the 
evolution of the field into the limiting azimuthal form from an titial 
helical form b,(w), b,(@) so that in any finite time the longitudinal 
component may be small but non-vanishing. We now explore the alterna- 
tive in which B, is identically zero. The field ts entirely azimuthal and the 
infinitely-conducting fluid is tied to the azimuthal lines of force. If the 
equation of state of the fluid contains the effects of thermal expansion, 
(dp/dT), £0, then any variation of temperature along the z-axis causes a 
convective non-equilibrium (Parker 1975). 

To treat the simplest possible case suppose that the field B,(a, z) is 
embedded in a fluid of high electrical conductivity in the absence of 
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gravitational forces. Then the equations for hydrostatic equilibrium are 


a B? B? 
o= ( oe) 4 e, 12.2 
Ow P Sr! Ano ( 
ô B? 
o=2{ +4) 12.3 
OZ P ST ( ) 


where the last term in (12.2) represents the inward force of the tension 
B4/4a of the azimuthal field extending around the radius w. Take the 
curl of these equations, differentiating (12.2) with respect to z, (12.3) with 
respect to w, and subtracting. The result is 


3 B2 

— — z0. 12.4 

oz år ( ) 
It follows from (12.3) that 

dp/dz =Q. (12.5) 


In equilibrium, then, the fluid pressure and the field both depend only on 
w, both being uniform in the z-direction. The form of the field is given by 
eqn (9.1). 


12.3. Non-equilibrium in a finite volume 


Consider an azimuthal field in a finite volume, such as a cylinder of 
finite length, or a sphere, centred on the origin. There is no azimuthal 
field in the vacuum outside, so B, vanishes on the surface. But if Ba 
vanishes on the surface, then it follows from (12.4) that it vanishes 
everywhere throughout the interior. A non-vanishing azimuthal field of 
any form precludes equilibrium within the volume. This circumstance 
applies to the azimuthal field in the fluid metal core of a planet, for 
instance. 

Consider, then, what happens if at time t=O there is a non-vanishing 
field B, within the volume. To fix ideas, suppose that the fluid in which 
the field is embedded is confined to the cylinder —h < z < +h, œ <a. The 
cylinder is surrounded by an infinite empty space. The fluid within the 
cylinder has an electrical resistivity that may be arbitrarily small but 
non-vanishing. Therefore, the normal component of the electric current 
must fall continuously to zero as one approaches the boundary of the fluid 
from the inside. In view of the fact that the field is independent of both œ 
and z, the only non-vanishing component of the curl yields the current 
density 
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and in equilibrium this is independent of z, of course, because By is 
independent of z. The exterior vacuum requires that j, vanish on the ends 
z=+h. Hence it must vanish throughout, which requires Bsa 1/w. But in 
any real physical situation B, must be finite everywhere and vanish, 
rather than diverge, on the z-axis (@— 0). So the equilibrium cannot 
satisfy the boundary condition. 

Suppose, then, that we go ahead to set up some simple initial field, say 
B= B(w) in the cylinder with the equilibrium pressure p= 
Do— B*()/87. What happens? At time t=0 all is in equilibrium, but 
after the elapse of any finite time t the magnetic field has diffused out the 
ends of the cylinder from a depth ~(4nt)?, where ņ is the familiar 
resistive diffusion coefficient c?/477a. So long as 4nt« a’, the field in the 
neighbourhood of either end is given by 


B, (a, z, t) -Bert =f (12.6) 
Within the thin boundary layer of thickness (4nt)?, Bẹ is substantially less 
than the equilibrium B(w) elsewhere in the cylinder, and falls to zero at 
z=+h. The boundary layer is squeezed against z =h with the pressure 
p+B3/87 exerted on it by the field and fluid farther in. Hence, at the 
boundary, where B, falls to zero, the fluid alone must sustain the full 
pressure Pp, 


Ph = po— B?(@)/87. 


Since the azimuthal field must vanish on the z-axis, p, must be a strongly 
varying function of radial distance w, decreasing outward from the z-axis. 
Hence within the boundary layer of thickness (4nf)? the fluid is acceler- 
ated radially outward along the ends of the cylinder, removing the 
field-free fluid from the boundary layer. The evacuation of fluid from the 
boundary layer brings more field up to the ends, through which the field 
escapes, and leads to further ejection of fluid from the boundary layer, 
etc. It is evident that the system is in a dynamical state with a continual 
ejection of fluid from the boundary layer at the ends. 

The problem is an example of the general neutral sheet non- 
equilibrium discussed in Chapter 14. In that context, note that the 
boundary conditions B, = 0 on z = +h would be unchanged if the vacuum 
outside the ends of the cylinder were replaced by the ends of cylinders in 
which B, were of opposite sign. In that case the same ejection of fluid, 
from between the two opposite fields on either side of z=+h, would 
occur as in the present case with vacuum outside. 

It should be noted further that the dynamical non-equilibrium at the 
ends of the cylinder is closely analogous to the Eckman layer that forms, 
for instance, in the bottom of a teacup when vigorously stirred round and 
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round. The flow in the Eckman layer is radially inward, rather than 
outward, of course, because the Reynolds stress—the centrifugal force 
exerted by the circular motion of the tea—is radially outward, of opposite 
sign to the inward force B4/4arm exerted by the magnetic field. 

It is clear that the non-equilibrium applies to the azimuthal magnetic 
field (presumably of some 10° G) trapped in the molten metal core of 
Farth and surrounded by the relatively non-conducting silicate mantle. In 
the absence of any relative rotation of the core and mantle there would 
be a sheet of fluid flowing radially outward from either pole at the surface 
of the core. Recalling that in the Earth the whole system is rotating, it is 
evident that the Coriolis force on the radial outflow would lead to 
azimuthal acceleration, with the surface layer moving westward relative to 
the core. 

Now relative rotation of the core and mantle would lead to an opposing 
centrifugal force to balance the non-equilibrium magnetic field. Benton 
and Loper (1969) have explored the general problem of the boundary 
layer at an insulating boundary and Loper (1972) has treated the complex 
non-linear dynamical problem posed by the non-equilibrium just de- 
scribed, working out the stationary solution to the dynamical equations in 
the presence of both an axial and an azimuthal field. 

To illustrate in a simple way the fluid motions produced by the 
imbalance of forces consider the onset of motion from a state of rest in 
which the field satisfies the equilibrium equations (12.2) and (12.3) at 
t= 0. We might think of the problem as y = 0 for t<0, so that there is no 
diffusion whatever at the boundaries, switching on some small resistivity 7 
when ¢=0 so that diffusion begins and non-equilibrium appears in the 
system. Then (apart from a small neighbourhood w < (4nt} of the z-axis) 
the field in a thin layer immediately inside the end z = h begins to evolve 
away from the initial form B(oz) as described by (12.6). Then Bẹ is no 
longer independent of z, and the equilibrium equations are not satisfied, 
leading to fluid motion (va, 0, v,). The motion is confined to the boundary 
layer of characteristic thickness e€ = (4nt)?, and consists of a radial acceler- 
ation caused by the mean pressure gradient B*(a)/8aa over the radius a. 
Hence, in order of magnitude the radial acceleration is B*(a)/4apa, and 
after a time t, 


Us = O(VAt/a) 


where V, is the characteristic Alfven speed B(a)/(47p)2. Conservation of 
fluid requires a longitudinal velocity v, of the order of 


v, = O(v,,€/a). 


In the initial departure from equilibrium (t« a/ Va) the non-linear terms 
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can be neglected and the equations of motion are 


Wey ð ( Bo B? 
= —— | pn +— ]— 12.7 
p ðt ow p Br! Ano l ) 
dv, ð ( =| 
= —— | p+— |). 12. 
p ot Oz P Sir (12.8) 


For the initial onset of field diffusion and fluid motion (e«a) the 
longitudinal flow v, into the boundary layer is small compared to the 
radial motion, so that the acceleration dv,/dt is negligible and 


=| +£) <9 
Oz p Si f 


p+ B°/87 =f(o), 


Hence 


where f(a) is an arbitrary function of w. The equation for the radial 
acceleration becomes 


p oe = f(a) — B*(or, t)/4aa. 


Integrating over time, the radial velocity produced by the azimuthal field 
(12.6) is 


1 t 
pv,,(@, z, D) = f'(w)t -~—— Í dt' B?(w, t) +O?) 
ÅTTE Jo 


B? -zÝ ("d 
| ds 61s) 
EmN ES 


where s = (h — z)/(4nt" and ¿= (h — z)/(4nt¥. But far from the boundary 
(€> 1) the fluid is at rest, v, = 0. Noting the asymptotic form 


~ EPE (,_ 
erf €=1 mi (1 sat 


=f (@)t— 


there follows the result 


for £> 1. Hence the condition that v, =O far from the boundary leads to 
the exact result 


f'(@) = B’(w)/47r0 
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and 
2 OD 
v _B@)t fi -28| S erf*s} (12.9) 
£ 


E 4mp 


The quantity in braces, giving the initial velocity profile across the 
boundary layer, is plotted in Fig. 12.1. 

If instead of an azimuthal field B(œ) there is a relative rotation of the 
fluid, so that at time t=0 there is present the azimuthal velocity v(w), 
then the radial velocity initiated by the non-equilibrium is inward rather 
than outward. The equation of motion for the azimuthal velocity is 


1 ð a 1 #& 
on 42 | Mb 


Tho ao Vg FV oe yf ooo 5 
WwW Ow Z mow daw tw zZ 


with the uniform kinematic viscosity v= p/p. For the initial departure 
from vy =v(e@), the thickness of the boundary layer is (4yt)? and the 
derivative 0/0z = Of1/(4vt)} dominates the others. The radial velocity is 
small, O(t), and v, is small Of(4vt)2/a} compared to the radial velocity. 
Altogether 


1-0 


0-5 


0-0 
1-0 2-0 
(h—z)/(Anty? 
Fic. 12.1. The initial radial velocity profiles across the boundary layer at the ends of the 
cylinder. The unlabelled curve represents the velocity profile when there is an azimuthal 
magnetic field but no rotation of the fluid relative to the boundary. It represents the 
negative of the velocity profile when there is rotation but no field. The curve labelled n = 4r 
corresponds to equal azimuthal field and rotation B=(4mp)v with y = 4». 
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with the solution 
v(m, z, t) = vlw )erf(ġ) 
t= (h-z)/(Avt) 
in exactly the same form as (12.6). The requirement dv,/dz =0 for 
dynamical equilibrium is violated for t>0, leading to the radial flow that 


makes up the familiar Eckman layer. The radial component of the 
equation of motion is 


Oe 10 2 
Ve __ +P Ve 


ot pou ww 
while the z-component is 
dv. _ təp 
ðt poz 


These two equations have exactly the same form as (12.7) and (12.8), 

except that the sign of the Reynolds stress term +v4/w (the centrifugal 

force) is the reverse of the Maxwell stress —B3/4am@. The solution 

corresponding to (12.9), is the radial flow 

E vo) | 
W 


“d 
v 1 -2¢ Í s erf'(s) (12.10) 
ri 
The velocity profile across the growing Eckman boundary layer is given 
by the quantity in braces, which is of the same form as in (12.9), plotted 
in Fig. 12.1. 
It is obvious that an initial magnetic field B(a) and differential rotation 


v(a) together yield the radial flow 
t [B? d ~d 
vv. =— am {1 -2| Sero) -w1 -20| a erto} 
ES ¿z 8 


w | Amp 


As a special example, suppose that the initial azimuthal velocity v(@) is 
just equal to the Alfven speed B(m)/(47p)?. Then 


t BY@){ (dS oy) [FS e 
ve = amp ej erf (s) e| x erf s)} (12.11) 


Thus, for the unlikely circumstance that the viscous and resistive diffusion 
coefficients are equal, v =n, the system remains in equilibrium v, = 0. 
Otherwise the centrifugal and magnetic forces do not balance, and there 
is an increasing radial flow in the boundary layer, with characteristic 
thickness 2(n?+12)t? at the ends z=+h of the cylinder. The radial 
velocity profile across the boundary layer is represented by the quantity in 
brackets, and is plotted in Fig. 12.1 for ņ =4v. It is evident by inspection 
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that interchanging the values of n and v has the effect of changing the 
sign of va. It is also evident that if v(@) and B(ow)/(47p)? are not equal, 
the radial velocity may change sign across the boundary layer. 

These examples suffice to illustrate the non-equilibrium. The more 
difficult problem of the dynamical steady state of the boundary layer 
resulting from the non-equilibrium, and the stability of that steady state, 
has been worked out by Loper (1972), in the context of the problem 
presented by the azimuthal field at the surface of the liquid metal core of 
Earth. 


12.4. Non-equilibrium in the presence of thermal expansion 


If the density of the conducting fluid in which B, is embedded is 
subject to thermal expansion p = p(p, T) (an ideal gas being an example 
appropriate to astrophysical circumstances) then any variation of temper- 
ature along the z-axis causes non-equilibrium. To avoid the non- 
equilibrium discussed in $12.3, suppose that the conducting fluid either 
extends to infinity or is bounded by an infinitely conducting medium. 
Take the fluid to be an ideal gas, with the mean mass of its individual 
molecules equal to m. Then the pressure and density are related by 
p = pkT/m. 

A variety of densities and temperatures can be employed for equilib- 
rium, the only requirement being that the product pT be independent of 
d@ and z so as to satisfy (12.5). Any other choice results in non- 
equilibrium and convective motion. Indeed, the choices yielding non- 
equilibrium are so numerous as to be uninteresting as a general class. Any 
sort of motion can be produced by suitably loading the field with density 
p(@, z) or heating to a temperature T(@, z). But these are the trivial 
cases mentioned in §12.1. The interesting situation is the simplest cir- 
cumstance in which all the lines of force are loaded equally with gas (the 
same mass per unit flux) to avoid any artificial prejudice toward non- 
equilibrium. Considering an azimuthal flux tube of cross-section 6A and 
radius w, the total magnetic flux is 


ôP = B, (a, z)dA, 
while the total mass is 
5M = 2awdAp(a, z). 


Equal loading means that 6M/65® is the same for all flux tubes, so that, 
for an infinitely conducting fluid 


ap(w, z) B(w, z) = apo! Bo = constant (12.12) 


throughout. Using this expression to write Bẹ in terms of p, (12.4) 
becomes dp/dz = 0, so that (12.5) reduces to dT/dz =0. Equilibrium exists 
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only if the temperature is uniform along the axis of the field. If oT/oz #0, 
there will of necessity be convective motions (produced by the magnetic 
stresses rather than gravitational forces for, it will be remembered, we 
have put g equal to zero). The convection arises because, according to 
(12.12), B, is larger, and the inward pressure gradient produced by the 
tension B2/47 in the field is larger, where the gas is cooler and denser. 
Hence the larger radial pressure difference produced by B3/4aa in the 
cool region is not compensated by the smaller pressure difference in 
the hot region, where p, and hence B,, are smaller. The effect is 
analogous to the convection in a field-free fluid in the presence of gravity, 
where the pressure gradient —pg in cool regions (where p is larger than 
normal) cannot be compensated by —pg in hot regions (where p ts smaller 
than normal). 

Chandrasekhar (1975) has made the interesting point that the equilib- 
rium requirement ðT/əz =0 in the azimuthal field is analogous to the 
Taylor-Proudman theorem in a rotating system. In a system rotating 
about the z-axis, the steady dynamical equilibrium fluid velocity v; 1s 
restricted to dv,/dz =0. The centrifugal force and the Coriolis force play 
roles similar to the magnetic pressure gradient (d/d@)Bi/8m and the 
curvature stress B2/4aq, respectively. A similar restriction, dv,/dz =0, 
applies to the steady equilibrium motion in the presence of a strong 
uniform magnetic field parallel to the z-axis (see discussion of these 
effects in Chandrasekhar 1961). 

Coming back to the non-equilibrium caused by the stresses 
(1/47) B, 0B,/dx; exerted on the fluid by the tension in the field, it is clear 
that our simple example of the azimuthal field is but a special case of a 
more general non-equilibrium in the presence of temperature gradients 
that are not parallel to the Lorentz force. It is clear that the small 
longitudinal component of field b, in Chapter 9, providing barometric 
equilibrium along the z-direction, greatly simplified that illustrative ex- 
ample. Without it, the situation is much more complex. 

Consider, then, the convective motions produced by T(z) in the 
azimuthal field. The general form of the fluid motions produced by a 
temperature gradient d7T/dz in the azimuthal field of 812.2 is readily 
illustrated from the linearized equations of motion 


OV ð ( +34) Bs 


Pat aw 8a) 4mo’ 


mela) 
Prat Oz p Sir 


for the departure of the fluid from an initial position of rest. Then write 
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v: (w, zZ, t)=u,(@, z)t/7 so that 


pu, ð ( Bs) B; 
—_—_ oo a + — ray. oenen 
T ao V 8r) Ane’ (12.13) 
pu, ð B? 
oa = (prg) (12.14 


The non-linear terms pv; ðv;/ðx; are small, O(t IT^, for v,« Va and so 
may be neglected for that period. These equations apply also to the 
limiting velocity field in the event that there is a frictional drag —pv;/7T 
introduced on the right-hand side, and the time derivative put equal to 
zero on the left-hand side, of the equations of motion. If 7 is sufficiently 
small, the limiting velocity remains small and the non-linear terms can be 
neglected for all t. The more difficult problem in which the convective 
velocity is limited by viscosity and/or modification of T(w, z) through the 
convective heat flow equation is not without interest. But it is a digression 
from our basic purpose, to illustrate the absence of equilibrium, so it will 
not be pursued here. 

Conservation of fluid and azimuthal magnetic field, related to each 
other through (12.12), both require that dpu,/dx; = 0, or 


ð 
— = PU +. 7 Plz =0, (12.15) 


To guarantee conservation of fluid, then, write pu; in terms of the stream 
function V(a, z), 
@pu,, = +apy dV/dz, wpu, = — apy, OV /dw. 


Then (12.15) is automatically satisfied. The stream lines are given by 
Y = constant. 
The curl of (12.13) and (12.14) yields 
ð 1əF ay 7 6 B 
-}- — 


=a, (12.16) 
OWT wow daz Apo Oz 4r 


showing the z-variation of the magnetic stress B3/4ar to be the direct 
cause of the fluid motion V. To eliminate the velocity from the equations 
and obtain an expression for the configuration of p and By, use (12.13) 
and (12.14) to eliminate u from (12.15). The result is 


l 1a ð ZM + Bs) 1 ð B; 

w ðw ” Om dz? ST! wiw 4r 

Then write p as pkT/m and use (12.12) to express B, in terms of p. The 
result is the non-linear partial differential equation 


1 ð T Bow Be ð 2 p? 
[= at +— =| eet + Bowe +4 (2 o)=0, (12.17) 
aim dam daz*Jim 8ra? pi) Anwdm 


a” po 
giving p(w, z) in terms of T(z). 
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The general solution of (12.17) is difficult, but the weak field case is 
easy and entirely adequate for illustrating the basic form of the non- 
equilibrium. We note merely that if B4/8a<« p then B, alters p but little 
and, to a first approximation, p po, where po is a constant. Hence p 
varies inversely with the temperature, and (12.12) becomes a relation for 
B4/87 in terms of the temperature, 


Bs Bo [2 Ty 
Sa 8r la T(z) 


2 
1 +O(Bz/8mp)} 
This is all we need to evaluate the source term on the right-hand side of 
(12.16), leading to 


a10v ay = Bee ot To P] 
AT(z) 


Ia waw 027 appr a? az 


This equation is readily solved for WV. Only for a uniform temperature, 
dT/az =0, is there a static solution Y =0. In general, the solution of the 
inhomogeneous equation can be written 


The solution of the homogeneous equation is made up of any sum of the 
functions 


Pos (A0 + A>)(Z — Zo), 
W, = w{B, L (kw)+ BK (kw)HBsin(kz)+ B4 cos(kz)}, 
Y, = {CJ (qw) + CY (qo) Cs sinh(qz) + C, cosh(qz )}, 


over k and q. Note that if u, is to be finite on the z-axis, then Y must 
vanish at least as fast as w* as w — 0, requiring that A., B,, and C, be 
set equal to zero. 

As a specific example suppose that the field and the infinitely conduct- 
ing fluid are confined within the circular cylinder w= R between the 
planes z =0, h, so that v,, vanishes on w = R and v, vanishes on z =(, h. 
Choose WV so that 


VP=W,+0,+0, (12.17) 

where 
P, = Aw?’ (12.18) 
p =w > B, (nroælh)sin(nrz/h). (12.19) 


The boundary condition v, =0 on z =0 is automatically satisfied by each 
term separately. The condition that v, 50 on z=h requires that the 
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constant A have the value 


T 


where the angular brackets denote the mean over (0, h). The boundary 
condition that v,, vanish at w = R yields 


“B nak | (Eod 42) -7 Bo | To -(B\I 
a" h Nh h) atpo 8r T(z) TS 


th Bè (2) 
= — 12.20 
a> po 4r ( ) 


The mean value of the right-hand side is zero and it is readily shown that 
TBZR l h (9 
B, == oa | dé cos| —— 
" 2n’ a pont, (n7tR/h) Jp č cos h 


T; (A 
x , 12.21 
fae T? l ) 
Together (12.20) and (12.21) determine the coefficients in (12.17) once 
the temperature T(z) is specified. 

The example 


T(z) = T4 +z/LY (12.22) 
is adequate for our purposes, yielding 


p(z)= Po(1 + 2/Ly 


and 
(TITO =14+ h/2L. 
Then 
___ Bo l Dh 
Y= oma pL ° z(h—z) 
7 SRh’aw Ş IL4(2n-— 1)røwj/h}ysin{(2n — Mui 
T? (Qn-1PL{(2n-1)7R/h} 

and 


TB h 


= + OFF = 
i 8ra’ Lpo +z/LF | oth 22) 


u 


_8Rh < Lin —1)ae/h}cos{(2n — 1) az/h} 
a 2 (2n—1)?L,[(2n—1)7R/h] | (12.23) 
tB 
Me gra Lpo t 2/L) [220-2 
_8Rh < Idn —1)to@/h}sin{(2n — 1)az/h} 
n” È (2n—1FhL{(2n —1rz/h} | (12.24) 
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It is readily shown that these expressions satisfy the boundary conditions, 
noting that 
8h = cos{(2n —1)az/h} 
h-22=—3 L — na 
T n=l (2n — 1) 

The velocity profile across the ends z =0, h is shown in Fig. 12.2, along 
with the velocity v, on the axis (w = 0) and the outer surface w = R, all 
for the special case that h = R. For dT/dz <0, as in the present exampie, 
the fluid moves toward negative z (higher temperature) along the z-axis 
and toward positive z (lower temperature) near the outer walls w = R. 
The direction of flow follows quite generally from the driving force 


F=—e,Bi/4r0 
on the right-hand side of (12.13). The curl of this is 
V x F=—e,(1/m)(0/0z)Bs/4ar 
B3 w d T? 


Cb an a? dz T?’ 


which is negative in the present example, giving the non-equilibrium 
circulation just described. 

The more general problem, including a gravitational acceleration in the 
z-direction has been discussed elsewhere (Parker 1975), but there are no 
qualitative differences of physical interest, so we do not pursue that more 
complicated problem here. 

This illustrative example has been presented to show that azimuthal 
fields, such as the azimuthal sheath of the twisted flux tubes investigated 


0-2 0-4 0-6 0-8 1-0 
zih a/R 
Fic. 12.2. Velocity profiles across the top and bottom of the cell z =0, h, up the centre 


a =0, and down the side #=R for the special case h=R. The radial flow is an odd 
function of z —$h. 
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in Chapter 9, generally have no equilibrium. The hypothetical barometric 
equilibrium along the lines of force employed in Chapter 9 can establish 
itself only in ideally placid circumstances. Without it, the vertical temper- 
ature gradients that obtain in nearly all astrophysical bodies prevent 
equilibrium. We have suggested (Parker 1975) that the non-equilibrium 
of the azimuthal sheath may play a role in the activity of the intense flux 
tubes extending through the surface of the sun. In particular the ephem- 
eral bipolar magnetic regions (Harvey et al. 1975) that give rise to the 
x-ray bright spots (Vaiana et al. 1973; Golub et al. 1974) may owe their 
activity in part to such non-equilibrium convection, as well as to the 
kinking instability that arises when the azimuthal sheath reduces the net 
tension J in the apex of the flux tube to zero (see §§9.6 and 9.7). 
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13 


THE BREAKUP AND ESCAPE OF 
SUBMERGED MAGNETIC FIELDS 


13.1. Unstable effects of magnetic buoyancy 


Tuus far we have accepted the observed fact that magnetic fields in 
nature break up into separate flux tubes. This fact is sufficient motivation 
to work out the elementary properties of the individual flux tube in a 
stratified atmosphere. However the observed separation of solar fields 
into individual tubes, with field-free gaps between, is contrary to the 
elementary expectation for the magnetic field. It was emphasized in 
$85.3, 5.4, 6.1, and 8.4 that the isotropic pressure —6,B°/87 causes the 
field to expand to fill all the available space. Thus the gaps between flux 
tubes are inexplicable unless some additional dynamical force comes into 
play to create them in opposition to the pressure of the field. The 
separation of the field continuum into tubes is universal in the environ- 
ment of the solar envelope. 

It was noted in §10.2 that converging flows separate and concentrate 
fields at the surface of the sun. But the fields in the sun are already 
separated into isolated tubes when they first emerge through the surface 
in the divergent upwelling of fluid near the centres of the supergranules. 
So it appears to be an intrinsic property of the field itself, rather than the 
general convection, that is the initial cause of the breakup. 

As a matter of fact, it is again the magnetic pressure B*/87 that causes 
the continuum field to break up into separated flux tubes. Operating 
alone, the magnetic pressure tends to smooth out the field but in 
combination with a gravitational acceleration g it has the opposite effect. 
It is the magnetic buoyancy of B*/8a that causes the separation of B into 
individual flux tubes. Once separated into individual tubes there is no 
static equilibrium available (see §§8.6-8.8, 9.6 and 9.7). The field em- 
barks on an irreversible path of activity, for which the only termination is 
the eventual exhaustion of the available magnetic and gravitational 
energy. 

To illustrate the first breakup mechanism, imagine a horizontal magne- 
tic field submerged below the visible surface of a star. Initially the 
magnetic field occupies a thick stratum with an upper boundary across 
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which the field declines rapidly to zero. The local condition for hydrosta- 


tic equilibrium is 

“(ps8 

dz p Sa) PS 
for a horizontal magnetic field B in a gas with pressure p and density p 
subject to a gravitational acceleration g. The abrupt upward decrease of 
field pressure at the upper boundary is compensated by an increase in gas 
pressure, and hence in gas density. If the field decreases to zero over a 
distance small compared to one scale height, then the gas pressure 
abruptly increases by the amount Ap = B*/87, and the density by 


Ap =(m/kT)B?/87, 
= (1/gA)B?/87, 


where A is the scale height mg/kT for a gas with mean molecular mass m. 
Thus the gas above the field is denser by the amount Ap than the gas 
within the field, leading to overturning with tongues of the dense field- 
free fluid extending downward through the field. The field is broken into 
vertical sheets, which rise into the fluid above and become separated from 
the main body of the field below. It is the familiar Rayleigh-Taylor 
instability, whenever a denser fluid overlies a lighter. 

There is a second effect, involving magnetic buoyancy, that is quite 
different in character and does not depend upon the cut-off of field with 
height. Basically the idea (Parker 1966, 1969) is that in hydrostatic 
equilibrium the field is confined by the weight of the gas in which it is 
embedded; the gas is supported in part by the field. The conducting gas 
‘hangs’ on the level lines of the field. Consider, then, what happens if the 
lines of force are disturbed slightly, causing them to undulate. Then the 
gas tends to slide downward along the undulations out of the raised 
portions into the low places. This unburdens the raised portions of the 
lines of force, permitting them to expand upward further, at the same 
time increasing the burden at the low places and depressing them down- 
ward. It is evident that, unless the gas is very stable against convective 
overturning, the effect ‘runs away’ and the field becomes increasingly 
wavy. As we shall see, the undulations develop along thin tubes and 
vertical sheets, so that the field tends to break up into separate lamina- 
tions. 

These effects are explored and illustrated through idealized, quantita- 
tive examples in the sections below. The large-scale horizontal equilib- 
rium field is broken into individual flux tubes for which there is then no 
equilibrium at all. The undulations of the individual tubes extend over 
dimensions greater than 27A, so that there is no possibility of preventing 
their raised portions from running away to the top of the atmosphere, as 
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demonstrated in §$8.6-8.8. The instability removes any possibility for 
further equilibrium. The initial equilibrium is unstable, and the instability 
leads the system into increasing chaos, of which the separation into 
individual flux tubes is only the first step. 


13.2. Breakup of the sharp upper boundary of a submerged field 


Consider the local instability of the upper boundary of a horizontal 
magnetic field e,B embedded in a conducting fluid in a gravitational field 
g in the negative z-direction. The field is confined to the half space z <0, 
the fluid density having the value p within the fluid and p+Ap above. The 
density increment across the boundary of the field is just that amount 
necessary to compensate for the abrupt drop in magnetic pressure, 


Aplp = Val2u* (13.1) 


where V, is the Alfven speed B/(47p)? and u is the characteristic thermal 
velocity (kT/m)?. As will be shown below, the most unstable modes are 
those of small wavelength, so consider the local instability over dimen- 
sions small compared to the scale height. Then p, p, and B may be taken 
to be uniform over the region of consideration except at the discontinuity 
z=0. 

Introduce a small perturbation, involving a velocity v and field incre- 
ment b. Then if the locally uniform horizontal equilibrium field B is in the 
y-direction, the linearized hydromagnetic induction equations are 


db/dt = B ðv/ðy, (13.2) 
while the linearized equations of motion are 

V.v=0 (13.3) 
jit 2p: B (Ss), (13.4) 

ot ox 4a \dy ax 
Oy _ _ 90P1 (13.5) 

ðt dy” l 

ð 06 B fab, ðb 
p20 B (2-3), (13.6) 

ot ðz 4r \dy dz 


in the region z <0 where the field is non-vanishing. The pressure fluctua- 
tion associated with the perturbation is denoted by Sp,. The velocity field 
may be decomposed into a rotational and an irrotational part, 


v=w-VVP, VV=Vi.w=0. 
Then the vorticity is œ =V x w. The curl of (13.4)-(13.6) yields 
dw/dt = (B/4arp)(d/dy)V xb. 
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With the aid of (13.2) this becomes 
0°o/dt* — (B?/4 7p) 0’ o/dy” = 0. 


Thus the vorticity propagates along the basic field in the y-direction with 
the Alfven speed V, = B/(4rp¥. If œ is of the form exp i(wt+k.r), the 
dispersion relation is simply w*=k}V4%. The wave number k, must be 
real (so that the solution is bounded as y*—» œ) so the only solutions are 
oscillatory (w real). This Alfven mode is familiar (see §$7.3 and 8.9) and 
irrelevant for the present discussion. 

Consider, then, the irrotational motion 


v=—V¥, Vr =0 
with solutions of the form 
W = C exp{t/t + ik,x + ikyy +(k2 + k3)z}, (13.7) 
which go to zero at z = —œ. Then 
b, = + Brk, ky, 
b, = + Brk? Y, 
b, = +iBrk (k? + k? PY, 
5p, =+pwW/r. (13.8) 


In the region z>0 where there is no field and the fluid density is 
p2=p+Ap, the equations of motion are 


p2dv/dt = — V pn, V.v=0 (13.9) 


where dp, denotes the pressure perturbation. The fluid is inviscid and 
initially without vorticity, so the flow is irrotational for all subsequent 
times, 


v=- VÈ, V =0. (13.10) 
Then from the y-component of (13.9) it is readily shown that 
pz = p2P/r. (13.11) 
Let 
P = S exp{i/7 +ik,x +ik,y ~(k2+k3Pz}, (13.12) 


where S is a constant, so that the solution vanishes as z —> +o, 

The boundary conditions are that the vertical component of the veloc- 
ity and the total pressure ôp + Bb,/4m are continuous across the undulat- 
ing boundary z = &(x, y, t) of the field. Since v, =0&/dt= éfr, it follows 
that 


E(x, y, t) = 7(k2+k2@(x, y, 0, t). 
y 
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For small amplitudes, then, v, is continuous across z =0, but in evaluat- 
ing the mathematical forms of the pressure perturbations 5p, and Sp, we 
must take into account the weight of the fluid between z =0 and z =é. 
Thus if (6p,)o+ B(b, )o/47 denotes the total pressure at z = 0, the pressure 
at z =€ is smaller by gp,&, while if (5p.),) is the pressure of the field-free 
fluid evaluated at z =0, the pressure at z=€ is (Sp,)o—e(pt+Apyé 
Equating these two expressions yields the boundary condition 


(6pa)o = (6p )o+ B(by )o/4a + gApé. (13.13) 


It follows, then, from (13.7), (13.9), (13.11), and (13.12) that the con- 
tinuity of v, requires that 
C+S=0, 
while (13.13) requires the condition 
C(p+7°B*k=/4a)+ S{r? gAp(k2+ k? — po -Aph=0. 

Setting the determinant of the coefficients equal to zero yields 

1 Ap(k2+k2p— pV k2 

—=8 p(k, s) PVA y (13.14) 
T 20+Ap 


There are growing modes (+>0) for those wave numbers for which 


koM(ky + ko)? <(g/ Va) App. 


The most unstable modes are those for which k, =0. They do not deform 
the lines of force (which would require stretching the lines in opposition 
to the tension B’/47) but involve only a simple exchange of field and 
field-free fluid. The growth rate is 


1 gApk, 
To 20+Ap 
gk, 
a ae 13.1 
1+4u?/VaA (13.15) 


upon using (13.1). The magnetic field breaks up into separate flux tubes 
at its upper boundary. 

This example serves to illustrate the general physical principles of the 
breakup. It does not predict the diameters of the flux tubes expected to 
emerge from the break, however. For such quantitative purposes a much 
more elaborate calculation is required, and it is not clear that a definitive 
theoretical solution of the problem is tractable. First of all, the present 
calculation is linearized, so that it is applicable only to the onset of the 
breakup. It certainly does not follow the evolution of the field all the way 
into individual flux tubes. But even if we overlook this difficulty, adopting 
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instead the common view that the dimensions of the eventual separate 
flux tubes are determined by the scale most unstable at the outset, there 
are still many effects being ignored. The most obvious is the intrinsic 
thermal convective instability of the gases beneath the visible surface of 
most stars. Another is the turbulent environment produced by the ther- 
mal instability. The characteristic scale of the turbulence undoubtedly 
influences the scale of the breakup of the magnetic field. The standard 
ploy is to parametrize the turbulence in terms of the eddy velocity and 
scale, with the assertion that the principal effect of turbulence is one of 
diffusion—turbulent transport. The quantitative validity of such exercises 
is dubious. But in the present problem they are sufficient to provide some 
qualitative idea of the limitations of the calculation completed above. 

Returning to (13.15), then, we observe that the breakup proceeds with 
increasing rapidity the smaller the transverse dimensions of the perturba- 
tion. Thus the dominant breakup occurs over arbitrarily small scales in 
the ideal fluid. Clearly, then viscosity and resistive diffusion must be 
included, providing a cut-off at small dimensions (large k,). 

It is a straightforward but tedious exercise to introduce viscosity and 
resistivity into the equations for the most unstable modes (k, =0). The 
calculation for a viscous fluid has already been done by Chandrasekhar 
(1961) in a slightly different context, wherein the fluid is incompressible 
and the field extends over all z rather than just z < 0. But for k, =O anda 
given density discontinuity Ap, Chandrasekhar’s equations describe ex- 
actly the present problem. In the present case, of course, Ap is related to 
the magnetic field through (13.1), but that fact does not enter into the 
calculation of the growth rate 1/7 in terms of Ap. The resulting dispersion 
relation is relatively complicated, so that the calculation of the transverse 
wave number k, for the most unstable modes is tedious. It is sufficient for 
present purposes to note that the only characteristic length to be con- 
structed from the basic physical parameters, viz. density p, viscosity p, 
and gravitational acceleration g, is the combination (u7/p7¢). The only 
dimensionless ratio is Ap/p. Thus in the presence of viscosity the charac- 
teristic wave number for maximum growth must be given by a functional 
form 


k,.(*/p7g)* = f(Ap/p). 


Chandrasekhar finds that f(Ap/p) varies but little with Ap/p so that, within 
a factor of two, 


k, =0-2(p7 g/m?) (13.16) 
The same argument applied to the resistive diffusion coefficient yields 


k.(n7/g)? = h(Ap/p) 


320 THE BREAKUP AND ESCAPE OF 


Or 
k, = Of(9/ °F}. 


The larger of the two diffusion coefficients, p/p or n, dominates and 
determines the wave number for the most rapid growth. 

Recalling that eddy transport is the dominant diffusion effect beneath 
the surface of most stars’, it appears that the effective values of the 
viscosity and the magnetic field diffusion coefficient 4 are both of the 
order of AV(A) where V(A) is the turbulent velocity over the characteris- 
tic dimension A = m/k, of the ordered motions. Then the effective eddy 
viscosity 1s 


i. =O-2paAVi(A). 
With this estimate of the effective viscosity (13.16) becomes 


A = alk, =10°V2(A)/¢. 


Then, for instance, at a depth of 10* km beneath the surface of the sun, 
where the characteristic turbulent velocity is estimated (Spruit 1974) to 
be of the order of 0-1 kms~* over dimensions comparable to the scale 
height (3x10°cm, for T=7x10*K, g=2-7x10*cms*, p=075x 
107° gcm**), the result is à =4 km. This scale is so small that, in fact 
V(A) is much smaller than 0-1 kms +, so that A must be even smaller. 
The point is that the dimensions are so small that although the idealiza- 
tion of the upper boundary of the field by a discontinuity illustrates the 
physical effect, it does not permit a quantitative estimate of the scale of 
the flux tubes produced by the instability. The flux tubes are so slender 
that the thickness of the field boundary enters into the calculation, and 
contributes to the determination of the scale of the breakup. A simple 
calculation in which the large-scale field cuts off exponentially with a scale 
h, is outlined in the next section. 


13.3. Breakup of diffuse upper boundary of a submerged field 


To illustrate restriction of the breakup of the upper boundary of a 
horizontal field over scales only a little smaller than the scale of the 
upward decline of the field strength, consider again a horizontal magnetic 
field e,B(z) embedded in an isothermal gas of density p(z) and pressure 
p(z)=u*p(z) where u is the characteristic thermal velocity (kT/m):. The 


! The molecular viscosity for fully ionized hydrogen is u = 107'°T? gems (Chap- 
man 1954) while the resistive diffusion coefficient is n = 10°T? cm? s (Cowling 
1953). 
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gas is subject to the gravitational acceleration g in the negative z- 
direction. Over vertical scales small compared to the scale height A= 
kT/mg, the condition for hydrostatic equilibrium is uniform total pres- 
sure, 

Po = u p(z)+ B*(z)/877. 


Consider the simple circumstance in which the magnetic field pressure has 
a uniform value Bé/87 below z=0 and declines across the interval 
0<z<h(« A) to the uniform value B{/87 throughout z >h. If the gas 
density has the uniform value pọ in z <0, then the total pressure is 


Po = pot? + Bo/8 a. 


With the upward decline of field the gas density increases to the uniform 


value 
Pı = Pot (BS — Bi)/8 mu? 


at z=h, and is uniform above. A convenient equilibrrum form for the 
transition across the interval (0, h) is 


B*(z)/8ar = Ba/8m + pou*{1 —exp(az/h)} 


p(Z) = po exp(az/h) 
where 
exp(a@)= pı/ Po = 1+(Bo—- By)/8 pou’. 


This equilibrium is unstable to convective overturning, the most unsta- 
ble modes involving only motions (v,, v,) perpendicular to the magnetic 
field, as in the example for the sharp boundary treated in §13.2. For such 
motions the velocity field is essentially divergence-free, so that it is 
possible to write 

v, =+0d/dz, v, = —dudx. 


The condition of uniform total pressure is preserved, and the field 
strength and fluid density of an element of fluid do not vary as the 
element is displaced. Writing the total density as p(z)+ 8p(x, z, t) and the 
total field as e,{B(z)+ b(x, z, t)} for the perturbed state, it follows that in 
the linear approximation 


ô 
3P, a Poo 22, dB 


=0, +v,— =0. 
at Fdz at dz 
The equations of motion are 
( 0s ðP 
z = =, 
P at ax 
av d6P 
Ze o o 5 ; 
p(z) FF ap BOP 
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where ôP is the total pressure perturbation 
5P = u’ ôp + Bb/4 7. 


To obtain a solution for the equations of motion, differentiate the 
x-component with respect to z and the z-component with respect to x 
and form the difference, thereby eliminating 6P. Then differentiate with 


respect to time and eliminate 6p. The result can be written as 

a (Fy 1dpdw 8 dp 07 

— {on Oe S| ee (13.17) 
at’ dz” pdzdaz dx p dz ox 


In the uniform density po in z <0, the equation reduces to V° = 0. The 
appropriate solution is 


yp = Cy exp(t/t +ikx + kz) 


so that the perturbation vanishes at z =— œ. It is readily shown from the 
equations of motion that 


SP = ipo. 
In the uniform density p, in z>/h the solution is 
iy = C, exp(t/7 +1kx — kz) 
with 
ôP = —ip pT. 


In the transition region 0< z <h the logarithmic gradient of the density is 
a/h, so that if 


w= C exp(t/t +ikx + qz), 

it follows that 
qg?’ t+aqh+k?(er*a/h —1)1* =0. 
In terms of the two quantities 
G12 = (k*— gr’ak*/ht+ a’/4h?)? ¥ a/2h 
write 
wb =exp(t/7 +ikx}{C, exp(qyz)+ C exp(— qoz)} 
for which 
ôP = (ipo/kr)exp(az/h)exp(t/7 +ikx) 
x{C1q; exp(qiz)— Coda exp(— 422}. 


The boundary conditions are that the normal component of the velocity 
v, = —ikw and the total pressure ôP are continuous across the boundaries 
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z =O, h. It is readily shown, then, that 
Co= Cy +C, C = C, exp(qih)+ C, exp(— q2h) 
kCo=q:C1 -42C 
kC: = — Ciq, expla h) + Czq2 exp(— q2h). 
The determinant of the coefficients is 
(k + qi)(k +qzjexplqih)—(k ~ qy)(k —qz)exp(—q2h) = 0, 
more conveniently written as 
tanh{zh(q, +q) = ~ k(qi + qo)/(k* + qi qo). 
or 
2,2 2 1 2%} 
tanh{h?k?(1 —agr?/h)-+4a2} = -2E Tk z oo 5 


This dispersion relation determines the growth rate 1/r in terms of k. 

In the limit of large scales, hk —> 0, we expect that the thickness h of 
the transition region is unimportant, so that the growth rate reduces to 
(13.15). To show that this is indeed the case, consider the limit hk — 0 
with 1/7? becoming small O(k). Write 


1/7? = Bagk 
where B is a number of the order of unity. Then to lowest order in hk the 
dispersion relation reduces to 
aß =tanhGe). 
For a small density increment a, then, B =4, and 
1/77 =3agk = gk (pı — po)/(01 + Po) (13.18) 


in agreement with (13.15). The growth rate increases with increasing 
wave number. 

To explore the general case, consider agrt?/h to be real and positive but 
limited to 


agt |h<1+a7/4h7?k?. 
Then the radical on each side of the dispersion relation is real and 
positive. The left-hand side is positive. If agr?/h <2, the right-hand side 


is negative, and there is no possibility for a root. If a*/4h’?k?>1, so that 
there is the possibility that 


2<agr/h<1+a7/4h?k?, 


then the right-hand side is positive and there is a root. But our main point 
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of concern is the behaviour at large wave numbers, kh >1, to see the 
limitations on the increase of the growth rate 1/7 with increasing wave 
number. So suppose that 


ag |h>1t+a7/4h?k’, 
for which the dispersion relation becomes 
_ 2Ah?k*(agr*/h —1)—4a?) 
hk(2—agr*/h) 


For hk > 1 the tangent oscillates rapidly between +% with increasing hk 
so that there are many roots in the neighbourhood of 


ag /h=1ta7/4h?k?=1. 


tan{h?k?(agr7/h —1)—ta7} = 


Hence 
1/1? ~ ag/h. (13.19) 


The growth rate is independent of wave number for hk > 1. The growth 
time r can be represented in terms of the Alfven speed V.=Bol(4ap). 
Put B, =0 so that for a« 1, VA =au’. Then, noting that the scale height 
is A= u?/g, it follows that 


7 =Ah/ Va, 


so that the growth time is the Alfven transit time across the harmonic 
mean of h and A. 

Were the calculation to include viscous and resistive dissipation’, then, 
the growth rate would decline again with further increase of k. Very 
roughly a kinematic viscosity » decreases the growth rate by —vk*. The 
effective eddy viscosity in the convective zone of the sun, or other star, 
introduces a non-negligible dissipation, so that hk is significantly limited. 
But it must be recognized, too, that the convective instability of the outer 
envelope of the sun, and the turbulent eddies produced by the instability, 
enhance and influence the rate and scale of the breakup. Any quantitative 
statement is therefore difficult. 

In conclusion, then, it is clear that a submerged magnetic field tends to 


A viscosity u introduces a force term (0/0x;)(dv,/0x; + dv,/dx,) on the right-hand 
side of the equations of motion so that in place of (13.17) the equation is 


a ( Fy dpðy 2) ð | 

— (p— ++p -A uV 

a Paz azaz Pax) al 
du dpa \ (Pp FY dp ays 

+ -— +2 -— 7 maaa |= E 
dz dz ðz/ \0z° ox dz ðx 


If, then, the kinematic viscosity v = «(z)/p(z) is assumed to be uniform, the 
solution proceeds as before. 
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break up at its upper boundary over scales somewhat smaller than the 
boundary thickness. There seems to be no possibility for avoiding the 
breakup, which proceeds with a characteristic time of the order of the 
thickness divided by the Alfven speed. 

The scale of the magnetic debris appearing at the surface of the sun, 
often greatly expanded from the dimensions in the dense regions of their 
origin far beneath the surface (Parker 1973, 1975a), appears to be 
accounted for satisfactorily by this qualitative conclusion. If the sub- 
merged azimuthal field has a characteristic thickness of 10° km, at a depth 
of 1-2x10°km, then the general scale of 10*km of flux emerging 
through the surface is not unexpected. The very small scales that develop 
later are probably a different effect, associated with the turbulence 
immediately beneath the surface and with the intensification of flux tubes 
by whatever mechanisms are responsible (see Chapter 10). 


13.4. Breakup throughout a submerged field 


Consider, then, the second manifestation of magnetic buoyancy, which 
breaks up the field throughout the entire volume. The effect depends in 
no way upon the existence of an upper boundary of the field. The vertical 
dimensions of the field are comparable to the scale height of the gas so 
that the barometric variations of gas density with height must be included 
in the calculation. To avoid the effects of an upper boundary on the field 
(treated in the section above) suppose that ratio of the field pressure 
B’/8m to gas pressure p has the uniform value a throughout the 
atmosphere. To keep the calculation as simple as possible consider an 
isothermal atmosphere in a uniform gravitational field g in the negative 
z-direction. If m is the mean mass per molecule and the temperature is T, 
then it is again convenient to define the characteristic thermal velocity 
u =(kT/m) so that the equilibrium pressure p and density p are related 
by p =pu°. Embedded in the atmosphere is a horizontal magnetic field 
e,B(z) in the y-direction, with its pressure proportional to p, 


B*(z)/87 = apu? 


where œ is a constant. It follows that the Alfven speed V,= 
B(z)/{47p(z)} has the uniform value (2a}u throughout the atmosphere. 
It is shown below that the magnetic field does not cause a simple 
convective overturning, as in the examples of §§13.3 and 13.4 when the 
field pressure declines more rapidly with height than the gas pressure. 
Indeed the field now inhibits the simple transverse overturning. The effect 
is of quite a different nature. 
Now hydrostatic equilibrium requires that 


(d/dz)\(p + B?/87) =— pg (13.20) 
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so that 
p(z)/ Po = p(z) po = B*(z)/ BG = exp(- 2/A) (13.21) 
where the scale A is 
A=(1+a)u*/g. (13.22) 


Suppose, then, that the equilibrium is perturbed slightly, so that the gas 
has a small velocity v associated with the density and pressure perturba- 
tions Sp and Sp. Then conservation of matter requires that the time 
derivative of the density perturbation of a moving element of fluid be 
given by 


dép d6p de (= Ov, z) 
— = H 0 M => H- }, 13.23 
dt ət ”dz P Vax dy ðZ ( ) 


Then if the pressure varies as the y power of the density, p+ dp ~ 
(p +Ap)”, it follows that êp, for a moving element of fluid, varies with 6p 
according to 


dêp/dt = yu? dêp/dt (13.24) 


in the linear approximation. Then, noting the z-dependence of p and p 
from (13.21), it follows that 


ðôp/ðt = — p{dv,/ax + dv,/dy + (a/az — 1/A)v.}, (13.25) 
dSp/dt = yu7dSp/at —(y — Lju pv. (13.26) 


Denote the perturbation of the magnetic field by b. Then the hyd- 
romagnetic induction equations are 


db,/at = + Bov,/oy, (13.27) 
ab,/at = — Bdv,/ax — B(dafaz — 1/2A)v,, (13.28) 
db_/dt = + Bav,/dy. (13.29) 
The equations of motion are 
dv, ððp B (> t2 

=P 2 (oe 8 13.30 
Pat ax 4m \ðy ax J” (13.30) 

ðv, ddp B b, 
"yo E a 13.31 
P at dy 4ra l ) 

av.  dadp B. (ab, 2 a l 

-Z 2 2 )b, t- gêr. 13.32 
Por az 4n loy \az 2A] BP (13.32) 


We are interested in the internal instability in a broad stratified atmos- 
phere. To exclude the possibility of external effects intruding from the 
dense atmosphere at z =—~, suppose that the fluid is bounded below by 
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a fixed boundary z =0. Then consider solutions of the form 
5p = poD exp{t/t +ik,x +ik,y +ik,z +(s —2)z/2A}, 
vj = uC, expit/7 +ik,x +ik,y +ik,z + s2z/2A}, 
b; = BoA, exp{t/t +1k,x +ik,y +ik,z +(s—1)2/2A}, 
where k,, k,, k,, and s are all real. The parameter s is to be chosen later 
so as to satisfy the requirement of a fixed boundary at z =0. 
It is convenient to introduce the dimensionless growth rate Q = A/ur 


and the dimensionless wave numbers g,=Ak; and iQ =ik,A+4(s—1). 
Then the induction equations are 


QA, _ +igsC), 
QA, = — iq; OF —~10C,, 
QA, = +1q>Cs3. 


Eliminating ôp and b; from the equations of motion leads to 
QC —ig,(y —14+2aiQ)C; = — iq, yAD, 
OC, +iq-(l +a- y)C=-—iq-yQD, 
— 2aiq, (iQ -3C +:03,C, = -{yiO—1)4+14+a}AD, 
where 
12 =? +2ea(qi +43), 
03,= 0? + 2aq7-2aiQGiO—})—(y—1)iQ—Y). 
Solving these three equations for C, yields 
Ci = — D(iq,Q/ RL y043+{yGO —3)+ 1+ a}(2aiQ + y—1)], 
C2 = — Dligo/OR )[¥Q5 2053-04 2(1 + aw — yf yO —3) +1 +a} 
~4a*yqi(Q? +2)], 
C3 = — DO/R)LO Af yGO — 3) + 1 +a}—2ayqi (iO —3)], 
where 
R= 07.03, + 2aqi(iQ —4$)(2aiO + y— 1). 


Substituting these results for C; into the equation of continuity yields (if 
D#0) the dispersion relation 


Q + OF (2a + yq + Q? +4) + q3{2ey(q3 + Q?4+)-Uta)\l+a-y)} 
+ (q7/Qi2), yO" + O7{2ayq3 -— 2a(2a + y)Q? + y—1+4ary} 
~4a?yq3(Q? +4)]=0. (13.33) 


We have written the dispersion relation in this way to separate the effect 
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of q, taking advantage of the fact that 07, is a positive quantity for the 
unstable (O7 >0) solutions in which we are interested. 

The dispersion relation is a cubic in Q7. In order that the solution can 
be fitted to a fixed boundary at z =0, it is necessary that the dispersion 
relation be an even function of k,. Since (13.33) is an even function of Q, 
this can be accomplished if and only if s=1 so that Q = k, A = q}. Hence 
Q is real and the coefficients of the cubic equation for Q? are real. A real 
positive root for Q? yields an unstable mode; a real negative root yields 
an oscillatory (stable) mode. We expect two roots to correspond to fast 
and slow hydromagnetic waves modified by g (see $87.3 and 7.4). Since 
the atmosphere itself is stable (y> 1), these modes may be considered 
alternatively as internal gravity waves modified by magnetic stresses. The 
discussion will be limited to positive roots, for which there is a growing 
mode. 

Consider first whether the system is unstable to transverse convective 
overturning, as treated in §§13.2 and 13.3. The most unstable modes 
were those which overturn the lines of force without stretching them 
(k, =0). In this case the dispersion relation reduces to 


0704 + OF (2a + y\(qi + O7 +4) + qilalat+y)+y— B]=0. 


This equation for O? has a positive root if and only if the last term in the 
braces is negative, 


l-y>al(aty), ie y<l-a. 


In the absence of a magnetic field (œ = 0) we know that the atmosphere is 
unstable to convection if y<1, in agreement with the present result. 
Hence adding the magnetic field (œ >0) has a stabilizing effect (because 
the magnetic pressure varies as the square of the density, producing an 
effective value of y equal to two). The region ts stabilized by the magnetic 
field to transverse overturning, contrary to the situation at the upper 
boundary discussed in §13.2. 

So consider the modes with a non-vanishing longitudinal component, 
q2- #0. Indeed, if we put g,=0 to remove any vestige of the transverse 
overturning, (13.33) reduces to 


04+ 0? Qa + y)(q3+ Q* +3) 
—gi{ita)dt+a—y)—2ay(qz+ Q? +4)}. (13.34) 


Assuming Q? to be real, it follows that there is a real positive root if and 
only if the curly bracket in the last term is positive. Thus instability 
extends over the range of wave numbers 


0<q3t+O7<(1lt+a)(1t+a—--y)/2ay—F. 
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This range is non-vanishing if and only if y is less than 
y<(1+a)*/(1+3a). 

For weak fields, a « 1, the criterion is 
y<ltdatia*t+..., 


while for strong fields (@ > 1) the requirement is just 
y< 2a 1 -+ 4 FE + ) 
NV 3a 9e? O 
and no matter how stable the gas may be against convection, i.e. 
for any real gas (y<3), magnetic buoyancy of the field produces 
instability. 

The last term in (13.34) contains the factor q2, so that instability 
increases with increasing q3 so long as the term in square brackets does 
not decline. But Q? appears only in the square brackets and diminishes 
the value of the brackets. Hence Q”’ has only a stabilizing effect, for the 
simple reason that if Q=q,#0, then the sign of b, alternates with 
increasing z. The field B +b, is alternately compressed and expanded in 
opposition to its pressure. 

As a matter of fact, the most unstable modes are for q, large rather 
than small. Noting that for O7 and q5 of the order of one, 

, 2A? 1 
Lim (41/012) = 57, 
Gye 2a 


(13.33) reduces to 
(2a + y)O" + {4ala+ yqz ta) +y h 
+ 2aqs{2ayq5 —(1+a)\(l+a—y)}=0. (13.35) 
Note that Q? is now independent of Q*. Introduction of a rapid variation 


in the x-direction removes the inhibitory effect of Q. This quadratic 
equation for Q? has a positive root if and only if 


2aygs<(ita)(l1+a—y). 


Thus there is a positive root for some suitably small value of q> provided 
only that y<1+a so that the right-hand side of the inequality is positive. 
That is to say, there is an unstable mode provided that y is not so large as 
to stabilize the magnetic buoyancy. When y<1+a there is always 
instability at suitably small q». If the atmosphere is convectively neutral 
y =1, then all wave numbers in the range 


q3 <1 +a) 


are unstable. 
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We are interested primarily in the instability caused by the magnetic 
field, so for the remainder of the discussion put y=1 to remove the 
convective forces of the gas from the problem. Consider first the modes 
which involve no transverse overturning (qj=0). Then the dispersion 
relation is (13.34). To obtain the fastest growing modes let Q be very 
small. Then all modes for which 


0<q3<jt+sa 
are unstable, and the growth rate is given by (13.34) as 
207 =[(1 + 2a)?(q3 +4) + 4aq3{1 +a —2(q3 +a)}F 
—(1+2a)(q5+4). (13.36) 


The growth rate 0? is plotted in Fig. 13.1 (solid lines) as a function of q3 
for a=0-5, 1-0, and 1:5. When a <1, the growth rate is 


Y = 2aq3G— G3)/G+ 49), 
neglecting terms O(a’). The maximum growth rate arises for 
qz=hV2-—1)=0-1035, = q, = 0-321, 
and is 
O24, = 40 (3 — 2V2) =0-08580 (13.37) 


Suppose, on the other hand, that the transverse wave number q,, 1s 
very large. Then the dispersion relation reduces to (13.35) (with y= 1), 


0-3 
an os 
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1-54 a 
0-2 -— Ý So 
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f |0= — N 
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qi 
Fic. 13.1. A plot of Q?, where Q is the growth rate A/uz, as a function of the square of the 
horizontal wave number q> = k, A for a = 0-5, 1-0, and 1-5. The solid line represents Y for 
vanishing transverse wave number (q; =k, A =0) while the broken line represents O? for 
large transverse wave number (q, > 1). 
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with the positive root 
VY =[a/(1+ 2a) {40 + @)?(q3 +4)? +21 + 2a)(1 +a —245)q3} 
~2(1+a)(q3+4)] (13.38) 


up to q3=3+4a. Thus, instability extends to larger values of q3, by the 
amount 4, for q7>1 (as compared to qi«1), and Q? has no inhibiting 
effects, so that modes with large Q? may appear. The growth rate Q? is 
plotted in Fig. 13.1 (broken lines) as a function of q35 for œ =0-5, 1-0, and 
1-5. When a <1, 


0? = 2a{(q2 + 76)’ — (43 +3) 
neglecting terms O(a’). The maximum growth rate arises for 
= Fe qo = 0-433 
and is 
Onax = 80, (13.39) 


to be compared with (13.37). 

Altogether, then, the strongest instability occurs for q,;=k,A>1. The 
instability is then indifferent to the vertical wave number q,=k,A. For 
O<a@<2, the maximum growth rate occurs for q,=0-5 and is 


Onar = 0-402 (13.40) 
l.e. 
1/7t=0-3 V/A. (13.41) 


The growth time is of the order of three times the Alfven transit time 
across one scale height. Fhe entire field breaks up rapidly into thin 
elements aligned along the field (qj > q3). 

The unstable modes are easily described. Recalling that s=1 and 
Q = k, A if the solutions are to be cutoff from effects at z = —œ, combine 
solutions for +k,. The vertical component of the velocity can then be 
written 


v, = uC; exp(t/T)sin(k,z explik,x +ik,y + z/2A) 


so that v, =O at z =O. For finite k, the most unstable modes occur for 
k,A«1,ie. Q—0. The growing perturbation extends upward from the 
fixed boundary at z=0 to z=+, or to another fixed boundary where 
k,z =n (n=1,2,3,...). The amplitude of the kinetic energy pv? is 
independent of height, with p declining exponentially as exp(— z/A) while 
the velocity increases as exp(+ z/2A). (For examples wherein the kinetic 
energy decreases with height see Lerche and Parker 1967). The important 
point is that the instability is a result of the general magnetic buoyancy 
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throughout the region and depends for its existence on the displacement 
of fluid along the field; the instability vanishes when the wave number k, 
along the field is put equal to zero. The breakup occurs because the 
magnetic field supplies the fraction a/(1+a) of the total support of the 
atmosphere against gravity. Hence, as already noted, if there are undula- 
tions in the magnetic lines of force, the gas tends to slide downward along 
the field from the peaks into the valleys. This relieves the weight on the 
peaks and increases the weight in the valleys, further enhancing the 
undulations. The gravitational energy of the matter declines because it 
moves downward, while the energy in the magnetic field declines because 
it expands upward. Illustrative examples of the rush of gas into the 
magnetic valleys, and the associated energy changes, may be found in 
Parker (1967a). The characteristic growth time r is of the order of the 
Alfven transit time over three scale heights. The field breaks up most 
readily into thin undulating ropes and vertical sheets (qj > 1) so that the 
regions of compressed field in one striation are able to expand into the 
regions of reduced field in the striations on either side. 

Note from (13.39) that the growth rate is bounded as qj increases. 
There is not the strong tendency to small scales that appears in the 
Rayleigh-Taylor instability at the upper boundary of a field, with the 
growth rate (13.15) increasing as q}. In the present case the breakup 
occurs Over a broad spectrum extending from qj only somewhat larger 
than one all the way to the viscous (or resistive) cutoff (which has not 
been included in the present calculations*). The scale of the growing 
undulations along the field involves wave lengths in the general neigh- 
bourhood of 15A. 

Thus, in the initial linear departure of the system from equilibrium, the 
undulating tubes of flux are immediately subject to the buoyant catas- 
trophe that arises when the wave length exceeds 277A (see (8.52) and 
§§8.6-8.8, 9.6, and 9.7). It appears that a horizontal magnetic field in a 
quiescent atmosphere cannot be constrained for long from breaking up 
into independent flux tubes, subject to runaway magnetic buoyancy. 

In an atmosphere that is strongly unstable to convection in the absence 
of a magnetic field (represented by y<1 in the present calculation) the 


* Gilman (1970) and Roberts and Stewartson (1974, 1975) have inquired further 
into the problem of the transverse wave number, including the effects of rotation 
and diffusion and viscosity. Their work analyzes the problem in sufficient depth to 
show the complex dependence on the detailed circumstances. Lerche (1967a) 
treated the effect of rotation on the two-dimensional instability. Lerche and 
Parker (1968) treated the problem of the instability of a submerged field whose 
direction is a function of height in the atmosphere (a rotational shear). In neither 
case were there any significant stabilizing effects to be found. The instability 
proceeded essentially as outlined here (see comments in §13.8). 
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magnetically driven breakup sketched here is complicated by turbulent 
convection. Indeed, that appears to be the situation in the convective 
zone of the sun. In that case the convection adds to the breakup of the 
field and the mixing of magnetic flux to the surface. The point of the 
present calculation is to demonstrate that, even if nothing else is available 
to break up the field, the magnetic field alone is of such a nature as to 
break itself into separate flux tubes. Only strong constraints from the 
atmosphere itself (y>1+«a@) can prevent the breakup. The outer en- 
velopes of most stars, and the gaseous disc of the galaxy, where the 
known magnetic fields occur, have neutral convective stability, if they are 
not actively unstable. So we expect in most circumstances that the 
submerged fields, one way or another, break up into flux tubes as a 
consequence of their magnetic buoyancy. This theoretical fact is sufficient 
to account for the observed manifestation of the solar magnetic fields as 
many separate flux tubes rather than the simple continuum that one 
traditionally expected. 

It would be interesting to include viscous and resistive diffusion in the 
equations to obtain an expression for the transverse wave number giving 
the maximum growth rate. But the calculation is extremely tedious, and 
its direct quantitative application to the turbulent astrophysical environ- 
ment 1s dubious. 


13.5. Equilibrium of a non-uniform atmosphere and field 


The next question is whether there is some non-uniform equilibrium 
configuration into which the instability might somehow eventually convey 
the system, following departure from the initial uniform equilibrium 
(13.21). The answer would appear to be that (in the absence of extraordi- 
narily heavy viscous damping) there is no haven in which the system may 
hope to find peace. An examination of the circumstances fails to find any 
without instability (Asseo et al. 1978). Considerations on the energy of the 
system indicate that the shifting of fluid back and forth along the lines of 
force goes on until the field is free of the fluid and the atmosphere is com- 
posed solely of field-free gas at the bottom of the available space. The charac- 
teristic time for reduction of the field energy is of the order of a few times 
the dynamical time (13.41). 

To develop a clear picture of the problem we digress for a moment to 
examine the equilibrium of the field and gas system (13.21) for other than 
a uniform horizontal distribution of the field. In the linear approximation, 
any equilibrium that differs from the initial uniform equilibrium (13.21) 
must have 0?=0, so that (13.33) reduces to 


(qi + q2)2(q3 + Q* +4)—-(1 + a)}—247(Q* +4) =0. 
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Thus for small transverse wave number qï < 1, 
q3+ Q*=4(1+2a), 
while for large transverse wave number 
qz = 21 +a) (13.42) 


and Q? is arbitrary. But the instability does not take the system into these 
wave numbers. The dominant instability (13.39) occurs for large qï with 
q3=%, whereas the wave numbers for equilibrium are the larger wave 
numbers for neutral stability. So it is not evident that any such equilibria 
are available to the system. Once the system begins to break up, it goes 
into concentrations of gas more massive and widely separated than the 
field can support. 

What, then, is the nature of the non-linear regime, when the departures 
from the initial uniform equilibrium (13.21) are large? Using the methods 
outlined in §6.7.3 consider the two-dimensional equilibrium for which 
a/ax =0. Then, for an isothermal atmosphere p = pu’, (6.46) reduces to 


V2,A +4apou*f'(A jexp(— z/A) = 0 (13.43) 
with 
p = pof(A)exp(- 2/A), B, = +34A/9z, B, = —8A/ðy, 
where A is the scale height u*/g for the gas alone. The choice 
f(A) =(Ao/A)” (13.44) 


where v is a positive number, is the form of f(A) that preserves the ratio 
of fluid mass to flux along the individual lines of force from the initial 
equilibrium (13.21), for which p/B « A (Mouschovias 1974). Thus the 
form represents a possible state of the system (13.21). Equation (13.43) 


becomes 
A\*i_, A 4apou*v ( z) 
— V2 —  .. — —— |, 
(+) A A? PNY 


To avoid solutions which diverge as y > +œ consider the form 


A(y, z)= Ao Y(y)exp(— 2/A(v +2)}. (13.45) 
With this form the equation can be written as 
d Y¥/dlZ?7=—-Y+vH"'?/2Y"*'=-dV/dY (13.46) 
where 
V(Y)=4 Y? +H" 2Y”, (13.47) 
H’*? =(8rpou AAD w + 2)’, (13.48) 


C=y/A(v+2). (13.49) 
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Equation (13.46) is essentially an equation of motion with ¢ the time 
variable and V the potential energy. The solution reduces to the quadra- 
ture 


23 = + [a YHE- VO (13.50) 
where E is a constant, analogous to total energy. The minimum value of 
V(Y) occurs at Y= Y,=H(v+2)'""* and is 

V(Yd =H P1 +2/v). (13.51) 


The solutions are real, and oscillate about Yo, provided that E > V(Y,). 
If E is only a little larger than the minimum value V(Y,) write 


Y = Y,(1 + eå) (13.52) 
with e « 1. Then (13.46) reduces to 
d*é/dl°+(2+v)é=0, (13.53) 
and a convenient solution is 
€=sin(2+ vp (13.54) 
= sinfy/A(v + 2¥}. (13.55) 
Then 
A = Ao Y,[1+e sin{y/A (v + 2)7}], (13.56) 
B, =~ A/A(v +2), (13.57) 
B. = — Ao Yofe/A(v + 2)4¥cos{y/A (v + 27} 
x exp{— 2/A(v +2), (13.58) 
p = (pol Yo)[1 — ve sinfy/A (v +24] 
x exp{~ z/A(v + 2)}. (13.59) 


If po is defined as the mean density at z=0, then Y,=1 and H= 
(2/v) +2, It follows from (13.48) that 


AZ =4Tpou A (vt 2). (13.60) 


The ratio of magnetic field pressure to gas pressure at any height z is 
designated by the constant a. It follows from (13.57) and (13.59) that 
a =v, It is evident from (13.22) and A = u?/g that 


A=3(v4+2)A 
and from (13.60) that 
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The horizontal wave number is ky =1/A(v+2) so that q =k, A= 
[(a+1)/2} and is precisely the value (13.42). The horizontal wave length 
is 2mA (v +2} = 4rA/(v +2)? and is, therefore, rather larger than the scale 
height A for all »<1677—2. It is evident that for e«1, we have 
recovered the linearized static equilibrium treated at the beginning of this 
section by putting Q=0 in the dynamical equations. We have shown, 
through the quadrature (13.50), how the static equilibrium with small 
amplitude fits into the general family of equilibria. 

It is now a simple matter to show for the general case (13.50) that the 
loading of the lines of force with matter is preserved from (13.21), for 
which the mean mass (per unit length in the y-direction) per-unit flux is 
proportional to the number of lines of force from the top of the atmos- 
phere at z=+%. The vertical separation of the lines of force A and 
A+6A is ôz =8A/\dA/dz| = 5A/|B,| so that the mean mass between the 
lines over one wave length L is 


ôM 1 f 
~ =—]| dye(y, z) 
SA LIB |h > 


the integration being along A = constant. With the aid of (13.44) and 
(13.45) this becomes 
ôM L dY 
—— =A (v +2) po^ : | —, 
A LAS » Yy) 
which is directly proportional to A, the number of lines of force to the top of 
the atmosphere. Q.E.D. 


Going back to the general solution (13.50), a particularly simple 
example arises for v = 2, for which 


Y = +{E+(E?— Hy sin 2(¢ — &)¥. 


(13.61) 


The solution is real if and only if E* > H*. This solution corresponds to 
equal magnetic and gas pressures, a=1. The horizontal coordinate 
reduces to £=y/4A=y/2A, while H=1 and Ay=(32apou7A’). The 
horizontal wave length is 27A, and is large compared to the scale height. 
The unstable modes, it will be recalled, occur for somewhat larger wave 
lengths. The solution ts 


A=A\E+(E*- 1) sin{(y — yoA}P exp(— 2/2A), (13.62) 


B, = ~A/2A, (13.63) 
a [E+(E?—1)'sinf(y— yo ME (13.64 
expl- z/A) 


= Pomme Nae 13. 
P =Po TE (E 1) sinfiy yo AVE (13.65) 
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In the simple separable solution (13.45) employed here, the magnetic 
lines of force A =constant follow the same pattern at all heights (other 
forms may be found in the literature, Parker 1968a; Mouschovias 1974; 
Low 1975a, b). The lines of force are plotted in Fig. 13.2 for E =2? and 
E=4. The horizontal variation of the gas density is also shown in Fig. 
13.2. Note the extreme concentration of gas, and the extreme upward 
expansion of the field between the concentrations, as E increases. Both 
the magnetic energy and the gravitational potential energy have de- 
creased significantly. 

An extreme example follows for a cold gas (a > 1), so that A« A and 
v> 1. Then the gas sinks down along the lines of force to concentrate in 
vertical sheets. The magnetic field is, then, a potential field between the 
sheets (V x B= 0). It follows that 


A = —2A Bẹ cos(y/2A)exp(— 2/2A) 
so that 
B, = + Bo cos(y/2A)exp(— 2/2 A), 


B, =— Bo sin(y/2A)exp(— 2/2 A). 


If the surface density of each sheet of gas is s(z)gcm™’, located at 


y=+(2n+l)a (n=0,1,2,...), then the condition for hydrostatic 
equilibrium is that the upward stress (dyn cm™’) of the field on each side 
of the sheet must balance the weight sg of the sheet. Hence at y =a, 


2B, (a, z)B,(a, z)/4a = s(z)g, 


2-0 


=== 0 
1/27 z 3/27 2n 5/27 
yÍA 
Fic. 13.2. The broken curves show the weak and strong condensation of gas density p/p, 
for E=% and E=4, respectively, based on (13.65). The solid curves are the associated 
magnetic lines of force A = constant, from (13.62). 
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or 
s(z) = (B3/27¢g)sin(a/2A)cos(a/2A)exp(— z/A). 


Note that the maximum weight per unit flux By occurs for the separation 
2a=7A and declines to zero as 2a approaches the maximum possible 
separation 27A. This maximum separation is half the maximum 47A for 
a = 1(v =2) given by (13.62)-(13.65) because, in the present case, the gas 
is wholly dependent upon the magnetic field for support, whereas for 
a =1 the thermal motions of the gas supported half the weight. For the 
cold gas (a > 1) note that, as a increases toward the maximum value TA, 
the matter sinks lower and lower relative to the field. This is readily 
shown by noting that the lines of force are given by A = constant, so that 
the vertical coordinate of the line of force at the height z = zo at the apex 
of the line of force (at y = +2na midway between the sheets of matter) is 
depressed a distance 


h = 2A Infsec(a/2A)} 


to z=Z,—h at the sheets of matter. The depression becomes large 
without bound as a increases to mA. It is obvious, then, that in- 
homogeneities in the gas developing from the initial equilibrium (13.21) 
over separations greater than 277A are unstable, and form concentrations 
that cannot be supported by the field in any way. There is no equilibrium 
ahead, short of reaching the bottom of the available space. 

In $13.7 we treat an example with a well defined lower boundary so as 
to allow a unique definition of the energy reduction as the gas concen- 
trates into packets and the field expands upward between. 

Altogether, then, the general equilibrium (13.50) does not lie in the 
direct path of the dynamical evolution of the system away from (13.21), 
the horizontal wave number q for equilibrium being larger than the wave 
numbers of the developing instability. There is simply a limit to how 
much weight the field can support. The next point is that the non-uniform 
equilibrium, whether accessible or not, is unstable, so that the system 
could not remain long in it, even if it could get there in the first place. It is 
simply a fact that every non-uniform equilibrium configuration of the 
system is unstable to the same dynamical effects that plagued the initial 
uniform equilibrium (13.21) and drove it into non-uniformity. To see this 
note that (except when completely cold, œ =~) the gas extends continu- 
ously along the lines of force as they arch up from one gas concentration 
and down into the next. Therefore, if the ideal symmetric equilibrium is 
perturbed slightly, lowering one pocket of gas relative to its neighbours, 
the gas will stream from the neighbours up over the arched lines and 
down into the depressed pocket. This depresses the pocket further, while 
unburdening the neighbouring concentrations. The familiar instability 
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carries on just as when starting from the uniform field (13.21). It would 
appear, then, that the gas must eventually accumulate in pockets of 
increasing mass and separation*. The rate of transfer may decline with 
increasing separation and decreasing density at the apex of the lines of 
force arching upward between. But the transfer never stops. With the 
increasing concentration of the gas into fewer and fewer pockets at wider 
separations, the field between is increasingly free to expand upward and 
decrease its energy, while the gas settles lower in the gravitational field. It 
is this declining magnetic and gravitational energy that is available to 
transport the gas to form the growing concentrations. 

It is a simple exercise to compute the total energy available. To define 
the problem clearly, suppose that there is a rigid boundary, at z = 0. Then 
the lowest distribution to which the gas can condense is exp(— gz/u*). The 
initial potential energy of the density distribution (13.21) above z =0 is 


Do = poll + ay utig 
per unit area, while the final energy of the same amount of gas for 
exp(— u*z/g) is 
P, = Poll + a)u4/g. 
The total available gravitational energy is, therefore 
AP = Po — P, 5 
= ppa (1 ta)u*/g, 
= ®,a/(1+a). (13.62) 
If the gas congregates in widely separated locations (which then rest on 


z =O), the field can expand without limit in the broad regions between, so 
that the initial magnetic energy of the field (13.21) 


M = AB2/87, 
= ppa(i+a)u/g, 
= Ad. (13.63) 


falls toward a lower limit of zero. Thus the total available energy is 2A®. 
(For detailed calculations for specific configurations see Parker 1967a, 
Appendix I.) 

The energy transfers gas along the lines of force into increasingly 
widely spaced and massive pockets. The system comes to rest only in the 
limit of large time, when the magnetic field has expanded almost 


* Separations wider than about 47 A can be near equilibrium only if there is some 
underlying structure to support them. As already noted, the similarity condition 
(13.45) admits of no supporting plane boundary and no separations greater than 
about 477A for a, v of the order of unity. 
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everywhere along the field to negligible energies and the gas has settled 
down to the thermal distribution exp(— gz/u*) in the concentrated poc- 
kets. The magnetic field energy decays in a period characterized by the 
dynamical instability time (13.41) and is not restricted to the (usually) 
long resistive decay time ($84.2, 4.5, and 4.6)t = N°0] c?. 

The effect is particularly striking in the gaseous disc of the galaxy, for 
which the resistive decay time is of the order of 10°° years (ambipolar 
diffusion (see §4.6) may decrease this to 10'°-10"' years) while the 
dynamical time A/V, is of the order of only 10’ years. The buoyant 
escape from a depth of 210° km beneath the surface of the sun is 
estimated (§§8.6 and 8.7) to be only about ten years. Thus the breakup of 
a submerged field in a star or galaxy, and the subsequent buoyant escape 
of that flux tube, leads to rapid decay of the magnetic field. The 
dynamical effect guarantees the destruction of any initial (primordial): 
strong fields, irrespective of the large electrical conductivity and geomet- 
rical dimensions of the system. Turbulent transport may also contribute to 
the rapid decay of the field, and is taken up in Chapter 16. It is 
particularly important in the decay of weak fields, wherein the buoyancy 
effects are dominated by the convection and turbulence of the medium. 
For strong fields (a =1) the buoyancy effect is the principal means of 
escape. 

In view of the major role played by magnetic buoyancy in the be- 
haviour of the magnetic fields presently found in stars and galaxies, the 
buoyant escape of field merits further study. In particular, we should 
develop a clear understanding of the decay of the field energy trapped in 
an atmosphere, as distinct from the decay of the net flux trapped in the 
atmosphere. The energy decays, as described above, when the field 
expands upward through the atmosphere everywhere except at a few 
isolated locations in the atmosphere where the total flux is trapped in the 
gas. With the aid of some idealized examples, we shall illustrate how the 
net flux is then able to escape. 

As a matter of fact there are several dissipative effects introduced by 
the dynamical breakup of a large-scale submerged field into individual 
flux tubes. In addition to the dynamical escape of the flux, there is 
enhanced diffusion of the gaseous atmosphere downward through the 
field as a consequence of the reduced internal scales of the breakup. The 
effect is not negligible in the cool interstellar clouds and is taken up 
briefly in the next section. 


13.6. Enhanced diffusion 


The characteristic escape time 7 for the equilibrium field (13.21) in an 
isothermal atmosphere as a consequence of a diffusion coefficient 7 1s 


tT =O(A*/n). 
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For resistive diffusion over a scale height 5 x 10° km in a stellar envelope 
at 10° K, it follows that n =2x10° cm’ s”' and t=10'*s=3 X 10% years. 
In the gaseous disc of the galaxy where the scale height is A = 150 pc, and 
the ambipolar diffusion coefficient might be 107 cm? s“*, the characteris- 
tic escape time is of the order of r=3X10'%s=10"" years. 

But the calculations of §13.4 show that the field breaks up into thin 
filaments in a characteristic time given by (13.41) as 3A/V,. A field of 
107 G at a depth of 10* km in a stellar envelope where p =10° gcm 
yields V,=10° cms’ and a characteristic instability time of 3A/V,= 
10°s. Thus, after a period long compared to 10°s—say after 10’ s—we 
would expect the field to be broken into a fabric of close packed, 
undulating flux tubes, with characteristic transverse dimensions small 
compared to one scale height, q, = k, A> 1. The growth of the transverse 
wave number is limited only by diffusion, presumably with the charac- 
teristic diffusion rate limited to some fraction of the dynamical growth 
rate (13.41), nqi<1/7 or 


qi =(0:3 VAln)?. 
The characteristic diffusion time across a single filament is, then, 


Te = O(l/nk?), 
= O(3A/Va). (13.64) 


It follows that the gas caught in the depressed portion of a flux tube can 
escape downward as soon as it diffuses the small transverse distance 7r/k, 
to the apex of an undulation of a neighbouring tube. The gas is then free 
to slide down along the lines of force of the neighbouring tube, etc. If the 
undulations have developed to an amplitude of the order of A, the gas 
progresses downward a distance A before reaching the bottom of that 
filament. The whole process takes a time of the order of 7, plus the 
free-fall time. The mean rate of downward motion is then of the order of 
A/a; =107* V4. The field is able to escape from the gas, and vice versa, in 
a period determined more by the dynamical time A/V, than by the 
diffusion time A?/7. In the stellar envelope A/V, is 10°s instead of the 
10's for diffusion over A, while in the gaseous disc of the galaxy A/V, is 
of the order of 5x 10'*s instead of 3x 10**s. The effect may, therefore, 
be of some importance in those circumstances where more rapid means of 
escape are not available (Parker 1967b). 


13.7. Dynamical escape of magnetic flux 


The dynamical buoyancy of the horizontal magnetic field submerged 
beneath the surface of a gravitating body is one of the principal means of 
escape of the field from the body. It has been shown in the foregoing 
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sections how in times of the order of A/V, the field breaks up into flux 
tubes and those flux tubes arch upward to form re-entrant loops extend- 
ing above the ‘surface’ of the body. The magnetic energy is greatly 
diminished, by the amount (13.63). But of course, the lines of force 
remain captive where they dip through the pockets of concentrated gas, 
as sketched in Fig. 13.3. So there is, as yet, no magnetic flux lost from the 
system. A simple mechanical restoration of the gas to its initial distribu- 
tion (13.21) would restore the field as well. But, as a matter of fact, when 
the flux tubes arch upward, magnetic fields of opposite sign come in 
contact with one another. Rapid reconnection of the lines of force across 
the neutral sheet between the opposite fields alters the topology of the 
lines and permits their escape from the system (Parker 1975b). So 
although no magnetic flux has escaped when the system reaches the state 
illustrated in Figs 13.3 and 13.4, there is a net loss of flux in the next 
stage of the development. If the reader will accept some additional 
idealization of the system, we can proceed by elementary methods to 
illustrate the next stage in the evolution of the system, wherein there is a 
net loss of magnetic flux. In particular, we consider the circumstance in 
which the system is constrained to two dimensions, as sketched in Fig. 
13.3, and the magnetic field is confined by the weight of a layer of 
field-free fluid resting on top of the field instead of being distributed 
throughout the field. This idealization greatly facilitates the calculations 
without compromising the basic problem of the escape of magnetic flux 
from beneath an overburden of conducting gas. The continuity of the 
confining gas is maintained so that no lines of force can escape through 
gaps. 

The two-dimensional problem is sufficient. We beg the reader’s in- 
dulgence at this point in switching the assignment of coordinates so that 
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Fic. 13.3. A sketch of the magnetic lines of force of an initial horizontal field held captive 
in the gas concentrations represented by the cross-hatching. 
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the x-axis lies along the initial horizontal lines of force, while the y-axis is 
vertically upward. Thus the y-and z-coordinates of the previous sections 
become the x-and y-coordinates, respectively, of the present section. The 
motivation for the change is the conventional notation z =x +iy in the 
conformal mappings by which the magnetic field configurations are com- 
puted. Thus z becomes the familiar complex variable. 

In these terms, then, suppose that initially the uniform horizontal 
magnetic field B=e,By extends from y=- up to y=+h, where it is 
confined by the weight of a thin sheet of dense, infinitely conducting fluid 
(liquid or cold gas) with a surface density s such that 


sg = B2/87. (13.65) 


The field in y <h is pervaded by a tenuous hot gas of negligible density, 
weight, and pressure but with enormous electrical conductivity so as to 
preserve the topology of the field. The magnetic field is curl-free, of 
course, except where it presses against the dense overlying fluid. 


13.7.1. Breakup of confining fluid sheet 


Now it is clear from the development of §§13.2—13.5 that the overlying 
sheet of fluid is unstable. The fluid tends to run into any depressions in 
the upper boundary of the perturbed field, uncovering the field elsewhere 
and allowing it to bulge upward. A slight variation of the mathematics of 
§13.2 gives the growth rate of the instability. Denoting the upper bound- 
ary of the field by y =h+ (x, t) and the perturbed field by (Bo + b,, by), 
the coincidence of the upper boundary with the magnetic lines of force 
yields 

d€/dx = b,/ Bo (13.66) 


in the usual linear approximation. The horizontal motion of the fluid is a 
consequence of the slope of the upper boundary, so that 


dv,/dt = — gdé/ax, (13.67) 
while the surface density s+6s of the layer varies as 
d5s/dt = — s Ov,/dx. (13.68) 
The vertical acceleration of the layer is 
s Edt? = Bob,/4a— gôs. (13.69) 
Write the perturbation field (6,, b,) in terms of a vector potential A, with 
b, = +8A/ðy, b, =—dA/dx. (13.70) 
Then, since the field is curl-free, 


ð? A/ax? +87 A/ð y =0. 
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Write the vector potential as 
A =(CB,/k)exp(t/t)exptikx + k(y — h)} (13.71) 


so that A vanishes at y =—œ. The amplitude factor C is a dimensionless 
constant. It follows from (13.66) that A(x, 0, t)=— Boé(x, t). The disper- 
sion relation follows from (13.69), upon using (13.67) and (13.68) to 
eliminate v, and ôs in favour of € The result can be written 


1/7*+2e¢k/77— 97k? =0 
upon using (13.65), so that the growth rate of the instability is 
1/7 ={gk(22—-1)}. (13.72) 


The breakup occurs with a characteristic time of the order of the free-fall 
time over the horizontal scale of the breakup. 


13.7.2. Equilibrium configuration 


Suppose that the breakup of the confining fluid occurs for some single 
wave number k=7/L so that the surface layer of fluid separates into 
equally spaced clumps separated by a distance 2L, each clump of mass 
m =2Ls = B5L/4ag. To keep the mathematics as simple as possible, 
suppose that the separation L and the volume density of the fluid are 
together sufficiently large that the width and thickness of each clump 
(portrayed in Fig. 13.3) is small compared to L. Each clump may then be 
approximated by a slender rod? lying across the top of the field. The 
magnetic field confined beneath the regularly spaced clumps (rods) is then 
readily obtained by a conformal mapping of an initial complex z,-plane 
(z =x-+iy), in which the potential function is 


W (Zo) = 2LBoZo/ T, 


into the final z-plane®. If, as a consequence of the high electrical 
conductivity of the fluid, the topology of the lines of force is preserved, 
then the appropriate mapping is (Smythe 1939) 


exp(imz/2L) =cos Zp. 
The potential function in the final z-plane is then 
W(z) =(2LB,/7r) arc cos{exp(imz/2L)}. (13.73) 
> Rods of finite radius can be treated (Richmond 1923; Smythe 1939), with 
considerable increase in computational effort and with little effect on the conclu- 
sions. 


© There is no connection between this mathematical potential function, which is 
about to be mapped onto the z-plane, and the initial uniform field in y <h. 
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Writing 
W(z) = U(x, y)+iV(x, y) 


where U and V are real, it can be shown that 


aU , 
2 sin? (= LB, )= [{1 -—exp(— Y)¥ +4 sin? X exp(— Y)P (13.74) 
+1~—exp(— Y), 
af TV > > , 
2 sinh B)” H1 —exp(— Y)}* +4 sin? X exp(— Y)P 
0 
—1+exp(— Y), (13.75) 
where, for convenience, 

X=rmx/2L, Y=ny/L. (13.76) 


The function V is the vector potential, and U is the scalar potential, of 
the magnetic field. The lines of force are given by V = constant, and are 
plotted in Fig. 13.4. For Y— +% the asymptotic form of the vector 
potential is 


V ~(2LB,/7)sin X exp(—45 Y)+ Ofexp(— Y)}, (13.77) 
while for Y — — œ 
V ~ Boy —(2LB,/m){ln 2— G — 4 cos? X exp(Y)} 
+ Ofexp( Y)}. (13.78) 


Thus the field has the uniform value Bo at y =—œ and declines exponen- 
tially to zero at y= +, The weight of the rods, located at y =0 and 
x=+(2n+1)L (n=0,1,2,...) is just the weight of the initial sheet 
(13.65). Hence it is sufficient to confine the field pressure Bj/87 exerted 
from y =~. The line of force in contact with the lower surface of each 
rod is V=O. If the rods were expanded back to a uniform sheet again, 
confining the field as they did before the breakup, the flux density would 
have the uniform value Bọ all the way to the sheet. The field at large 
negative y would be unaffected, of course, with the vector potential given 
by (13.77) as 


V ~ Boy —(2LB,/m) In2 


for the uniform field all the way to the confining sheet. The uppermost 
line of force V=0 would then lie at y =h where 


h = 2{In 2} 2/7. (13.79) 


This would be the position of the fluid, then, were it restored to a uniform 
sheet. 
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13.7.3. Energy decrease 

In passing from the initial uniform field to the equilibrium (13.75) the 
fluid has descended a distance h in the gravitational field g. The change 
in the gravitational potential energy of the matter is 


2 


A® = — gsh erg cm™ 
= — 1-386(B3/8 m) L/ m. (13.80) 
It is a straightforward procedure to calculate the decrease in magnetic 


energy. The magnetic energy of the initial uniform field above some base 
level y = yy <0 is just 


Mo = (h — yo) Bi/8 T. (13.81) 
The subsequent mean magnetic energy above the level yọ is 
L on 2 
= | dx | l dy (13.82) 
with 
B? =(VVF 
= |d W/dz|? 


where W is given by (13.73). It is readily shown that 


= 202 | ax [St 

8m T h » (1—2 cos X+ yY 

where now X = mx/L and y =exp(— Y) with Y = ry/L, Yo = ary,/L. Expand 
the integrand in Legendre polynomials, noting that for Yọ <0 we have 
o> 1 so that two separate expansions must be used, one for y%<1 and 
the other for y>1. Then the integration over y can be performed 
immediately, with the result 


zi] 1< -fent F | 
M=—— {141 +— — —— dXP >, 
Sar T n( to) aT 2 ninti ws J „(cos X) |, 
Noting that 
| dXP, (cos X)=0 n odd 
0 
= m(2n)!/27"(n!)? n even, 


replace n by 2n in the sum, so that the sum runs over all integral n. It 
follows that 


BEL | — (4n)! i 1 
-20 E |in Ye nT L 
M Q ar m npo) » 27*°2n(2n!)" Intl We" 


n=1 


Ai (13.83) 
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Let Yo become large and negative, so that below Yọ the field is 
unaffected by the perturbations at its upper surface. Then W >» 1 and 


BSL | z (4n)4n +1) | 
202l yor $ emnt 
M~ Siar T L= Yo +) 2*"°2n(2n+1)(2n!)* 


The energy change in the magnetic field is 


AM= M— Mo 
for yo —%, or 
-oL [my 7 È (4n)!(4n +1) l 
BT T 2 2n(2n4+1)(2n!)* 


The sum converges slowly, to a value 1-0. With h given by (13.79) the 


energy change is 
5 


AM = Laa —In(2)) 
Sam 


= —0-6(B3/87)L/ r. (13.84) 


This is about half the change in the gravitational potential energy of the 
confining matter, given by (13.80). The total energy change is the 
decrease 


AD+ AM = ~Z OBEIS TMLT. (13.85) 
13.7.4. Further evolution of the field 


As a matter of fact the evolution of the system does not stop with the 
state shown in Fig. 13.4. There are several additional manoeuvres by 
which the field progresses toward still lower energies. For instance, were 
it not for the constraint to two dimensions, the field would break up into 
tubes and sheets as described in §13.4. Within the constraint to two 
dimensions, it is evident that the more widely spaced (larger L) are the 
pockets of matter confining the field, the deeper they sink into the field 
and the more energy is released. Hence, as already noted, the periodic 
equilibrium (13.75) for equally spaced rods is unstable (Parker 1967a), 
the rods tending to join neighbours to form clumps of increasing weight 
and horizontal spacing, with the growing clumps sinking progressively 
deeper into the field and the field bulging further upward between. The 
qualitative picture, illustrated by Fig. 13.4, remains the same, but with the 
characteristic dimensions increasing with time. None of these effects lead 
directly to freeing the lines of force from under the gas, of course. 

Consider, then, the effect that permits magnetic lines of force to escape 
from underneath the confining rods of matter. For simplicity suppose that 
the rods are constrained to their positions x = +(2n+1)L, so that the 
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Fic. 13.4. The magnetic lines of force for the initial configuration of a single cell 
(0<x<2L) of the periodic field (13.74) and (13.75) confined by a grid of slender rods (line 
currents) at x =+(2n+1)L, y =0. The numbers on the lines indicate the vector potential V 
in units of LB,/87. The broken line represents the position of the field surface if the system 
were restored to its initial horizontal uniformity. 


static equilibrium of Fig. 13.4 is preserved. Then note that the field 
configuration shown in Fig. 13.4 is in equilibrium everywhere except on 
the vertical plane above each rod, across which the magnitude of the field 
is uniform and non-zero, while the direction reverses discontinuously. 
There is nothing to keep the two oppositely directed fields apart, with the 
result that, no matter how high the electrical conductivity of the fluid, the 
fields diffuse across the discontinuity and rapidly dissipate each other. It is 
the familiar neutral sheet dissipation, with the fluid continually squeezing 
out from between the two opposite fields, alowing them to come together 
and annihilate. The lines of force reconnect rapidly, because the charac- 
teristic scale of the transition is so small. The effect is treated at length in 
Chapter 15. Theoretical considerations indicate that the reconnection 
proceeds at some fraction O(10~") of the Alfven speed (Petscheck 1964; 
Axford 1967; Sonnerup 1970; Fukao and Tsuda 1973a, b; Vasyliunas 
1975; Roberts and Priest 1975). 

In this connection we should not overlook the observational fact 
(Sheeley et al. 1975) that, no matter how complex the magnetic field 
topologies that emerge through the visible surface of the sun, rapid 
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reconnection of the magnetic lines of force quickly reduces the field 
above the surface toward the vacuum configuration, B= -V U, having the 
lowest energy for the given flux pattern coming through the surface. 
Evidently the continual activity of complex magnetic regions on the 
sun—the eruptions, flares, plages, x-ray bright points—is the direct result 
of the rapid reconnection. The close association with the topology of the 
field is treated in Chapter 14. 

The important point is the simple fact that magnetic fields are not long 
in approaching an overall equilibrium, by reconnection across neutral 
sheets, no matter how high the electrical conductivity. The reconnection 
of magnetic lines of force across the plane above each rod alters the 
topology of the lines so that the reconnected lines are free to escape, as 
sketched in Fig. 13.5. 

The dynamical reconnection continues until the discontinuity is re- 
moved from the field. The equilibrium configuration, in which the discon- 
tinuity has completely disappeared, is shown in Fig. 13.6. The equilibrium 
field is easily calculated (Richmond 1923; Smythe 1939) for rods of 
circular cross-section. The magnetic lines of force are the same as the 
equipotential lines in an electrostatic field bounded by a grid of rods. To 
compute one cell of the electrostatic field, place charges in the zo-plane at 


Fic. 13.5. A sketch of the intermediate state (between Figs 13.4 and 13.6) of field 
annihilation and rapid reconnection in the region above the rod. The arrows indicate the 
direction of motion of the lines of force. The lines of force above the rod, but reconnected 
so that they no longer pass under the rod, are free to escape from the system. 
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Frc. 13.6. The magnetic lines for the final configuration of a single cell (0<x<2L) of the 
periodic field (13.87) confined by a grid of slender rods (line currents) at x =(2n+1)L, 
y=0. The number on the lines indicate the vector potential U in units of LB,/8. 


Zo = +12L, for which the potential function is 
W(z,) = In(14+ z3/4L”). 
Then introduce the mapping 
az =2L |In(z,/2L) 


to the z-plane, taking the positive real zọ-axis into the real z-axis and the 
negative real z-axis into y=+L, with the field confined between. The 
potential function becomes 


W(z)=In{1+exp(a2/L)}, (13.86) 
so that, with W = U+iV, we have 
exp(2U) =1+2 exp X cos Y +exp(2X), 
cot V=(1+exp X cos Y)/exp X sin Y, 


where again X =7ax/L and Y=-7ry/L. The magnetic lines of force are 
given by U = constant. The entire picture must now be rotated by 90° to 
conform to the previous example (13.75) shown in Fig. 13.4 (X > — Y, 
Y—+X). Replace U and V by wU/LB, and 7V/LBo, respectively, so 
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that U represents flux per unit distance and the field has the uniform 
value By =~—dU/dY far below the rods (Y —> —æ) which are spaced along 
the x-axis at x= +(2n+1)L. Figure 13.6 is a plot of the field in the 
region 0<x<2L, corresponding to the cell shown in Fig. 13.4. The lines 
of force are given by U = constant with 


exp(27rU/LB,) = 1+2 exp(— Y)cos X +exp(—2Y). (13.87) 


The lines of force that have undergone reconnection appear as U <0, and 
circle the rod at x= L, y=0. The dividing line U =0 follows the path 
exp(~ Y)+2 cos X =O for finite X and Y. The total flux reconnected 
depends upon the radius R of the rods. The calculation leading to (13.87) 
for R —> 0 is valid so long as R« L with the rod surface represented by 
one of the nearly circular lines of force U = constant enclosing the point 
x=L, y=0. (For a treatment of the problem with R comparable to L, 
see Richmond 1923). The total reconnected flux œ circling the rod is just 
equal to — U at the under-surface of the rod (X = 7, Y= —7R/L) so that 


b =— U(L, ~R) 
= Bo(L/7)[In(L/7R)— 7R/2L + O{(@R/2L)}]. (13.88) 


Thus @ becomes large without limit as R/L — 0. If, for instance, R = 
L/4a, then @ =0-44LB,. The reconnection of the lines frees a substantial 
amount of flux from beneath the material rods. 

It should be noted, then, that no lines of force have passed across the 
rods. The original number of lines is still pinned beneath them. The 
difference is that a number @ have closed themselves around the rod, so 
that they no longer extend in the x-direction from one rod to the next. 
They close locally and make no contribution to the net flux. An observer 
stationed far out on the positive y-axis would record the outward passage 
of œ lines of force, freed from under the rods at the time their reconnec- 
tion occurred. 

The reconnection and escape of the magnetic flux @ is accompanied by 
a further decrease of the energy of the system, of course. It is obvious 
from Figs 13.4 and 13.6 that the magnetic energy has decreased. It is also 
easy to show that the matter has settled downward in the process, 
decreasing the gravitational energy. To compute the downward displace- 
ment of the rods note that the total flux between the under-surface of the 
rod and some basic level y = yọ of large negative y is 


U(L, Yo) = U(L, _ R) = Q _ Boyo 


in the limit of large negative yọ. Were this field uniform, with strength Bo, 
all the way from ye to the level y = l, then | would have a value such that 


(I— Yo) By =  — Boyo 
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or 
1=(L/a)in(L/7R). 


That is to say, the rods are now a distance | below the initial top of the 
field. Comparison with (13.79) shows that the rods are a distance 


l —h ={in(L/wR) —2 In(2)}L/ a 


farther down than before the reconnection. 

To go on, then, the magnetic field circling each material rod involves no 
net flux. The lines of force around each rod form a closed system, subject 
to dissipation by turbulent diffusion (see Chapter 16) and their own 
internal buoyant instability. The relaxation of the artificial constraint to 
two dimensions is alone sufficient to produce instability merely as a result 
of the net compressive stresses transmitted along the rods by the encircl- 
ing field. So in one way or another the encircling field will free itself. But 
the equilibrium depicted in Fig. 13.6 requires that the total flux circling 
the rod outside its radius R must be œ, given by (13.88). If there is less, 
then the horizontal flux trapped below the rod is not prevented from 
bulging up through the gaps between the rods and reconnecting above, as 
sketched in Fig. 13.5. Hence the continued rate of escape of horizontal 
field from beneath the grid of rods is equal to the rate of which the lines 
of force circling around each rod are able to dissipate and/or escape. That 
rate of dissipation depends entirely on the special conditions of each 
circumstance. About all we can say here is that we can think of no 
circumstances wherein the instabilities discussed in these chapters can be 
avoided sufficiently to give a characteristic escape time greater than 
O(L/V,) where V, = Bo/(4zp). 


13.8. Effects of cosmic rays 


The magnetic field of the galaxy is inflated by the cosmic ray gas, which 
adds significantly to the thickness of the gas and field distribution in the 
disc of the galaxy, and which contributes substantially to the dynamical 
instability and escape of the magnetic field from the disc (Parker 1958, 
1966, 1969). Thus the escape rate of the magnetic field in the gaseous 
disc is somewhat higher than we would estimate from the instability of the 
magnetic field alone ($13.6) and the turbulent diffusion alone. How much 
higher is hard to estimate, particularly since so little is known of the rate 
of production of cosmic rays in the disc. The general physical effect is 
worthy of our attention, however, and the day may come when improved 
knowledge of the cosmic ray sources (from studies of their isotopic 
abundances and from their y-ray emission) will permit a more quantita- 
tive treatment of the problem. 

The pressure P of the cosmic ray gas is comparable to the pressure 
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B*/87 of the galactic field, and hence is comparable to the dynamical 
pressure of the turbulent interstellar gas. The cosmic ray pressure has 
been maintained at the position of the sun at least for the past 10° years, 
so it is assumed that the inflation of the galactic magnetic field is near an 
equilibrium state, with cosmic rays escaping from the disc of the galaxy at 
about the same rate that they are produced within the disc (see review in 
Parker 1968c). The cosmic ray gas has so little mass that it is not 
significantly affected by the gravitational acceleration g perpendicular to 
the disc. The cosmic ray gas, then, plays a role much like the buoyancy of 
the magnetic field in producing and inflating the upward bulges of the 
perturbed horizontal equilibrium field. 

To illustrate the effects of the cosmic ray gas on the equilibrium and 
instability of a horizontal magnetic field in an isothermal atmosphere, 
confined by a gravitational acceleration g, suppose that the cosmic ray gas 
pressure P is proportional to the gas pressure p = pu? 


P = Bp 


where $ is a constant, in the same way that magnetic pressure was taken 
in §13.4 to be proportional to p. Then the total pressure is p + B?/8m+ 
P=pu*(1+a+8) and the barometric equilibrium leads to the relation 


A=(1+a+8)u7/g 


for the pressure scale height A in an atmosphere in which u? and g are 
constant throughout. This fundamental relation must be kept in mind 
when inferring the strength of the galactic magnetic field from the 
observed Faraday rotation measures, etc. (Parker 1965, 1966). Strong 
fields imply large A (see discussion in Chapter 22). 

When the equilibrium is perturbed, the cosmic rays move freely along 
the lines of force so that P remains uniform along each line. Neglecting 
second order terms, the volume of each elemental tube of flux is un- 
changed by the perturbation, so that the equation for the cosmic ray 
pressure (P+ SP) is (Parker 1966, 1969) 


(d/dt)(P + &P) =0 
or, to first order in the perturbations, 
d6P/at+v, dP/dz =Q. 
Note that 


Pdz pdz pdz Bdz (1+a+B)u? A’ 


The variation of the pressure of the thermal gas is given by (13.24)- 
(13.26) and the variation of the magnetic field by (13.27)~(13.29). The 


IdP_1de_1dp_ 2 dB _ g 1 
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equations of motion (13.30)-(13.32) are modified by the addition of the 
cosmic ray pressure variation ôP, so that êp is replaced by 6p+éP. 
Proceeding exactly as in §13.4, with s=1 and k, =0, it is readily shown 
that the dispersion relation for the two-dimensional normal modes is 


044+ b0?~c =0, 
where 
b =(2a+ y)(q3+q3+4) 
c=qiUta+tB-yit+a+B)~-2ay(q5+q3z+4)}. 


Instability arises whenever Q? is positive so that there is at least one real 
positive root 1/7. A necessary and sufficient condition for instability 
(t>0) is c>0, so that the root 


0? =}{(b? +4c)?— b} 
is positive. Hence when 
(lt+a+B-—y)(1+a+B)>2ay(q3+q3 +4), 


the system is unstable. Noting that the cosmic ray pressure B appears only 
on the left-hand side of the inequality, it is evident that its effect is to 
enhance the instability. The larger is B, the larger may be the index y 
and the wave numbers q and q, for instability. Since b is independent 
of B, and c increases with B, it is evident that the growth rate of the 
instability increases with increasing B, all other parameters being the 
same. In contrast note that the magnetic field strength œ appears with 
both signs, because the magnetic field has tension as well as pressure. The 
tension inhibits the instability at large wave numbers. In the limit of small 
a, with only the cosmic rays to inflate the thermal gas beyond its own 
intrinsic scale height of u?/g, the system is unstable for all wavelengths 
provided only that y<1+. Since y is generally comparable to, or less 
than, one in the interstellar gas, because the equilibrium temperature is 
reduced with increasing temperature (Savedoff and Spitzer 1950; Parker 
1953), there is always an instability, the maximum growth rate 


o o q2 (t+a+B-—y)(l+atB) 
ma 3 +q3 y 


arising in the limit of large wave number qz. 

For a and B of the order of unity (as in the galaxy), the growth time of 
the instability is of the general order of Q=1, so that 1/7 =O(u/A)= 
O(V,/A) = O(g3/A3), where V, is the Alfven speed in the equilibrium 
field. The time of growth is characterized by the sound or Alfven transit 
time, or the free-fall time, across one scale height. To treat a specific case, 
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note that a = 8 =0-5 in the gaseous disc of the galaxy (for a magnetic 
field of 3x10°°G, a cosmic ray energy density of 1eVcm™*, and an 
r.m.s. three-dimensional turbulent velocity v=10 kms 4, u=v/V3 in a 
mean interstellar gas density of 2 hydrogen atoms cm°). Then for isother- 
mal perturbations, y= 1, all wave numbers less than 


q3+q3<j 


are unstable. For q, = 0, all wavelengths along the field in excess of 4:75A 
are unstable (q3 =7?/2). Thus q3=3, q3=0 yields marginal stability 
(Q=0). The maximum growth rate is 0=0-58 in the neighbourhood of 
the wavelength 9A(q3=0-5, q3=0). The growth rate is, then, 1/7= 
0-6u/A. With u = 10 kms™' and A= 150 pc the characteristic growth time 
is about 10°°s or 3x10’ years. The cosmic rays and the magnetic field 
contribute about equally to the instability. 

The effect of the transverse wave number k,, put equal to zero so far in 
the calculations of the cosmic ray instability, is readily demonstrated in 
the weak field limit (a —> 0). It can be shown (Parker 1967b) that the 


dispersion relation is, then, 
0474+ BO?-—C=0 
where 
B= y(qi+q3+q3 +4), 
C=(1+B—y)(1+B)(qi +42). 


The transverse wave number q, appears inseparably from qə, indicating 
that it enhances the growth rate in the same way as q». In the limit of 
large wave number (k,, k,) the growth rate Q increases to the asymptotic 
value (C/B)?. In contrast, when a >0, B =0 the instability increases with 
increasing k, at a rate proportional to k,, and declines to zero with 
increasing k, because of the tension in the lines of force. 

A variety of examples have been worked out in the literature to 
illustrate the many facets of the combined magnetic field, cosmic ray 
instability of the gaseous disc of the galaxy. The instability is stronger by 
the factor g*/GB{ than the self-gravitation of the interstellar gas (Jean’s 
gravitational instability). With the galactic field Bọ of the order of 
3x10°°G and g=3x10-°cms”’, and the value G=6-66 1078 cm? 
g's” for the gravitational constant, the factor is equal to 15. The 
essential nature of the cosmic ray, magnetic field instability is unaffected 
by the rotation of the galaxy (Shu 1974), by the variation of the 
gravitational acceleration with height (Parker 1966), by slabs of horizon- 
tal field lying at right angles upon each other (Parker 1967b), by a 
continuous rotation of the field direction with height z in the gravitational 
field (Lerche and Parker 1968), by deformation of the fields into the 
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azimuthal direction around a cylindrical body with rotational symmetry 
(Parker 1966) or by resistivity and viscosity (Parker 1967b). The problem 
can be treated by the simple normal mode analysis given here, or as an 
initial value problem with v,=0 at z = + (Lerche and Parker 1967) with 
comparable results. The enhanced diffusion of the magnetic field as a 
result of the perturbed magnetic configuration has been treated (Parker 
1967b), showing that it contributes to the escape of the lines of force 
from the gaseous disc. The decline of the energy of the system with the 
increased clumping of the gas has been studied and illustrated with a 
number of idealized examples (Parker 1967a; Lerche 1967b; Mous- 
chovias 1974). There is no final equilibrium state in which the gas field, 
cosmic ray system can come to rest. Formally the equations indicate that 
the general turbulence caused by the instability goes on indefinitely, the 
final asymptotic state being simply the disengagement of the field and 
cosmic rays from the thermal gas. Evidently the clumping of the gas in the 
low places along the field increases until hot stars are formed, whose 
radiation then disperses the gas and the instability starts all over again 
(Parker 1968a, b). Mouschovias et al. (1974) point out that the formation 
of large cloud complexes at intervals of a kpc along the galactic magnetic 
field are to be understood as the direct consequence of the instability. 
The dynamical instability produced by the cosmic rays and magnetic 
field is the principal means of escape of the cosmic rays from the magnetic 
field of the galaxy (Parker 1965, 1966, 1969). The cosmic ray pressure P 
builds up in the disc until it approaches the magnetic stress density B?/87, 
whereupon the cosmic rays inflate the upward bulges of the field into 
extended bubbles, which eventually escape from the galaxy by rapid 
reconnection, as outlined in §13.7. The escape of cosmic rays from deep 
in the disc is facilitated by the random walk of the magnetic lines of force 
(chapter 10), which allows the cosmic rays to pass near the surface of the 
disc at random intervals of the order of a kpe along the galactic field 
(Jokipii and Parker 1969). The topic is taken up again in chapter 22. 


13.9. Summary 


The illustrative examples computed at such length in the foregoing 
sections of this chapter illustrate the irrepressible buoyancy of magnetic 
fields (see also §§8.6-8.8). It was emphasized in §§5.3 and 5.4 that a 
magnetic field can be contained only when suitably held down, by 
submergence in a gravitating body. Now we find that the field is a very 
‘slippery’ thing to hang on to. Given a time very long compared to AIVA 
the field generally escapes the grasp of the gravitating fluid object. Special 
circumstances involving strongly stable, placid, conducting fluids cin be 
invented to retain fields for long periods, but in the real universe of 
convective stellar envelopes and turbulent gaseous discs of galaxies, such 
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ideal circumstances are rare. Not even the stable, non-convecting core of 
a star can hang on to a strong field for long (see Parker 1974: and §8.8), 
although weak fields could be hidden there if that is of any interest. 

Altogether, then, even the best magnetohydrostatic equilibrium is 
unstable, becoming highly dissipative after a short period of time. Magne- 
tic fields upset whatever creates and holds them. They are the prodigal 
children of rotating convective astrophysical bodies. They are the cosmic 
‘escape artists’ with a remarkably versatile repertoire of tricks. The tricks 
are the magnetic activity that we find on all magnetic astrophysical 
bodies. The universal existence of magnetic fields is, then, testimony to 
their copious generation within astrophysical bodies. Their existence, like 
that of so many biological creatures, is an active struggle leading to 
oblivion. Were nature to fail to provide rapid reproduction’ of the fields 
from the environment, the fields would quickly die out and cease to 
complicate our universe. 

The chapters which follow are directed to further means of dissipation 
of the wily magnetic field, and then to the circumstances that cause its 
abundance in spite of its profligate habits. Once we have outlined the 
various modes of internal dissipation and eventual escape, the question 
will be whether the theory for replenishing the fields is adequate to 
explain their general existence. 
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14 


NON-EQUILIBRIUM IN FIELD TOPOLOGIES 
LACKING INVARIANCE 


14.1. General remarks on field topology and non-equilibrium 


Having dealt thus far with symmetric (invariant) field topologies, con- 
sider now the consequences of a departure from symmetry. Whereas 
magnetostatic equilibrium is possible under special circumstances in fields 
with suitable invariance, it turns out that there can be no equilibrium 
when topological invariance is lacking (Parker 1972; Yu 1973). The field 
without topological invariance exists in a dynamical state of activity and 
dissipation, which continues until the variant components of the field are 
destroyed and the topology becomes suitably invariant. 

It was pointed out in Chapter 11 that the magnetic fields in nature are 
generally stochastic, lacking the symmetric topologies necessary for 
equilibrium. Hence astrophysical fields are condemned, like Sisyphus, to 
an ‘eternity’ of activity. In an isolated system with no energy sources the 
dissipation of electrical resistivity provides eventual equilibrium of course. 
There is only a finite amount of energy in the non-symmetric component 
of the topology so that, if nothing else interferes, the active non- 
equilibrium must run down. But in nature the dynamical reduction of the 
topology goes on in competition with the many turbulent regenerative 
and diffusive effects that complicate the topology, as indicated in Chapter 
11, and remove the field from the invariant form required for equilib- 
rium. Altogether the topological non-equilibrium plays a basic role in 
turbulent convecting fluids, generally cutting the mutually entangling lines 
of force, and preventing the enormous stretching and intensification of 
fields that would otherwise occur. The topological non-equilibrium is the 
cause Of the concentrated transient dissipation—magnetic activity— 
observed in association with fields in the astrophysical universe. Together 
with the non-equilibrium and instability of most symmetric equilibrium 
field patterns, the topological non-equilibrium guarantees that few, if any, 
magnetic fields can ever be free of dynamical activity. 

Consider, then, the magnetohydrostatic equilibrium of a magnetic field 
with a well defined topology. To be clear as to the form of the topology, 
imagine that there is initially simply a uniform magnetic field By in the 
z-direction filling an infinite volume. The volume extends to infinity in 
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the x- and y-directions perpendicular to the z-axis. We are concerned 
with the equilibrium deep in the interior of the volume, far from bound- 
aries, where the field and fluid stresses are in mutual balance among 
themselves, without disturbance from externally imposed boundary 
forces. Suppose, then, that the volume is terminated in the z-direction by 
the planes z = +L of infinitely conducting material in which the lines of 
force of the field are permanently affixed. The region of uniform field Bo 
between the planes z=+L is filled with a fluid of infinite electrical 
conductivity and uniform density p. 

Now hold the plane z = ~L fixed while the plane z=+L is continu- 
ously mapped onto itself, 


dx/dt = fix, yV, t), dy/dt = g(x, y, t), 


where f and g are continuous single-valued functions of x, y, and t. After 
a time each point initially at (xo, yo) lies at (x, y,) having made the 
journey by some tortuous path. We may suppose that the mapping of the 
plane z=+L into itself is incompressible, so that 


of 98 _ 9 Olx Ve) 


ox dy o? a(xo, Yo) 7 


The ends of the magnetic lines of force remain fixed in z = —L but follow 
the convolutions of z = +L so that the winding pattern (the topology) of 
the convolution of the points on z = +L is imposed on the magnetic lines 
of force between z =—L and z=+L (after passage of a suitable time in 
excess of the Alfvén transit time 2L(47p)?/Bo, of course). Figure 14.1 is a 
sketch of the lines of force. 


Fic. 14.1. A sketch of the magnetic lines of force extending from the fixed plane z = —L to 
the plane z = +L across the intervening volume of conducting fluid. The positions at which 
the lines cross the plane z = +L have been manipulated in some complicated and arbitrary 
way so that the lines of force wind round each other throughout the volume between the 
two planes. 
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We suppose that the functions f and g are bounded in such a way that 
the net excursion of any point on z =+L is bounded by a length | which 
represents the characteristic transverse scale of the variations introduced 
into the field, 


(x, — Xo)? + (y: = Yo) <l, 


The length 2L of the lines of force is taken to be very large compared to 
the internal scale I. Indeed, we make L arbitrarily large compared to the 
total path length £, 


L= | dar [fF {xl y(t), th gxt), y(t), cyP 


transversed by any given point on z = +L, although £ may be large 
compared to the net displacement of any point. Generally 


L<«L« L. 


The lines of force may be wound and braided many times around 
neighbouring lines over the length 2L, but the lines deviate by only a 
small angle from the z-direction because the windings are spread over the 
long length 2L. This is no more than the restriction that the local 
perturbation to the field is small compared to the total field. Generally 
speaking, n revolutions about a radius | yields an angular deviation of the 
order of nal/L=F/L<« 1. 

The restriction to small perturbations (S/L <« 1) is necessary in order 
that the z-direction not lose its identity. We must know relative to what 
direction we are to consider invariance of the field. 

The question, then, is the circumstances under which the mapping, and 
the wrapping of the lines of force about each other, leaves the field with a 
topology for which there is a formal solution of the equilibrium equations 


KA ( a2) _ BoB OB 
aX; 8a / 4max,? = ax; 


0. (14.1) 


Of course, when the topology of the lines of force prohibits an equilib- 
rium solution, the question arises as to the physical reasons for the 
absence of equilibrium and, finally, the dynamical state implied by the 
failure of equilibrium. But for the moment, consider only the question of 
the existence of solutions of (14.1). 

We begin by noting that the only known solutions of (14.1) are 
invariant with respect to at least one coordinate, 0B,/dé = 0 with € = z for 
translational invariance and ¿= œ for rotational invariance (axial sym- 
metry), as described in Chapter 6. The procedure adopted here will be to 
examine ficlds with topologies in the near neighbourhood of known 
equilibrium solutions, looking for solutions lacking invariance. Consider, 
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for instance, the field B;(x, y)+ €b,(x, y, z) (where e « 1) in the neighbour- 
hood of the invariant equilibrium B,(x, y). As we shall see, solutions to 
(14.1) exist only when db,/az =0, so that the total field B; +eb; has the 
same invariance as B, for equilibrium. A similar result obtains for axial 
symmetry (0/d¢@ = 0). Close scrutiny of the internal conditions within the 
fields (Parker 1972; Yu 1973) shows that non-equilibrium, when the 
invariance is lacking, is of the form of neutral point reconnection of the 
lines of force. 

To put the result in the context of the present geometry, equilibrium of 
the magnetic field extending across a volume of space with dimensions 2L 
large compared to the characteristic transverse scale of variation | of the 
field, exists only when the local winding pattern (the topology) of the field 
is invariant along the large-scale direction of the field. 

To begin, then, we note that in a three-dimensional space the equilib- 
rium equations (14.1) make up a set of four, sufficient to determine the 
allowed forms of the four unknown quantities p and B,. We observe that 
the equations are quasi-linear (i.e. linear in the derivatives of p and B;). 

Consider, then, the characteristics of (14.1). Generally speaking, the 
specification of the four unknown quantities p and B, along some curve in 
space together with the four equations (14.1) is sufficient to compute 
eight of the derivatives of p and B, at any point on the curve. The 
characteristics are those special curves on which it is not possible to 
compute the derivatives from the information given. To carry out the 
calculation for the general case, consider the curve with direction 
cosines y; through some general point x,. Denote by ds the element of 
arc length along the curve so that 


dx, = Yk ds. 


Then at the neighbouring point x, +dx, on the curve the quantities p and 
B, have changed by the specified amounts dp and dB,, related to the 
derivatives by 


dp = dap/dx,y, ds, 


dB; = OB /OXY ds. 


Together with the equilibrium equations (14.1) these relations constitute 
eight linear equations in the derivatives dp/dx, and dB,/dx,, allowing 
computation of any eight of the twelve derivatives. Suppose, then, that tn 
addition to specification of p and B; on the curve, we also specify dp/dz, 
ðB;/ðz, so that the eight derivatives of p and B; with respect to x and y 
can be calculated. The characteristics are those curves along which the 
calculation is not possible, i.e. they are the curves for which the determin- 
ant of the coefficients vanishes. It may be seen by inspection of (14.1) that 
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the determinant D of the coefficients of the derivatives is 


1 0 0 -B +B 0 B, 0 


¥ 


0 1 0 +B -B, 0 0 B 
0 0 0 0 0 Q0 -B 


0 0 1 QO 


—B, 

° } ° (14.2) 
Yw YY O0 0 0 0 0 0 
0 0 
0 


0 0y» 
0 0 0 0 y yy 0 


0 0 0 0 0 0 +, Yy 


after removing superfluous factors of 47. The first column represents the 
coefficients of dp/ax, the second column dap/dy, the third dB,/ax, etc. 
Equating D to zero yields 
(yit yB, y ~By, Y = 9. (14.3) 
The first factor is (dx/ds)*+(dy/ds)* and represents the elliptic charac- 
teristics, dy = +i dx. The second factor represents the hyperbolic charac- 
teristics, 
dx/ B, = dy/B, 

representing, obviously, the projection of the magnetic lines of force on 
the xy-plane. 

The next step is to work out necessary conditions for equilibrium. We 
begin with the simple case of fields in the neighbourhood of a uniform 
field and progress from there to more complicated circumstances. 


14,2. Fields in the neighbourhood of invariant topologies 


Consider the magnetic field B,(x,) that is a solution of the equilibrium 
equations (14.1) throughout some extended volume of dimensions L. All 
known solutions of the equilibrium equations have some invariance, 
generally translational or rotational. So consider the case that dB,/dz =Q. 
Then B, is given by (6.4) and (6.9) in terms of the vector potential A with 


B, = +8A/ðy, B, = —dA/ax, B, = B, (A), P= P(A), 
(14.4) 
V, A +F'(A)=0, F(A)=4nP(A)+4B}(A). (14.5) 
The projection of the lines of force onto the xy-plane is just A(x, y)= 
constant. We are curious to know whether there is an equilibrium 
magnetic field configuration, in the near neighbourhood of B;(x,), which 
does not have the invariance 0/dz = 0. Consider, then, the total field 


Oo 


B(x, y)+ J, €",bi(x, y, z) (14.6) 


n=] 


364 NON-EQUILIBRIUM IN FIELD 


and the associated fluid pressure 


oS 


P(A)+ }, €",p(% y, z) (14.7) 
n=1 
where e is some suitably small dimensionless parameter. Substituting into 
(14.1) the terms first order in e become 
a,b, ðB; 
1 iy ib i 
OX, 


14.8 
Tab (14.8) 


ð 


a,b/ax, =0. (14.9) 


The characteristics of these four equations are again just (14.3), of course. 
The equations second and higher order in e are easily generated. It is 
readily shown that the equations for „b; and „p have the same characteris- 
tics (14.3) in terms of the fields of order n—1. The equations (14.8) and 
(14.9) are homogeneous in b; and p, and the coefficients of b; and ıp 
are functions only of x and y. It follows at once that z is a separable 
coordinate and the z-dependence ts exponential, 


ib; = B; (x, y)exp(ikz), (14.10) 


ip = a(x, y)exp(ikz). (14.11) 


Indeed, this form applies to „b; and „p to all orders. We are interested in 
bounded solutions throughout the broad interior of a large volume. 
Hence those solutions for which k has an imaginary part are excluded 
because, if their amplitude is not zero at any point deep in the interior of 
the volume, then they increase without bound as z? < L? becomes large 
without limit. The wave number k, then, must be real or zero. 

To take up the simplest case first, suppose that B, = B,=0 while 
B, = Bo is a constant, so that ,b; represents perturbations on a uniform 
field. This is the basic problem posed by the scenario outlined in $14.1 
and sketched in Fig. 14.1, in which the magnetic lines of a uniform field 
are manipulated by displacements at z=+L. From the mathematical 
point of view the example is particularly interesting because it can be 
worked out easily to all orders in e€. 

With B, = B, =0, the hyperbolic characteristics (the magnetic lines of 
force) drop out, and the only factor in (14.3) that does not vanish 
automatically is y2+y;. Thus the equations are fully elliptic. This fact 
appears immediately in the solution. 

The first order equations (14.8) and (14.9) reduce to 


04D, OD); _ 
dz che 


ð 
zo (ATP + Bob.) = Bo 0 (14.12) 
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The nth order equations are readily shown to be 


ð a,b 


3x (4mp + Bond. +f) = Bo ~+ ngis a =0, (14.13) 
where 
2 anf = nbinbi +2 y—1 Din 410) +... +2 1b: 2,~1D, (14.14) 
antl = nbin+1bi tn-1bins2bi +... +d: andj, (14.15) 
ng = aTa p naa, +, 55, a, (14.16) 
1g; =O. 


There are a variety of ways to establish that the only solutions for „p 
and „b; involve ð/ðz =0. The divergence of (14.12), together with the 
vanishing of the divergence of ,b,, yields 


V (4r 1P + Bo 1b.) Tem 0. 
The only bounded solution in an infinite space is 
4r p + Bob, = constant. 


Substitution of this into (14.12) yields 4 ,b,/az = 0. 

As an alternative procedure, note that the z-component of (14.12) is 
just the statement that dp/oz =0. Hence if k#0, (14.11) requires that 
q(x, y)=0, and hence ,p=0. Then the first two components of (14.12) 
become 


d ,b,/ax —d,b,/az =0, 
0 ,b,/dy —0,b,/dz =0, 


and all three components of the curl of ,b,; vanish. Hence b; = —d@/dx, 
with V’®=0. The only bounded solution is ® = constant, for which case 
ıb; = 0. The only way to avoid this trivial solution is to put k =0, so that 
0,bf/dz =. 

Note that if 0,b,/dz =0, then (14.9) becomes 


d,b,/ax +d,b,/ay =0 
so that ,b, and ,b, are expressible in terms of a vector potential ,a(x, y), 
10, = +da/oy, 1b, = —d0alax. (14.17) 
Consider, then, the higher order equations. The divergence of (14.13) 
for n=2 yields 


ð 
V (4mp + Boob, +2f) = ax. 28; 


J 
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Note that .g; depends only upon ‚b; and so is independent of z. Then the 
derivative with respect to z yields 


ð 
v (4rap + Boob, +2f)=0. 


The only physically acceptable solution of Laplace’s equation is a con- 
stant, 


ð 
5z (4mp + Boob, +-f)= constant. 


But if this is integrated with respect to z, it diverges as z —> +œ unless the 
constant is zero. Setting the constant equal to zero and integrating yields 


4mp + Boob, +2f =c(x, y) (14.18) 


where c is an arbitrary function of x and y. But with solutions of the form 
(14.10) and (14.11), (14.18) can be satisfied only if k =0 (i.e. a/az = 0) or 
if c(x, y)=0. To avoid, if we can, the conclusion that 0/dz = 0, suppose 
that c(x, y)=0. Then (14.18) is satisfied for the moment. But note that 
the z-component of (14.13) is 


ð 
z7 ATP + af) = 28:. (14.19) 


Note from (14.16) that .g, depends only on b; and hence is a function 
only of x and y. Hence integrating (14.19) over z yields 


Am sp taf = 28, (x, y)z + g(x, y) (14.20) 


where g(x,y) is an arbitrary function of x and y. Hence 3g, =0, if 
divergence as z —> +% is to be avoided. With solutions of the form (14.10) 
and (14.11), the relation (14.20) requires either k=0 or g(x, y)=0. 
Again we avoid ð/ðz =0 and assume the latter, leading to 47,p+.f=0. 
Then (14.18) reduces to „b, = 0, and the end of the argument is near. The 
x- and y-components of (14.13) reduce to 


db, ð-b 
Bo +52, =0, Bos +28, =0. (14.21) 


Note again that 5g; is independent of z because it depends only upon ‚b;. 
Then integration over z forces the conclusion that 5g, =28g, =0 if .b, and 
2b, remain bounded as z— +œ., Then it follows from (14.21) that 
0b,/0z =02b,/dz =0. Altogether, then, we cannot avoid the conclusion 
that 


d,b/az = 0, >g, =0. (14.22) 


Having shown that 5b, is independent of z, it follows that ,g,, which 
depends only upon b; and 5b,, is independent of z. The entire sequence 


TOPOLOGIES LACKING INVARIANCE 367 


of arguments that lead to (14.22) for n = 2 may now be applied to (14.13) 
for n= 3, with the same result, etc. It follows, then, that 


a,b/az=0, „g, =0 (14.23) 


for all n. Since 0,,b,/dx, = 0, it follows that „b, and „b, can be expressed in 
terms of a vector potential as +0,,a/dy and —d,,a/dx, respectively. 

It follows to all orders in n that the only equilibrium fields in the 
neighbourhood of a uniform field are invariant along the uniform field. 
The winding pattern of „b; about the uniform field must not vary along 
Bo. 

To explore the equilibrium solutions a little further note that if k =0 
and ð b;/ðz =0, then c(x, y) and g(x, y) in (14.18) and (14.20) need not 
vanish. Nor need we assume that „g, =,g, =0. It was only in an attempt 
to avoid k =0 that they were put equal to zero. Equation (14.21) is not 
applicable because it was based on the unnecessary assumption that 
c(x, y}=0. We must go back to (14.13) and begin anew. For n=2, 
(14.13) reduces to 


ð ð ð 
gg map + Boab. + 1b) 5/2) = (ib + ib =) ba 
ð ð ð 
jy ITP t Bozb: + 1b; 1/2) = Peat Psa iby, 


ð ð 
0 = 4g, = (mob) sb. 


Consider the last of these equations. In view of (14.17) the characteristics 
are a(x, y)= constant. Hence 


1b, =b, (a). (14.24) 
The curl of the first two components yields 
ð ð 
(12+ 1b Wa = 0, 
which has as its solution 
Vi,(a) = —h'(a) (14.25) 


where h(a) is an arbitrary function of a and h’(a) denotes the derivative 
with respect to the argument. The first two components can now be 
rewritten as 


ð 
ax {47 op + Bo 2b, +5,b2(a) —h(a)}=0, 


ð 
gy (47 2P + Boob, +35,b2(a) —h(a)}=0, 
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from which it follows that 
h(a) =47.p + Bob, +4 .b2(a)+ constant. (14.26) 


The equivalence of (14.24)-(14.26) to (14.4) and (14.5) is obvious. They 
represent the condition that the stresses introduced by ,b,, ,b,, and 2b, 
can be balanced by the pressures ,p and „p that extend uniformly along 
the lines of force of the next lower order field. 

Now it has been shown that „b;/ð3z =0 to all orders in n. But there are 
several obvious questions that confront us. First of all we wonder whether 
equilibrium requires that b, be invariant in the z-direction or in the 
direction of the local lines of force of the equilibrium field B,. The 
calculation for B; in the z-direction does not distinguish the two pos- 
sibilities. The question is non-trivial, as may be seen by considering a 
rope made in the conventional manner with three twisted strands of hemp 
wrapped around each other. Such a rope of magnetic field may be 
constructed by starting with an equilibrium field B; in the form of a single 
straight twisted flux tube. Then introduce the small perturbation eb; so 
that the original tube, imagined to be composed of three spiral sectors 
extending along the lines of force, has each sector twisted slightly to form 
a twisted strand. The final rope has a topological pattern that is invariant 
along the spiral lines of B,, but the field is clearly not invariant in the 
z-direction. The question whether equilibrium exists is not answered by 
the calculations thus far. 

We may go on to ask what is the necessary invariance for equilibrium 
with axial symmetry (0/#@=0Q) etc. instead of translational symmetry 
(d/az =O). With axial symmetry the problem is essentially one of equilib- 
rium confinement of plasma in a toroidal magnetic configuration in the 
laboratory. It has been studied at length and it can be shown that there is 
no equilibrium unless the lines of force are confined to closed toroidal 
surfaces (see, for instance, Artsimovich 1964; Yu 1973). 

In an entirely different direction it must be noted that we are searching 
for general equilibrium. Hence we can expect to find only those more 
general equilibria that are analytic functions of e. The expansion cannot 
discover equilibria which do not converge uniformly to the zero order 
equilibrium. Thus there may be special cases, or even whole classes, of 
solutions that slip through our mathematical net. It would be interesting if 
examples could be found. To explore the more general questions, the 
sections that follow are directed toward exploration of equilibrium re- 
quirements in the neighbourhood of non-uniform equilibrium fields of the 
general form (14.4) and (14.5). 


14.3. Equilibrium in the neighbourhood of B, (x, y) 


Having determined ðb;/ðz =0 to be a necessary condition for equilib- 
rium of a field in the neighbourhood of a uniform field, as described in 
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$14.1, let us go on to consider fields in the near neighbourhood of 
B, = B, =0, B, = B,(x, y). The fluid pressure is given by the zero order 
equilibrium 


P(x, y)+ B2(x, y)/8m = constant. (14.27) 


We suppose for convenience that, although B,(x, y) may vary widely, it 
does not vanish and change sign. Write the field as (eb,, eb,, B, + €b,) with 
b; = b,(x, y, z) and the total pressure as P+ ep(x, y, z). Then to first order 
in €, the equilibrium equations are 


ab, 


ð 
— (47p + B,b,) = B, (14.28) 
Ox OZ 
å 
© (4p + Bb.) = B, 2> (14.29) 
oy Oz 
ð g ð 
L Anp = (5,2 +5 =p. 14.30 
az P ax “ay l ) 
ab,lax, =0. (14.31) 


These four equations have only the elliptic characteristics y2+y,=0. It 
follows from (14.30) and (14.31) that 


ð 
a> (4p + B.b,)=-V (14.32) 
where 
v= B2(* w) (14.33) 
ox B, oy B, 


Then differentiate (14.28) and (14.29) with respect to z and use (14.32) 
to eliminate 47p+ B,b,. The result is 


lov * b, lov & b, 


— — + 
B2 ax əz?’ B, ” £Bzdy dz°B 

Differentiate the first of these with respect to x and the second with 
respect to y and add. The result can be written 

ð 10V ð 1əF¥ 010 

naL an Ra an pa TO 

ðx BZ ðx ody BZ oy dz Bz ðz 
This form is totally elliptic. In an infinite space its only bounded solutions 


are constants, 
W=C 
Hence from (14.33) it follows that 
ð b, 0 b, C 
öx B, dy B, B? 
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This relation states that the divergence of the vector b,/B., b,/B, has the 
same sign for all x and y. But b,/B, and b,/B, must be bounded in the x- 
and y-directions, requiring that C= 0. Hence b, and b, are expressible in 
terms of a stream function, or vector potential, a, 


b, = +B, ðalðy, b, =—B, da/ax. 
Now differentiate (14.28) with respect to y and (14.29) with respect to x 
and subtract, so as to eliminate 4a7p + B,b,. The result is 
g ð 
ik(* Bb -ŽB b )=0 
dy Ox 


which becomes 


If ik (in (14.10) and (14.11)) does not vanish, then the only bounded 
solution is a = constant, yielding b; =0. It is evident then that the only 
non-trivial solutions are of the form 


ðb;/ðz = 0, ie. k=O. 
It follows from (14.28) and (14.29) that 
Amp(x, y)+ B,(x, y)b, (x, y) = constant. 
It follows from (14.31) that b, and b, can be written 
b, = +d6/dy, b, = —d6/0x. 
Then (14.30) becomes 


so that 
0 =60(B.} or B,=B,(8), 


etc. 


14.4. Coordinates and equations for the general field 
invariant to translation 


Consider the equilibrium of magnetic fields in the neighbourhood of 
the general equilibrium field described by (14.4) and (14.5) representing 
the most general equilibrium with the translational invariance 0/dz =Q. 
To set up the problem in unambiguous form, restrict attention to regions 
within the equilibrium field where there are no special directions besides 
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the z-direction. Thus, for instance, there is no net flux extending in the x- 
or y-direction across the region. For if there were, the flux would define 
One or more directions besides the z-direction and the problem becomes 
much more complex. Thus, within the region essentially all of the lines of 
force of B, =+0A/dy, B, =—dA/dx form closed curves, A = constant. No 
more than an occasional singular line, representing no net magnetic flux, 
penetrates across the region. The net flux in the x- (or y-) direction must 
average to zero over dimensions of the order of the finite scale of 
variation | of B,. The closed curves themselves have dimensions of the 
order of l. Figure 14.2 is a sketch of the topology of the lines of force of 
B, projected onto the xy-plane. The lines of force A(x, y) = constant may 
be thought of as level contours drawn on terrain with elevation A(x, y). 
All contours, except for an occasional special singular path, form closed 
curves and do not lead across the ‘hills’. 

The equations for the first-order deviation b; from B; are (14.8) and 
(14.9) whose solutions are of the form (14.10) and (14.11). Note from 
(14.3) that the lines of force, given by A(x, y) = constant, in the xy-plane 
are characteristics of (14.8) and (14.9). Indeed they are degenerate 
characteristics. This suggests that A(x, y) would be a useful coordinate. 
Introduce the orthogonal coordinate S(x, y), so that VS. VA =0 and 


Ox dy ay Ox 


Fic. 14.2. A sketch of the projection of the lines of force of B, onto the xy-plane. The solid 
curves represent the contours A = constant, while the dashed curves represent the or- 
thogonal coordinate lines S = constant. 
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where f is a function of x and y. It is always possible to find an f(x, y) 
such that the orthogonal coordinate S(x, y) can be constructed. The 
mathematical problem is equivalent to finding the integrating factor for 
the ordinary differential expression of the form Pdx+Qdy=0. 
Differentiating dS/dx with respect to y and dS/dy with respect to x, it 
follows from (14.34) that 


a{in(f)} aA , a{ln(f)} aA 


= F(A) 
Ox Ox dy oy 


upon using (14.5) to replace V2,A. The solution of this equation for f can 
always be written in terms of the integral of the inhomogeneous term 
along the characteristics S = constant. The curves S = constant represent 
the paths that run straight up and down the hills A(x, y), as indicated by 
the dashed curves in Fig. 14.2. For use in later manipulations note that 
point. 

dy 


> 0 
—, 14. 
Ty f IVA 45 (14.35) 


Now the pressure P is constant along the magnetic lines of force of the 
field B, 


B; oP/dx, = 0. 


The pressure P+ ep is uniform along the lines of force of the neighbour- 
ing configuration B,+ eb, so that to first order 


B; dp/dx, + b; 8P/ax,; = 0. (14.36) 


This same expression can be deduced directly from (14.8) by forming the 
scalar product with B;. 


14.5. Equilibrium in the neighbourhood of a force-free field 


As a preliminary exercise to the assault on the general case, consider 
the circumstance that B; is a force-free field, so that dP/ax,=0. The 
perturbation eb; is not restricted to the force-free form, of course, so the 
determinant for the characteristics of (14.8) and (14.9) is again (14.2), 
giving both elliptic and hyperbolic characteristics. As we shall soon see, 
the hyperbolic characteristics (the lines of force A = constant) play the 
deciding role in determining equilibrium. | 

Given that dP/dx, =0, (14.36) reduces to 


B,dp/dx, = 0 (14.37) 
Using (14.11) and (14.35) this can be written as 
f |\VAP dp/aS + ikB,(A)p = 0. (14.38) 
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Integrating over S along the contour of constant A, starting at some 
suitable position S = So, leads to 


p(A, S)= pA, S,)exp| —ikB, wf dS/f vap} (14.39) 


But, as noted above, the contours A = constant are all closed, so that the 
integration proceeds all the way around and back to the starting place at 
S = Sọ. The pressure p is a physical quantity, finite, continuous, and single 
valued. Hence the only acceptable solutions (14.39) are those which are 
periodic around the contour, returning p(A, S) to its initial value p(A, So) 
upon arriving back at the starting point. This requires 


kB,(A) $ dS/f \VA|? = +2nr (14.40) 


where n =0, 1, 2,... To illustrate the consequences of (14.40) note that 
the integral can be transformed into a conventional line integral by 
writing 
as as 
dS =—dx+—dy 
Ox oy 
=VS.ds 
= |VS| ds 
= f |VA| ds 


where ds is the element of arc length {(dx)*+(dy)*}" along the contour, 
and the vector arc length ds is in the direction of VS. Then (14.40) 
becomes 


kB,(A) $ ds/|VA\ = +2nr. (14.41) 


The integrand is positive and the integral non-zero. The combination 
B, (A) $ds/|VA| is not an integral of (14.4) and (14.5); it is a continuous 
function of A and varies continuously from one contour to the next. 
Therefore, if (14.40) or (14.41) is satisfied on some special contour 
A = Ap, it is generally not satisfied on any neighbouring contour A = 
Aot Ap. The only way that (14.41) can be satisfied on all contours is to 
put k=O. Then n=0 and p(A, S) is a function only of A. We arrive at 
the conclusion that the only physically acceptable (single-valued) solu- 
tions of the equilibrium equations (14.4) and (14.5) are those for which 
k=0, Le. 

dbfdz = 0 (14.42) 
The equilibrium field is invariant with respect to the principal direction of 


the field. In that case the total field B;+ eb; is just another case of (14.4) 
and (14.5). 
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14.6. Equilibrium in the neighbourhood of the 
general invariant field 


Now we are ready to turn to the general problem posed in $14.2. 
Consider a magnetic field B;(x, y)+ eb,(x, y, z) in the neighbourhood of 
the general equilibrium field B;(x, y) satisfying (14.4), (14.5), and (14.36). 
Then in place of (14.37) and (14.38), (14.36) leads to 


dA 
Ox 


upon noting (14.35) and (14.4). This equation, like (14.38), can be 
integrated to give p(A, S) in terms of an integral along A = constant. 
Note that 


2P _. oA — 
f IVA] oP + ikB.(A)p +(b, “+b, 5, )P(A)=0 (14.43) 


ðA 
b, “+b, ay [VA] 


where b, is the component of (b,,b,) perpendicular to the contour 
A = constant. Define the function 


H(A, S)= B,(A)/f [VA (14.44) 
which is specified entirely by the choice of B,. Then define the function 
r(A, S)=—b, P'(A)/f |VAI. 


Since r is made up of the magnetic fields b, and b,, it must be single- 
valued on each contour A = constant. That is to say, r(A, S) is a periodic 
function around each closed contour. 

Altogether, then, the differential equation (14.44) can be written 


aplaS + ikH(A, S)p = r(A, S). (14.45) 
In terms of the pressure p(A, Sọ) at one point Sẹ on the contour 
A = constant, the pressure elsewhere on the contour is 


p(A, S)= Ee S,)+ [ dS'r(A, Sexp ik Í ` IS"H(A, st] 


So 


S 
x expl -ik | dS'H(A, s^}, (14.46) 
So 
To be compared with the simpler expression (14.39) arising when B; is a 
force-free field. 

Now, as in §14.5, the only physically acceptable solutions for p(A, S) 
are those that are continuous, single-valued functions of S around each 
contour A = constant, i.e. periodic around each contour. The solutions 
(14.46) of (14.45) generally do not have this property, because the 
inhomogeneous term r(A, S) in (14.45) has just the required periodicity, 
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so the solution of the inhomogeneous equation does not have the re- 
quired periodicity for almost all values of A. It is a special case of 
Floquet’s theorem (see, for instance, Ince 1926). The only way to avoid 
the problem is to put k = 0 so that 

S 

p(A, S)=p(A, Sa) + | dS'r(A, S’). 

So 
Suitable choice of b,, so that $dS’r(A, S’)=0, leads to a single-valued 
solution. The total field B;+eb, is then independent of z and is just 
another example of the family of two-dimensional equilibria, from which 
B; was chosen in the first place. 

It is instructive in the present circumstance to explore the breakdown 
of the solution in some detail, rather than appealing to general mathema- 
tic theorems. The difficulty with the solution for p(A, S) when k# 0 arises 
from the fact that there are two ways in which the pressure p(A, S) at 
kz = 2a can be calculated in terms of the pressure distribution at kz =0. 
One method is to note from (14.10) and (14.11) the general periodicity of 
the pressure perturbation. The other is to note that the pressure is 
uniform along the magnetic lines of force. The two methods must give the 
same result. 

Consider, then, the contour 


A(x, y)= Ao 


in the z = Q0 plane. Given that the pressure is p(Ap, S) around this contour 
at z=0, it follows from (14.11) that the pressure is also p(Ao, S) at 
kz =2. Thus at both z =0 and z = 27/k the total pressure on A = Ag Is 


P(A) + ep(Ag, S). (14.47) 


But we also can calculate the pressure at kz = 27a from the fact (14.36) 
that the pressure P+ep is constant along the magnetic lines of force. 
Consider, then, the magnetic lines of force of B; + eb; that pass through 
A=A, at z=0. To a first approximation, neglecting terms O(e), they are 
the lines of B; that spiral around the cylindrical surface (14.46) as they 
extend in the z-direction (see Fig. 14.3). The line through (Ao, S) at z =0 
rotates around to [Ap),S+AS(Ap, S)] at k, =27. Of course, with the 
inclusion of the field eb, the lines deviate slightly from this, by the amount 


dAx,/dz = eb,/B,(A)+ O(e?), 
integrated along the zero order line of force, 
dx/dz = B,/B,(A), dy/dz = B,/B,(A), 
A(x, y) = Ap. 
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z=2/k 


Fic, 14.3. A sketch of the cylinder A(x, y}= A, between the planes z = 0, 27/k. The spiral 
lines represent the magnetic lines of force of the basic equilibrium field B.. 


From (14.10) it follows that 
dAx,/dz = {€q; (x, y)/B, (Ag)fexp(ikz). 


The integration of exp(ikz) alone would give Ax, =0 at k, = 277, but x and 
y are functions of z as well, so that in general Ax, does not vanish at 
k, =27. Hence the curve (14.46) at z=0 maps into some slightly 
different contour, 


A(x, y)+ €a(x, y) = Ao (14.48) 


at k, =27. The pressure (14.47) at z=0 maps along the lines of force 
onto the contour (14.48) so that it is 


P(Ag — ea) + ep{Apo, S -+ AS(Ao, S} 
= P(A, )+ep{Ap, S+AS(Ag, S)}—P'(A,)ea (14.49) 


at kz =27, neglecting terms O(e°). 

Now the total magnetic flux through (14.48) at kz =27 is the same as 
through (14.46) at kz =0. Hence for most choices of Ag, the contour 
(14.48) does not lie wholly outside, or wholly inside, (14.46). For if it lay 
outside it would encompass more flux, and if inside, less flux. 

If, for instance, the contour (14.48) lies a small distance eh(Ag, S) 
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outside (14.46), then the extra flux is 
5P=eE $ ds h(Ao. S)B. (Ay) + O(€°) 


7 dS h( Ag, S) 
= €B (A) 9 SeS 


The flux of eb, contributes only to second order in e. So (14.48) must 
either coincide exactly with (14.46), or lie partially inside and parttally 
outside (14.46), crossing (14.46) in at least two places. 

If (14.48) coincides with (14.46), then a(x, y)=0 and (14.49) reduces 
to 


+ O(e?). 


| p(Ao) + ep{Ao, S + AS(Ao, S), (14.50) 


which must be identical with (14.47)'. Remembering that p(Ag, S) is 
periodic around the contour (14.46), it is evident that this expression does 
not agree with (14.46) unless AS represents an integral number of 
revolutions around the cylinder (14.46) as the lines of B; pass from kz = 0 
to kz =2a. Generally AS(Aj), S) is a continuous function of Ao, varying 
continuously within some finite range of values. Thus for a given choice of 
k there may well be one or more values of Ay for which AS represents an 
integral number of rotations. But for most values of the continuum Ao, 
AS does not. It follows, then, that the projection of the pressure along the 
lines of force gives a pressure variation (14.50) at kz =27 that does not 
agree with (14.47) obtained from the basic form (14.10) and (14.11) of 
the solutions of the equilibrium equations (14.8) and (14.9). The only way 
to avoid the contradiction is to move z=27/k out of the region, all the 
way to infinity, by putting k =0. 

On the other hand, suppose that the contour (14.48) does not coincide 
with (14.46). Then the contours must cross in at least two places, call 
them (Ay, S,) and (Ag, S2). Since the two points lie on (14.46), it follows 
that a =0 at the two points. Hence (14.49) reduces to (14.50) at (Ag, $1) 
and (Ao, S,), which must correspond to (14.47) at the same points. But 
this can be if and only if AS(Ag, Sı) and AS(Apo, S2) both represent an 
integral number of rotations around the contour. Again, there may be 
special values of Ay on which AS somewhere assumes integral values, but 
for most Ay, AS(Ag, S,) and AS(Ag, S2) are not integers, and the pressure 
projected along the lines of force does not agree with the pressure (14.47) 
projected along the coordinates. The only resolution of the difficulty is to 
push z =27a/k off to infinity, putting k = 0. Thus, in the general case, we 
are led to the conclusion that the invariance 


db/az =0 (14.51) 


i Note that in the force-free field treated in §14.5, for which P’(A)=0, (14.49) 
reduces to (14.50) regardless of whether a is zero or not. 
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is a necessary condition for equilibrium. Any field in which the winding 
pattern changes along the field, so that (14.51) is excluded by the 
topology, cannot be in equilibrium. 


14.7. Discussion of equilibrium and non-equilibrium 


The development of the invariance requirement for magnetostatic 
equilibrium has proceeded through a sequence of special cases, culminat- 
ing in the statement (14.51) for the general field (14.6). The analysis is 
general, assuming only that the magnetic field is analytic in its deviation e€ 
from the invariant field B,(x, y). 

The next question would be, of course, whether there exist special 
equilibrium solutions of (14.1) that are not analytic functions of e in the 
neighbourhood of the invariant equilibrium field B,(x, y) as assumed in 
(14.6) and (14.7). This would be equivalent to the solution with e = O(1). 
We conjecture that there may be no clear answer because if € is not 
small, the whole question of an invariant direction becomes ambiguous. 
But it would be interesting to see if one or more counter exampies could 
be constructed. 

The calculations show that a magnetic field extending in the z-direction 
across a broad volume of space can be in equilibrium only if the pattern 
of winding of the lines of force about each other does not vary in the 
z-direction along the field. This invariance is a very special requirement 
and, in view of the discussion in Chapter 11, it would appear that there 
are no circumstances in nature where one could expect magnetic fields 
with the necessary invariant topology. Chapter 11 presented illustrations 
of the universal destruction of invariance by the common inhomogeneous 
velocity field and diffusion coefficient. The conclusion is thrust upon us 
that in most astrophysical circumstances the magnetic forces cannot be 
put into balance with the gas pressure: Without an invariant topology, 
(V xB) xB cannot be expressed as the gradient of a scalar. The fluid is 
accelerated. 

Now in a highly conducting ideal fluid the general topology over large 
dimensions is frozen into the fluid. Fluid motions do not alter the 
topology. So the non-equilibrium condition continues, and the fluid 
acceleration continues, without eliminating the topological basis for the 
non-equilibrium. 

It appears that the topological non-equilibrium is the basis for the con- 
tinued activity and dissipation of the variable magnetic fields in the 
universe. It is essential, therefore, to understand the nature of the 
non-equilibrium if we are to understand the universal activity of the 
ubiquitous magnetic field. First of all, as is clear from the formal argu- 
ments presented in §14.5, the non-equilibrium arises because the fluid 
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pressure is invariant along the lines of force of the magnetic field. The 
lines of force generally rotate, or spiral, about each other as they progress 
across the region, with the result that the pressure pattern spirals too. It 
is, then, incompatible for the rotation pattern to change along the field. 
For if there are two or more patterns, then the pressure configuration of 
one is projected along the lines into the other, with which it is generally 
not compatible. Figure 11.4 (p. 296) is an example of the wandering of a 
magnetic line as a result of a simple repetitive change of winding pattern. 
It is readily seen that pressure pattern is soon scrambled as it is projected 
along the lines of force. 

There is another way to demonstrate the impossibility of equilibrium in 
changing winding patterns, based on a theorem worked out by Yu (1973). 
We begin by remarking that in any winding pattern the separation of 
neighbouring lines on any given cylindrical surface (14.46) undergoes no 
progressive increase along the field. After each revolution their separa- 
tion returns to the same value. But in progressing from one winding 
pattern to another, two neighbouring lines travelling together with fixed 
separation in one pattern generally are not so fortunate as to remain close 
travelling companions in the other pattern. In most cases their separation 
increases without bound so long as the second pattern continues. 

To show the difficulty that arises from this, consider the neighbouring 
isobaric surfaces p and p+ êp, separated by an infinitesimal distance 6h. 
Consider the magnetic flux tube (confined between the two isobaric 
surfaces) whose cross-section is a parallelogram, with infinitesimal al- 
titude 5h and width dw, as sketched in Fig. 14.4. The vertices of the 
parallelogram are defined by two lines of force separated by ôw in each 
isobaric surface. The width and altitude are presumed to vary along the 
tube. The cross-sectional area is 6h ôw, and conservation of magnetic flux 
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Fic. 14.4. A sketch of the lines of force in the two isobaric surfaces p and p + dp. 
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leads to the relation 

B 6h bw = 6D, 
with the field density B, where 5, is a constant. The pressure gradient 
Sp/Sh varies inversely with Sh. For hydrostatic equilibrium the pressure 
gradient is balanced by the Lorentz force {xB/c. If we denote by j, the 
component of the current density perpendicular to B, then equating the 
pressure gradient and the Lorentz force yields 


dp/sh = j, Bic 


= j, 5@,/c 8h ôw. 
Hence 
ja =C Op 5w/S Do. 


Since êp is constant along the tube, it follows that j, is proportional to the 
separation Sw of the two lines of force in each isobaric surface that bound 
the tube. 

Now we expect that the current density j, is bounded. Indeed, from the 
fact that 4a7j=cV xB it follows that j, is bounded by something of the 
order of c |B| /4ml where l is the scale of variation of B. But if j, = 
O(cB/!) in the pattern where the separation is dw, then in the other 
pattern where the separation increases without bound, hydrostatic 
equilibrium leads to the conclusion that j, increases without bound. The 
unbounded j, arises from the unbounded increase of êp/ôh as dw in- 
creases. The isobaric surface p+ 6p approaches the surface p. 

This, then, is another way to illustrate the catastrophe that occurs when 
the topological pattern of the field varies along the lines of force. ‘The 
unbounded increase in j, implies an unbounded increase in field 
gradients—more precisely, an unbounded increase in the curl of the field. 

To show a specific example of the non-equilibrium in its simplest form, 
consider a long straight flux tube of radius w = a and uniform longitudi- 
nal field B, extending along the z-azis. The magnetic field is embedded in 
a fluid in which the pressure P is adjusted (across the distant ends of the 
tube) to be uniform with value Po. The electrical conductivity is so high 
that the resistive decay across the diameter of the tube—with a charac- 
teristic time a7*a/c*—is too slow to have sensible effects. Now suppose 
that the tube is twisted slightly and uniformly so that the line of force 
through the point (wy, o) at z=0 has coordinates (wo, @—kz) 
elsewhere along the tube. Then imagine that the infinitely conducting 
spiral partition œ = kz is inserted between the lines of force along the 
tube, dividing the tube into two equal spiral halves. The field is continu- 
ous across the partition, of course. The tube and the spiral partition are 
sketched in Fig. 14.5. We suppose that the spiral is gentle (ka<« 1), 
making only the small angle ka with the z-direction. Finally, then, 
suppose that the field in each side of the spiral partition is twisted 
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Fic. 14.5. A sketch of the flux tube confined within the cylinder w <a and divided by the 
spiral partition @ = kz. 


separately but equally. Then neither side has the twist @ = kz anymore, 
with the result that the field jumps discontinuously across the partition 
& = kz. It follows that the field pattern is no longer invariant with respect 
to the coordinate z: If nothing else, the field jumps discontinuously along 
any line w = Wo, ¢@ = where the line intersects the partition at kz = 
þpotnr where n=O, 1, 2, 3,.... 

The local equilibrium of the strongly twisted field on either side of the 
partition is affected but little by the gentle spiral of the partition (ka « 1), 
so that the equilibrium is described locally by (14.4) and (14.5), neglect- 
ing terms O(ka). For the special choice 


F(A) =1K?A2+4aP,+4B? (14.52) 
it follows that 
A =*B,J,(Ko@)sin(¢ — kz) (14.53) 
B, == By LEP coslo- kz) (14.54) 
Kw 
B, = +B, J{(Ka)sin(¢ — kz) (14.55) 


B, = Bo, P = P+ KA? 8r. 


The upper sign is to be used on one side of the partition and the lower on 
the other, depending upon which way the two bundles of field are twisted. 
The wave number K is chosen so that Ka is the first zero of J, to satisfy 
the boundary condition B, =0 on w =a. The projection of the lines of 
force onto the (w, -— kz)-plane is shown in Fig. 14.6. There are two 
important points to note. Both are a consequence of the general topology 
of the field and depend in no way upon the special form (14.52) employed 
in the present illustration. The first is that B, reverses sign discontinu- 
ously across the partition @ = kz. The second is that there is a line of 
force (A =0) extending around the boundary w=a, @=kz of each 
bundle of field. It follows that the fluid pressure P(A) is uniform around 
the boundary. 
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Fic. 14.6. A map of the lines of force, A(x, y) = constant, of the twisted fields on either side 
of the spiral partition. 


Now remember that the two twisted bundles of flux on either side of 
the partition spiral around each other. It is clear that the tension 
(O(B2/87r) assuming that B,<«B,) in each bundle presses the two to- 
gether as they spiral about each other. The tension also pulls each bundle 
away from the outer wall w = a slightly. Hence, as a result of the general 
spiral ka, the pressure of the field exerted on @=kz is slightly higher 
than the pressure on the outer surface w =a. There is, then, a minor 
readjustment of the equilibrium, compressing and increasing B,, slightly 
at the partition and reducing B, slightly at the outer boundary. 

Now remove the partition so that no material boundary interferes with 
the equilibrium of the fields. The field Bọ changes sign discontinuously 
across @=kz. But, of course, for any finite electrical conductivity, no 
matter how large, B,, goes rapidly but continuously through zero across 
& = kz. No matter how small the resistivity n, after some very long time t 
the field falls to zero across a thin layer of thickness (n/t)? at @ = kz. With 
the decay of the field across this thin transition layer, the full force of the 
field pressure on either side is exerted on the fluid there. This is, then, 
similar to the non-equilibrium at the ends of the cylinder discussed in 
§12.2. The fluid on œ = kz is squeezed harder, by an amount of the order 
of kaB2/87, and on w =a the fluid is squeezed less. But the lines of force 
extend around œ = kz and © = a, so if the fluid is squeezed harder in the 
thin spiral ribbon œ = kz than at the outer wall of the cylinder, the fluid 
flows out of the thin layer between the two fields, along the lines of force 
into the region of reduced pressure at the outer wall. This readjustment 
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of fluid in no way relieves the situation, of course. The tension continues 
to press the two bundles together, so that the fluid continues to squeeze 
out from between the two opposite B, on either side of ọọ = kz. The 
gradient (1/m)dB,/dd becomes steeper without limit. Eventually, then, 
no matter how high the electrical conductivity, the gradient becomes so 
steep that dissipation proceeds at a pace limited only by the rate at which 
the fluid squeezes out from between the two opposite B,,. The dissipation 
continues so long as the opposing radial components B,, face each other 
across @ = kz, i.e. so long as the two bundles have relative torsion. The 
dissipation is at the expense of B,, (and the associated B,), and ceases 
only when the torsion in the two bundles is reduced to the same value 
@=kz as the winding of the bundles about each other. In that case 
ðB;/ðz =0 and equilibrium is achieved; the dissipation, depending upon 
the enormous gradient 0B,/d¢d at @=kz between the two opposite B, 
on either side, ceases. 

One finds from the study of specific cases that the non-equilibrium 
caused by changes in the winding pattern along the general direction of 
the field is generally of the form illustrated by this simple example. 
Because of the change in topology of the field, there are some elemental 
flux tubes within the field extending between regions requiring different 
total pressures for equilibrium. The pressure extends uniformly along the 
tubes and somewhere the pressure is not adequate to keep two opposite 
field components from approaching each other. Then, no matter how 
large the electrical conductivity, the fluid is squeezed out from between, 
the field gradient increases without limit, and dissipation and line cutting 
proceed as rapidly as the expulsion of fluid. 


14.8. Dynamical non-equilibrium in field topologies 
without invariance 


Consider the general conditions on the fluid pressure necessary for 
equilibrium of the magnetic field. Pick any point Q within a magnetic 
field B,(x,). Introduce a local cartesian coordinate system (é, n, ¢) with its 
origin at Q, and rotate the axes so that the ¢-axis lies along the field at Q, 
as illustrated in Fig. 14.7. Denote the magnitude of the field at Q by B. 
Then the €- and »-components of the field vanish at Q, while B; = B. If 
the scale of variation of B, is l, then within some suitably small neigh- 
bourhood of O(€’, n”, ¿< I?) the field can be adequately represented by 
the expansions 

B; = Bet + Ban + Bult... 


B, = Bnet + Bann H Biot. o 
B, = B+ Byé+BntBylt... 


where B; denotes dB,/dx, evaluated at Q. 
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Fic. 14.7. The local Cartesian coordinate system (é, n, £) with the £-axis tangent to the field 
B,(x,) at the location of the origin. 


To keep the problem as simple as possible, drop the non-essential 
features such as the transverse variation of B,(B, = B,, =9) and the 
longitudinal variation of B;(B;, = 0). These reductions greatly simplify the 
discussion of the open or closed local topology of the lines of force, 
without omitting any essential physics. Then 


Beg + Ban = 0 
so that B, and B, can be expressed as 
B; = +0A/dn, B,, = —dA/dé (14.56) 
in terms of the vector potential 
A =H{(Bez — By, En + Benn” — Bnet). (14.57) 


The projection of the lines of force on the plane ¢=0 (perpendicular to 
the main field direction) is A(é, n) = constant. 

Now rotate the coordinate system about the {-axis by an angle 6, so 
that the new transverse coordinates x and y are related to € and n by 


E= x cos 0 + y sin 0, n =—x sin 0 + y cos 8. 
Choosing 0 such that 
tan(20) = (Be — Bam )/(Bne + Ben), 
the vector potential reduces to 
A =1x?(Bz, — Bae — C) + 3y (Ben ~ Bng + C) (14.58) 
where C is the positive square root 
C = H(Be — Bm Y + (Ben + Bae) Y. (14.59) 


The coefficients of x? and y? have the same sign in (14.58), and the lines 
of force are a family of ellipses, if 


C? < (Ben u B,¢)°. 
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(a) 


(b) 
Fro, 14.8. A sketch of the magnetic lines of force (a) when B,, >0, B, <0 and (b) when 
B,, > B > 0. 


It can be shown that this condition is equivalent to 


r 


The field configuration is illustrated in Fig. 14.8a. The important point is 
that, if the lines of force are ellipses, then they are closed in the 
neighbourhood of the ¢-axis. The fluid is locally confined and, together 
with the longitudinal field B, may be compressed to any pressure neces- 
sary for equilibrium. Thus, with 0/a¢g = 0, (14.60) is a sufficient condition 
for local equilibrium. The inequality (14.60) is satisfied only if B„ and 
B,, are of opposite sign and of sufficiently large magnitude, implying that 
there is torsion in the field as it extends along the €-axis. 

To show the limitation more directly note that the torsion (V xB), is 


Suppose that (V xB), is positive as a consequence of B,, being positive 
and B,,, being negative. Then (14.60) provides the lower limit 


(V xB), > Be + B2/ Bye. (14.61) 


The right-hand side of this equality has a minimum value 2|B,.| for 
Bae =—B;, =|Bz|. Thus the minimum torsion (V x B); to close the field is 
2 |B|. It occurs when B,, and B,,, are equal in magnitude. If B, and Ban 
are not equal in magnitude, then more torsion is required to close the 
field lines into ellipses? about the ¿-axis. 


“Note that the lines form circles only in the special case when Bem =—B,,¢ and 
Bee = Bam =0. 
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Now consider the situation when the torsion is below the limit (14.61). 
Then the coefficients of x? and y” in (14.58) have opposite sign and the 
lines of force form a family of hyperbolas, as illustrated in Fig. 14.8b. The 
lines are not closed. They extend out of the region and so may be subject 
to fluid pressures determined by conditions elsewhere in the field. If the 
pressures, determined elsewhere, do not satisfy the local requirements for 
equilibrium, then non-equilibrium appears and the fields evolve. In 
particular, if the fluid pressure is too low to keep apart the opposite fields 
B, facing each other across the x-axis, and/or the opposite B, across the 
y-axis, then the fluid squeezes out from between and the field gradients 
steepen. The steepening goes on without limit, leading to dissipation and 
line cutting, no matter how large the electrical conductivity a, etc. 

The essential feature of the non-equilibrium is the absence of sufficient 
torsion to overcome B,, and close the local topology. In the simplest case, 
then, put the non-essential B,, equal to zero, so that (14.58) reduces to 


A(x, y)=3B,,y? —3B,.x°. (14.62) 


In this case the coordinate rotation @ is zero so that =x, ņ = y. Then, 
with the present condition 0/0 = 0 the equilibrium conditions (14.4) and 
(14.5) are appropriate. They reduce to’, 


F'(A)=-V A 
= B, _ By, 
so that the total pressure is 


F(A)/4a = Po +(B,, — B,, )Al4a (14.63) 


where P, is a constant, of no particular physical interest. Equation (14.63) 
gives the pressure for equilibrium. Thus, if the pressure (piped into the 
region along the lines of force from elsewhere) has the form (14.63), the 
local field is in equilibrium. If the pressure is different, the field is not in 
equilibrium. In particular, if B,, and B,, have the same sign and the 
pressure is below that required for equilibrium, then no equilibrium is 
available. The field gradients increase without bound. 

To illustrate the dynamical growth of field gradients, suppose that the 
pressure P does not satisfy (14.63), but is instead the fraction x of the 
equilibrium value (14.63). Then the local field configuration begins to 
evolve according to the familiar dynamical equations 


ðv, ðt ð B°\ B, ðB, 
pe —+0,—)= -— lp). 
ðt OX; OX; Sa/ 4r Ox; 


Consider a uniform incompressible, inviscid, infinitely conducting fluid. 


3 It will be remembered that we are assuming that B; = B,, = 0. 
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To avoid the non-linear terms v; dv,/dx,;, suppose that there is a frictional 
drag —pvjt which enforces low velocities upon the system, so that 
v; dv/dx; is small compared to p ðv;/ðt and/or pv,/t. Suppose that the 
externally imposed pressure (extending into the region along the lines of 
force) is applied to the region at the ellipse 


x*/a*+y7/b? =1. (14.64) 


Then consider the fluid motions and field evolution only inside this 
ellipse. Write the local pressure as 


P= kQA/4a + P,(t)(x7/a?+ y*/b?— 1). (14.65) 


Thus on the ellipse (14.64) the pressure is just the number x times the 
externally applied pressure (14.63), with Po =0 and © equal to the initial 
value of B,.—B,,. The second term represents local pressure variations 
within the boundary ellipse, with P; a function of time. The equations of 
motion become, then 


(= 2) ðP B, (> 2) 
p[——+— r | |, 
ot rT ax 4r \ðx oy 


(> >) ðP B, (=> 22.) 
242] H — =], 
ð T Oy 4r \ðx ðy 


Since the fluid is incompressible, write 


v, = +ôy/ðy, v, = —dui/dx, (14.66) 
and let 
p= ~—D(t)xy, (14.67) 
where D is a function of time. The equations of motion now reduce to 
d 1 SaPi(t 
4no(<+~)D =—B,,{«Q+ B,, -Bt + mt (14.68) 
d 1 SiaP,(t 
4np(<+~)D = -B {KQ + Bx — B, }— mal ) . (14.69) 


Subtracting the first from the second yields 


8aP,(1/a*+1/b*) =(B,, — Bay (xO+ B,, — B,,) (14.70) 


relating P,(t) to the time-varying spatial derivatives B,, and B,,. 
Eliminating P, from (14.68) yields 
d 1 a*B,,.+b°B, 
4no(<++)D =— i R (B, — B,, —KQ)). (14.71) 
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The field varies according to the hydromagnetic equation 
dA/dt+v, 0A/ðx + v, AA/dy =O 


in a highly conducting fluid. With A given by (14.62) and v, and v, by 
(14.66) and (14.67) it follows that 
dB,,/dt =—2DB,,, dB,,/dt =+2DB,,. (14.72) 


Eqns (14.72) determine the time evolution of the field. 

Consider the simple case that the external pressure is applied on the 
circle of radius a, so that b =a. If the frictional drag is large, the fluid 
motion is small and always near its terminal velocity so that d/dt<« 1/r. 
Then (14.71) yields 


D =(c/47p)(B,,. + By, (By. — Bry KO). 
Let 
U=B,,+B,, V=By.-By (14.73) 


and introduce the time coordinate u = tt/4rp. Then the initial value of V 
is just Q, which we presume, for convenience, to be positive. Then 


D = (7/4ap)U(V— KO). 
Adding and subtracting the two eqns (14.72) yields 
dU/du = ~UV(KQ- V), dVidu =—-U*(kQ-—V). (14.74) 
Hence 
dU/dV = VIU, 
so that 
U?=V*°+G (14.75) 


where G is a constant. The second of the two equations in (14.74) 
becomes, then, 


dVidu =(V—«O)(V2+G). (14.76) 


Integration of this equation depends upon the sign and magnitude of G. 
We have already pointed out, on physical grounds, that the field gradients 
run away, steepening without limit with the passage of time p, in the case 
that the fluid pressure applied to the lines of force between two opposite 
fields (B,,, B,, with the same sign in (14.62)) is below the equilibrium 
value (14.63), ie. K<1. The other circumstances (x >1, or B,,, By, of 
opposite sign) is stable. 

Suppose first that B,. and B,, have opposite sign, so that the lines of 
force, given by A in (14.62), are ellipses. The field configuration 1s 
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Sketched in Fig. 14.8a. For convenience make B,, positive while B,, is 
negative. Then V>U so let G = ~R? with 0< R <Q, so that U is real. 
Equation (14.76) is 


dV/dp =(V— «O)(V?— R’) 
and its integral can be written 
V-KD EATE 


OW -«) V-R Q+R 


For «x > 1, it is evident that initially, when V =Q, we have R < V < KQ, so 
that dV/du <0. Hence V decreases, asymptotically approaching R in the 
limit of long time, u — +. For K <1, it follows that V—«Q>0 so that 
dV/dp is positive. Then V decreases asymptotically to KQ, in the limit 
p -> +0, The system evolves into a final equilibrium, as expected. 

Now suppose that B,, and B,, in (14.62) have the same sign (say both 
are positive). Then the lines of force are hyperbolas, and the field is 
separated into distinct regions, as sketched in Fig. 14.8b. Since U> V, 
write G=+S*. The differential equation (14.76) becomes 


d V/du =(V—«O)(V74+ S°) 
and its integral can be written 
(«707 + S?)u = —(KO/SHarce tan(V/S)— arc tan(Q/S} 


1] Han (ss) 
™™\ 0? +827) POA- 


KO-R 
) = exp{2R(«K?0? — R*)p}. 


If «x >1, then initially dV/du <0. The quantity V decreases asymptoti- 
cally to zero in the limit of large u. As we expect, an excess fluid pressure 
in the region merely inflates the field until equilibrium is achieved. 

On the other hand, when «<1, it follows that dV/du>0O and V 
decreases without bound. In the limit of large V, the time approaches 
the finite limiting value p4, given by 

(KO? + SPU = —(KO/S\ a/2 — arc tan(Q/S)} 
+5 In(QO? + $7) —InfO. — kr), 
with 
V~ {2(t4 -7 u). 
The quantity S is determined by the initial values of U and V, with 
S? = U? — V° = 4B,„,B 


xy*"yx. 


so that 0< S7< 07, with S? near zero if B,,/B,, is either large or small 
compared to one, and near Q? if B., and B,, are nearly equal. If 
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B,, = B,,, then the field is a potential field and its equilibrium does not 
depend upon fluid pressure. In that case S° = Q7 — 0 and 
we, = [Inf{22/(1 — «)}— /4]/O7(K* + 1). 


—> 00 


The growth rate goes to zero and the field is in a stable equilibrium as we 


would expect. 
On the other hand, if, say, By, > Bẹ, > 0, then S—0 and the field 
configuration becomes 


B,=0, B, = By. 


consisting of two opposite fields facing each other across the y-axis. The 
characteristic time to catastrophe 1s 


piln- «)}— YP OF. 


If the applied pressure is only a little less than the equilibrium value 
k= 1, say k=1-~e where e <1, then 


Hi =0Q7 In(1/e). 


The runaway slows to zero as e —> 0. On the other hand, if the applied 
pressure is only a small fraction of that needed for equilibrium (x < 1), 
then 


we, = 1/207. 


In order of magnitude Q, as the initial value of V, is comparable to the 
characteristic field gradient B/I between the two opposite fields. Hence 
with u = tt/4np, it follows that the characteristic time for runaway field 
gradients is 


tı =47pp,/T 
= 1°4ap/B°r 
=[?/VAT 
where V, is the characteristic Alfven speed Bi(4apy. Then I/V, is the 
characteristic Alfven transit time tą across the region and 


t, = t%/T. 


Thus, were it not for the heavy drag 1/7 introduced to linearize the 
equations, the time to catastrophe would be of the general order of 
magnitude of the Alfven transit time. 

The catastrophe occurs whenever the fluid pressure extending into the 
region along the lines of force is insufficient to keep the opposite fields 
separated. The opposite fields approach each other, steepening the field 
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gradient and increasing the electric current density j= (c/477)V xB without 
limit. Some time before u, is reached and į becomes infinite, dissipation 
steps into the picture and field annihilation and line cutting occurs. The 
catastrophe occurs in every magnetic field that does not have the high 
degree of invariance necessary for magnetohydrostatic equilibrium. In the 
next chapter the dynamical non-equilibrium is explored further, together 
with the rapid dissipation to which it leads. 

Coming back, then, to the point made at the beginning of the chapter, a 
magnetic field caught in the continual mixing and overturning of the gases 
in the sun, or in other stars, or in the galaxy, is subjected to an eternity of 
active reconnection. The general inhomogeneity of the gas, and the 
motion of the gas, continually complicates the topology of the lines of 
force, causing them to be increasingly stochastic and driving the topology 
into the varying forms subject to rapid reconnection. 
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RAPID RECONNECTION OF MAGNETIC 
LINES OF FORCE 


15.1. The general nature of rapid reconnection 


WHEN the fluid pressure p between two oppositely directed fields +B 
(Fig. 14.8b) is insufficient to keep the fields apart, the fluid squeezes from 
between and the two fields approach each other. The field gradient 
steepens and eventually the electric current density (c/477)V xB becomes 
so large that there is strong resistive dissipation no matter how large the 
electrical conductivity o. Local hydromagnetic instabilities may arise in 
the steep field gradient, breaking up and mixing the opposite fields, and 
further increasing the dissipation. Indeed, if the current sheet becomes as 
thin as the characteristic thermal ion cyclotron radius, the conduction 
electrons excite microturbulence and the effective resistivity becomes 
anomalously high, greatly enhancing the dissipation and reconnection of 
the lines of force of the two opposite fields across the layer. The topology 
of the magnetic lines of force, that is so permanently fixed in the highly 
conducting fluid elsewhere, is broken by the dissipation in the thin layer _ 
between the opposite fields. 

The concept of neutral point annihilation and rapid reconnection of 
magnetic field came to light in connection with the questions posed by the 
observations of solar flares (Sweet 1969). Giovanelli (1947, 1948) discus- 
sed electrical discharges along neutral lines in a magnetic field, while 
Dungey (1953, 1958) was the first to urge that the x-type neutral point 
(Fig. 14.8b) has exotic electromagnetic properties, involving the rapid 
dissipation of magnetic field. Sweet (1958a, b) was the first to describe the 
phenomenon in terms of two opposite fields being pressed together, with 
the subsequent reconnection of the lines of force and the alteration of the 
topology of the two fields. Parker (1957) worked out the rate of recon- 
nection from the basic conservation laws in terms of the strength B of the 
two opposite fields and the width 2L over which they are pressed 
together. The problem is a simple one. Under more or less steady 
conditions, what is the velocity w with which two opposite fields 
(sketched in Fig. 15.1) of characteristic dimension L, move steadily 
toward each other (from y = +) and dissipate in the thin current sheet 
(of thickness 2l along the x-axis) between the two fields? 

The total pressure p+ B?/87 is uniform across the current sheet, so the 
fluid pressure p is highest on the central plane where B goes through 


RAPID RECONNECTION OF MAGNETIC LINES OF FORCE 393 


L 


va 


Fic. 15.1. A schematic drawing of two opposite magnetic fields +B with characteristic scale 
L pressed together by their pressure B*/87 so as to squeeze the fluid from between, the 
fluid escaping along the +x-axis with a velocity v comparable to the Alfven speed. The fluid 
is ejected from the thin layer of thickness 21 across which the field changes from +B to —B. 
In the steady state the two fields approach each other with a velocity w, the short arrows 
indicating the general direction of motion of the fluid. 


zero. It is higher by the amount Ap=B?’/87 equal to the magnetic 
pressure exerted against each side of the current sheet. This pressure 
excess ejects the fluid from between the two opposite fields. The ejection 
is along the lines of force in the + x-direction, along the midplane 
between the fields, with a velocity v in the x-direction that varies as 


pv dv/dx + dp/dx =Q 


under steady conditions. Considering the fluid to be incompressible, so 
that p = constant, and integrating along the x-axis from the origin at the 
centre, where v =O, to a point outside the fields, the result is pv? = 2Ap, 
where Ap is the pressure excess B’/87. Hence the velocity of expulsion is 
just equal to the Alfven speed, v = V, = B/(4 7p). 

The net expulsion of fluid out both ends of the current sheet, of width 
2l, is at the characteristic rate 4lv cm?/s_'. Conservation of fluid requires 
that the net inflow from above and below balance the outflow. Hence 


wL = Val. (15.1) 


The field changes by 2B from + B to — B, across the thickness 21, so that 
the current density (perpendicular to the xy-plane) is essentially 


j= cB/4al. 


The Ohmic dissipation across the width | is lj?/ø and, in the steady state, 
is just sufficient to devour the influx of magnetic energy wB*/87 from 
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either side. Hence, in terms of the resistive diffusion coefficient n = 
c*/4ae, it follows that 


w = 2/1, (15.2) 


which is, of course, just the characteristic diffusion velocity over a scale I. 
Solving for w and [, (15.1) and (15.2) give 


w=2V,/Ri,  1=2L/R}, (15.3) 


where R,, is the characteristic magnetic Reynolds number 2LV,/n 
defined in terms of the Alfven speed in the field B of dimension 2L. 

To appreciate the result, note that if the fields were not pressed 
together, or if they were in the same, instead of opposite, directions, then 
the smallest scale would be of the order of L instead of l. In that case the 
characteristic diffusion velocity would be 27/L =2V,/R,,. Thus the rate 
(15.3) at which the opposite fields merge is larger by R?, than for passive 
diffusion alone. The magnetic Reynolds number ts large compared to one 
in most astrophysical fields (for instance R,,= 10° for a pore in the sun, 
and 10° for a supergranule). The resistive dissipation and reconnection is 
enhanced by a large factor. But the rate of reconnection is still small 
compared to the Alfven speed, by the same large factor RÈ. 

If the fluid is a tenuous gas, rather than incompressible, then the 
annihiliation proceeds somewhat more rapidly (Parker 1963) because the 
gas is compressed between the fields and less volume of fluid needs to be 
squeezed from between the field. But, except in the most extreme 
conditions of very low density, compressibility is only a minor effect. 
Hence the discussion here is carried out for an incompressible fluid. 
Some of the many dynamical effects that occur in a low density gas are 
noted in §15.8. 

Petschek (1964) made the fundamental point that there is no compel- 
ling reason to identify the width of the dissipation region with the overall 
dimensions L of the opposite fields. He suggested instead that when two 
opposite fields were pressed together, the field is just as likely to take the 
form shown in Fig. 15.2 as that shown in Fig. 15.1. The fields presumably 
meet Only across a narrow apex, with a width A small compared to the full 
width of the field. Thus the diffusion region shown in Fig. 15.1 occupies 
only the tiny area of width A indicated by the dotted rectangle at the 
centre of Fig. 15.2. The effective magnetic Reynolds number of the small 
diffusion region need not be a large number, even though the Reynolds 
number is large for the field as a whole. The rate of merging might then 
be a significant, rather than an insignificant, fraction of the Alfven speed. 
Petschek suggested that the two opposite fields might be expected to form 
the narrow apexes (shown in Fig. 15.2) where they meet because, once 
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Fic. 15.2. The alternative configuration to Fig. 15.1 suggested by Petschek in which the 
opposite fields meet only across the narrow diffusion region of length A (A « L) and thickness 
l indicated by the dotted rectangle. 


the lines of force are reconnected, their tension ejects the fluid vigorously 
from the central region, squirting the fluid out along the x-axis. The 
opposite fields are ‘sucked’ together at the origin by the local pressure 
reduction, as the fluid is vigorously pulled away in the x-direction by the 
reconnected lines of force. Petschek estimated that, depending upon 
external conditions, the merging rate could be anything from (15.3) up to 
a maximum of the order of V,/In(R,,) where R,, is the magnetic 
Reynolds number computed for the large-scale field. Since In(R,,) is 
generally only 10-30 at the surface of stars, and no more than 40 or 50 in 
galaxies, it would follow that the rate of merging and reconnection of 
opposite magnetic fields may proceed as fast as 10~’-107' times the 
Alfven speed. 

The detailed arguments put forth by Petschek have been the subject of 
considerable discussion (Petschek and Thorne 1967), but it appears that 
the basic idea, and Petschek’s arguments that lead to it, are sound. Rapid 
reconnection at some fraction of the Alfven speed is a general occurrence 
and is the basis for the most violent magnetic activity, such as the solar 
flare. Rapid reconnection occurs wherever any field component changes 
sign and is not held apart by suitable fluid pressure (see §14.8). The 
reconnection may proceed as rapidly as 10°-*-10°' V,. Rapid reconnec- 
tion in the general topological nonequilibrium of magnetic fields lacking 
symmetry (Chapter 14) causes vigorous dissipation of the magnetic field. 
The generally non-symmetric field topologies produced in nature are 
continually active as a consequence of rapid reconnection. 
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15.2. Kinematical considerations 


The basic physical principles of the merging and reconnection of two 
opposite magnetic fields are most easily developed beginning with some 
kinematical illustrations of the transport of magnetic field in an infinitely 
conducting fluid. Following this we will be in a position to appreciate the 
role of resistive diffusion, which is then taken up at length before going 
on to the dynamical considerations in $15.6. 

Consider, then, two opposite fields carried against each other by the 
converging flow of fluid, as indicated in Fig. 15.1. To fix ideas, suppose 
that the magnetic field at y=+h is uniform, with the value B, =+ Bo, 
B, =0, while at y=—h the field is the opposite, B, =— Bo, B, =0. The 
inward fluid motion is v, =0, v, = F vo at y= +h, respectively, and we 
suppose that the fluid motion is mirror-symmetric about the x-axis, with 
v, =0 on y = 0. Nothing essential is omitted if we suppose that the fluid is 
incompressible and, at least for the moment, infinitely conducting. Then 
v, and v, can be expressed in terms of the stream function u(x, y), 


v, = +ad/dy, v, = — duifdx. (15.4) 


The streamlines are given by w(x, y)=A. Denote by the infinitesimal 
vector [6x(x, y), y(x, y)] the separation of two points moving with the 
fluid at (x, y). The points are separated by (8X, 8Y) at y=+h. Then it 
follows from (4.32) that the magnetic field at (x, y) is 


B,(x, y) = Boôx/8X, B, (x, y) = Boôy/8X (15.5) 


in y>0, with similar expressions, but with opposite sign, in y <0. 

The essential point is that somewhere on the x-axis, there is a stagna- 
tion point where the incoming stream of fluid divides, flowing off to both 
the right and left along the x-axis. It is convenient to move the coordinate 
system so as to place the origin at the stagnation point. The stagnation 
point has the property that two neighbouring infinitesimal elements of 
fluid are separated there to go their opposite ways toward x = +œ, so that 
5x/5X increases without bound as the flow continues past the stagnation 
point. It follows from (15.5) that B, increases without bound as the flow 
passes the stagnation point. The field increases because magnetic lines of 
force are transported into the region, by the converging flow, but cannot 
escape because they are permanently connected in the infinitely conduct- 
ing fluid. So they pile up against the x-axis and the field strength increases 
without bound. The stagnation point is the key to the whole problem, 
therefore. A small region of resistivity at the stagnation point breaks the 
lines of force and removes the singular behaviour of the magnetic field. 
The region of resistivity may be of arbitrarily small width 2a, so long as it 
encloses the critical point. The unbounded growth of field is then limited 
to something of the order of Boh/a (see §15.3). Then, within the region of 
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resistivity, the field breaks the original topological connection in the 
x-direction and assumes a new topology, connecting with the lines of 
force of the opposite field on the other side of the x-axis, and releasing 
the field from the catastrophe predicted by (15.5) for the infinitely 
conducting medium. 

If n is the finite resistive diffusion coefficient in the region of dimen- 
sion a, through which the fluid velocity is v, it is necessary only that the 
magnetic Reynolds number for the region, r,,=av/n be less than one, 
n > av, for the reconnection to be effective. For small a, v will be small 
too, and 7 need differ but little from zero. 

This is the physical basis for understanding Petschek’s basic point, that 
the essential question is the dissipation in the near neighbourhood of the 
stagnation point. The dissipation elsewhere is not essential, and usually 
negligible, because the overall magnetic Reynolds number Rm = hV,/7n is 
large compared to one. 

To be more quantitative, the separation Sy of two points moving with 
the fluid velocity v, along the y-axis varies with time according to 


ddy/dt = dy dv,/dy 
for the symmetric conditions (dv,/dx =0 on the y-axis) treated here. But 
dt =dy/v,, so 


ddy/d5y = (dy/v, ) ðv,/ðy. 
Integration yields 


In(Sy) = In(v,) + constant, 


so that if the initial separation was SY at y = h where v, =— vp, it follows 


that 
by — e ô Yv, /Vo 


subsequently. Conservation of fluid and symmetry about the y-axis 
(ðv,/ð3x =0, etc) requires that the area xy of any initial rectangle 
(8X, 8Y) carried in along the y-axis remains constant. Hence 

ôx = êXvo/V, 
so that, from (15.5) 


B, m o Bovol vy. (15.6) 


Thus B, grows with decreasing v, as the fluid approaches the stagnation 
point. The hydrodynamic flow in the neighbourhood of a simple stagna- 
tion point is = (vp/h)xy. It follows that v, =—voy/h so that 


B, = +Bohly. (15.7) 


Hence, in the present example, B, reaches the enormous value Byh/a by 
the time it is carried to a small region of resistive diffusion in y? <a’. 
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But in fact in the real dynamical flow B, cannot increase significantly 
from its initial value Bọ, because it is the pressure Bé/87 that drives the 
fluid velocity. The field cannot compress itself to a strength in excess of 
By without violating conservation of energy. So in real flows B, must 
remain equal to By, or decline, as the field is carried in along the y-axis. 
Hence v, must remain constant at — vo, or increase. The classical hyd- 
rodynamic stagnation flow & =(vo/h)xy clearly does not have this envi- 
able property. But if the flow is discontinuous as a consequence of a 
hydromagnetic shock, then |v,| does not decline as it approaches the 
x-axis, but instead makes an abrupt turn at the shock front and heads off 
to x = +, Only within the small resistive region does v, go continuously 
to zero, and there, with the strong diffusion, it is (15.1)-(15.3) that is 
applicable, rather than (15.5). So an essential part of Petschek’s idea is 
the introduction of transverse hydromagnetic shocks (standing Alfven 
waves) so that the fluid velocity v, remains constant all the way into the 
region of resistive dissipation. Without the standing Alfven waves there 
can be no self-consistent solution with a narrow apex because of the 
attendant growth of B, with continuously declining v,. 

If we ask ourselves how small might the necessary region of resistive 
diffusion be, the answer is that it must encompass the region of decline of 
v,. The shock thickness in a real fluid is limited by the resistivity to a few 
times n/vo, and (see (15.2)) this is just the thickness of the diffusion 
region for merging opposite fields. Altogether, then, the fluid flow must 
be something like Fig. 15.3. If the merging is to proceed rapidly com- 
pared to (15.3), there is no other choice. With the necessary kinematical 
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Fic. 15.3. The essential features of the fluid motion necessary for rapid reconnection of 
opposite fields. The cross-hatched regions indicate resistive diffusion, where the opposite 
fields meet tn the neighbourhood of the origin, and at the sharp bend in the standing Alfven 
waves (shocks) where the fluid motion is deflected through a right angle. 
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Fic, 15.4. Sketches of the two topological possibilities for a magnetic field carried in toward 
the x-axis, with the converging fluid flow (short straight arrows) deflected abruptly through 
oblique standing Alfven waves (heavy diagonal lines). In (a) the initial lines of force are 
parallel to the x-axis, i.e. inclined less steeply than the standing wave fronts. In (b) the initial 
lines are folded, forming a wedge that is more steeply inclined than the standing wave 
fronts. 


configuration clearly in mind, then, the next question is whether the 
dynamics would have it so. 

A sharp corner in the flow of an incompressible fluid in a transverse 
magnetic field is an Alfven wave, there being no other wave motion than 
the Alfven wave, produced by the tension in the lines of force. Such sharp 
crested waves are called transverse shocks. As soon as one tries to sketch 
the form of the corner Alfven wave, it becomes apparent that there are 
two possibilities, illustrated in Fig. 15.4. The magnetic lines of force being 
carried toward the origin may be inclined either more or less than the 
shocks, where the fluid turns a sharp corner. In Fig. 15.4(a) the lines of 
force are drawn horizontally, as if the incoming velocity v, were uniform 
all the way in to the corner. In Fig. 15.4(b) the approaching lines are bent 
toward the origin, so that they are inclined more steeply than the Alfven 
wave corner. 

The physical distinction between the two circumstances is evident from 
the fact that the Alfven wave appears first on each line of force at large x” 


400 RAPID RECONNECTION OF MAGNETIC LINES OF FORCE 


in Fig. 15.4(a) and propagates inward toward the origin as the line is 
transported toward the origin. On the other hand, in Fig. 15.4(b) the 
wave appears first on each line in the neighbourhood of the y-axis and 
propagates outward toward increasing x*. Both circumstances are self- 
consistent for suitable boundary conditions. Figure 15.4(b) is the cir- 
cumstance first pointed out by Petschek (1964) in which the transverse 
shocks are caused by the neutral point and the local diffusion region. 
Figure 15.4(a) is the circumstance pointed out by Sonnerup (1970) which, 
with an additional transverse shock, permits the most rapid reconnection 
of field, but evidently requires some external perturbation (an inside 
corner in each quadrant) to initiate the waves. 

The next two sections present examples illustrating the pile up of the 
magnetic field carried into the x-axis from y = +% and the relief of that 
accumulation by diffusion. Then in §15.6 we take up the circumstances 
depicted in Fig. 15.4(b), and in § 15.7 the situation of Fig. 15.4(a), giving 
approximate values for the rates of merging of the magnetic fields. 


15.3. The effects of diffusion at the stagnation point 


Consider the point made in the section above that the resistive diffusion 
of the magnetic field in the neighbourhood of the stagnation point of the 
hydrodynamic flow is the crucial effect in the rapid merging and recon- 
nection of two opposite fields +B facing each other across the x-axis. 
Suppose that the fields are carried in an ideal, inviscid, incompressible 
fluid with steady velocity components (v,, v,) expressed in (15.4) in terms 
of the stream function u(x, y). The flow lines are given by w(x, y)=A, of 
course. Embedded in this highly conducting fluid is the magnetic field 


B, =+aA/oy, B, = —dA/ox. (15.8) 


There may also be a component of field B, perpendicular to the xy- 
plane, satisfying 


dB,/dt = 0B,/dt + v, dB,/dx +v, dB,/dy = 0. (15.9) 


But for the two-dimensional motion (v,, v,) of an incompressible fluid B, 
appears only in the total pressure p+ B2/87 in the dynamical equations, 
so that B, has no effect on v, and v, for a given specification of the total 
pressure at the boundaries. Thus B, will be ignored. 

The induction equation (4.13) for B, and B, reduces to 


V{v,B, — v,B, + 1 (0B,/ay — dB,/dx)} = 0, 


where 7 may be a function of position. Hence the quantity in brackets is 
a constant, which we denote by —cE. In terms of the vector potential A, 
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then, 


aA JA vA a 
(ne 12) E (15.10) 


v — +u 
ax ” dy TN ax? dy? 
As it stands, this equation is fully elliptic, with the characteristics 
x +iy = constant. But in regions where resistive diffusion can be neglected 
(n =0) the characteristics are the stream lines 


u(x, y) =A. (15.11) 


If ds =(dx?+dy’)? denotes an element of distance measured along a 
characteristic curve dx/v, =dy/v,, then 


dx/ds = v,/v, dy/ds = v,/v, (15.12) 
where v =(v2+v2)?. With n =0, (15.10) reduces to 
dA/ds = (0A/dx) dx/ds + (dA/dy) dy/ds, 


= CE/v(s). 
Hence, integrating along the characteristic (15.11), it follows that 
5 ds 
A(x, y)=cE | — + F(A) (15.13) 
i>a vls) 


where sọ is some convenient starting point at which A = F(A). It is 
convenient in the present problem to use (15.12) to rewrite (15.13) in 
terms of an integral over x or y, giving the choices 


A =cE| dX EA), (15.14) 
id= A Ux 
dy 

A=cE —-+ F(A). (15.15) 
y= A vy 


Note that the integrand diverges in the neighbourhood of the stagnation 
point where v, and v, decline to zero. 

Consider, then, the circumstance where the fluid flows in toward the 
x-axis from y = +h where the magnetic field is B, = + Bo, B, =Q and the 
fluid velocity is v, = 0, v, = F vo, respectively. Then A is independent of x 
on y = +h. Hence F(A) is independent of y and may as well be put equal 
to zero. Restricting attention to the upper half plane y =0 (the lower half 
plane following from symmetry) consider again the simple hydrodynamic 
flow 


bh = voxy/h, cE = — voBo (15.16) 
appropriate for the neighbourhood of a stagnation point so that 


V, = +Vox/h, vy = — Voy/h. 
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The stream lines are rectangular hyperbolas. It follows from (15.14) that 
A =+ Boh In(y/h), B, = Boh/y, B, =0. (15.17) 


This is, of course, just (15.7) again. The field remains in the x-direction 
and increases like 1/y toward the x-axis. The configuration in the first 
quadrant, to which we devote our attention, is shown in Fig. 15.5. 

The simplest illustration arises when the resistivity in the slab y? < b? is 
increased from zero to some very large value n (so that ugb?/hn« 1). 
Then if R denotes the vector potential within the resistive region, (15.10) 
reduces to 

(0°/8x?+d7/dy*)R =0. (15.18) 
In the present case where B, is an odd function of y, it follows that R is 
an even function of y (because B, =dR/dy), and must match smoothly to 
A (given by (15.17)) at the boundary y = b of the resistivity. Hence R is 
independent of x, so that it must be of the form C,+C,y. But if R is to 
be an even function of y, then C,=0 and R=C,. The magnetic field 
vanishes within the resistive region. The magnetic field is given by (15.17) 
for y>b, the field vanishes in y*<b*, and the field is equal to the 
negative of (15.17) in y< —b. Thus the field increases to Boh/b, just 
before it drops to zero at y = b. This maximum field can be very large if b 
is small, of course, because v, becomes so small, but for any non- 
vanishing b, no matter how small, the field is finite. 

Now consider what happens if resistive diffusion is restricted to the 
rectangle -a<x<+a, —b<y< +b around the stagnation point at the 
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Fic. 15.5. A plot of the stream lines w= vgxy/h (broken lines) and the magnetic lines of 
force based on (15.34) and (15.35) (solid lines) show the effect of the resistive rectangle 
x?, y?<a? on the field transported in the otherwise infinitely conducting fluid. 
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origin, the rest of the fluid being infinitely conducting (Parker 1973b). 
With n =0 elsewhere, it is clear that the magnetic field is unaffected on 
any stream lines that do not intersect the resistive rectangle (for which 
W? > (vp ab/h)*). Nor is the field affected upstream from the rectangle on 
those stream lines that do intersect it. But the field carried into the 
rectangle is altered there and is not described by (15.14) either within the 
rectangle or downstream from it. The effects are shown in Fig. 15.5, 
illustrating the reconnection of the magnetic lines of force and the 
resulting downstream wake. To calculate the effects, denote by R the 
vector potential within the rectangle, and by W the vector potential in the 
downstream wake W*<(v,ab/h)*. Then for the simple case that y= 
within the rectangle, (15.10) reduces to (15.18). Since 7 =0 again in the 
downstream wake, W satisfies (15.13) and hence either (15.14) or 
(15.15), as does A. It is convenient to write the solution for the vector 
potential W in the downstream wake (x >a, y<ab/x) as 


W = — Boh in(hx/ab)+ G(b). (15.19) 


The boundary conditions are easily specified. The normal component of 
the magnetic field is continuous across the boundaries, which is most 
conveniently accomplished by making the vector potential continuous 
across the boundaries. Thus R is continuous with A along the upper and 
lower sides of the resistive rectangle, and with W along the right and left 
sides of the rectangle. Along the boundary xy = +ab of the downstream 
wake, W and A must join continuously. Hence along the wake boundary, 
comparison of (15.17) and (15.19) leads to 


G(+vab/h)=0. (15.20) 


It should be noted, too, that yw is an odd function of x and y, while the 
vector potential is an even function. Hence G must be an even function 
of p. 

Now R satisfies (15.18), and is an even function of both x and y. The 
vector potential is given by (15.17) as Boh In(b/h) on the upper side of 
the rectangle for —a <x < +a. Hence R must be independent of x there, 
so that the most general form for R that fits continuously to A is 


R = Boh In(b/h) + y A, cosh{ (n =P Theos in} =| 


n=1 


(15.21) 
Matching R to W at x=a, where W= v,ay/h, leads to 


G(vgay/h) = y A,, cosh{(n —3)ara/b}cos{(n —5)ary/b}. (15.22) 


n=l 


Note that this condition leads automatically to (15.20). 
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Altogether, then, the vector potentials (15.17), (15.19), and (15.21) 
with the condition (15.22) satisfy the requirement that the normal compo- 
nent of the field is continuous at all the boundaries. What is still lacking is 
a specification of the tangential component of the field that is trapped in 
the fluid as it flows out through the side of the rectangle x =a and the 
electrical conductivity is switched on. The normal component of the 
Poynting vector, given by (5.6), is continuous across x =a (see (5.8))’. 
The x-component of the Poynting vector is Q.=—cEB,/47. With E 
constant it follows that dR/dx =aW/ax at x =a, leading to 


— Boh/a + (voy/h)G'(vgay/h) 
= (a/b) y A,,(n —4) sinh{(n —4)ra/b}cos{(n —>)my/b}. (15.23) 
n=i 


To solve (15.22) and (15.23) for A„ and for G, differentiate (15.22) 
with respect to y and then eliminate G’ from (15.23). The result is 


Boh/a = —(a/b) y A,,(n —3)[sinh{(n — 3)z1a/b}cos{(n — 3)ary/b} 


n= 


+(y/a)cosh{(n —3)2ra/b}sin{(n —5)ary/b}]. (15.24) 
The slow convergence of this sum discourages an attempt at solution for 
A, in terms of Bo. Instead, multiply (15.22) by cos{(m—4)ay/b} and 
integrate from —b to +b. It follows that 
1 +b 
A,,, cosh{(m —4)aa/b}= 5 | dy cos{(m —4)ary/b}G(vpay/h). 
~b 
(15.25) 
Substituting this into (15.24) yields 
oo +h 
Bohla=—(n1b?) Y | du cost(n—S)ru/b}G(ooau/h) 
—b 
x (n —3)[tanh{(n —3)7a/b}cos{(n — 3) ay/b} + (y/a)sin{(n — 3) ay/b}]. 
Note that 
(n —4)cos{(n —4) a/b} = (b/m)(ð/ðu)sin{(n — 5)7rp/b}. 


n=j 


Then integrate by parts, taking advantage of (15.20). The result can be 


"Note that the same condition does not apply at the upper boundary y = b where 
magnetic field is continually released from the fluid as the fluid passes across y = b 
and the conductivity is switched off. There the field is suddenly released and 
quickly dissipated (if the conductivity within the rectangle is small but not 
identically zero). 
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written 
2bh?° B +b 

5 =| duG' (vpap/h) 
a` Vo —b 


Alene 
n7 


x {sinin -d7 (y +n) —sinin 3) Z (yn) 


+> {cos| (n ~4) ; (y— nh cos} ( —3) ; (y+ wh. (15.26) 


To treat the second term in braces, note the identity 


oo 


Y cos((n—4)s}=4 Y expfi(n—})s}, 


n=l Hh >= oo 


=3exp(—3is) ), exp(ins), 


q = nm 


Ci miaa] 


= m expl—żis) ) 8(s—2an). 


Hn = — aon 


Then, if S(+) is defined as 


+b 


s=] 


—b 


duG'(ooaul/h) X cosy(n—)2 (yu) 
n=1 
let @ = mu/b so that 


S(4)=b |" ddG'(voabd/ah)expl —Lilay/b + 4)} 


x Ý 8(ay/b-+o—2an). 


For y? < b’ the integration picks up only the 6-function for n = 0, so that 
S(+) = bG'(+ vgay/h). 
Now G’ is an odd function of its argument. Hence 
S(+)—S(-) =2bG'(vpay/h). (15.27) 


But, from the definition of S(+), this is obviously just the integral and 
sum of the second expression in braces on the right-hand side of (15.26)’. 


? For y = +b the integration picks up half of the 5-function for n = +1, giving a 
Stokes phenomenon at the end-points. 
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To treat the first term in curly brackets consider the sum 


U(s)= J tanh{(n —ż}ra/b}łsin{(n —ż4)s}. (15.28) 


r = mon 


The sum is not convergent when taken outside the integral, but it can be 
converted to a rapidly converging sum using Lighthill’s theorem, that if 


H(n)= [ dm exp(i27mn)G(m), 


G(m)= B dn exp(—i2amn)H(n), 


then 


-400 +n 


> H(n)= } Gm). 


n = —co mi =o 


Then let 
H(n)=tanh{(n —4)7ra/b}sin{(n — })s}. 
It follows that 


G(m)= | dn exp(—i2amn)tanh{(n —4)aa/b}sin(n —5)s 
= exp(—imm) | dv exp(—i2amyv)tanh(v7a/b)sin(vs) 


=4exp(—imm) | “dp tanh(vira/b) 
i x {sin v(s +2am)+sin v(s—2am)} 
= (b/4a)exp(—imm)[esch{(s + 2am)b/2a}+ csch{(s — 2am )b/2a}]. 


(see, for instance, Gradshteyn and Ryzhik 1965). Hence, with Lighthill’s 
theorem, 


U(s)= b J (— 1)™[esch{(s + 27m )b/2a}+ csch{(s —2mm)b/2a}] 


4a m2 s 
-> $ (—1)" esch{(s +2mm)b/2a}. (15.29) 


Now it is readily seen from (15.28) that U is just twice the sum from + 1 
to æ. Hence the integral and sum of the first brace on the right-hand side 
of (15.26) can be written in terms of the integral over G’ multiplied by 
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the sum (15.29). The result is 


2 [iao (8) E o 


m = — o0 


x [csont = (y +2mb + u) | -eseh| = (y +2mb — wy} 


Then noting that G’ is an odd function of its argument, this sum can be 
reduced to two times the sum over the first csch. 
Altogether, then, (15.26) can be written as 


2h? Bo/ ave = 2yG'(veay/h) 


a “duG'(voapsh) È (—1)" esch{™ (y +2nb +n). 
a (15.30) 


This integral equation serves to determine G’, and, together with (15.20), 
gives G. The coefficients A,, follow through (15.25). 

Note that the terms n =0, +1 in the sum have simple poles. The pole 
in the n=O term is at u =- y. Provided that y#b we may use the 
principal value. For y = b the integration does not cross the pole but stops 
on it, giving a divergent integral if G’(vgay/h) does not vanish at y =b. 
The terms n= +1 have a pole only if y= +b, and again the integral 
diverges. Hence we must have 


G'(+vyab/h) =0 (15.31) 


in addition to (15.20) if the fields are to be finite. Hence both G and G’ 
vanish on the boundaries of the downstream wake. 

If a—~, so that the rectangle becomes an infinite slab of zero 
conductivity and thickness 2b interposed between opposite fields, it is 
evident that G’ becomes small O(1/a’) so that the left-hand side of 
(15.30) and the integral on the right-hand side are both small O(1/a). It 
follows from (15.22) or (15.23) that the coefficients A,, vanish, and the 
magnetic field vanishes within the slab, as pointed out earlier. 

The sum (15.30) converges rapidly for b/a = O(1). To obtain a solution 
for general a and b, assume that G(w) can be expanded in the form 


oo 


G() ={1—(hipvgabyPyP a,b". (15.32) 

n= 
This is the most general expansion that is an even function of w and 
automatically satisfies (15.20) and (15.31) to terms fourth order in y. 
Then substitute into (15.30), keeping only the first term ad, in the 
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expansion in wW. Evaluate the result at y = 0, so that 


+ dup (1— w/b") 
~16?hBo = {| dun (l= w/b") 
29 NBo= GOL) sinh(arp/2a) 


oo +b dup — w/b’) 
+2 i sinh(mru/2a +nrbja)) (15.33) 


n=l 


The integrals are easily evaluated by numerical methods. For the special 
case a = b, it is readily shown that 


ay = —0-194B oh. 
It follows from (15.19) that 
W =— Byhiin(hx/a’?) +0-194(1 —x’y7/a*)}. (15.34) 
Then from (15.25) and (15.21) it follows that 
R(x, y) = Boh In(b/h) 


saan $ COUO -Va 


nat (n—3) a cosh(n —35)a 
x cosh{(n —4)ax/a}cos{(n —3)ary/a}. (15.35) 


The streamlines and the magnetic lines of force are plotted in Fig. 15.5. 
Figure 15.5 illustrates the accumulation of lines of force as they are swept 
against the x-axis by the inward flow from y= +h. The accumulation is 
broken by the square x”, y? <a? of high resistivity, reconnecting the lines 
of force across the x-axis and releasing them from the trap, to flow 
outward toward x = +œ in the downstream wake of the resistive square. 
The half width of the wake is w(x)=a’/x. The field within the wake is 
described by the vector potential W, given by (15.34). It is readily shown 
that within the wake 


B, = 0.39B,(1— y*/w7)hxy/a’w, 


B, = Bo{1— 0-388 y7/w* + 0-388 y*/w*th/x. 


Thus B, decreases as 1/x as the field is carried out along the x-axis. On 
the other hand, B, vanishes at the centre line and at the boundaries of 
the wake, but has its maximum value at y = w(x)/32, where 


B, = 0-15Byhx/a?. 


This is to be compared to the field (15.17) in the absence of the resistive 
square, which would be B, = 3?B,hx/a*. The maximum field in the wake 
is the fraction 0.087 of the field at the same position were the resistive 
square not present. 
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Even more important than the quantitative reduction of the field is the 
alteration of the topology, so that the lines of force can be swept away 
from the origin toward x = +œ. In the present illustrative example the 
reduced B, still increases linearly with x along the wake, just as it does 
along any stream line in the absence of the resistive square and wake. But 
the increase is not essential. Rather it is an artifact of the arbitrary and 
artificial choice of the velocity field. The increase would be avoided if, for 
instance, the flow along the centre line of the wake (the x-axis) were 
accelerated slightly so that the point where a line of force crosses the 
x-axis catches up to the point where the line crosses the boundary of the 
wake (see Fig. 15.5). That slight modification of the flow in the wake 
would produce the field 


B,=0,  B,=Boh/x 


throughout the wake. This field declines to zero, instead of undergoing 
the unbounded increase (15.17) in the absence of the resistive square. 
Note that the fact of the reduction of field to zero with increasing distance 
along the wake is independent of the dimensions of the resistive region. 
The reduction of the field within the wake requires only that the resistive 
region exist at the stagnation point. 

Altogether, then, the unbounded increase of field in the converging 
flow (15.16) of a fluid with high electrical conductivity can be avoided only 
if there is a region of resistive diffusion at the stagnation point of the 
converging flow. Without a resistive region the topology of the field is 
invariant and the lines of force convected into the region cannot escape 
but must accumulate. Only by resistive diffusion at the stagnation point 
can the lines be reconnected across the x-axis, so as to escape with the 
outflow of fluid. 


15.4. The general effect of diffusion 


Now consider some illustrative examples of the variation of the mag- 
netic field in the converging flow (15.16), but with a finite and uniform 
diffusion coefficient n throughout the entire region (Parker 1973b). Then 
with the dimensionless variables 


E=x(volnhy, = y(vo/nh)! 
the induction equation (15.10) reduces to 
0° AJIL — E 3 AIE + 0° AOL? +é AA/OL = — cCEh/ vp. (15.36) 


The variables are separable and the general solution of the homogeneous 
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equation can be written variously as 


A =exp(—4¢2) } {A,,F,(—4n; 4; 447) + B,é,F,(—4in +4; 3; 36} 


n=% 


xX {C, Fi Gn +4; 4; 307) + DCF, Gn +4; 3; 300) 


+æ 
= ) {A,,F,(—4n;4; 5é?)+ Bé Flinta Ee) 


nae 


x fonr ( -5 3 -EHF n+ — 30° (15.37) 
where the sum may be over discrete values of n, or an integration over a 
continuum. The second form is particularly convenient because when n is 
a positive even integer, the confluent hypergeometric functions reduce 
to Hermite polynomials in the terms even in & and ¢, and when n is a 
positive odd integer, they reduce to polynomials in the odd terms. For 
n =0, the terms reduce to 


€ 
A ={Apt Bo l dé’ expé)H Go + Ho erf(¢/22)}. (15.38) 


The solution to the inhomogeneous equation is easily constructed. Let 


A (g, č) = F(€)+ Gd). 


The variables are again separable and it is easily shown that 


A (£, £2) = ~ (cEh/vo vh ()+ A — vy) LO} (15.39) 


where v is an arbitrary number and 


E u 
Le | du exp(gu’) | dv exp(—3v”), (15.40) 
0 


E u . 
L= [ du exp(—4u’) Í dv expl +4v°). (15.41) 
0 ) 


Numerical values for I, and J, are given in Table 15.1. The general 
solution is the sum of (15.37) and (15.39). 

Now, the inhomogeneous term cE on the right-hand side of (15.10) 
and (15.36) represents the net rate of convection vxB of magnetic flux. 
We are interested in the circumstance that opposite fields +B, are 
convected together at the x-axis from some large distance y = +h by the 
converging fluid velocity (15.16). In the simplest case, the field is in the 
+ x-direction, with B, = + Bo at y= +h, respectively. To represent this 
put v =O so that (15.39) reduces to 


A(& 0) = —(cEh/v,) (0), (15.42) 
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TABLE 15.1 

x T(x) L(x) Tit) I(x) 
0 0 0 Q 0 
0:25 0-03 0-03 

0-50 0-13 0-12 0-54 0-47 
1-00 0-60 0-44 1-41 0:73 
1:50 1:74 0:83 3°35 0:76 
2°00 4-45 1-19 8°84 0-64 
2°50 12-6 1-48 27-8 0-51 
3°00 43-4 1:70 112-5 0-39 
3-50 178 1-87 571 0-31 
4-00 1 000 2014 3 740 0-27 
4-50 7 300 2:14 31 100 0:23 


5-00 70 000 2:25 336 000 0:21 


from which it follows that 


č 
B, = ~(cEh/v)(vol mh} expl) | dv expo’), 
0 
B, =0 
throughout the entire region x? < h?. For ¢>1, then, the asymptotic form 
1s 


B, ~ —(cE]vovoh/n}(1/ é+ 1/6? + ...) 


This is, of course, just (15.7) and (15.17) again because diffusion is 
negligible over large dimensions (¢ > 1). On the other hand, as the field is 
convected in close to the x-axis ({« 1), it varies as 


B, = —(cEfvovohin (i -36 +...) 


and passes linearly through zero across the x-axis. The field is dominated 
by diffusion in the neighbourhood of the x-axis. With the field strength 
B, = Baat y = h far from the x-axis (hvo > 4) where the inward velocity is 
V, =— Up, it follows that cE =~ {voBo and 


£ 
B, = + Bo(hvoln)! exp(-442) | dv expo”) 
0 
Altogether, then, the field strength increases as 1/y toward the x-axis 
until y becomes so small that diffusion comes into play. The field then 
passes through a maximum of 0.8 (vjh/n)?By at €=1.3 and declines to 
zero at the x-axis. The field is plotted in Fig. 15.6, together with the 
variation of the fluid pressure for small velocities, so that p+ B?/87= 
constant. The opposite fields on either side of the x-axis are carried 
together by the convection and obliterated by diffusion. They are not 
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Fic. 15.6. A plot of the magnetic field B, and fluid pressure variation p as a function of 
distance y from the neutral plane based on (15.42). Distance y is in units of the diffusion 
length (nh/ vo}. 


convected out again along the x-axis, in the present example, but cancel 
each other through resistive diffusion upon approaching the x-axis. 

Fields are never precisely antiparallel, as assumed in this idealized 
example, of course. Introducing a small y-component, so that the field 
configuration resembles that shown in Figs. 15.1 or 15.2 alters the 
situation entirely. Magnetic flux is destroyed only in the thin diffusion 
region —1<£<+1 so the flux is conserved in the flow which does not 
pass through the diffusion. Then every line of force carried in along the 
y-axis is reconnected by the diffusion to its mirror image on the other side 
of the x-axis and is then convected out along the x-axis. 

As as example, introduce the even term from (15.37) for n = 1. Then, 


Fic. 15.7. A plot of the magnetic lines of force of two opposite fields brought together by 
the converging fiow (15.16). The field is described by (15.43). 
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altogether, 
A (£, €) = Boh{ h(O+ e- EA- £)}. (15.43) 


The magnetic lines of force are plotted in Fig. 15.7 for e =0.01. 

The illustrations of this and the preceding section (Figs 15.5—15.7) (see 
also Uberoi 1963) give some idea of the configuration of the magnetic 
field in the neighbourhood of the neutral stagnation point. The essential 
nature of the resistive diffusion in breaking the topology of the magnetic 
lines of force and permitting their escape in the outflow should be 
apparent. In the next section we move on to diffusion in kinematical 
velocity fields that resemble the large-scale flows shown in Fig. 15.4 
outside the region of diffusion surrounding the neutral point. 


15.5. Discontinuous velocity fields and diffusion 


Consider the symmetric velocity field of which the first quadrant is 
sketched in Fig. 15.8, wherein the inflow of fluid from y = + is uniform 
(v, =0, v,=*Fv9) into y=+x tana, whereupon the velocity turns 
through a right angle and flows out toward x = +, with uniform velocity 
V, =+U_9 cota, v, =O. The fluid flow is incompressible and is conserved 
across y = +x tan(a). Suppose that the fluid in the first quadrant carries a 
uniform field Bọ making an angle B with the x-direction so that B, = 
Bocos B, B, = Bosin B. An equal and opposite field is presumed car- 
ried in from y = —~, etc. To show what happens to the field (presumed to 
be frozen into the fluid by the high electrical conductivity) as it is carried 
across the discontinuity at y=+x tan 0, note from Fig. 15.8 that if an 
element of fluid on the stream line x =a reaches y = +x tan @ at time t, 


x 


Fic. 15.8. A schematic drawing of the uniform fluid velocity v, = —vo in the first quadrant, 
deflected through 7/2 at the line y =x tanla), and flowing toward x = + with the uniform 
velocity vo cot(a). The two lines labelled x = a and x = a + ŝa indicate the paths of two fluid 
elements on the lines of force of the field Bọ. initially inclined at an angle 8. Following 
deflection the inclination is changed to y. 
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then the element of fluid on the same line of force at the stream line 
x =a+éx reaches y= x tan @ at time t+6t where 


ôt = (tan B — tan @)dx/vo. 


At this time, the first element of fluid has moved from x =a, y =a tan & 
to the position x =a+v, 6t=a+v, cot a ôt. Thus the line of force con- 
necting the two elements of fluid, now at (a+ vo cot a dt, a tan at and 
{a+ 8x, (a+6x)tan a}, makes an angle y with the x-direction, where 


tan y = ôx tan a/{5x — vo cot adt} 
= tan’a/{2 tan a — tan B}. (15.44) 


This relation determines the direction of the field after being carried 
across the discontinuity at y = x tan a. The magnitude B, of the field can 
be computed from the fact that the normal component is continuous 
across y =x tana. The normal component of the field By prior to arrival 
at the discontinuity is By sin(8—a). After crossing the continuity the 
normal component is B, sin(y —a@). Equating these two components, and 
writing y in terms of @ and B with the aid of (15.44), it follows that 


Bı = Bo cos B cot a[tanta + {2 tan a — tan BY. (15.45) 

Hence 
B, = Bo cos B{2—tan B cot a}. (15.46) 
B, = Bo cos B tana (15.47) 


after crossing the discontinuity”. 

Consider now what happens to the field as a consequence of resistive 
diffusion into the opposite field on the other side of the x-axis. Every 
magnetic line of force is carried up to the x-axis at the origin, so that 
reconnection of each line with its opposite number occurs at the origin no 
matter how large the electrical conductivity of the fluid. The development 
of the diffusion downstream from the origin is readily illustrated once the 
field is well away from the origin (x tan a > n/vo). For then the diffusion 
layer is relatively thin and d/dx «d/dy so that (15.10) reduces to 


v, dA/Ax ~ n @ Alay? = cE (15.48) 


*The problem is treated kinematically, so far, since we are interested only in 
studying the behaviour of the magnetic field as it is carried in the flow. But note 
that the discontinuity y = x tan(a@) is essentially an Alfven wave, whose velocity of 
propagation perpendicular to the front is just the Alfven speed computed in the 
normal component of the magnetic field. Hence the flow is dynamically self- 
consistent at the wave front y=xtane, rather than merely kinematical, if 
By sin læ — B| = vo(4-7p)? cos a. 
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with cE = vB, =~v By cos B determined by the inflow of magnetic flux 
from y = +, The solution of the inhomogeneous equation can be written 


A(x, y) = vp Bo cos B{(1— v) y?/2n — (vx/v9)tan a} 


where v is a numerical constant, to be determined from the boundary 
conditions. The homogeneous equation is just the familiar parabolic heat 
flow equation, of course. The solution needed to treat the diffusion in the 
neighbourhood of the x-axis is 


Y 
A(x, y) = VoBo cos B C | dy’ erf[y{vo/4nx tan a}] 


where C is an arbitrary constant. Together, then, the total field is 
B(x, y) = VoBo cos B[(1 — v)y/2n + C erf{y(vo/4nx tan a ¥}}], 
B, (x, y) = voBo cos Bl (r/v_)tan(@) 

+ C(n tan af xv,)*{1 ~ exp(— y*vo/4nx tan a)}]. 


Well back from the x-axis, where diffusion has not yet had a sensible 
effect*, i.e. where 


x tana > y > (4x tan a/v”, (15.49) 
the above expressions reduce asymptotically to 
B,Ax, y)~UoBo cos B{(1 — v)y/2y + C}, 
B,(x, y)~ Bov cos B tan a. 


These components must be identical with (15.46) and (15.47), from which 
it follows that »y=1 and 


C=(2-tan B cot a)/vo. 
Hence 


A(x, y)= Bo cos B[ — x tana 
y 
+(2—tan B cot a) l dy’ erf{y’(vo/4nx tan aP}, (15.50) 
0 


and 
B, = Bo cos B(2—tan B cot a)erffy(v,/4nx tan aY}, (15.51) 
B, = Bo cos B[tan a +(2—tan B tan a)(y tan a/ mvx} 
x {1 —exp(— y*v,/4nx tan a)$]. (15.52) 


* We neglect the slight rounding of the sharp corner in each line of force at 
y=x tana. 
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Now the approximate equation (15.48), from which (15.51) and (15.52) 
are deduced, is valid for x sufficiently large that the characteristic thick- 
ness of the diffusion region D(x) = (4yx tan a/v,)? is small compared to x, 
i.e. for 

XU,/4y tana > 1. 


Hence the results are not correct in the neighbourhood of the origin. 
Away from the origin, then, where the equations are valid, (15.52) 
reduces to 


B, = Bo cos B tan a[1+ O{(n tan a/ Vox}, 


which is just (15.47). Thus the y-component of the field is essentially 
unaffected by diffusion, because B, is uniform across the x-axis. As we 
would expect, it is B, that is dissipated, because of its steep gradient 
across the x-axis. The x-component varies as erfjy/D(x)} across the 
x-axis. An example is shown in Fig. 15.9 where the lines of force for the 
special case B =0 are plotted in the xy-plane using the dimensionless 
coordinates r = 4vox tan(a)/n, s = vey/n so that 


B, =2B, erf(s/r), B, = Bo tana, (15.53) 
s/r2 
Angin -r+8r [ du erf(u)| (15.54) 
4v6 


and a does not appear explicitly in the functional form of the vector 
potential. The calculations are valid for the field between the x-axis and 
the discontinuity y =x tana (r=4s tan?(a)) for r>4 tan*(a). 

Another example of particular interest is y = 7/2. It will arise later in 
Petschek’s model of the neutral point annihilation in §15.6. With y = 7/2, 
B, =0 it follows from (15.46) that 


tan a =4 tan B. (15.55) 
8 
B 
4 
0 4 8 12 16 20 


r 


Fic. 15.9. The magnetic field lines of (15.53) and (15.54) in the first quadrant. The results 
are valid for 0< r< 4s? tan(a) and r>tan7(a), with the angle a a free parameter in the 
calculations. The lines are plotted at equal flux intervals. 
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Fic, 15.10. A plot from (15.56) of the magnetic lines of force (initially at an inclination of 
30°) as they are carried toward the x-axis in a flow that is abruptly deflected through a/2 on 
the line y =4x/3?. The lines reconnect at the origin where the field gradient is infinitely 
steep. 


Hence 
B, =} Bo cos B. (15.56) 


There is, then, no effect of resistive diffusion, except at the origin where 
the lines of force reconnect across the x-axis’. The y-component of the 
field is unaffected, and the x-component is zero. The field configuration in 
the first quadrant is shown in Fig. 15.10 for B = 30°(a = 16-1°), for which 
the outflow velocity is v, cot a =3?v, and the field in the outflow is 
B, = Bo3?/4. 

Altogether, these examples—perhaps too numerous—should establish 
some idea of the behaviour of magnetic fields of opposite sign carried 
against each other by the converging motion of the fluid. With the 
physical picture firmly established in mind, consider the dynamics of such 
fields and flows. 


15.6. Petschek’s dynamical considerations 


We treat the dynamics of the field configuration wherein two opposite 
fields +B face each other across the x-axis without the necessary fluid 
pressure enhancement to keep them apart. The fields merge as described 


* Anticipating the dynamical considerations of the next section note? that the flow 
is dynamically self-consistent at the discontinuity if vo = $ sin B Bo/(4mp)?. 
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in §15.1. The opposite fields may move toward each other with a velocity 
w as small as V,/R2, as described earlier. But if they meet only over a 
very narrow width A, they may move together very much more rapidly. 
Following Petschek, then, consider the magnetic configuration shown in 
Figs 15.2, 15.3, and 15.10, wherein two opposite fields of overall width L 
meet only over a narrow width A, for which the local magnetic Reynolds 
number is R, =2AV,/n. With the thickness of the diffusion region 
denoted by l, the rate at which the fields approach each other is given by 
(15.3) as 


w=2V,/R), 1=2A/R,. (15.57) 


The question is, then, how small might A be? Petschek’s (1964) basic 
point was that there is no kinematical limit to how small A may be and 
how large w may be. There is only the dynamical limit imposed on w by 
the maximum ejection velocity V,. If the surrounding fluid pressure is 
uniform, then the excess pressure available for ejecting the fluid from 
between the opposite fields is the magnetic pressure B?/8m of the 
opposite fields. Hence the ejection velocity v is approximately equal to 
the Alfven speed V, = B/(4mp) and cannot be larger. Conservation of 
fluid requires (15.1), so that the merging velocity w is 


w=Va,l/X. 


Thus if A is as small as I, we might expect that w could be as large as V4. 
That would be rapid annihilation and reconnection indeed! The question 
is whether nature would have it so. For suppose, as in Figs. 15.2 and 
15.10, that two fields of width L approach each other with a velocity w. 
Denote by «æ the half-angle of the exit flow, outward along the x-axis, in 
which the outflow velocity is V,. Then conservation of fluid over the 
whole region requires that 


w= V, tana. 


Hence if w were comparable to V,, the half-angle would be a = 7/4. The 
fields, then, would meet only in the apex of a sharp corner. Indeed, it 
follows from (15.55) that the lines of force are folded back by an angle 
B = 63-5° from the x-axis. A magnetic field extends only very weakly into 
so sharp a corner. The tension in the lines of force around a sharp curve 
pulls the field strongly away from the corner. The field pressure in the 
corner, which is responsible for squeezing the fluid out from between the 
fields where they meet in the narrow diffusion region, is enormously 
reduced and the effective Alfven speed V, to be used in (15.56) is greatly 
reduced from the value B/(47p)? for the field as a whole. Evidently, then, 
there is some optimum value of A, associated with some optimum angle a, 
for which the merging velocity w is a maximum, and evidently less than 
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Va. The key to the question is how effectively a magnetic field extends 
into a sharp corner. The geometry is set forth in detail in Fig. 15.11. 

To estimate the field in a wedge of half-angle 7/2—a note that the two 
opposite fields of strength B, subject to uniform external fluid pressure, 
and slowly pushing the fluid in from each side with the small velocity w, 
will be in nearly potential form, 


B, = —da®/odx, B, =—0®/dy, 
8” /ðx? +a P/dy* = 0. 
Suppose, then, that, as sketched in Fig. 15.11 the lines of force make an 
angle B with the x-axis on either side, so that the field occupies a wedge 
of half-angle 7/2— B. In polar coordinates w = (x? + y7)?, tan @ = y/x, the 
appropriate solution of Laplace’s equation is 
P =~ Boh (1~-2B/m)(Œ/h) OE cost(d — B)/(1— 2B/7)} 

so that 

Bo = B(Œœ/ LY” cos{(p — B) (1-2B/T)}, (15.58) 

By = B(©œ/ LY” sin{(o -BX (1-2B/T). (15.59) 
wherein the field has magnitude B at the distance w = L from the origin. 


The lines of force are confined between @=6 and @d=7-8 with Be 
vanishing at @ = B, m-B. 


aS Can l 
Bo 


Fic. 15.11. A sketch of the field configuration for Petschek’s dynamical model of rapid 
reconnection. The standing Alfven wave is inclined at an angle a relative to the x-axis, 
while the incoming field is inclined at an angle 8. The rectangle with sides 2A and 2i 
enclosing the origin represents the diffusion region, wherein resistive diffusion is important. 
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The field at the surface of the diffusion region x =0, y= l is 
B, = B (l, 7/2) = BU LY, 


It is the pressure of B, that expels the fluid from the region, so that the 
velocity of expulsion is approximately 


= V (LYP), (15.60) 

It is the limitation on the velocity V, that restricts B to relatively small 
values and makes w < V4. 

To proceed, then, conservation of fluid requires that wà = Vl within 


the diffusion region and w = V; tan æ across the shock outside. Hence, if 
the velocity fields are uniform and continuous, it follows that 


w Vi =l/A = tan a. (15.61) 


The deflection of the fluid flow at y= +x tana represents a standing 
Alfven wave. The propagation speed of the wave perpendicular to the 
plane of the wave is B,/(4mp)? where B, is the normal component of the 
magnetic field. For steady conditions the propagation velocity is just 
equal to the normal component of the fluid velocity wcosa. At the 
corner (x =A, y=1) of the diffusion region, the field is approximately 
B(A/L)?**~2®) in the radial direction for the idealized field (15.58) and 
(15.59) and the further approximation that |« A, a« 1. Hence 


w = VAA LYO ?®P) sin(B — a). 
For a, B «1, then 
w = VAA LYT PB- a), (15.62) 


where we neglect terms O(a) and O(8) compared to one in the various 
factors but carry the exponents of those factors without approximation. 
Equations (15.60) and (15.61) yield 


w =a Va (LYPET) (15.63) 
so that (15.62) and (15.63) together reduce to 
B = afl + (AVET 2e) 
= a(1 + a? P08), 
Since a = O(B) as B — 0, it follows that 


Lim a78/(~28) — 4 
B—0 
and 


B = 2a. (15.64) 
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This was just the condition (15.55) deduced from flux conservation for 
this same configuration. 

With the condition (15.2) connecting w and l, the basic relations are 
now all in hand. From (15.61), and then (15.2), it follows that 


a=l/Aa 
= 2n/wa 
= 4(n/2LV )(L/IA)(Va/w). 


Then in terms of the overall magnetic Reynolds number R,,=2LV,/n 
and the result from (15.62) and (15.64) that 


w =a Va (ALYP T2) (15.65) 
we obtain 
L/d = Ga? R peT, (15.66) 
Hence L/A can be eliminated from (15.62), so that 
wI Va =a SU" AR) see (15.67) 


upon writing B = 2a in the exponents. To find the optimum value of a, 
for maximum w/V,, differentiate with respect to a and set the result 
equal to zero. It follows that 


4a = w{InGR,,) +2+2 Infa) t, 


which can be iterated and written in terms of the continued logarithmic 
fraction 


ar/4 
as 
ari 4 
In(LR,,) +2+2 a| ] í 7/4 1 
és a ot terete 
InG@Ra)+2+In In@GR,)+2+... 


sT h-en n( 7) + 
6 41nGR,,) l MGR) MGR) \InGR,)/ 
It follows that the maximum merging velocity w is 
w/V, =7/4e InGR,,) = 7/4e In(R,,), (15.68) 


neglecting terms of the order of In(In(R,,)) compared to In(R,,). We write 
e =2-718 for the base of the natural logarithm. To the same approxima- 
tion it follows from (15.66) that 


L/A =4eR,,(7/4e In(R,,)). (15.69) 
From (15.2) it follows that 
YA = (4/R,,)(Va/ w) La. 
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With (15.68) and (15.69) this becomes 
tana = IJÀ = 7/4 In(R,,). (15.70) 


These results are based on the approximate potential form for the field, 
and on the approximate conservation relations (15.61). Hence they are an 
estimate of the merging velocity, rather than a precise result. For com- 
parison, Petschek’s estimate of the merging rate is larger than (15.68) by 
a factor e (see discussion in Vasyliunas 1975), and the result of Roberts 
and Priest (1975) is smaller by the factor 0-2le =0:57. Roberts and Priest 
carried out a much more sophisticated calculation of the magnetic field at 
the boundary of the diffusion region. But all the analyses are based on the 
approximate, order of magnitude, relations (15.2) and (15.61). So the 
factor a/4e In(R,,,) must be considered uncertain to at least a factor of 
two. Vasyliunas (1975) gives an extended discussion of the problem and 
the reader is referred to that paper for a more detailed analysis. 

A recent paper by Yeh (1976a) discusses the formal expansion of the 
fluid velocity and the magnetic field in the neighbourhood of the origin®. 
He notes in particular the poor convergence of any expansion schemes 
used so far, and points out that there is no compelling reason to require 
à >l. Fukao and Tsuda (1973a, b) present several numerical experiments. 
They encounter severe numerical convergence problems as soon as the 
magnetic Reynolds number R,, is as large as the number of grid points 
with which the computation is carried out. They had available 200 grid 
points in the y-direction, so it is difficult to compare their results with the 
limiting case of R,,— © employed here. They obtain numerical solutions 
for w/V, of 0-5 and 1-0 but whether this was the result of resistive or 
numerical diffusion is hard to say. 

It appears from Petschek’s analysis that there is rapid merging wher- 
ever there is a reversal of one of the components of the magnetic field 
along the lines of force on which the fluid pressure is inadequate to keep 
the reversed portions apart. The merging may proceed at any speed from 
V a/R? up to something of the order of $V,/In(R,,). So far as we are 
aware, no one has yet succeeded in carrying out the formal dynamical 
analysis to such a degree of precision that the merging velocity w can be 
directly related to the controlling physical conditions at the external 
boundaries of the field. So we can do no more than point out the 
possibility, and the likely occurrence, of the higher merging rates. 

In this connection it should be noted that Sonnerup has worked out an 
interesting dynamical situation in which the merging velocity may be as 
large as V,, in the limit of large magnetic Reynolds number R,,. Again 
“See also the exact solutions of Uberoi (1963) and Yeh and Axford (1970) and 


the formal illustrations of Sonnerup and Priest (1975) and Priest and Cowley 
(1975). 
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the physical setting for such high merging rates is not entirely clear, but 
the possibility for w= Va is an important concept, and is the subject of 
the next section. 


15.7. Sonnerup’s dynamical solution 


Petschek’s analysis of the merging rate of opposite fields is based on the 
deflection of the fluid velocity through 7/2 at a standing Alfven wave. 
The approaching field is folded into a wedge of half-angle 7/2- B, as 
shown in Fig. 15.11, and it is the decrease of the field in the point of the 
wedge with increasing 6B that limits the rate of merging. The Alfven wave, 
at which the deflection occurs, is an oblique wave propagating outward, 
away from the diffusion region at the origin, as is readily seen from Fig. 
15.11 if one pictures himself approaching the origin with the incoming 
fluid. The wave originates at the diffusion region, presumably as a 
consequence of the merging of field and the associated hydrodynamic 
stagnation point. One can imagine that the merging progresses initially at 
some very slow rate (15.3). Then, as the Alfven waves begin to form, the 
rate increases up to a value in the neighbourhood of (15.68). 

There are other possibilities, of course, and Sonnerup (1970) pointed 
out that with two standing Alfven waves in each quadrant, instead of only 
one, a rather different situation may arise. He was able to work out a 
complete dynamical picture, with an entirely plausible diffusion region at 
the origin. The outstanding feature is that the approaching field may be 
uniform, rather than folded, so that no rate limit short of V, is intro- 
duced into the problem. The field configuration is shown in Fig. 15.12, 


Fic. 15.12. The magnetic lines of force and the fluid velocity in the first quadrant in the 
form proposed by Sonnerup for rapid reconnection. The magnetic and velocity fields are 
uniform except where they cross the two standing Alfven waves at y=x tana, and 
y= xX tan a. 
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wherein a uniform field B, in the x-direction is carried in with the 
uniform velocity w= v,. This field cannot be converted into a uniform 
outflow along the x-axis by a single standing Alfven wave, but it can be 
so converted by two standing waves. The impossibility of passing from the 
uniform field in the x-direction (8 =0) to a field in the y-direction 
(y = 7/2)’ follows directly from (15.55). Putting B =0 yields a = 0, lead- 
ing to vanishing inflow velocity because w = V, tan a. With two stand- 
ing waves, on the other hand, the transformation of the uniform field in 
the x-direction to a uniform field in the y-direction is readily effected. 

Consider, then, the velocity and field configuration shown in Fig. 15.12. 
It is sufficient to treat only the first quadrant, wherein a untform field B, 
in the x-direction is carried in the fluid with the uniform velocity v, in the 
negative y-direction toward the x-axis. The flow encounters the plane 
Alfven wave front y=x tana, and is deflected into v», which is most 
conveniently denoted by its components v, and — v,, so that v, and v, are 
both positive quantities. The magnetic field is compressed to the uniform 
field B, making an angle œ, with the x-axis. The flow encounters a 
second Alfven wave front y=xtana, and is deflected into the x- 
direction with velocity v,. The magnetic field is rotated and expanded into 
the uniform field B, in the y-direction and is carried out toward x =+« 
along the x-axis. 

To show that the dynamics is self-consistent and to work out the 
relations between the various fields and velocities, suppose that the 
incoming field B, and velocity v, are specified. It will be convenient to 
represent the fields in terms of their equivalent Alfven velocities V; = 
B,/(4irp)?, etc. Then, at the first wave front, y = x tan a@,, continuity of the 
normal components of the fluid velocity and the magnetic field yields the 
two conditions 

V1 COS @ = V, SIN A, HU, COS a; (15.71) 
and 
V, sin a, = V> sin(a,—a,), (15.72) 


7 At first sight it might appear that y= /2 is an unnecessary restriction, with 
some Other value, say y = 77/3 as a viable alternative. But that leads to a kink in 
the field where it crosses the x-axis and joins to the field from the fourth 
quadrant. The kink would accelerate the fluid from the uniform flow treated by 
Petschek, and no self-consistent flow for this circumstance has yet been demon- 
strated. 


8 As a matter of fact, it can be seen from (15.44) that there is no unique limiting 
angle a for y — 7/2 and B — 0, because, for small a and 6, (15.44) reduces to 
tan y=a’*/(2a—B). As y~a/2 and tan y become large, 2a— 6B must become 
small compared to a*. Approaching the limit in this way, the result is 2a = 
B +O(B7'*) for B > 0, whereas, if we set B =0 at the outset, then tan y =4a and 
there is no solution for œ as y > 7/2. 
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respectively. The perpendicular velocity of the wavefront relative to the 
fluid is equal to the Alfven speed of the normal component of the 
magnetic field, so that 


vı cos a, = V sina, (15.73) 


Finally, considering two elements of fluid on the same line of force 
separated by a distance ôx, we calculate their relative position after 
passage through y= x tana,, as in deriving (15.44). The line of force 
connects the two elements after passage through the front, with the result 
that the inclination of the line of force is then œ», where 


tan ay =(v,—v,)/(v, cot a, +v). (15.74) 


Upon arrival at the second front y = x tan a», continuity of the normal 
components of velocity and magnetic field yields 


V, SIN Œz +V, COS Az = V3 SIN a; (15.75) 
and 
V> sin(a,—a3)= V, cos a3. (15.76) 
The wave velocity perpendicular to the front is 
v3 Sin œ, = V3 COS Ga. (15.77) 


Finally, we consider again two points initially on the same line of force 
and moving with the fluid. Following passage through y =x tana; one 
point must lie directly above the other, so that the line of force connect- 
ing them is in the y-direction. This leads to the condition that 


v3(tan a,—tan œ) =v, +v, tan œz. (15.78) 


These eight equations, then, determine v,, v,, v3, V2, V3 and @,, a, a3 in 
terms of the incoming fluid velocity v, and field V,. After some consider- 
able algebraic manipulation the solution of (15.71)-(15.78) proves to be 


v, = Vi, vy = v,/22(1 +22), (15.79) 
vz = V,(1+ 22), (15.80) 

Vo = {02+ (1+2 V2, (15.81) 
V;=0,/(1+23), (15.82) 
—tana,=v,/V, (15.83) 

tana, =v,/(1+22) Vj, (15.84) 

tan a3 =v,/(1+22)7V,, (15.85) 


as can be verified by substitution back into the eight equations. 
The total pressure p+ B?/87 is constant across an Alfven wave, and 
therefore is constant throughout the entire quadrant. It follows that the 
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uniform fluid pressure p, in the incoming fluid becomes 


P2= Py + (BY — B3)/8a4 


= py—ap{Vi(L+ 2%) + vi} (15.86) 
after crossing the wave front at y=x tana, and 
Ps=Pitze{Vi— v7/(1 +22)"} (15.87) 


after crossing y = x tana, into the region of uniform outflow. 

In summary, then, the dynamical requirements (15.71)-(15.78) are 
self-consistent, so that a complete solution exists. The solution exists for 
all merging velocities v; no matter how large compared to the Alfven 
speed V, in the merging fields. The system can be driven by suitable 
external pressures at any rate that we wish. The total pressure p+ 
B?/87 = pı +żpV7 is constant throughout the system, and the velocity of 
ejection of fluid from the system is given by (15.80) as V (1 +23 for all 
inflow velocities w = v,. Thus the fluid velocity increases through the two 
Alfven waves if the inflow v, is less than V,(1+2?) and decreases if 
greater, while the magnetic field decreases if v, < V,(1 +2?) and increases 
if v, is greater. Note that the exit angle œ, increases as the system is 
driven faster. 

We are interested in the circumstance that the magnetic field drives the 
fluid, for which a necessary condition would be that the field energy 
decline through the passage across the two waves, i.e. V;< V,. Hence the 
merging velocity is limited to 


v,<V,(1+2?). 


Whether v, is as large as V,(1+2') depends upon external conditions. 

The question of external conditions brings us to the basic dilemma 
posed by Sonnerup’s dynamical model. It was noted above that 
Petschek’s model involves Alfven waves moving outward from the diffu- 
sion region at the origin (as seen by the fluid). It is evident from 
inspection of Fig. 15.12 that the first wave in Sonnerup’s model is moving 
inward toward the diffusion region. The wave must be initiated by some 
external disturbance (Sonnerup noted that a suitable corner in the exter- 
nal boundary would be sufficient), and it is not clear whether such a wave 
can be expected under ordinary circumstances in nature. What is more, 
the wave, initiated at some distance L from the origin, will not be 
perfectly sharp by the time O(L/V,) that it arrives at the origin, even if it 
were sharp to begin. In a time L/V, resistive diffusion will have rounded 
the sharp angle in the field to a characteristic width of the order of 
(nL/V,)?. The thickness | of the diffusion region will not be less than the 
thickness (nL/V,)? of the wave (see Fig. 15.3) so that from (15.2) we 
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have a merging rate that is not more than something of the order of 
(15.3). A merging rate v, = V, would require that l be as small as L/R,,. 
Evidently the ideal circumstance treated by Sonnerup (1970) is possible 
only if the resistive diffusion is much smaller throughout the space than it 
is in the diffusion region around the origin, so that the first Alfven wave 
remains sharp and | can be small as L/R,,. The resistive diffusion 
coefficient in the diffusion region would have to be larger than the general 
n throughout the field by at least the factor R?, where Rm is the general 
magnetic Reynolds number LV,/7. The possibility for enhanced resistiv- 
ity in the diffusion region exists in very intense field gradients wherein the 
electron conduction velocities become comparable to the ion sound speed 
(see, for instance, Linhart 1960; Alfven and Carlquist 1967; Hamberger 
and Jancarik 1970; Coppi and Mazzucato 1971). Thus, one should think 
of Sonnerup’s model in connection with the powerful currents of the solar 
flare and perhaps the geomagnetic tail. 

Sonnerup works out a plausible semi-quantitative model for the diffu- 
sion region in the neighbourhood of the origin on the basis of the model 
with infinitely sharp Alfven waves. He demonstrates again the principle 
that the diffusion region can shrink sufficiently to accommodate any 
merging velocity vı up to V,(1+22). 

It is evident from Fig. 15.12 that the first standing wave in Sonnerup’s 
model converts the field into the wedge form needed for Petschek’s 
model; shown in Fig. 15.11 (Sonnerup 1973). The conversion to the 
wedge form is accomplished by the dynamical stresses of the standing 
wave so that the field strength is not reduced in the apex of the wedge, as 
when the potential form of the field is employed. This is why Sonnerup’s 
model gives merging velocities as large as the Alfven speed V,= V,. It is 
clear, therefore, that any dynamical circumstance that can thrust the lines 
of force into the point of a wedge and press that point against an opposite 
field, leads to rapid merging, at rates of the order of the Alfven speed V4. 
The first Alfven wave in Sonnerup’s model is such a dynamical device, if 
it can be initiated by some sufficient external effect. 

Altogether, then, Sonnerup’s model, whether it exists in nature or not, 
serves to illustrate the theoretical possibility for achieving merging rates 
comparable to the Alfven speed. From it we can see that such rapid 
merging, requires transporting the field undiminished to the doorstep of 
the diffusion region. Petschek’s model illustrates another range of pos- 
sibilities. It remains to be shown what external circumstances can push 
the field into the blunt wedge a = 7/4 1n(R,,) for the maximum merging 
rate (15.68) obtainable from Petschek’s model, not to mention the 
a = O(1) provided by Sonnerup’s model with merging rates as large as the 
Alfven speed. Yang and Sonnerup have recently extended the work to a 
compressible fluid (Yang and Sonnerup 1976, 1977). 
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Yeh and Axford (1970) present an elegant similarity solution of the 
complete dynamical hydromagnetic equations in the neighbourhood of 
the neutral point at the origin (Yeh 1976b). However, the solutions are 
well-behaved only over finite angular sectors about the origin, so that 
without external physical boundaries to cut off the solutions short of the 
singular lines, the solutions do not apply to real circumstances. Yeh and 
Dryer (1973) have extended the solutions to compressible fluids. 


15.8. Instability and enhanced reconnection of fields 


Thus far the discussion of rapid reconnection of opposite field compo- 
nents has treated steady laminar flows. The question naturally arises as to 
whether the flows are dynamically stable or unstable. If they are unstable, 
what effect might the instability have on the reconnection rates com- 
puted in the sections above? 

It is a well known fact from laboratory plasma research that an ionized 
gas—a plasma—initially embedded in a magnetic field quickly escapes the 
clutches of the field. Careful examination has shown that there is always a 
dynamical instability that permits the escape. With careful design and 
construction it is generally possible in the laboratory to suppress the most 
active instabilities through introduction of suitable rigid conductors and 
currents from external sources. But in the astrophysical world there is no 
evident possibility for stabilization, suggesting that whenever a plasma is 
caught and compressed between opposite magnetic fields, the plasma is 
unstable and quickly wiggles out of the trap. This has the effect of 
bringing the opposite fields closer together and increasing the average 
merging rate. Hence considerable thought has been given to the problem, 
particularly in connection with the violent merging thought to be the 
cause of solar flares, so that a number of instability effects, on both large 
and small scales, are expected to enhance the reconnection rate. The 
dominant instability depends, of course, on the details of the particular 
circumstance, so no general quantitative statements are possible. But the 
enhancement of the merging rate can be large, as well as exhibiting the 
explosive onset observed in flares, so that the topic is important in 
understanding the universal rapid reconnection in the complex field 
topologies that fill the astrophysical universe (see discussion in $21.4). 

In the most general terms laboratory plasma experiments have led to 
the empirical concept of Bohm diffusion (Bohm 1949), applicable to the 
escape of a plasma trapped in a magnetic field. Bohm diffusion is a 
consequence of several different small-scale instabilities within the 
plasma. The various instabilities may occur individually or in combination 
under various physical circumstances of temperature and pressure gra- 
dients, and current densities. The concept is simply that, for one reason or 
another, the ions (and/or the electrons) are scattered through a large 
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angle once every cyclotron period. The effective diffusion coefficient is 
expressible in terms of the thermal velocity u=(kT/m): and the charge q 
of the ions of mass m. The characteristic cyclotron radius of the ions is 
r. = muc/qB so that the diffusion coefficient is 


Ts = vur, 
= v(c/qB) KT 


wherever the plasma density and temperature gradients are steep. The 
quantity v is a number, determined empirically to be somewhere in the 
neighbourhood of 0-1-1-0 (Bohm 1949; Artsimovich 1964). Note that 
the ion mass has cancelled out, so that the result is the same for electrons 
and singly-charged ions. It is not necessary, nor is it possible, to make a 
general assertion as to whether the ions or the electrons are more directly 
responsible for the anomalous Bohm diffusion. 
With the Bohm diffusion coefficient mn, (15.1) and (15.2) yield a 
reconnection rate 
w = (272 Val LF 
= u(2vc/ LQ} (15.88) 


where ©, is the ion plasma frequency (4rpY¥q/m. The merging rate is 
independent of the magnetic field strength B and is characterized by the 
effective sound velocity u, i.e. the ion thermal velocity. 

To compare this result with the reconnection rate (15.3) for resistive 
diffusion alone, suppose that u and V, are comparable. Then the 
effective magnetic Reynolds number in (15.88) is Rg =2L0,,/ve and 


w=2V,/Ra, 
to be compared with R,,=2LV,/n7 in (15.3). Numerically 
0,=1:310°N2,  n=10T>, =u = 0-9 10*T? 
for ionized hydrogen with a temperature T and N atom cm °. Hence 
Rg/Rm = 0°5 X 10°-4NYT?. 


Bohm diffusion becomes particularly important (Rp « Rm) at low den- 
sities and high temperatures. Thus, for instance, in the chromosphere of 
the sun, where N=10'*cm * and T=2x10*K we have Rg= 107R. 
The effective Reynolds number is reduced by a large factor. In the 
convective zone 10*km beneath the solar photosphere, where N= 
6x 107° cm™* and T=7 x 10* K, then Ry =2 x 107R, and there is still a 
substantial reduction in the effective magnetic Reynolds number. 

On the other hand, if we consider Petschek’s model, where the effective 
diffusion rate appears only as In(R,) (see eqn (15.68)) then Bohm 
diffusion reduces the logarithm by 6-15 and the net effect on the merging 
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rate 1s a factor of two, comparable to the present theoretical uncertainty 
in the numerical factor in (15.68). 

Passing on from the general, and rather vague, concept of Bohm 
diffusion, a variety of specific instabilities have been suggested which 
serve to enhance the diffusion, and hence the merging rate. The resistive 
tearing modes (Furth et al. 1963; Jaggi 1963; Coppi and Friedland 1971; 
Biskamp and Schindler 1971) contribute substantially to the reduction of 
the effective magnetic Reynolds number. The resistive tearing mode 
involves the breakup of the field in the neighbourhood of the neutral line 
between oppositely directed field components. The original straight paral- 
lel tines of the opposite field reconnect into a number of neutral points 
and magnetic islands, in the manner illustrated in Fig. 15.13. The instabil- 
ity arises from the fact that the dissipation is very intense in the thin 
transition layer, of characteristic thickness h between the opposite fields 
+ By a distance h on either side in the initial configuration shown in Fig. 
15.1. The initial merging velocity is given by (15.2). Suppose, then, that 
the system is perturbed slightly, so that the fields are pinched together a 
little more closely at intervals a along the neutral line. The diffusion and 
reconnection proceed more rapidly where the fields are pinched together, 
cutting the lines of force and rejoining them into the localized clongated 
loops sketched in Fig. 15.13. Once an elongated loop is formed, the 
tension in the lines of force tends to pull the loop into a more nearly 
circular form. The effect, then, is to pull the field and plasma away from 
the vicinity of each neutral point, sucking more field in from either side 
and further enhancing the reconnection there. Theoretical treatment of 
the effect is not an entirely elementary procedure (see the original paper 
by Furth et al. 1963) but the basic result for a classical homogeneous 
imcompressible fluid can be reduced to a simple formula for the charac- 
teristic growth time r, 

T = O[(kh)(h7/n)*(h/ Va] 


CCS SS 


Fra. 15.13. A schematic drawing of the magnetic islands that form along the neutral sheet, 
between opposite components of the field, as a consequence of the resistive tearing 
instability. 


RAPID RECONNECTION OF MAGNETIC LINES OF FORCE 431 


in order of magnitude in the limit of long wavelength a = 27/k along the 
neutral line. Note that h*/n is the characteristic diffusion time, while 
h/ Va is the characteristic Alfven transit time, across the transition layer 
thickness h. The Alfven speed is computed from the strength of the field 
By at the distance h on either side of the neutral line. Thus the growth 
time is nearly the harmonic mean of the diffusion time and the very small 
Alfven transit time across the scale h, diminished further by the factor 
(2ah/a)i<« 1. 

It may be expected, therefore, that any transition layer of thickness | 
between opposite fields is subject to its own internal tearing mode 
instability at the high rate 1/7 computed for [= a. It is difficult to say 
exactly how the onset of the instability affects the overall rate of recon- 
nection of field lines across the transition layer l, except to remark that it 
enhances the dissipation by further breakup of the field. One expects that 
the rate of merging of opposite fields is significantly enhanced by the 
instability, which has the effect of increasing the effective diffusion 
coefficient ny in the thin dissipation layer. Perhaps the greatest uncer- 
tainty lies in the question of what happens after the initial growth of the 
magnetic islands, shown in Fig. 15.13. It would seem that the next step is 
to sweep the islands out along the neutral line from between the opposite 
fields, so that the two opposite fields can again confront each other. The 
general squeezing of the fluid from between the fields should take care of 
this satisfactorily, but the time of appearance of the next generation of 
islands, and their rate of growth is not readily calculated. Various authors 
have followed the evolution of the magnetic islands remaining in place 
after their initial formation (Dickman et al. 1969; Finn and Kaw 1977; 
Drake and Lee 1977; White et al. 1977). The islands are themselves 
unstable to merging, with the result that they coalesce, forming eventually 
into one large island. It may be some such effect that carries a broad 
region of confrontation between opposite fields, illustrated in Fig. 15.1, 
into the configuration shown in Fig. 15.2, wherein the merging rate is 
much accelerated. In any case, the development of the resistive tearing 
mode instability and the associated dynamical flow and field reconnection 
is a complicated problem. Indeed, it was pointed out early in the 
development of the theory of the tearing instability (Coppi 1964; 
Rosenbluth and Chang 1967; Hazeltine et al. 1975) that the small scale 
and increasing sharpness of the field perturbations may require inclusion 
of the finite cyclotron radius of the ions in the circumstances encountered 
in the geomagnetic tail and solar flares. But that lies beyond the scope of 
the present work. 

Turning, then, to other effects that arise in the extreme conditions in 
the current sheet between opposite fields, we come next to the anomalous 
resistivity that arises when the field gradient becomes so steep that the 
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electron conduction velocities exceed the ion thermal velocity u= 
(kT/m)2. When the diffusion region becomes so thin that the conduction 
velocity exceeds u, the mean flow of the electrons excites the Alfven- 
Carlquist instability and/or the ion-sound wave instability (Linhart 1960; 
Alfven and Carlquist 1967; Hamberger and Friedman 1968; Sagdeev and 
Galeev 1969; Hamberger and Jancarik 1970; Burchenko et al. 1971; 
Coppi and Mazzucato 1971; Papadopoulos and Coffey 1974; Tange and 
Ichimaru 1974; Papadopoulos 1976). When the waves thus excited de- 
velop to large amplitudes, they scatter the electrons and may enormously 
increase the effective resistivity. Anomalous resistivity 1s believed to play 
an important role in the acceleration of electrons to many kV of energy in 
both the solar flare and in the geomagnetic field. In the solar flare the 
electrons produce the x-ray emission, while in the geomagnetic field they 
form the intermittent streams of electrons associated with the aurora and 
contribute to the general background of energetic trapped particles (see, 
for instance, Papadopoulos and Coffey 1974; Chang et al. 1976). 
Anomalous resistivity probably plays a role in the active magnetosphere 
of Jupiter too (Fillius and MclIlwain 1974; Simpson et al. 1974; Trainor et 
al. 1974; Van Allen et al. 1974; Mihalov and Wolfe 1976). The region in 
and outside the pulsar magnetosphere, and such active supernova rem- 
nants as the crab nebula, probably also involve anomalous resistivity in 
some of their regions of concentrated currents, but one immediately runs 
into the lack of direct detailed observational information. 

The conditions for the threshold and onset of plasma turbulence, above 
which anomalous resistivity enters the picture, are easily expressed. In the 
context of the present problem of the rapid reconnection of opposite 
fields of strength +B across a diffusion region of thickness 21, note that 
the current density j in the diffusion region is given by 


Agj=cB/I. 
In terms of the number N of electrons per unit volume, each with a mean 
conduction velocity equal to the ion thermal velocity u=(kT/m)?, it 
follows that j = Neu. In this circumstance, then, 
l = cB/47Neu, 


when the conduction velocity is equal to the ion thermal velocity. The 
thickness of the diffusion region must be as small or smaller than this for 
the appearance of anomalous resistivity. Now, in terms of the ion thermal 
velocity u=(kT/my?, the characteristic ion cyclotron radius in the field B 
is r, = muc/eB for singly-ionized atoms. Hence the threshold thickness | 
can be written in terms of r, as 


l=r.(B?/4a)/Nmu? 
= r Vilu? = 4r.(B7/87p) 
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where V, is the Alfven speed B/(47p): and the gas pressure p is 2Nmu’. 
The gas pressure in the diffusion region is at least as large as the magnetic 
pressure, so the thickness of the diffusion region must be reduced to 
dimensions comparable to the thermal ton cyclotron radius. 

We can see at once that when this occurs, the gas is no longer 
characterized accurately as a classical fluid. There is no reason to think 
that the fluid approximation produces qualitative errors in the merging 
rate, but certainly a careful look at the problem from the point of view of 
a plasma made up of individual ions and electrons with finite cyclotron 
radii is desirable. A number of authors (Speiser 1965, 1967, 1970; 
Syrovatski 1966a, b, 1969, 1971; Sonnerup 1971; Anzer 1973) have 
explored the problem, motivated by both the question of the rate of 
reconnection of the magnetic field, and the question of the observed 
efficient acceleration of particles to high energy in the reconnection in the 
solar flare and in the magnetospheres of Earth and of Jupiter (Dungey 
1961, 1963). But the very important and difficult theoretical problem of 
particle acceleration in reconnection in tenuous plasmas takes us away 
from the simple question of the reconnection rate in dense hydrodynamic 
fluids that is the concern of this chapter. 

To go on to other well known laboratory plasma instabilities, then, 
consider the large-scale magnetohydrodynamic instabilities that plague 
the laboratory confinement of plasma. The fluting or interchange instabil- 
ity stands out as the major contributor, in which a sheet of plasma 
trapped between two (parallel or antiparallel) fields breaks up, the fluid 
exchanging places with tubes of magnetic flux on either side. Figure 15.1 
is a sketch of the field and plasma configuration with a layer of nearly 
field-free fluid trapped along the x-axis between the opposite fields on 
either side. The interchange proceeds at some fraction of the Alfven 
speed V,. In the context of rapid reconnection, the interchange in- 
stabilities enhance the merging rate by allowing the fluid between the 
opposite fields to escape out the sides of the diffusion region, so that the 
fluid need not be all ejected out the narrow ends. The fluid escaping out 
the sides is then free to flow away along the lines of force over a region 
much broader than the small thickness | of the diffusion region. 

The reader is referred to the literature (Bernstein et al. 1958; Rosen- 
bluth 1960; Artsimovich 1964; Boyd and Sanderson 1969) for a detailed 
presentation of the interchange instability. The review by Rosenbluth is 
particularly useful in the present context. It is well known that the 
simplest interchanges of field and fluid can be blocked by the introduction 
of a magnetic field perpendicular to the two opposite fields, 1.e. perpen- 
dicular to the plane of Fig. 15.1. This is, of course, just the circumstance 
that we are treating in the present chapter, where one component of the 
field reverses, but the perpendicular component does not. The total field, 
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then, undergoes a continuous rotation across the neutral sheet, so that 
flux tubes at different distances from the plasma sheet on the x-axis are 
not parallel and cannot interchange places. With suitably tailored fields 
the suppression of the interchange is successful. But the system is then 
unstable to long wavelength kink instabilities, for the general reason that 
the magnetic pressure B*/87 in all three dimensions dominates the 
tension B*/47 in the one direction along the lines of force. Hence in one 
dimension or another, there is necessarily compression and hence buckl- 
ing (see discussion in §§5.3 and 5.4). In the laboratory the designer then 
stabilizes the system with the introduction of external rigid conductors. 
Without rigid conductors to confine the field, there is no known field 
configuration giving stable confinement of fluid. 

Applying these principles, learned in the plasma laboratory, to the fluid 
making up the diffusion region between two opposite fields, it follows that 
the fluid escapes from the diffusion region principally by the interchange 
instability, or by the kinking instability if there is sufficient rotation of the 
field to stabilize the interchange instability. As a matter of fact, the 
thickness | of the diffusion region is so small in most cases that there is 
but little rotation of the field across it, so we expect the interchange 
instability, rather than the kink instability, to dominate the escape of 
fluid. It would appear, then, that the fluid caught between the opposite 
fields escapes from the trap at some fraction of the Alfven speed, causing 
the reconnection generally to proceed at a speed 


w=eV, 


where e is a number, presumably less than one (Parker 1973a; Uchida 
and Sakurai 1977). The general picture is shown schematically in Fig. 
15.14, with the fluid escaping into the opposite fields on either side, and 
from there out along the lines of force. If the fluid penetrates a distance h 
into the field, then it escapes over a total width h +I and (15.1) becomes 
wL = V, (h + l) while the diffusion is still limited to the dimensions | given 
in (15.2). Eliminating l leads to 


w =4Vfh/L+(h?/L* + 1/R,,)"}- 


This reduces to (15.3) in the absence of the exchange instability (h = 0). 
Presumably h >I (i.e. h > L/R2,) and 


w = V,A/L. 


There is no universal value for e, for the rate depends completely on 
the details of the local conditions. Chao, et al. (1977) have worked out 
the rate for the plasma sheet in the magnetosphere of Earth, and find that 
the growth rate of the interchange instability may be as large as 107" s~! 
when the plasma sheet is decoupled from the ionosphere by electric fields 


RAPID RECONNECTION OF MAGNETIC LINES OF FORCE 435 


Fic. 15.14. A schematic drawing of the magnetic lines of force of two opposite fields and of 
the escape of the fluid trapped between via the hydromagnetic exchange instability. The 
short arrows indicate the escape of the fluid, first moving across the field as fluid and flux 
tubes are interchanged, and then streaming away along the magnetic lines of force. 


on the auroral field lines during a magnetic substorm. In that case the 
reconnection would be enormously enhanced. The diffusion region is 
generally not a plane, as treated in the idealized sketches (see Fig. 15.1) 
but is curved. The fluid then escapes principally from the convex side, 
because for quasi-equilibrium of the field, the tension in the lines of force 
extending around the curve is balanced by a decline in the field pressure 
away from the diffusion region. Hence any blobs of fluid moving out the 
convex side, find themselves propelled away by the declining magnetic 
pressure. By the same token, the concave boundary on the other side of 
the diffusion region is relatively stable, so that little or no fluid escapes 
from that side. For the flat diffusion region treated in the formal discus- 
sion above, both sides have neutral stability, so that the escape is 
controlled by whatever large-scale fluctuations of the field and fluid may 
be present. 

It has become apparent in the fast few years that the disruptive 
instability in the laboratory tokamak plasma confinement device is of the 
nature of neutral point reconnection, involving the interaction of two or 
more helical hydromagnetic modes. The reconnection introduces random 
connections of the lines of force between neighbouring magnetic surfaces, 
as a consequence of the overlap of resonances and/or magnetic islands. 
The effect is particularly interesting here after studying the non- 
equilibrium of fields with topological variations, because the disruptive 
instability appears to start with a well-ordered field—a completely in- 
variant field for which there is a definite equilibrium—and introduces a 
stochastic component for which there is, then, no equilibrium. An alter- 
native possibility is that the topology of the initial field is not quite 
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invariant, i.e. that there is some small stochastic component which causes 
non-equilibrium in which the neutral point reconnection grows slowly, as 
fluid is displaced along the lines of force by a small imbalance in the 
pressure. The first possibility is more complicated, and more interesting, 
however, for it would imply that the equilibrium of an invariant field can 
be unstable in such a way as to destroy the invariance and produce 
non-equilibrium. Then the non-equilibrium is driven by the energy of the 
maverick components, while the instability continues to destroy the 
invariance and to feed the non-equilbrium. The process continues until 
eventually the torsion in the field is removed. The situation in the 
tokamak is complicated, of course, by the closed toroidal geometry, in 
which lines of force re-enter the instability at a different place upon each 
circuit around the torus. 

The astrophysical implications are fundamental to the activity of force- 
free magnetic fields. Thus, for instance, the fields of some sunspots and 
prominences show torsion, while others do not, and some torsional fields 
are active while others are not. Some helical fields in the laboratory 
escape the disruptive instability, while others do not, with no clear picture 
yet as to what makes the difference. There is the possibility, then, that the 
combined instability of invariant fields, and the non-equilibrium of fields 
lacking invariance, team up to produce dissipation of any deviation of the 
field from the simple potential field to a degree beyond anything de- 
scribed above. Fortunately, the disruptive instability in the tokamak is 
under intensive study (Rutherford 1973; Furth et al. 1973; Rosenbluth et 
al. 1973; von Goeler et al. 1974; Finn 1975; Jacobsen 1975; Hutchinson 
1976). 

In the absence of a unique value for e in the turbulent environment 
experienced by most magnetic fields in the astrophysical world, we 
suggest that e may generally rise to values of the order of 107', and even 
larger in a variety of active circumstances (see, for instance, the observa- 
tional evidence in Axford et al. 1965; Axford 1967; Dessler 1968, 1971). 

The important point is, then, that the rapid reconnection often pro- 
ceeds at a significant fraction of the Alfven speed whether the system 
evolves from Fig. 15.1 into Petschek’s configuration (Fig. 15.11) or not. 
Presumably the most rapid merging would occur with the interchange 
instability operating in Petschek’s configuration. 

Altogether, then, the rapid reconnection of magnetic lines of force 
proceeds rapidly in any field lacking topological invariance. The lines of 
force may be cut and reconnected at a significant fraction of the Alfven 
speed, continually reducing the field toward symmetric topologies. The 
effect is particularly important in controlling the otherwise enormous 
growth of the mean square field in a turbulent fluid with high electrical 
conductivity. As we shall see in the next chapters, the turbulent diffusion 
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of magnetic field is possible only because of such rapid reconnection. The 
observed rapid evolution of the complicated magnetic fields of active 
regions on the sun into relatively simple potential forms is another direct 
consequence of the universal rapid reconnection. And, of course, such 
explosive events as the geomagnetic substorm, solar brightenings and 
eruptions, solar flares, and perhaps even some of the explosive 
phenomena observed in active galaxies, are the direct result of rapid 
reconnection. 
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16 


EXCLUSION OF MAGNETIC FIELDS 
FROM CLOSED CIRCULATION PATTERNS 


16.1. Magnetic fields in convecting fluid 


THE preceding chapters have aimed at the dynamical non-equilibrium of 
magnetic fields, with particular attention to magnetic buoyancy and rapid 
reconnection as the basis for the continual escape and activity of the 
magnetic fields in astrophysical bodies. The exposition concentrated on 
the dynamical effects of the field on the fluid and the consequences for 
the field. We turn now to the dynamical effects of the fluid on the 
magnetic field, with particular attention to the effects of convection and 
turbulence. When a weak magnetic field finds itself in a fluid that is 
hydrodynamically active, so that the Reynolds stresses are able to com- 
pete with, or overpower, the Maxwell stresses (pv? = B’/477), then there 
are a number of important consequences. The convection zone of a star Is 
such a case, where the fluid is active irrespective of the presence and 
activity of magnetic fields. The stellar wind and the gaseous disc of the 
galaxy, not to mention the convective cores of planets, are all hyd- 
rodynamically active fluids in their own right. 

The effect of the fluid motion on the magnetic field depends very much 
on whether the stream-lines have a closed and fixed topological pattern, 
in which there is no mixing of fluid perpendicular to the stream-lines, or 
whether the stream-lines are open or their connectivity variable so that 
the fluid mixes freely throughout the volume. In the absence of mixing, 
the closed circulation tends to exclude the field, whereas if there is a 
general mixing of fluid through the region, the effect on the large-scale 
field distribution is essentially diffusion. If the dominant eddies have a 
characteristic dimension L, velocity v, and life 7, presumably with + = L/v, 
then the diffusion is characterized by the eddy diffusivity vr. The 
treatment of the problem begins in the present chapter with the exclusion 
of field from the steady circulation of fluid in a closed pattern. 

The treatment of a magnetic field in a given hydrodynamic flow is a 
kinematical problem, and in many respects, therefore, is simpler than the 
dynamical problems treated above. We are confronted with the solution 
of the linear eqns (4.12) or (4.13) for B; given the velocity field v;. But of 
course we deal with complex, and sometimes turbulent, velocity fields, so 
that v; may be a complicated function of time and space, and the solution 
is anything but elementary. It is necessary, therefore, to give some 
thought to the physics before plunging into the mathematics. 
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To begin with the simplest effect, consider a uniform magnetic field Bo 
embedded in a highly conducting fluid. At time t=O the fluid is set in 
motion with a fixed continuous velocity pattern v,(r) with a characteristic 
scale L. To illustrate the effects, suppose that the magnitude of the 
velocity v is so large and/or the resistive diffusion coefficient 17 is so small 
that the magnetic Reynolds number R,, = Lu/y is large compared to one, 
so that to a first approximation the lines of force are carried bodily with 
the fiuid. Hence, any locally closed circulation pattern winds the lines of 
force about the region, with the subsequent field given by (4.32) or (4.35). 
In the case that the initial field is perpendicular to the axis of rotation of 
the region, so that the lines of force are wrapped around the outside of 
the rotating region, like rope around a rotating drum, then the important 
feature is that the successive layers of field are of alternate sign, repres- 
enting the lines of force entering and leaving at diametrically opposite 
sides of the regions, as sketched in Fig. 16.1(a). On the other hand, if the 
initial lines of force extend lengthwise through the region, in the direction 
parallel to the axis of rotation, the lines are wrapped into coils of the 
same sign at each end, as sketched in Fig. 16.1(b). 

In the former case the thickness | of each strand of field of a given sign 
is of the order of L/n after n rotations, occurring in a characteristic time 


(b) 


Fic. 16.1. A sketch of a line of force passing through a body rotating about a vertical axis 
and represented by the right circular cylinder. The line of force is shown after approximately 
two revolutions when the field extends across the body (a) perpendicular and (b) parallel to 
the axis of rotation. 
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27Ln/v. Conservation of flux leads to the field strength B in each strand 
increasing according to B = BoL/I = nBo, with the sign of the field revers- 
ing from one filament to the next. At the same time the effective magnetic 
Reynolds number of each filament declines from the initial R,,= Lu/n to 
lojn =R,,/n. The point is eventually reached when the diffusion term 
nV’B,, of the order of nB/l?=(nB,/L7)n*, becomes comparable to the 
convection term B; dv,/dx; — v; 0B/dx,, of order vB,/L. (This occurs after a 
time t when the characteristic diffusion time [?/n across a filament 
becomes comparable to t.) Then, neglecting numerical factors of the order 
of unity, it follows that 


n=R3, t=RiL/o, (16.1) 
at which time the r.m.s. field intensity in the region is 
(B*y = R} Bo. (16.2) 


With the continual decrease of l the filaments are subsequently destroyed 
by diffusion, leaving the interior of the region relatively free of field. The 
interior may be free of field in a time rather less than the characteristic 
diffusion time L?/n = R,,L/v for the region, because of the application of 
reverse fields at the boundary, and because the internal non-uniform 
rotation reorients the initial field over the declining scale l. Altogether, 
we would expect the final asymptotic state to be approached after a 
period of a few times t= R3L/v. Since R,,»1 in most astrophysical 
circumstances, this is a time large compared to the rotation period L/v, of 
course, but exceedingly small compared to the overall diffusion time L7/n 
for the same size region at rest. The exclusion effect depends upon there 
being little or no mixing in and out of the region during the time t. 

The remarkable exclusion effect (Parker 1963, 1975; Weiss 1966: 
Parker 1966) becomes understandable if we view the field within the 
rotating region from the rotating frame of reference. From that frame the 
external field rotates around the region with an angular velocity w of the 
order of v/L. The components of the external field applied to the 
boundary of the rotating region alternate with time, as exp(iet). But it is 
well known (Thomson 1893) that an externally applied alternating field 
penetrates only the characteristic skin depth (n/w)?=(nL/v)? = L/R}, into 
the region. Since R,, > 1, the penetration is slight and the interior is free 
of magnetic field. 

The exclusion of field from the interior does not occur for the compo- 
nent of the external field parallel to the axis of rotation (Sweet 1949; 
Cowling and Hare 1957) shown in Fig. 16.1(b). For in that case the 
external field is static in the rotating frame of reference and its penetra- 
tion is maintained for all time. For the same reason, the field is retained 
in the moving fluid if the fluid motion is not closed on itself. If, for 
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instance, the motion is in the form of a steady longitudinal stream, either 
parallel or perpendicular to the large-scale field, the field is not expelied 
from the moving fluid. For in that case, a simple transformation to a 
moving frame puts the stream at rest and the entire external universe in 
motion, so that there is no absolute statement as to which region is at rest 
and which is moving. Exclusion occurs only when the circulation forms a 
closed pattern and the fluid is continually reoriented (either by steady or 
random rotation) relative to the large-scale external field. Thus, for 
instance a spherical volume rotated at random, but without mixing, 
excludes the field from its interior. 

These effects are illustrated with simple formal examples in the next 
section. The problem is particularly interesting when we come to address 
the question of the general absence of net magnetic flux extending 
through the interior of the supergranule cells observed in the solar 
photosphere. The net flux is observed to be concentrated into the 
boundaries of the supergranules. A number of effects contribute to the 
absence of flux from the interior. To decide whether the present effect 
contributes, it is necessary to decide whether the fluid involved in the 
convective cell, identified as an individual supergranule, is so self- 
contained a weather system that there is little or no mixing of external 
field into the cell by diffusion’ over the characteristic period of exclusion 
R37. The red spot on Jupiter appears to be a strongly isolated region of 
circulation, but it is difficult to know what to think of the supergranules. 
The form and location of a supergranule changes over periods of only 
10°s. Is it possible, however, for the fluid within the cell to remain 
isolated for much longer periods? And in how many astrophysical objects 
that lie beyond the resolution of our observing instruments is the field 
excluded from a major portion of the fluid? Our efforts to understand 
their active magnetic behaviour are conventionally based on the quaint 
idea of a continuous distribution of field, as developed for the sun prior to 
the realization of the highly discontinuous distribution of the solar fields 
described in Chapter 10. 


16.2. Magnetic effects in steady fluid motions 


To illustrate the effects of steady local fluid motions on a large-scale 
magnetic field, described in §16.1, consider first the motion v(x, y) in the 
z-direction of a highly conducting fluid. Such motion has no effect 
whatsoever on a magnetic field parallel to itself. Suppose, then, that at 
time t=O the fluid is pervaded by a uniform magnetic field Bọ in the 


! The turbulent diffusion caused by the small-scale turbulence is the dominant 
effect, so that the magnetic Reynolds number should be computed from the eddy 
diffusivity. But this takes us into the next chapter. 
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x-direction, perpendicular to the direction of fluid motion. The induction 
equation is 


0B,/ot = 0B,/dt =0 
{ð/ðt — n(a7/dx* + 07/dy "VB, = Bo dv/dx. 


Thus initially, before diffusion becomes significant (t« L7/n), the field 
grows linearly with time B, (x, y, t) = Bot dv/dx. The final asymptotic state 
(t> L*/7) is described by 


0°B,/dx* +0°B,/dy* = —(Bo/n) dv/ax 


in which B, has the same distribution as the electrostatic potential of a 
charge distribution —(B,/477) dv/dx. If, for instance, the fluid motion 
consists of a circular column of fluid of radius a centred on the z-axis and 
moving with uniform velocity vy along the axis, then it is readily shown 
that 


< 

B, (x, y) =(Bova’ cos 6/2n) x (Za i aa 
where oa represents distance (x*+y’)? from the z-axis and œ is the 
azimuthal angle measured from the x-axis. The field strength B, varies 
linearly as x across the moving column of field, and declines in the 
two-lobed form x/@” outside. 

If, on the other hand, the fluid motion consists of a slab of fluid 
-a<x< +a with uniform velocity vo along the z-axis, then 


1 for xa 
B,(x, y) = Bovoan xja for —-asx= +a (16.3) 


—| for xs-—a. 


The strength B, varies linearly across the slab. It does not decline 
outside, because of the infinite width of the slab. 

The important point is that the large-scale external field in the x- 
direction is unaffected by the fluid motion. It extends across the column 
of moving fluid, unaffected by the motion of the fluid. 

Consider, then, the rotational motion v,(@, z) about the z-axis. In the 
first instance, suppose that there is a uniform field By in the z-direction, 
parallel to the axis of rotation, as sketched in Fig. 16.1(b). Then the only 
non-vanishing component of (4.13) is 


a (= 1a 1 aj IVs 
—— +— — —— +- |; B, = B, —. 
= n ðw? wôw w dz b ° az 


The field in the z-direction is unaffected by the fluid motion, while the 


FROM CLOSED CIRCULATION PATTERNS 445 


azimuthal component grows linearly with time and has the same spatial 
form as dv,/dz in the initial period of growth before diffusion becomes 
significant 


(t L7/n) B(w, z, t)= Bot dv,4/0z. 


The final asymptotic steady state (in which 0/dt=0) of the azimuthal 
field is readily computed in simple cases. If, for instance, the rotation is 
confined to the slab ~a<z< +a, in which the fluid velocity is a function 
only of radius, so that 
0 if z*>a?’ 

v(m) if z*<a’, 


vy (0, 2)=| 


then 
dv,/dz = v(w){5(z + a) —8(z—a)}. 
The field satisfies the equation 
18 ðw? + (1/@) d/dw — 1/w* + 0°/dz7}B, =0 (16.4) 


except on z = +a, across which B, is continuous and 0B,/dz undergoes 
the discontinuous jump 


A(0B,/0z) = 0B,/8z|ra— 
= + Bov(a)/n. (16.5) 
This result follows immediately from the integration of (16.3) from 
+a—e to tate, where e is an infinitesimal. Integrating again leads to 
the continuity of Be. 
In order that B, be finite at w=0 and vanish at w, z= +% for a 
bounded velocity v(m), consider solutions of (16.4) of the form 


J (kw)exp(+ kz). It is evident from the fact that the source (16.3) is an 
odd function of z that B, will also be an odd function, so write 


fi(k)exp{-k(z—a)} for z2a 


By(@, z)= | dkkJ, (kæ)? f,(k)sinh(kz) for ~aszs +a 


0 


—fi(kjexp{k(z+a)} for zs-—a. 
Matching the solutions at z = +a leads to 
f ,(k) = f.(k)sinh(ka). (16.6) 
The jump condition (16.5) requires that 


[7 AKEJ (keo){fulk) + falk)cosh(ka)} =- Baot) 
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so that if 


vlo) = [ake Vos kw), (16.7) 
then 
Vik)= [ døwwvlw) (kæ) 


and it follows that 


k{fi(k)+ fo(k)cosh(ka)} = — Bo V(k)/n. (16.8) 
Simultaneous solution of (16.6) and (16.8) yields 
f.(k) =— By V(ky/nk(sinh ka + cosh ka) (16.9) 


with f,(k) given by (16.6). It follows that for z>a 


_ Bo [ V(k)sinh(ka)J,(ka@)exp{— k(z —a)} 
By = nN h dk sinh(ka)+cosh(ka) , (16.10) 
while in ~a <z < +a, 
Bo i dkV(k)sinh(kz)J (kw) 
B=- | OO Al 
t n Jo  sinh(ka}+cosh(ka) (16.11) 


One illustrative example will suffice for the present purposes. Suppose 
that the rotation is essentially uniform out to some radial distance b( >a), 
beyond which it cuts off exponentially, 


vla) = Uo(w/ b)exp(— w/b). (16.12) 


Then the rotating region is effectively a broad flat disc of thickness 2a 
and radius b. It follows (Watson 1958; §13.2 (6)) that 


V(k) = 3u9kb7/(1 + kb?) 


Then at intermediate radial distances a <« w <« b, where the rotation is 
uniform, the rotational velocity being vow/b, the Bessel function oscillates 
exceedingly rapidly with k except for sufficiently small values of k such 
that k =O(1/@) > 1/a. Hence the integral over k is determined princi- 
pally by the integrand where ka « 1. Then (16.10) and (16.11) reduce to 


_ _3Bovob*a Í ” dkk’J(kw)exp{-k(z ~ a)} 
° n h (1+k?b?)? 
3Bovob?z (7 dkk7J, (ka) 
By == 2125 
n o (+k b*) 


respectively, upon neglecting terms O(ka) compared to one. Then since 
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(Watson 1958; §13.6 (2)) 


[Pee A ox (— ag) 
o (x? + q7) ~ 3q p ad), 


it follows that in ~a <z < +a, 
B, = — Bozv(@)/n. (16.13) 


In the motionless fluid outside the rotating slab, z >a, but with z « w, the 
exponential factor in the integrand can be set equal to one, and 


B =— Boav(@)/n. (16.14) 


Comparing (16.13) and (16.14) with the result (16.3) for a slab of fluid 
moving with the uniform velocity vo, it is evident that (16.1) applies 
locally to any part of a thin disc undergoing uniform rotation. The field 
varies linearly across the thickness of the disc, and is independent of z 
immediately outside the disc. At large z (z >b), the exponential factor 
exp{— k(z—a)} cuts off so rapidly with increasing k that kb<«1 over the 
range k= 1/z in which the integrand is non-negligible, with the result that 


7 9Byvob?aw(z -= a) 


Be = o tG- aF (16.15) 


At large distances the field declines as (z ~a)~*. This example represents, 
for instance, the rotation of the thin gaseous disc of a galaxy, or of a 
protostar system, surrounded by a fixed conducting medium (Parker 
1975). 

The topology of the lines of force is sketched in Fig. 16.1(b). The 
diffusion does not alter the basic topology of the initial winding in this 
case, although it causes the field to spread out sontewhat and limits the 
accumulation of total azimuthal flux with the passage of time. The 
large-scale field parallel to the axis of rotation is unaffected by the 
rotation. The azimuthal field produced by the shear of the rotation is 
coiled at the ends of the rotating cylinder. The adjacent coils have the 
same sign so that they blend together into a continuous field. 

Consider, then, what happens when the external field has a component 
perpendicular to the axis of rotation. 


16.3. The exclusion of field by steady circulation 


To illustrate the exclusion of the field component perpendicular to the 
axis of rotation, suppose that initially there is a large-scale uniform field 
Bo in the x-direction throughout the highly conducting fluid. A circular 
column of fluid concentric about the z-axis is set in motion at time t = 0, 
the fluid having the azimuthal velocity v4 (@). The magnetic lines of force 
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extending through the rotating column are carried around with it, wrap- 
ping around the outside of the column im layers of alternating sign, as 
sketched in Fig. 16.1(a). It is evident that the rotation alters the x- 
component and introduces a y-component as well. It is convenient, 
therefore, to work with the vector potential A, 


B, =+0A/oy, B, =—dA/ox. 
Then integrating the induction equation (4.13), the result is 
dA/dat +v; AA/dx, = nV A, 


the integration constant being put equal to zero because there is no 
large-scale electric field of external origin impressed across the region. 
The final asymptotic steady state is described by 


(2, 12,45) _ vw) ðA 
ðw? wiw ww dd* nw ad 
A variety of simple forms for v(a@) permit an analytical solution of this 


equation (Parker 1963). Suppose, for instance, that the fluid rotates 
rigidly with angular velocity w out to w =a and is at rest beyond. Then 


(16.16) 


v(m) = voja 


for w<a, where w=v,/a. Consider solutions of the form A= 
F(a@)exp(ind). It follows that 


d Fidé? + (1/é) dF/dé + (1—17/@) F =0 
where 
€=2(nv/an)?o. 


The solution is made up of a linear combination of J (€) and Y,({é). We 
require solutions that are finite at the origin, so the choice is J (£). In 
view of the complex argument of the Bessel functions, it is convenient to 
use the ber,, and bei,, functions, so that the vector potential is given by 
the real part of 


Alw, d)= y A, [ber,„{(nv/an æ} +i bei, {(nv/an)w}]. 


n=O 
x exp(+ind) (16.17) 
In the region w >a, where the fluid is motionless, the solution is 
wm" exp(+ind). We need a solution that reduces at infinity to the 
uniform value Bọ in the x-direction, so that A ~ Boy = Bow sin d. 
Therefore write 


A =-—iB,(w+a’C,/m)exp(id). (16.18) 
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It is evident, then, that with the impressed external field A = Bow sin ¢, 
the only terms needed in (16.17) are those for n= 1. 

Now define the wave number q =(v/an)?. Then ga =(av/7)?, which is 
just the magnetic Reynolds number R,, of the rotating fluid. Since 
R,, > 1, use the asymptotic form 


ber, (qa) + i bei, (gar) ~ (27qur)? exp{(1 + i)qa/2? + i37/8}H1 + O(1/qu}. 


except for w so small that qw is not large. But, as we will soon see, 
the vector potential is exponentially small there, of the order of 
exp[ —O(qa)], so it matters not whether the asymptotic form is valid. 
Hence, within the rotating fluid write 


Alw, 6) = A,(2aqa)? exp{(1 + it)qw/2? +13 7/8 +i}. 


Now the normal (radial) component of the magnetic field is continuous 
across w = a, which is satisfied by making the vector potential continuous. 
The azimuthal component of the field is also continuous, but its radial 
gradient is not, because of the discontinuous jump in the azimuthal 
velocity. Integrate the azimuthal component of the induction equation 

2 2 
(Bebe 1M Ne uB ae 
ðw? wow w ww dd’ Iw 


from a—e to a +e. Since B,, is continuous and v jumps from v to zero, 
it follows that 


ðB, |5 
n — e = vB, (a) 
OW Ig 
(as in (16.5)). Since B, =—dA/dw, we have 
3? Alda? ets = (v/na) aA/ad. (16.19) 


Then continuity of the vector potential across œw =a, with the vector 
potential given by (16.18) outside, yields 


A,(2mqa)™? exp{(1 + i)qa/2?+ 13 77/8} 
=—iB,a(1+C,). (16.20) 

The jump condition (16.19) leads to 

A (2 rqa)? exp{(1+ i)qa/2?+i37/8} 

+2B,C,/aq?° =iBoa (1+ C). 

Simultaneous solution of these two equations yields 

C,=—(1ti/a’q’)* = -—(1—i/a°q’) 

A,=—Bo(C,/aq’)(2aqay exp[{(1 + iaq/2? + 13 7/8}] 
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so that within the rotating column the vector potential is given by the real 
part of 


A = (27 exp{ -14 bexp itp 2 =} (16.21) 
Outside the rotating column the vector potential is given by the real part 
of 

A =~iBo{w~a*(1—-i/a’q’)/whexp(id), 
so that 

A =B,{(@w ~ a*/@)sin 6 + (1/q’aw)cos h}. (16.22) 

The important point to note is the exponential decline 
exp{—q(a—w)/2?} 


of the magnetic field inward from the boundary of the rotating column of 
fluid. This is the familiar decline of an alternating field of angular 
frequency w= v/a applied to the boundary w =a. For with 


dB,/dt = n VB, 


in the frame of reference of the rotating fluid, the local field, very near 
the boundary, is described by 


0B,/dt = y 0° Baak? 


where £=a-—q@ is distance from the boundary. The solution for Bẹ « 
sin(wt) at the boundary is the real part of 


exp{—(w/2n)?Z}exp i{wt — (@/2n)?g}. 


Transforming to the fixed frame so that @=wt, and writing œw = v/a 
q? = vjan, this becomes 


exp{- q(a — w)/2*}exp if — q(a — w)/27} (16.23) 


which is identical with (16.21) in the near neighbourhood of w = a. This 
illustrates the physical explanation for the exclusion, that the fluid within 
the rotating region sees the external field as an alternating field, which is 
limited to the conventional skin depth (n/@)?. 

Note that if the inner portions of the cylinder or sphere rotate relative 
to the outer parts, then further exclusion of field by the inner rotation 
occurs. A simple example (Parker 1963) is given by the cylindrical 
velocity field v = v(a/w)* where v is a constant. The azimuthal velocity 
increases monotonically with decreasing distance w from the z-axis. If the 
field at w =+% is in the x-direction (œ = 0) with magnitude Bo, then it is 


? 
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readily shown from (16.16) that 
A (©, 6) = 2(a*v/n) Bolkein{(4a7v/ no) }sin p 
— ker,{(4a7v/ nw)}cos o]. (16.24) 


The lines of force are given by A = constant and are plotted in Fig. 16.2. 


Fic. 16.2. The magnetic lines of force of the initially uniform field in the circular fluid 
motion v = v(a/ wY (a) after a time t = a/v, showing how the lines of force are drawn into a 
spiral and intensified by the shear, with the field strength varying as (a/a)*cos(a/ar)? toward 
the origin, and (b) the final asymptotic state as t — œ, with distance in units of a?v/n, from 
(16.24). In (c) the asymptotic state of the lines of force in the neighbourhood of A =0 is 
shown greatly magnified to illustrate the deflection of the lines out of the rotating region. 
The indicated values of A= A are proportional to the total magnetic flux measured from the 
singular line that passes through the origin. 
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ŠÍR 


(© 9.65 


Fic. 16.2 (cont’d.) 


At large radial distance the field components are 

B,, ~ + Bo{cos @ + (a?v/ qav)sin pġ + Olav? n o), 

Ba ~—Bofsin 6 + Olav’ in wo). 
The radial component B,, contains no net flux, of course, but it produces 
a net jog in the lines of force (in the x-direction) by a distance 2va?/n. 


Moving into the increasingly rapid rotation about the z-axis, the field 
declines extremely rapidly with decreasing w, 


B „~ +2'2(a?v/ nw?) By exp{—(2a7v/nw)}sin{h — 7/8 — (2a? v/ nw)*} 
B, ~ — 2!2(av/ nw)? Bo exp{ — (2a7v/ nax)*}cos{ — 7/8 ~ (2a7o/ no). 


The azimuthal component is larger, by the factor (av/yw)?. The lines of 
force go into a spiral of increasing tightness, and the field strength 
declines abruptly inward with the form exp{—(2a7v/nw)t. 


16.4. The exclusion of field by variable circulation 


On the basis of these three examples, then, it is a simple matter to 
anticipate the effect of a random rotation of a cylinder about its axis, or a 
sphere about its centre. The external field, as seen by an observer moving 
with the cylinder or sphere, rotates randomly. If there is no preferred 
orientation of the cylinder, then the mean external field has no mean, as 
seen from the cylinder. So there can be no mean field extending across 
the cylinder (or sphere) beyond the skin depth of the lowest frequency 
Fourier component of the rotation. If that frequency is not zero, then the 
field is excluded from the deep interior. 
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A single example illustrates the effect. Suppose that we construct a 
local plane Cartesian coordinate system xy in some small region on the 
surface of a body, the coordinate system being fixed on the surface. In 
that frame of reference, suppose that the tangential components of the 
external field (B,,B,) impressed upon the surface are B, = By cos 4, 
B, = By sin @ where œ is the fluctuating angle 


b(t) = l drQ). 


Suppose that the angular velocity Q(t) varies as 
Ot) = Q+ 0, cos(at) 
so that 
b(t) = Oot + (O,,/a)sin(at). 


The orientation @ of the body oscillates with amplitude 0,/a about the 
continually varying position Qot. This is not a random variation, of course, 
but it serves to illustrate the general consideration. Write 


B(t)= B, (t)+iB,(t) = By expe). 


The Fourier transformation of B(t) is 


+00 


B(w) = dt exp(—iwt)B(t) 


By ("7 -Q iQ, 
-2 f dé exp] =i = 9+ sin o) 
a Jo a a 


+o 
x >) exp i{2a(w—Op)/n} 
where @=at and the integral over at from —œ to +œ has been broken 
into intervals (— m, + 7), (a, 37), etc. The integral from — a to +7 is just 
the Bessel function 277J,(0,,/a) of order v =(w—Q,))/a. The sum can be 
written as the sum of the Fourier transforms of the individual terms, using 
Lighthill’s theorem, with the result that 


B(w) = 27 Bo J, (O,/a) y 6(@ — Qo- ne). 


n = o 


The frequency spectrum consists of a series of spikes at œ = Qo + na. Thus 
the field 


+00 


B(t) os l dw exp(iwt)B(@) 
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can be written as a series 


B(t)= Bo expGQ of) y Ja (O,/a)exp(inet). 


n = -0 


Then since J,(x) = (—1)"J_, (x), it follows that 


B.(t) = Bo | Jo(Qy/a)cos( 0 


+ y {J> (0,,/a){cos((2na + O,)t) + cos((2na — Qt) 


H = 


+ Jaq s(Oulancos{((2n= Da + O9)t}—cos{((2n= Da- WH |, 
B, (1) = By] JQ /a)sinQot) 


+ 5 {Jan (Q1/a Ksin((2na + Qo)t)—sin((2na — Qo)t)} 


n = 


+J (Q /a)lsin{((2n — la + Op) t}+ sin{((2n — De -99 . 


It is evident that the time average of both components B,, B, of the 
external field are zero, unless 0,/a@ is equal to an integer or zero, so that 
there is no penetration of field into the rotating body beyond the 
characteristic skin depth computed for the lowest frequency Qo or Qo 
2na. If Oo =0, however, then 


B, = Bol Jol Qylee) +2 y Joy (Qla)cos(2nat) | 


n=] 


B, =2By } Jon—1(Q,/a)sin((2n— at). 
n=1 

In this case B, has a mean value BoJo(O,/a), which penetrates, after a 
time, throughout the entire body. The example is not a random rotation, 
so that, as it turns out, the x-component of the external field has a d.c. 
component. The d.c. component penetrates through the body, the effective 
skin depth being infinite. If the amplitude 0, of the change in the angular 
velocity is very large (QO, >a), then the d.c. component is very small, of 
course, with Jo(Q,/a) = Of(a/0,)7}, but there is no exclusion effect for 
OQ. =0. Only if the external field oscillates about a zero point (OQ, 4 0) is 
the field fully excluded. A random rotation of the body does just that, of 
course. 
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16.5. The distribution of field in steady convection 
To illustrate the exclusion of field from regions of steady fluid motions, 
consider the effect of the periodic two-dimensional convective motions 


v, =v sin(kx)exp(— ky), v, =v cos(kx)exp(—ky). (16.25) 


The motion is both irrotational and incompressible and can be described 
in terms of the velocity potential 


e = —(v/k)cos(kx)exp(— ky) 
v, = ~ dd/Ox, v, =—dd/ay, (16.26) 


and in terms of the stream function 


yy = —(v/k)sin(kx )exp(— ky) 


(16.27) 
v, = +dd/dy, v, = —ddb/ax 


with 
Vb =V y=. (16.28) 


The fluid motion grows rapidly weaker with increasing y, so that for 
ky > 1 the fluid is essentially at rest. The motion grows rapidly stronger as 
y becomes large and negative. The stream lines are illustrated in Fig. 
16.3. 

We present a number of examples (Parker 1963} to illustrate the 
exclusion of a variety of field configurations. One is a vertical magnetic 
field, extending upward through the convective motions. In this case the 
field is confined to thin intense sheets in the downdrafts, and excluded 
from the rest of the region below the x-axis. Another is a horizontal field 


Aki B, =2-50 


Fic. 16.3. The light lines represent the stream lines of the fluid motion (16.27). The heavy 
lines represent the lines of force of a horizontal field pressed down upon the top of the fluid 
motion, computed from (16.32). 
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extending across the top of the convection penetrating downward into the 
convection, particularly in the downdrafts. The final example is a strand 
of magnetic field uplifted from below by an updraft. 

As a matter of computational convenience, slide the coordinate system 
in the y-direction so that the velocity amplitude v at y =0 is v = nk. Then 
the effective magnetic Reynolds number (v2+v%)?/nk is exp(— ky), being 
less than one in y>0 and greater than one in y <0. 

Describing the magnetic field in terms of the vector potential A, as in 
$16.15, with no e.m-f. except that induced by v;, the equation for the final 
asymptotic steady state of the field is 


v; dA/ax, = NVA. (16.29) 


16.5.1. Horizontal magnetic field 


As the first illustrative example, suppose that there is a uniform 
horizontal field Bo in the x-direction in the region above the steady 
convection. This field presses downward on the tops of the convective 
cells. Consider in what way it extends downward into the region y <0 
where the fluid motions are strong. It is obvious that the upwelling fluid at 
kx =2nar (n=0, +1, +2,...) excludes the field, pushing it up to the top 
(y =0) of the convective region. The question is to what degree the field 
is carried down into the convection in the downdrafts at kx =(2n+ 1). 

For the present example, the field equation (16.29) is most conve- 
niently treated in cartesian coordinates. Let €= kx and ¢ = ky. Then with 
v = nk, (16.29) becomes 


A SA {sing 2+ cose <= lexp(-Z) =Q. (16.30) 
dg ök dg 0g 
The variables are not separable in this form so let 
A (£, 2) = f(& wexp(— u cos €) 
where u =35 exp(—). Then 
a flag? + u?” flau? + (1/u) dffau— f}=0. 


Separating the variables, it is readily shown that the solution can be 
expressed as 


A (6 )=explu cos £ | (Cy + Cx XCalolu) + Ca Kolu) 


+ È {Diy sin(ng)+ Don c0s(ng) {Daly (U) + Day Kw} | 


n = 


(16.31) 


where the C, and the D, are arbitrary constants. For the problem at 
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hand, the uniform field above the convection requires that A ~ Boy as 
y—> +% (u— 0). Since the uniform field is independent of x, it is 
represented by the terms for n =0. Noting the asymptotic forms 


Io expl- 2)} ~ 1+gexp(—22)+... 
Ko exp(— OD} ~ é tln(4/y) tHE t1 +lIn(4/y)expl -26+ ... 
as č — +, it is readily seen that the desired solution is (Parker 1963) 


A(x, y)= Bok~' exp{—4 cos(kx )exp(— ky)} Ko exp(— ky)} 
(16.32) 


As y becomes large and negative, the asymptotic form of K,(u) is 
(m/2u)? exp(— u), so that 


A(x, y) ~ Bo(a?/k)exp[—4{1 + cos(kx)}exp(— ky) +5ky], 
so that the field declines downward as 
expisky —exp(— ky)} 


in the upwelling fluid and as exp($ky) in the downdrafts. Thus, even in the 
downdrafts, where the field is pulled into the convection by the fluid 
motion, the field declines exponentially downward into the convection. 
The reason for the downward decline is transverse (horizontal) diffusion. 
The lines of force are plotted, together with the streamlines of the fluid 
motion, in Fig. 16.3 in flux units of AA = Bo7r?/k. 


16.5.2. Vertical magnetic field 


If there is a vertical magnetic field (y-direction) of uniform strength Bo 
filling the region from x = —~ to +œ above the convection y, then the lines 
of force of the field must somehow pass downward through the convec- 
tion to y = —%, presumably in the downdrafts. If there are no perturbing 
effects extending into the region from x = +, then the lines of force will 
be separated into bundles of equal total flux 27B,/k in each downdraft’. 
As a solution let 


AE D=-Bk e+ Y ALEO) (16.33) 


where the first term represents the uniform vertical field B, = Bẹ at 
ky>1. The term A, represents the effect of the interaction of the 


? The obvious solution from (16.31) is A(é 2)=— Bak ~'E exp cos é exp(—Z)} 
I,{3 exp(— £)} from which it follows that the field is By in the vertical direction at 
y—> +0, and 7B,{1—4€ sin £ exp(— ¿)} exp(—3¢ +} exp(— Z)} as y becomes large 
and negative. But note the linear increase with € of the term é sin £ exp(— ). 
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velocity field with A,_,, beginning with 
aA, /d€?+0°A,/ac* = sin E exp(—). (16.34) 
Then for n> 1, (16.30) yields 
A, /aé? +0°A,/al? = sin £ exp(—2) 0A,,_,/0E + cos E exp(—Z) AA, 1/3. 
It is readily shown that 


A, =~2(¢ +2)sin € exp(— 4), (16.35) 
A- = +45(26 + 4)sin 2& exp(— 22) (16.36) 

A3=—a(nt sin £ exp(— 32) —s7¢(3¢ +3)sin 3 exp(— 32), 
(16.37) 


etc. The term A,, vanishes as exp(~ nč) as ¢ becomes large and positive. 
As ¢ becomes large and negative the field is concentrated strongly into 
the downdrafts at € = (2n + 1)r, so that the solution is non-vanishing only 
in the near neighbourhood of €=(2n+1)a. It is readily shown by direct 
substitution into (16.30) that, neglecting terms of the order of (€— m)? 
and exp(£) compared to one, the vector potential for large negative € in 
the neighbourhood of ¿= ~ is given by (Parker 1963) 


A(&, 6) ~ ~ nBok™' erf{2 >é — m)exp(—430)} (16.38) 
so that 


B, ~ Bo(r/2}(é — mjexp{—ż —3 E— my) exp(— f)}. (16.39) 
B, ~ Bo(27)? exp{—3¢ -E 7)? expl- O)}. (16.40) 


Thus at a depth ¢ the field is confined into columns in the downdrafts. 
The profile of the field strength in each column is Gaussian, and the 
characteristic width of the Gaussian is the very small quantity 
2?k~' exp(4Z) equal to (23/k)R,, where R,, is the effective magnetic 
Reynolds number {(v? + 02)/nk}=exp(— ky) at the depth y. The lines of 
force are plotted, together with the stream lines of the fluid motion, in 
Fig. 16.4. 


16.5.3. Magnetic filaments 


Consider finally a magnetic field of the form of the bipolar region 
observed on the sun, wherein a flux tube is carried to the surface by 
magnetic buoyancy and/or a convective upwelling of fluid. In the final 
steady state in the periodic convective pattern (16.25) the lines of force 
are confined to the downdrafts, of course, being swept into them by the 
converging flow of the fluid. So the lines of force extending up the 
downdraft at € = ~, find their way back down at €=— a and €=+37, etc. 
Suppose, then, that at large negative ¢ the field is vertically upward at 
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A 


Fic. 16.4. The light lines represent the stream lines (16.27) and the heavy lines represent 
the lines of force of a vertical field extending upward through the fluid motion, computed 


from (16.35)-(16.38). 
€=(4n+1)a and downward at (4n — 1)r. The solution of (16.30) which 
illustrates this case, with the field arching over the top of the convective 
upwellings at €=2n7, is most readily obtained using the velocity poten- 
tial ġ and stream function y as coordinates. For then dd/dx =~ dy/dy, 
ad/dy =+dd/dx and 
v; dA/dx, = (VY dA/dd, 

VA =(Vob)*(0° A/a? + 07 A/a’), 

so that (16.30) reduces to 


Alas? +0°A/db?* +dA/dd = 0. (16.41) 


The variables are separable and the general solution can be written as a 
sum of exponential functions of y and œ. It turns out, however, that the 
solution to the problem at hand can be written in the non-separable form 
(Parker 1963) 


A = Bolni kjert[2 {6 + (4? + bY }] 
= By(a/k)erf{2-2(1 + cos £} exp(—4¢)} (16.42) 


It is readily shown by differentiation of A(4, œ) that this expression 
satisfies (16.39), and hence (16.30). The field components are 


B, = — BoGm)*(1 + cos £} exp{—3¢ —4(1 + cos E)exp(— 2}, 
(16.43) 


p 4p GSE o 


y o (1+ cos ay ~3(1 +cos é)exp(— f)}. (16.44) 
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Fic. 16.5. The light lines represent the stream lines (16.27) and the heavy lines represent 
the lines of force of a strand of magnetic field stretched up over the top of an upwelling, 
computed from (16.42). 

At large negative ć, deep in the convective region, the field is confined to 
thin columns of characteristic thickness 2 expGé) extending down the 
centre of each downdraft €=(2n—1)a. Thus, for instance, in the neigh- 
bourhood of E= 7, 


B, ~ Bor? exp{—46 —4(E— m)” expl- Qf. (16.45) 
A~ Bolrik)erfi(é — m)exp(—46)}, (16.46) 


and B, ~4(é—7)B,. The lines of force are plotted, together with the 
stream lines of the fluid motion, in Fig. 16.5. Note that the form of 
(16.45) is identical with (16.40), as we would expect (see also the 
illustrations in Clark 1965). The vertical component of the field is 
confined by any converging horizontal flow v, =—vokx to a horizontal 
profile B, «exp{— (vok/2y)x*} regardless of where the lines of force 
extend elsewhere in the space. In the convective flow (16.25), the 
effective value of vo is v exp(—ky), so that the characteristic width is 


(Qn/vok)? = (2n/kv} expGky) = 2? expGky) 
at any level y. 
16.6. The onset of field exclusion 


The manner in which the field goes about its exodus from the tnterior 
of a rotating region was described briefly in $16.1. The lines of force 
initially extending across the diameter of the region are wrapped about 
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the region by the rotation, forming a roll of magnetic sheets of alternating 
sign. The thickness of each sheet declines inversely with time until 
diffusion becomes important and the field is obliterated, surviving only in 
the fluid outside the region of rapid rotation. This is the means by which 
the exclusion of field comes about, and the effect is sufficiently interesting 
in its own right to merit detailed study. It is particularly important to 
understand the effect if we consider to what degree the field is excluded 
from the supergranules by their continual overturning. 

Some years ago Parker (1966) worked out the fields as analytical 
functions of space and time in rigidly rotating cylinders and spheres 
surrounded by a conducting medium (see also Herzenberg and Lowes 
1957). He followed in detail the development and decay of the individual 
filaments of field as they wind about the rotating region. Weiss (1966) 
explored the development and eventual exclusion of field from regions of 
continuous fluid motion (thereby avoiding the discontinuity in the fluid 
velocity that occurs at the surface of the rigidly rotating cylinder or 
sphere) and produced computer print-outs of the evolution of the field at 
successive stages of development from an initial uniform state into the 
final excluded form. He considered the simple convective cell described 
by the stream function 

ur = cos(kx)cos(ky) (16.47) 


for k*x*, k?y?” < r?° and employed numerical methods for the solution of 
(16.29)°. He pointed out the initial linear rise of field to the maximum 
(16.2) after a time of the order of (16.1) and showed the subsequent 
decline to the final asymptotic form with the field excluded from the 
central regions of the cell. The time evolution of a field, initially uniform 
and vertical, is shown, reproduced from his original paper, in Fig. 16.6. 
The magnetic Reynolds number is R,,= 10°. The breakup of the fila- 
ments is particularly noteworthy, forming closed loops as the lines of 
force reconnect at various points along the windings. The example 
provides an excellent illustration of the reconnection of magnetic lines of 
force (Bullard 1949; Parker and Krook 1956) as a consequence of 
resistive diffusion. It may be seen from Fig. 16.6 that the final asymptotic 
form is reached, after a few small oscillations in the disintegrating loops in 
the interior, in a period of about three times the characteristic period 
(16.1). Figure 16.7 is a plot of the mean square field as a function of time 
for various magnetic Reynolds numbers up to 2000. Weiss goes on to 
treat a row of convective cells, etc. But the results for the single cell 
illustrate the essential character of the phenomenon. 

The final asymptotic strength of the field compressed into the boundary 


* It is a simple matter to show that there are no non-trivial elementary analytical 
solutions available. 
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auam 


Fic. 16.6. The stream lines of the fluid velocity (16.47) are plotted in (a). The lines of force 
of the final asymptotic state for the modest magnetic Reynolds number R,,, = 40 are shown 
in (b). For a magnetic Reynolds number R „= 10° the development of the lines of force with 
time is shown in (c) through (j) at intervals of At=0-5, beginning with f=0-5 and ending 
near the asymptotic state with t= 4-0, reproduced from Weiss (1966). 
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Fic. 16.7. The development of the mean square magnetic field with time in the velocity 
field (16.47) for magnetic Reynolds numbers (a) R,,=40, (b) Rm = 100, (c) Rm = 200, (d) 
Ra = 400, (e) Rm = 1000, reproduced from Weiss (1966). 


of the cell follows from the considerations at the end of §16.4, wherein it 
was pointed out that the lines of force extending upward through a 
horizontal converging flow v, =— vkx are compressed into a thin filament 
of characteristic width 1/R2,k where R,,=v/ky. Thus, if the field was 
initially By over the entire region, then the peak field in the compressed 
ribbon is B = B,R?,. The field is essentially zero outside the ribbon, so 
that the mean square field, averaged over the entire region is, then, 
B2R2, so that the r.mss. field is B,Ri,. It is smaller than the maximum 
field, at the intermediate time (16.1), by R®. The increase of the mean 
square field through the maximum (16.2) and the subsequent decline to 
the final value BdR,, is vividly displayed in Weiss’s numerical calculation, 
shown in Fig. 16.7. 
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MAGNETIC FIELDS IN TURBULENT FLUIDS 


17.1. Introduction 


HAVING described the exclusion of magnetic fields from closed circula- 
tion patterns of fluid, we turn now to the opposite circumstance wherein 
the fluid mixes at random throughout the space. The high electrical 
conductivity causes the magnetic field to mix at random with the fluid, so 
that a variety of phenomena occur, including turbulent diffusion of the 
mean field and production of new magnetic fiux on both a small and a 
large scale. Indeed, the complexity is so great that there is not yet a 
general theory for the behaviour of magnetic fields in a turbulent fluid. 
On the other hand, the turbulent dissipation and the turbulent generation 
of the mean large-scale magnetic field play a central role in understanding 
the origin and the behaviour of the magnetic fields in astronomical 
bodies. So the subject of turbulence, however difficult, cannot be avoided 
if we wish to understand the ‘life cycle’ of the fields treated in the 
foregoing chapters. 

In the absence of a general theory one is led to treat a variety of special 
cases, each sufficiently idealized to be tractable. With a suitably diverse 
assortment of special cases it is possible to establish that turbulent 
diffusion of magnetic fields is a real and powerful effect. In rapidly 
rotating bodies there is the additional effect that turbulent diffusion may 
be reduced, or even reversed, together with the generation of new 
magnetic flux, all as a consequence of the cyclonic eddies of which 
turbulence is composed in a rapidly rotating body. The topic is doubly 
fascinating because it deals directly with some of the most fundamental 
unsolved problems of classical hydrodynamics, such as the accumulation 
of strain in an element of fluid in a turbulent flow, and the correlation of 
the strain with the net displacement. These problems are not particularly 
important in the turbulent diffusion of scalar fields, such as smoke, but 
they are crucial for the diffusion of magnetic fields. The problem is 
difficult, and Kraichnan (1976a, b) has emphasized that its general treat- 
ment lies outside any presently available formal statistical approximation. 
It is a simple fact that what we know today of the turbulent diffusion and 
turbulent generation of magnetic fields rests on spectal limiting cases, 
such as the short-sudden approximation, the low magnetic Reynolds 
limit, and the analytical and numerical study of a sea of artificially 
prescribed turbulent eddies. This foundation is firm, if inelegant, because 
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it is Quantitative and because a diverse assortment of cases have been 
treated. A number of exotic effects have been discovered and there may 
well be additional effects still unknown. The subject has moved out of the 
speculative state, where it started with the recognition of hydromagnetics 
thirty years ago. 

The understanding of magnetic fields in turbulent conducting fluids is of 
paramount importance to the astrophysical question of the origin of 
cosmic magnetic fields. The first step toward answering the question is to 
decide whether the observed magnetic fields are of contemporary or 
primordial origin. The planets, stars, and galaxies that populate the 
universe are believed to have been formed in the past from the collapse 
of diffuse clouds of gas into the condensed active forms that presently 
catch our attention. It is not unreasonable to suppose that the original 
diffuse gas clouds were pervaded by large-scale magnetic fields, much as 
clouds are today (Thorne 1967). Hence, it is not unreasonable to suppose 
that in the contraction of the gas to form a galaxy, the primordial field 
was carried with the gas into the final compressed state, so that each 
galaxy was born with a significant magnetic field of its own. Thus, for 
instance, isotropic contraction of a gas of density p compresses its internal 
magnetic field in proportion to p°. If the gas contracted isotropically from 
an intergalactic density of 107° H-atoms cm™ to a typical galactic density 
of 1 atom cm™, any magnetic field in the gas is compressed by a factor of 
10*, say from a primordial value of 10°? G to 1075 G within the galaxy. 
Similar compression might reasonably be expected in the formation of 
stars and planets from the diffuse interstellar gas where the magnetic 
fields are presently observed to be a few uG. If the primordial field 
captured by the galaxy is more or less permanently fixed in the galaxy 
thereafter, then the theory of the origin of the existing galactic field is 
simply treated. The field is ‘primordial’, originating in an early epoch of 
the universe and preserved by the high electrical conductivity of the 
gaseous disc of the galaxy. Unable to obtain direct information on 
conditions in the early pre-galactic epoch of the universe, there would be 
little more to be said. Of course the observed non-uniform rotation of the 
gaseous disc of the galaxy would shear the lines of force into an azimuthal 
field composed of many filaments of alternating signs, contrary to con- 
temporary Observation, but an agile mind can readily circumvent such 
difficulties (cf. Piddington 1970, 1972a, b, 1975b). The idea that the 
galactic magnetic field is of primordial origin has been widely accepted for 
many years (cf. Parker 197Qa). 

To examine the question of primordial fields more closely we begin 
with the planetary magnetic fields. In that case, the answer to the 
question of primordial origin is easy. The small size of the four inner 
planets, with liquid iron cores (ø =10'°s '), leads to a resistive decay 
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time of less than 10° years. The present age of the planets is in excess of 
10° years, so any primordial fields disappeared long ago. Even Jupiter, 
with its large dimensions, ten times the size of Earth, and its interior of 
metallic hydrogen (o =10'’s™') cannot delay the resistive decay of 
magnetic fields beyond a characteristic time of about 10° years. So the 
present fields of the planets require a contemporary cause. 

The resistive decay time for magnetic fields in stars is much longer, of 
the order of 10'° years, comparable to the age of the galaxy and most of 
its stars (Cowling 1953). The resistive decay time of a magnetic field in 
the gaseous disc of the galaxy is of the general order of 10** years, and 
even ambipolar diffusion requires 10'* years to release the field from the 
clutches of the disc. It might seem, then, that a primordial explanation of 
stellar and galactic fields is possible or even unavoidable. However, it 
must be remembered that strong fields escape by their own devices, 
largely through magnetic buoyancy and the associated Rayleigh-Taylor 
instability (cf. Chapters 8, 9, and 13). Thus, the present-day galactic field 
of some 3 x 107° G escapes through its dynamical effects in a characteris- 
tic period of only 10° years, while fields of 10*G escape from the 
convective zone of the sun in only 10 years. A fragment of a primordial 
field (say, B < 107 G) could be trapped in the stable core of a star for 10*° 
years, and perhaps some of the rigidly rotating fields of the magnetic stars 
are to be understood in this way. But the fields observed at the surface of 
the sun oscillate with a period of about 22 years. Evidently they are not 
of so fixed a character. Altogether, then, it would seem that the active 
fields of the sun and other stars, and the field of the galaxy all require a 
contemporary cause. There are, evidently, processes in planets, stars, and 
the gaseous disc of the galaxy that generate magnetic flux, because these 
objects continually lose magnetic flux and yet their fields are not 
exhausted at this late epoch in time. 

The next question, then, is to consider what might create or amplify 
magnetic fields. To understand this question note that the large-scale 
behaviour of magnetic fields is described by the hydromagnetic equation 
(4.14). The equation is linear and homogenous in B. There is no source 
term. That is to say, there is no outright creation of field in the hyd- 
romagnetic description of magnetic fields. The contemporary magnetic 
fields can be sustained against resistive and turbulent decay only by 
amplification of existing magnetic flux, rather than by the fresh creation 
of fields. Hence, if at any point in time the universe were devoid of 
magnetic fields, then, so far as hydromagnetic effects are concerned, there 
would be no magnetic field at any other time. The general existence of 
magnetic fields today implies, then, that there were magnetic fields of 
some sort in the primordial universe. 

In this connection it is interesting to note the point made by Biermann 
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(1950), that there are microscopic thermal and inertial ‘battery’ effects in 
a moving ionized gas. The battery effects are overlooked by the hyd- 
romagnetic approximation of the gas as a classical resistive fluid. In 
particular, the isotherms in a rotating star do not coincide with the 
equipotential surfaces of the combined gravitational and centrifugal po- 
tentials. The unbalanced forces on the free electrons cause a small 
meridional (poloidal) current to flow, of the general order of j = mQ?’ Rofe 
where Q is the angular velocity of the star of radius R and electrical 
conductivity o. If a star is initially free of all magnetic fields, then over an 
extended period of time the electric current builds up an azimuthal 
(toroidal) magnetic field. For the sun an azimuthal field of 50 G might be 
built up in 4x10° years (Roxburgh 1966). However, any meridional 
(poloidal) magnetic fields, or any convection in the star, confound the 
effect. So it is doubtful that the contemporary fields of stars are produced 
by the battery effect. The importance of the battery effect is that it 
guarantees that, if all else fails, the stars and galaxies in the universe are 
seeded with magnetic fields. The battery effect guarantees that the 
powerful hydromagnetic process, described by (4.19), has an initial field 
with which to operate. It is not possible that B remain identically zero. 
Battery effects alone might produce as much as 10°'°-10-°G in the 
gaseous disc of a galaxy and up to 50 G in stars (see Mestel and Roxburgh 
1961; Cattani and Sacchi 1966; Roxburgh 1966; Cattani 1967; Thorne 
1967; and references therein). 

To continue, then, with the discussion of hydromagnetic effects, it 
should be pointed out that the diffusion and dissipation of magnetic fields 
play an essential role in the hydromagnetic amplification of magnetic 
fields (Parker 1955, 1970a; Leighton 1964, 1969; Steenbeck and Krause 
1966). Since diffusion and dissipation are also the graveyard of all 
magnetic fields, this statement seems paradoxical at first sight; but there 
are several vital tasks performed by diffusion and dissipation, not unlike 
the essential role of individual death in the survival of biological species. 
Consider, for instance, the catastrophic long-term consequences to a 
vertebrate species that, upon reaching maturity, ceased to age, thereby 
being immortal. The species would soon overwhelm the environment, and 
its ability to evolve would be destroyed. In a similar vein the resistive 
dissipation of magnetic fields is necessary to control the otherwise unli- 
mited growth of small-scale fields in the turbulent fluids. Without rapid 
destruction of the small-scale fields, they would soon overwhelm the 
turbulent motion, reducing the mixing of fluid and field to zero. Resistive 
dissipation avoids this catastrophe. The fields are drawn out by eddies of 
dimension L into ribbons that soon become very thin compared to L. The 
ribbons are then cut by the non-equilibrium rapid reconnection (neutral 
point annihilation, discussed in Chapter 15). 
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The second point is that the amplification of magnetic flux requires 
reconnection of lines of force over dimensions L of the individual eddies, 
and over dimensions as large as the scale A of the entire system (in the 
lowest mode of field generation). Speaking broadly, the amplification of 
magnetic flux over a scale A in the ordinary circumstance of the planets, 
stars, and galaxies, requires the formation of a field, and hence, the 
reconnection of the lines of force, over dimensions that are a significant 
fraction of A (Parker 1955). Reconnection over a dimension A as a 
consequence of resistive diffusion 7 requires a time of the general order 
of A*/n. Yet, to use the sun as an example, the fields are built up and 
destroyed in periods of 10 years, over dimensions of Ro =7x 10° km 
across the convective zone in which the electrical conductivity exceeds 
10'*s7' (appropriate for 10* K). With n =10’cm’s ', then, and A= Ro 
it follows that A*/7 =5x10'*s=10’ years. A ten-year period would be 
impossible. 

It is here, then, that the turbulent diffusion of magnetic fields enters the 
picture (Steenbeck and Krause 1966; Leighton 1969) as an essential part 
of the formation of magnetic fields by fluid motions. If there is a turbulent 
diffusion effect with a diffusion coefficient ny of the same general order as 
the turbulent diffusion coefficient «x for scalar fields (such as smoke), then 
the amplification of weak magnetic fields to form the strong fields 
currently found in the sun and the galaxy follows automatically as a 
consequence of the convective motions and non-uniform rotation of those 
bodies. If, on the other hand, there is no turbulent diffusion effect, then 
we are presently without a viable explanation for the origin of the 
observed fields. Hence, the physics of turbulent diffusion of magnetic 
fields is crucial for understanding the astrophysical magnetic field. It is the 
subject of this chapter and of the next where we also look into the 
generation of magnetic fields. 

Now the concept of turbulent diffusion of magnetic fields has been 
around for a long time (Sweet 1950). The diffusion of magnetic fields in a 
turbulent fluid is suggested by simple analogy to the turbulent diffusion of 
scalar fields (Taylor 1921; Batchelor 1959). On the other hand, Alfven 
(1947) and Biermann and Schlüter (1951) postulated, on an equally 
plausible basis, that the turbulence causes the small-scale magnetic fields 
to grow until they reach equipartition of energy with the turbulent eddies, 
(B’)/8a =4pv’. The suggestion was based on the strong coupling between 
the Maxwell stresses M; and the Reynolds stresses R; and the similar 
form of two isotropic stress tensors 


Mi; =- §,,B°/87 + B.B/47, R, = — 6,(p+ $pv7)— pU;V; 


in an incompressible fluid. But, on the other hand, the similarity of the 
vorticity equation (4.30) and the hydromagnetic equation (4.16) led 
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Batchelor (1950) and Chandrasekhar (1950, 1951) to suggest that the 
Fourier spectrum of the magnetic fields is similar to the vorticity spec- 
trum, both spectra rising with increasing wave number to their peaks just 
before the dissipative cutoff. Hence, if there is to be equipartition of 
energy, it occurs only at the peak of the vorticity spectrum if the magnetic 
spectrum extends that far, i.e. if ņn<v. Various authors explored the 
analogy and its consequences (Moffatt 1961; Parker 1963; Pao 1963; 
Saffman 1963, 1964; Kazantsev 1967, 1968; see also the ideas suggested 
by Parker 1969; Vainshtein 1970; Nagarajan 1971). Altogether it would 
appear that the analogy provides a dilemma, rather than a solution, to the 
astronomical problem of the origins of fields. 

Kraichnan and Nagarajan (1967) show from a detailed analysis of the 
interaction of the Fourier components of the magnetic and velocity fields 
that the general effect of a turbulent fluid on a magnetic field depends 
upon the sum over wave numbers of many positive and negative contribu- 
tions, so that elementary statistical conjectures cannot provide a reliable 
solution to the problem. They make the basic point that no methods 
presently available are able to sum the effects with sufficient accuracy to 
determine the sign of the net effect in the general case. 

At the present time there are available the results of calculations in the 
quasi-linear approximation and in the direct interaction approximation. 
Both lead to the result that the turbulent diffusion coefficient ny for the 
mean magnetic field is identical to the coefficient for the mean scalar field. 
The quasi-linear approximation (Steenbeck and Krause 1969; Radler 
1969; Roberts 1971) is valid for small magnetic Reynolds number for the 
individual eddies, so that the turbulent velocity field produces only small 
local perturbations in the large-scale field. The direct interaction approxi- 
mation (Kraichnan 1976a) gives an improved value for the diffusion 
coefficient for scalar fields, and the same value for magnetic fields, and 
one would expect the direct interaction approximation to be more gener- 
ally applicable, i.e. not restricted to small magnetic Reynolds numbers. 
But Kraichnan goes on to show that the result of the direct interaction 
approximation for magnetic fields is not generally internally consistent. 
Local persistent helicity fluctuations make a large negative contribution to 
the effective diffusivity of the mean magnetic field, at the same time that 
they increase the turbulent diffusivity of the scalar field. 

Some years ago Parker (1971) introduced a statistical disorder 
hypothesis that the accumulating strain of an element of fluid loses all 
memory of the initial position of the element of fluid. It follows im- 
mediately that the turbulent diffusion of the mean magnetic field, carried 
in strong turbulence with high magnetic Reynolds number, is identical 
with the diffusion of a scalar field, ny = x. Moffatt (1974) argued that the 
principle cannot be generally valid. Working in the limit of large magnetic 
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Reynolds number too, he pointed out that it is a serious question whether 
the effect of turbulence on the mean magnetic field can generally be 
characterized by diffusion and a simple scalar or tensor diffusion coeffi- 
cient. 

Kraichnan (1976a, b) has considerably illuminated the problem with 
quantitative studies of special cases of disordered velocity fields. His 
calculations show that, if the local helicity fluctuations are strong and 
persist for a period in excess of the usual characteristic time 1/T) = voko 
for turbulence with velocity vg and wave number ko, then the turbulent 
diffusion coefficient for magnetic fields is strongly reduced. If the correla- 
tion of the strong helicity persists for periods of 279, the effective diffusion 
coefficient may be reduced to negative values, causing the mean field to 
bunch together so that the local field grows unstably. As a matter of fact, 
both Moffatt and Kraichnan show specific examples which raise the 
question of whether either nr or k approach fixed limits with the passage 
of time. If we add to this some of the higher order dynamo coefficients 
(Parker 1955, 1970c) and the higher order effects caused by gradients in 
the statistical properties of the turbulence (Radler 1968), the general 
theory becomes very complicated indeed. 

Fortunately most circumstances in nature are approximated adequately, 
as it turns out, by the basic effects of turbulent diffusion, with nr= K, and 
a single dynamo coefficient. The more exotic effects may occur in special 
circumstances, such as bodies rotating rapidly compared to the turnover 
time of the individual convective cells. But the physicist is under no 
obligation to tackle the most complicated situations first. We shall content 
ourselves with learning to walk before we try to run. The main point is 
that most of the complicating effects arise when the cyclonic rotation 
(helicity) of the individual eddies and convective cells is persistent beyond 
the usual eddy life Tọ = L/v = 1/Voko. To be specific, the calculations show 
that the effects of persistent helicity within individual eddies, contributing 
to additional dynamo coefficients and to the reduction of the effective 
turbulent diffusion coefficient, are quadratic in the accumulated rotation 
® of the fluid. It is for this reason that they do not cancel out in 
turbulence with vanishing overall helicity (i.e. statistically mirror- 
symmetric). It is also the reason that they contribute but little in the 
ordinary case where ®< 1. In this case Kraichnan’s calculations show that 
Nr approximates closely to the turbulent diffusion coefficient x, even in 
the case of a fixed flow pattern—‘frozen’ turbulence. Hence, it appears 
that unless the helicity is extremely persistent as a consequence of some 
special circumstance, the disorder hypothesis is applicable; the accumu- 
lated strain is uncorrelated with the net displacement of the element of 
fluid, and mr =k. 

The astrophysical implication is that in slowly rotating bodies such as 
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the sun and the galaxy, the net effect of turbulence is to cause magnetic 
fields to diffuse with an effective coefficient nr closely equal to the 
turbulent diffusion coefficient «x for scalar fields. The dynamo effects in 
such bodies can also be described well enough by a few simple coeffi- 
cients. It also follows, of course, that in very rapidly rotating bodies such 
as Earth, and early-type stars, where there may be persistent helicity in 
the turbulent eddies, the higher order contributions must be included, 
perhaps seriously altering the simple quantitative picture that we build up 
for the slow rotaters. 

In view of the inadequacy of any formal statistical techniques to deal 
with these effects in a general way, we make extensive use of specific 
models of random turbulent flows (Parker 1955, 1970a,c; Kraichnan 
1970, 1976a,b) to give quantitative demonstration of the statistical 
effects. The quasi-linear approximation is the lowest non-trivial level of 
approximation. It is applicable to turbulence in which the magnetic 
Reynolds number Lv/n of the eddies is small so that the local perturba- 
tions ôB; of the large-scale field B; remain small. The method is ex- 
tremely useful for demonstrating the existence of turbulent diffusion and 
of the dynamo effect. Radler (1968) has used it to show the many higher 
order effects that arise when the statistical properties of the turbulence 
vary with position. Hence much of the present chapter is devoted to the 
quasi-linear approximation in its many forms, to acquaint the reader with 
the general conclusions deduced from it and to prepare the way for 
reading the extensive literature on the subject. 

Working in the limit of small magnetic Reynolds number so that 
ôB; « B; the quasi-linear approximation does not pick up the quadratic 
and higher order effects. To explore these higher order effects, we employ 
examples of two-dimensional turbulence, and the higher order ‘short~ 
sudden’ approximation, both of which can be treated exactly. The short- 
sudden approximation was used in the first demonstration of the dynamo 
effect of cyclonic turbulence, i.e. turbulence with net helicity (Parker 
1955). Starting with a large-scale magnetic field, the strong velocity field 
is switched on for a period of time 7, so brief (r,« L?/n) that diffusion 
can be ignored. Large distortions may be produced in the field in this time 
because there is no restriction on the magnitude of the turbulent velocity. 
The characteristic displacement vr, may be as large or larger than the 
eddy size L. Following the brief period of displacement, the fluid is held 
motionless for a suitable time +, (> L*/n) during which the smaller-scale 
fields are obliterated by diffusion and there remains only a large-scale 
field again. The final large-scale field differs from the initial large-scale 
field by whatever average fields are produced by the turbulence. The 
process 1s repeated indefinitely to give the continuous evolution of the 
large-scale field with time. The effect has, in common with the small 
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magnetic Reynolds number approximation, the property that the cycling 
time 7,+7, is large compared to the diffusion time L*/n. But the 
short-sudden approximation extends to all orders because the ôB; are not 
limited to being small compared to the large-scale field B;. Hence the 
short-sudden approximation obtains the higher order contributions that 
are missed by the quasi-linear approximation. The quasi-linear approxi- 
mation is a special case of the short-sudden approximation, in the limit 
that vt, « L. The more extensive results of the short-sudden approxima- 
tion reduce exactly to those of the quasi-linear approximation as vT,/L —> 
0. In the quasi-linear approximation the hydromagnetic equations can be 
solved because the interaction of v; with 6B; is neglected (because of the 
small magnetic Reynolds number), leading to a complete and very conve- 
nient solution in terms of the general statistical properties of v; The 
artificial switching of velocity fields employed by the short-sudden ap- 
proximation is avoided at the cost of the higher order effects. 

The fact should not be overlooked, of course, that the short-sudden 
approximation misses the effect of successive eddies interacting with the 
5B, of earlier eddies. To investigate the complete effect of a magnetic 
field carried in a turbulent flow, one resorts to the infinite conductivity 
limit, switching on the fluid velocity and letting it run steadily, ignoring all 
diffusion effects. Kraichnan (1976b) has employed this technique exten- 
sively in his numerical experiments. Of course the short-sudden approxi- 
mation is readily adapted to the infinite conductivity limit too, because in 
the initial stage 7, the magnetic field is calculated ignoring resistive 
diffusion. We sometimes employ the results of the short~sudden approxi- 
mation in this way, extending 7, to large values in the limit as n — Q. 
But the limit »=0, t—© raises some interesting mathematical 
questions. 

The short-sudden approximation is developed in §18.3 where it is used 
to show all of the effects through second order in derivatives of the 
large-scale field. Indeed, some readers may wish to consult §18.3 directly 
for a concise summary of the final results. However, the extensive 
calculations and discussion that intervene are important for developing an 
understanding of the physics of the problem. In particular, the intervening 
discussion is essential to obtain an idea of the basic theoretical questions 
that are still outstanding, and an idea of the methods already used to 
attack the questions. An obvious division of the problem into categories 
can be made along the lines of the helicity of the eddies singly or 
collectively. The individual turbulent eddy, insofar as it can be defined, 
generally has a net helicity. In a non-rotating body we would expect that 
the mean helicity over many eddies is zero. On the other hand, most 
astrophysical bodies rotate, so that their internal turbulence and convec- 
tion is cyclonic, i.e., has a net helicity such as the atmospheric circulation 
in either hemisphere of Earth. 
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The mean helicity of the eddies produces the basic dynamo effect, 
characterized by the zero-order dynamo coefficient, generating new 
magnetic flux from the old and amplifying the field as a whole. Whether 
there is an overall helicity or not, the helicity of the individual eddy is the 
basis for the higher order dynamo coefficients and for the reduction of 
turbulent diffusion. The present chapter begins the development with the 
lowest order terms in the absence of a mean helicity. The helicity 
fluctuations of the individual eddies contribute only in second order and 
so do not appear in the first examples, restricted to low magnetic 
Reynolds numbers or to two-dimensional motion. Large Reynolds num- 
bers in three dimensions are taken up in Chapter 18 in the short-sudden 
approximation. Throughout the entire discussion the problem is treated 
kinematically, with the fluid velocity v;(x,, t) specified and unaffected by 
the magnetic fields. The complete dynamical question has not yet been 
developed to a degree where it can be treated with any generality, 
although reference to the suppression of cyclonic motion by magnetic 
field will be made at appropriate places in the text. 

A brief exposition of the problem of the turbulent mixing of magnetic 
field is appropriate here to illustrate the physical problem before us. It 
will serve as a useful guide in the navigation of the mathematical 
considerations of the succeeding sections. To fix ideas, then, consider a 
turbulent velocity field v;(x,, t) with characteristic velocity vo, scale L = 
afk, and magnetic Reynolds number R,, = Lvo/n. A large-scale magnetic 
field B; extends across the fluid and is perturbed weakly or strongly by 
the turbulence, depending upon the magnitude of the magnetic Reynolds 
number. 

When the magnetic Reynolds number is very large, Lvo>n, the 
magnetic field is carried in the fluid and mixed throughout the space along 
with the fluid, just as ink or smoke would be carried with the fluid. 
Indeed, if a thin line of ink were placed along a line of force in the fluid, 
the later configuration of the ink would map the line of force (see the 
discussion in §§4.2—4.4). It follows, therefore, that the lines of force are 
mixed throughout a turbulent conducting astrophysical body in the same 
manner and to the same degree as the chemical constituents. The lines of 
force are brought to the surface, or carried deep into the interior, to the 
same degree that the chemical constituents are mixed to the surface or 
carried into the interior. 

There is more to the problem of the magnetic field, however, because 
the lines of force are stretched and rotated while being mixed so that the 
field strength in each element of fluid varies in a complicated manner 
while the element is transported at random through the volume. The 
equation of continuity for the density of ink mixed through an incom- 
pressible fluid is just 

dp/dt = dp/dt + v; dp/ax,; = 0. (17.1) 


474 MAGNETIC FIELDS IN TURBULENT FLUIDS 


The density of the ink is not affected by the transport, so that if the 
element of fluid initially at X; is transported to x;(X;,, t) after a time t, the 
density of the ink upon arrival at x; is equal to the initial value 


p(x, t) = pX: (x), O}. (17.2) 
For the magnetic field, on the other hand, (4.16) yields 
dB,/dt = B; ðv;/3x; (17.3) 


with B; dv/dx; on the right-hand side instead of a zero. The formal 
solution is then (4.32) instead of (17.2), 


B: (x, t) = B; (XX, 0) dx /dX; (17.4) 


with the additional factor 0x,/aX, representing the accumulated strain of 
the element of fluid. It is the strain factor dx,/0X,; that makes the problem 
of turbulent diffusion of magnetic field so complicated. We collect to- 
gether in the sections that follow examples to illustrate the effects of the 
strain in a variety of circumstances. In the simplest case, in the presence of 
complete disorder, the factor 0x,/aX; in (17.4) averages to ô; so that 
(17.4) reduces to (17.2). Turbulent diffusion of magnetic field then 
proceeds in a fashion identical to the diffusion of scalar fields, with equal 
diffusion coefficients n+ = K. This is evidently the state of affairs for small 
magnetic Reynolds numbers, treated with the quasi-linear approximation, 
and for turbulence of large magnetic Reynolds numbers when the local 
helicity fluctuation is neither particularly large nor persistent. 

The theory of turbulent diffusion of magnetic field is sufficiently com- 
plex that the exposition is limited initially to the simplest possible 
circumstances, treating turbulence that is statistically stationary in time, 
homogeneous over an infinite space, and isotropic. We avoid the non- 
essential effects of boundaries, and steep gradients in the strength of the 
turbulence. The treatment is limited to turbulence with mirror symmetry. 
There is no net helicity, (v.Vxv)=0. Thus, if one eddy possesses a 
modest helicity during its lifetime, it is assumed that at about the same 
time there is a nearby eddy with opposite helicity, so that at no time 1s 
there a net helicity over dimensions much larger than the characteristic 
length L of the individual eddy. The characteristic dimension of the 
large-scale magnetic field is denoted by A and is taken to be large 
compared to L. 

To get on with the problem, then, the important feature of mirror- 
symmetric, random turbulence is that it does not generate new magnetic 
flux. The turbulence scrambles the existing lines of force, cutting them 
at random perhaps, but producing no net flux. Thus, for instance, if there 
is initially a straight field B,(x, y) extending from z=—©® to +% and 
confined within some distance w =(x?+y?)?<b of the z-axis, then no 
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matter how entangled the field may become at a later time, it is readily 
shown from (4.16) that the total flux across any plane z = constant, 


+0 “FOO 
F(t)= | dx | dyB, (x, y, z, t), (17.5) 
is equal to the initial total flux 
+0 +o 
F(Q)= | dx | dyB, (x, y, z, 0). 


Needless to say ðF/ðz =0 as well as dF/dt=0. This basic condition 
simplifies some of the later development of various special examples. 

To begin the exploration of the behaviour of a magnetic field carried in 
a specified turbulent velocity field v;(x,, t) consider the basic similarity of 
the magnetic field and the vorticity (Batchelor 1952). The magnetic field 
satisfies (4.16) and the vorticity œ =V xv satisfies the identical form 
(4.30). In terms of the Lagrangian time derivative, the magnetic field 
satisfies (17.3) while the vorticity satisfies 


dw,/dt = œ; dv,/dx;. (17.6) 


Consider, then a free-running field of turbulence in which the inviscid 
fluid is coasting under its own inertia, so that œw; varies as described by 
(17.6). It follows that an initial weak field B, with the same initial 
configuration as œw; is transported by v; in exactly the same way as the 
vorticity. That is to say, if initially 


BAX) = a(X, Jo, (Xx) (17.7) 
where a(X,,) is a function of position but constant along each vortex line, 
B; da/a.X, = 0, 
then 
B; (xx, t) = at X,, (x, hoi (x, t) (17.8) 


at all subsequent times. The magnetic field is transported in exactly the 
same way as the vorticity. Hence, the mean large-scale magnetic field 
undergoes the same turbulent diffusion as the mean vorticity. 

To provide a physical example, suppose that initially the velocity field is 
non-vanishing only within the distance a@=b of the z-axis. Within this 
cylindrical volume there is a random component of the fluid velocity (for 
which (v)=0, (Vxv)=0) composed of eddies of scale L somewhat 
smaller than the radius b. There is also a net mean angular velocity Q 
about the z-axis (for which the mean curl is not zero, of course, although 
the mean helicity remains zero because of the random character of v,, 
with (v,)=0). Then it is possible to set up a magnetic field that is 
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everywhere parallel to the vorticity, as described by (17.7), with a net 
magnetic flux in the z-direction. The configuration is sketched in Fig. 
17.1. 

Now colour the fluid initially within w =b with a suitable dye so that 
the fluid can be identified at any subsequent time t. The fluid is set in 
motion at time t = 0 and is allowed to run free thereafter. The turbulence 
mixes the dyed fluid outward into the surrounding space (w > b), and the 
initial rotation of the fluid is soon spread out through the surrounding 
medium. The total angular momentum is conserved but the mean angular 
velocity about the z-axis decreases with the increasing distance of each 
element of fluid from the z-axis and with the mixing of rotating fluid into 
the surrounding non-rotating fluid. The mean magnetic field declines 
along with the mean vorticity density as indicated by (17.8). The dispersal 
of the vorticity with the passage of time is readily demonstrated in the 
laboratory with a purely hydrodynamic experiment with Reynolds num- 
bers up to at least 10°. The dispersal of a vector field, such as the 
magnetic field, is then demonstrated through the relation (17.8). 

As another example consider the simple circumstance in which an 
initial large-scale magnetic field B,(x, y) in the z-direction is subject to 
the three-dimensional incompressible velocity field v; (x, y, t) that does not 
vary in the z-direction. Then dv,/az=0 so that v, and v, together 


TP 
(5 


pe: 
EDE r 


Fic. 17.1. The vortex and field lines extending along a cylinder of fluid with a net rotation. 
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represent an incompressible flow. Such circumstances might arise in 
nature where a strong field B, constrains weak fluid motions. The velocity 
field v;,(x, y, t) is the only fluid motion that does not deform the strong 
field. In this simple case B, dv,/0x,; =0. Then (17.3) reduces to 


dB/dt = 0. (17.9) 


Since B, and B, are initially zero, they remain so for all subsequent time, 
while B, is non-vanishing and is transported in the same way as a scalar 
field (17.1), so that 


B, (x, y, t) = B,(X, Y, 0) (17.10) 


where again (x, y) is the position of an element of fluid initially at (X, Y). 
Thus, as a consequence of u;(x, y, t) the mean field distribution spreads 
out with time in the same way as a scalar field, e.g. dye or ink or smoke. 
It is well known from the study of the turbulent diffusion of smoke that 
the time evolution of the local mean field density lp) can be described 
quite satisfactorily by a transport equation of the familiar form (Taylor 
1921). 


(pat = kVp) (17.11) 


with the turbulent diffusion coefficient related to the scale (mixing length) 
L and velocity vg of the dominant eddies by 


k =0-4du9L (17.12) 


(Kraichnan 1970, 1976a, b). It follows that to the same degree of accu- 
racy 


a(B,)/at = «V(B,). (17.13) 


These two examples illustrate some aspects of the turbulent diffusion of 
magnetic field. They represent a very restricted class of field and flow, 
however. As soon as B; is not parallel to w,, or v, depends upon the third 
coordinate z, the situation is much more complicated. For instance, a 
weak dependence of v; on z (perhaps as a consequence of strong B,) 
produces a slight deformation of the individual flux tubes from their 
initial straight lines as sketched in Fig. 17.2. The crossing of flux tubes 
leads to the dynamical rapid reconnection of the magnetic lines of force 
(Chapter 15). If B, is strong and the dynamical reconnection keeps B, 
and B, weak, then it may still be argued that (17.13) is approximately 
correct. But the complication is obvious and, in any case, we do not 
include dynamical effects in the present kinematical treatment of the 
problem. Evidently some very general statistical hypotheses and approxi- 
mations must be used to treat the behaviour of the large-scale field when 
v; depends strongly on all three coordinates x;. The hypotheses will be 


478 MAGNETIC FIELDS IN TURBULENT FLUIDS 


Fic. 17.2. The individual flux tubes in a magnetic field carried in a fluid in which the 
motions are parallel to the xy-plane and vary only slightly with z, showing the cross-over of 
neighbouring tubes. 


justified and delimited by comparison of their consequences with the 
quantitative calculations of a number of special cases. 


17.2. The quasi-linear approximation 


The special case most widely treated in the literature is the quasi-linear 
approximation (Yaglom 1962; Meecham 1964; Frisch 1968). The method 
has its limitations because it neglects mode-—mode coupling (Kadomtsev 
1965; Bernstein and Engelmann 1966; Dolinsky and Goldman 1967; Fu 
1973) which seems to be a valid approach in some cases (Kennel and 
Engelmann 1966; Kennel and Petschek 1966) but certainly not in others 
(Kraichnan 1961; Herring 1969). It seems that the quasi-linear approxi- 
mation is valid for small magnetic Reynolds numbers Lv o/n, because the 
linear diffusion term n V?B, dominates the behaviour of the small-scale 
fluctuations 6B, of the field, causing 6B, to remain small compared to the 
mean field (Radler 1968). The form into which the equations are cast by 
the quasi-linear approximation is particularly convenient to use because 
the description of the large-scale field is in terms of the two-point 
correlation of the turbulent velocity (v,(x,, t)u,(x, + e t+s)) whose prop- 
erties are well known from the theory of isotropic homogeneous turbul- 
ence. 
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The standard procedure is to write the magnetic field B,(x,, t) as the 
sum of the ensemble average field (B;(x,, t)) and the instantaneous local 
deviation 5B,(x,, t) of B; from the mean (B,), 


B; (xro t) = (Bi (Xr t)} + B; (Xx, t), 
(8B; (xr, t)) =Q. 
Then the quasi-linear approximation applies to those cases where v;ôB, 
and its derivatives 0v,6B,/0x,, 0v,5B,/dx, differ but little from, or oscillate 
rapidly about, their mean values, so that the difference can be neglected 
in the equations. 


To develop the approximate equations, begin with the fact that the 
ensemble average of the hydromagnetic induction equation 


ð Ov; 
—_ v2) B. = B —— v. 17.14 
(5 ia Vay, (17.14) 
yields 
ð Ov; d6B, 
a v2) B. = (38, 2)-( ') 17.15 
G nV B= \ 0B) \8 ay (17.15) 


in the turbulent velocity field v; for which (v,)=0. Subtracting this from 
(17.14), the result is the exact equation 


ð Ov; HB; 

ðt OX; ðX; 
Ov; OoB; Ov; aB; 
OX; OX; OX; OX; 


(17.16) 


for the magnetic fluctuations 5B,. Now suppose that for some reason 
|5B;|<«< |(B;)|. Then the terms 6B; dv,/dx, are generally small compared to 
(B;) dv,/dx,; and may be neglected in the equation. Such a situation obtains 
when the resistive diffusion coefficient y is large, so that the small-scale 
fluctuations 5B; decay rapidly and remain small within the individual 
turbulent eddies. The same might be expected to hold in an idealized 
turbulence with small » in which the correlation time 7, is small com- 
pared to the correlation length L divided by the r.m.s. turbulent velocity 
Vy. Then the fluid moves only the small distance vot, during the short life 
To, and the deflection of the lines of force of (B,) during one correlation 
time 7 is small, O(vgto/L). (See discussion in Frisch 1968; Roberts 1971). 
For one reason or another, then, it may be conjectured that the second 
order terms can be neglected, producing the quasi-linear ‘approximation’ 


Ov; i(B;) 
-v = 
OX; OX; 


(=- nv?) 5B; = (B;) (17.17) 
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for the small-scale magnetic field 6B;. With this simplified equation it is 
possible to go forward with the computation, although it remains to be 
shown in each case that the field deduced from (17.17) is consistent with 
the assumption on which (17.17) is based. Unfortunately, the quasi-linear 
approximation is so facile and convenient as to be seductive, and not all 
its users have adequately tested their final results. 

To follow, through, then with the exact solution (in the limit of large 
A/L) of the approximate eqn (17.17) note that the solution of (17.17) is 
readily expressed in terms of the familiar Green’s function G for the heat 
flow equation 

Ger, r'; t, t') ={4arn(t—-t’)} 2 exp{-(r—-r'°/4n(t-t)}. (17.18) 
Assuming that the random component of the field is composed only of 
the small-scale fluctuations produced by the turbulence (i.e. for the case 
of no initial large-scale random field, or alternatively for large values of 


t>L?/n such that any initial fields have decayed) it follows that the 
formal solution of (17.17) is 


5B, (r, t)= | dt’ | erce. r; t,t’) 


dv, t. t’) net n KB, (r’, D) 


Xk Ox Xk 


{ (Be, 1) (17.19) 


Substituting this expression for 6B, into the right-hand side of (17.15) the 
resulting equation for the mean field (B;) is 


(<-nv?):B)= i det’ | oe Be, t)) a a Done) 


ot OX; 
a t’)) eae t) vi, 3) 


ð t 
-2 f" ar ferofBa n 


ðx; 
« (oe pa) 2) 
-ERa j Do, 1) (17.20) 


Hence the evolution of the mean field (B,) follows from the two-point 
correlation tensor (V; (Xk, t)v;(x;,, t’)) of the turbulent velocity. The basic 
properties of the correlation are well known (see, for instance, Batchelor 
1953) and are reviewed briefly in Appendix A at the end of this chapter. 
It follows from (A7) that the first term in the integrand of (17.20) vanishes 
because of the incompressibility of the fluid. 
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The second and third terms are readily evaluated from their symmetry. 
With x;=x,+, expand B,(x,,, t) about x,, so that 


(Bi Xm t) = B; Xm t) + én KB; (Xn, £))/OX, + 


neglecting terms second order in L/A, where, it will be recalled, A is the 
large characteristic scale of the mean (B,). Note that with mirror- 
symmetric turbulence the quantities ((dv,/0x;)v,) and (v; dv;/dx;), given by 
(A3) and (A4) in terms of (A2), are odd functions of ¢,, so that the 
integral over ¢, vanishes. If multiplied by another odd function, such as 
the first-order term in the expansion of (B,), then the integral over Z, 
does not vanish, of course. It follows that the second and third terms on 
the right-hand side of (17.20) reduce to 


S 3 eB) , ƏVa XB.) , aV; 
fa as | T GnG, » (Se OX, $n 0g, ax; dx, fn TA 


upon using (A3) and (A4) and writing t =t—s, x} =x, +¿,. Noting that 
Vi; = V it follows that the two terms are identical but of opposite sign, so 
that they cancel exactly. Indeed, it is readily seen that the expansion of B; 
in powers of &, cancels to all orders in {,. Hence (17.20) reduces to 


> 9(B;) 


OX; OX, x s | a, GZ, s) Vi. ( s) 


Geom) w= 


neglecting terms O(L*/A*) compared to one. With V; given by (A2) the 
equation reduces to 


o 2 
(= =n¥?) (B) = m:V%B) (17.21) 


where 
nade | ds | PEGE SABE HEAL sh (17.22) 


in which we have made use of the fact that 


[ PGC IAC IA = | PEGE IAG NE 
4r f” 
=> | UGE s)A C, spe". 
0 
Thus nr represents the turbulent diffusion coefficient. The total effec- 
tive diffusion coefficient is y+ nr. The quasi-linear approximation, then, 
predicts that the turbulent mixing of a vector field leads to a diffusion 
equation, just as with a scalar field. To illustrate the magnitude of the 
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diffusion coefficient, consider the example for which the spatial depen- 
dence of A and B is 


3L? 
g 


EIL 
AO=TO | dég ep’), 


3 


2 2 L un 4 _ £2 
BO = Tis) {exp(-21L?)— | deg exi- 


say, satisfying (A8). Then (17.22) reduces to 


®  dsT(s) 
=u? | ———z. 17.23 
wm Í (1+ 4ns/L?)3 (17.23) 
For the simple case that T(s)=1 for 0<s< r, and zero for s >r, 
uL’ L 
aca a] 1724 
Mm n | (L?+4 qr)! (17.24) 


The general result of the quasi-linear approximation, that the turbulent 
mixing of the mean magnetic field is described exactly in the limit of large 
A/L by a diffusion equation, is applicable, of course, only to those 
circumstances to which the quasi-linear approximation is valid. We expect 
the quasi-linear approximation to be valid for small magnetic Reynolds 
number, vol/n = L?/nTo < 1, because the fluctuations 5B, are then limited 
to small values by the resistivity. In this limit (17.24) reduces to 


r= U?L?/2n = vaL ón. (17.25) 
In terms of the magnetic Reynolds number R,, =v )L/n, this is 
nr =sRan. (17.26) 


This expression for the turbulent contribution to the resistivity (and valid 
for small Rm) was first obtained by Radler (1968) and Moffatt (1970). In 
the limit of small R,, the turbulent mixing can have only a small effect 
compared to the resistive diffusion. 

Now some authors have suggested (see, for instance, Radler 1968; 
Roberts 1971; Lerche 1971) that the quasi-linear approximation may 
be valid with the sole restriction that the correlation time 7 is small 
compared to the characteristic time L/vọ, because the 6B; produced by 
the displacement vor is small, of the order of Bwort/L. In this instance, 
then, the correlation functions A and B in (17.22) are non-vanishing only 
for sr. Then for any n, we have, in the limit of small 7, that ns/L*< 
n1/L* = 1/R,,« L. Therefore, during the short time r the Green’s func- 
tion G(é,s) is essentially a Dirac delta function 6(G,) = 6(Q/4a¢° and 


MAGNETIC FIELDS IN TURBULENT FLUIDS 483 


(17.22) reduces to the general form! 
Nr =u? | dsT(s) = 4v6r. (17.27) 
Q 


In this circumstance the diffusion coefficient is identical with the general 
diffusion coefficient (B3) for a scalar field. Indeed, if one declares simply 
that the resistivity ņ is so small that the magnetic Reynolds number 
Rm™= Lvo/n is large, then with t=L/v the Green’s function is a delta 
function, and (17.27) is the general result. But there is no reason 
whatever to think that the quasi-linear approximation has any validity at 
all in this case. Indeed, we would expect 6B, to become comparable to 
(B;) within a single eddy life r =L/v. 

As a matter of fact, when R,, > 1 a small correlation time is insufficient 
to justify the quasi-linear approximation. The difficulty is readily shown 
by integrating (17.17) in the limit of small nr so that G(é, s) reduces to 
5(2). Then 


Bie D= | ar farae: 0) kee, r 22 
=v lr, t’) xam) 
= f'a {Byte ry SOE EY Ov; a t’) —o(r, t’) Kamiy 
Xi 


Then, since (B;(r, t)) varies slowly with time, it can be taken outside the 
integral and 


Ele ) eG js SB, 0) (17.28) 


k 


5B, (r, t)=(B, (x, t)) 


where 
é (r, t)= | dtu, (r, t) 
0 


is the accumulated displacement produced by v;(r, t) at a fixed point. It 
would appear that & becomes large with the passage of time. After n 
correlation periods 7, in which the fluid undergoes a characteristic random 
displacement ut, the accumulated random walk |f dtv,| is of the order of 

n?ur. Hence in a time t, n = t/t and the mean displacement is of the order 
of 


(EY = vp O{(tr}. 


’ The same result is obtained from the special case (17.23), of course, for nt « L’. 
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It follows from (17.28) that? 
[5B;| = (B;)(vot/ LOLU TY}. (17.29) 


No matter how small 7 is, 6B, does not remain small in the limit of large 
t. Thus there is no reason to think that v,6B, —(v,6B,) remains negligible 
on the right-hand side of (17.16). The only case that seems self-consistent 
is the limit of small magnetic Reynolds number, vol/n < 1. 


17.3. Fourier transformed equations 


If the hydromagnetic equation (17.14) is expressed in terms of the 
Fourier transforms of v; and B,, then the final result is an integro- 
differential equation for which an obvious iteration procedure is available 
for solution. The method makes clear the nature of the quasi-linear 
approximation when the magnetic Reynolds number is small. As a matter 
of fact, several options are open for carrying out various approximate 
solutions. We could, for instance, work directly with the Fourier trans- 
form of the truncated equation (17.17) (see, for instance, Lerche 1971; 
Roberts and Soward 1975). We shall instead transform the exact equation 
(17.14) (see Vainshtein and Zeldovich 1972) and then introduce the 
various approximations for solution from the exact transformed equation. 

The fluid velocity v,;(r, t) is again to be specified, and expressed in terms 
of its spatial Fourier transform u;(k, t). The magnetic field, to be com- 
puted, is expressed in terms of its spatial Fourier transform b;(k, t), so 
that 


B,(r, t)= | d°k exp(ik . r)b; (k, t), 


b(k, t)= aay | d°r exp(— ik . r)B,(r, t), 


v (r, t)= | d°k exp(ik . r)u; (k, t), 


u (k, t)= ony | d°r exp(—ik . r)v, (r, t). 
Then since B, and v; are real quantities, it follows that 
b.(k, t)=b*(—k,t);  u(k,t)=uř(—k, t), (17.30) 
where the asterisk denotes the complex conjugate. Note that 
(v,) = 0, (u) = 0. (17.31) 


To proceed with the calculation, we begin with the complete hyd- 
romagnetic induction equation (17.14). The Fourier transform ot the 


* This result is worked out in more detail in §17.5. 
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equation converts the left-hand side to (d/at+ k7)b,. On the right-hand 
side express B, and v, in terms of their Fourier transforms. The result 
can be written 


ð i 
+ 2) b. — | 3 [a r | SE . _s no . 
(= nk” |b. (k, t) On on d’r k' | kK” exp{i(k’ +k”—k). r} 


X{k;ibi(k", duik’, t) - k7b,(k", thu; (k’, t)}. 
The standard procedure is to integrate first over r, yielding (27)*8(k' + 
k”—k) and then over k’, so that 
(24 nk?) bi(k, t) = if d*k'{b, (k’, t)u,(k—k”, t)—5,(k", thu, (k—k’, t)}, 
(17.32) 
upon taking advantage of the fact that 
k,b,(k, t) = k,u,(k, t) = 0 
as a consequence of the vanishing divergence of B; and v; Denoting the 
right-hand side of (17.32) by F,(k, t) it follows that 
(2+ nk?) bi (k, t) = F;(k, t), (17.33) 


and, hence, that 


b, (k, t) = b,(k, O)exp(— nk7t)+ [ dt’F,(k, t’)exp{— nk?(t- t). 
(17.34) 


With F; a linear functional of b; it is apparent that the exact equation 
(17.34) is a linear integral equation for b, A variety of techniques are 
available for solution, the most obvious being an iterative procedure with 


bi (k, t)= y b™ (k, t) (17.35) 
and _ 
b}(k, t) = b;(k, Nexp(— kt). (17.36) 
Then 


bP (k, t) =ik, | dt’ exp{— nk?(t-1t’)} 
Q 


x | PELOR, u (k—k’, t’) 


~ bO(k, tu (k—k', t} (17.37) 
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and 
b” (k, t) = ik, | dt’ exp{— nk*(t—t’)} | aopa. tu (k~k’, t’) 
0 
~b Pik, tu (k-k, i), (17.38) 
etc. The question is under what circumstances the series (17.35) con- 
verges. 

It is evident that, if nr is large compared to L°, where L is the 
characteristic eddy diameter (correlation length), then the factor 
exp(— nk*t) should provide convergence. It is then sufficient to drop all 
terms for n =3 or greater. It is evident from (17.31) and (17.37) that the 
ensemble average of b‘ vanishes, leaving only b? beyond b. Use 
(17.36) to express b” in terms of b;(k, 0) in (17.38). This truncation of 
the series is essentially the quasi-linear approximation. In the present 
context it appears as the direct consequence of large n1/L* in a systematic 
expansion procedure. 

To the order considered, then, the second order term represents the 
effect of the turbulent fluid on the zero order field. The entire magnetic 
effect of the turbulent velocity v; is, then, 


(b(k, t))= —k, | dt’ | dt” | dk’ | dk” 
0 0 
x exp{— n(k*t— ket + aka kl p+ kr") 


X kidd: (k”, 0)(uju,.) — b; (k”, O) Cu), (17.39) 
where 
(umu) =(u k-k’, tuk- k", t”)). (17.40) 
The first and the third terms in the integrand have cancelled because 
(U;U; ) = (U;U;). 


The general properties of (k, t) are well known and are summarized 
briefly in Appendix A of this chapter for the convenience of the reader. It 
follows directly from (A23), A(24),. (17.30), and (17.40) that in the 
absence of helicity (y = 0) we have 

(umu) = (u(k—k’, tus (k"—k’, t’)) 
= u’d(k+k’)B(q, s)(8,; -= qıqilq’) 
where s=t'—t” and q,=k,—k;. The integration over k” in (17.39) can 
now be carried out, leading to 
(bP(k, t)) = — ub, (k, 0) ke, exp(—nk?2) l dt! | ds | dq 


Q 0 


x B(q, S)(8x — qa. a exp{- nlk”? — k*)s} (17.41) 


where d°q=d°k’ and we have written ki =q, +k, with q,(6.— 44/97) = 
0. 
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To simplify the exposition, write (q, s) as T(s)B(q). Now the trunca- 
tion of (17.35) to n<2 is a good approximation if nk?r > 1 so that the 
field b{'(k, t) depends upon b$"~(k, t’) only for t' very near to t. Note 
that the turbulent spectrum function 8(q) is a maximum in the general 
neighbourhood of q=a/L and goes rapidly to zero as q —> 0, ». Hence, 
for all practical purposes, the convergence requirement is n7/L* = n/vL > 
1, i.e. small magnetic Reynolds number. The integrations over s and t in 
(17.41) can be carried out immediately by noting that B(q) is negligible 
for wave numbers k; close to k, for which q; = k;— k; « 7/L. So, for values 
of q for which (q) is not negligible, the exponential factor exp{— n(k” — 
k?)s} declines rapidly with increasing s. The characteristic time of the 
decline is 1/n(k’—k*)=L?/n«7. Over this narrow region the time 
correlation T(s) is essentially equal to one. Hence, for those wave 
numbers for which B(q) is non-negligible we may put T(s)=1 in the 
integrand and 


| dt’ Í dsT(sjexp{— n(k"? — k?’°}s} 
Q Q 


1 H Kort gi] 
~ nk? k?) k?) nik” — k?) 
Ft 2 


for t >rt and nt > 1 This result may now be substituted into (17.41). We 
are interested in the large-scale field (k « m/L), it will be remembered, so 
the integral over q can be evaluated taking advantage of the fact that the 
turbulent velocity transform B(k) is negligible for the small wave numbers 
for which we wish to compute b{”(k, t). Thus, for kL« 1 and qL = O(1), 
it follows that the k’*—k* in the denominator of (17.40) can be written 


k? —k?=q°+ 2k . q=q’. 
It follows from (17.41) that 
OP D=- blk, Oep akèn | EI eak- k.a’) 


8r k*urt 
3 


b;(k, Ojexp(— nk7t) i dqB(q). 
0 
Altogether, then 
b;(k, t) = b; (k, O)exp(— nk*t) 


Sark*u“t [7 
fi | dagptq)+...} (17.43) 
3n 0 


= b (k, Oexp{-(n + nr)k7 th, (17.44) 
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where 


2 poo 
n= = | dqB(q). (17.45) 
N 0 

The expansion (17.43) converges for v7t/yn « 1. The result (17.45) is to 
be compared with (17.25). The turbulent diffusion coefficient ny given by 
(17.45) for large nrt/L? is not proportional to v? ie. to fdqq*B(q), but 
rather to {dqB(q) which weights the larger Fourier components more 
heavily because the ability to deform and transport the lines of force 
declines in proportion to the magnetic Reynolds number v/nq. The total 
effect is small O(L7/n7) as n becomes large. 

It was pointed out in §17.2 that the quasi-linear truncation is applied 
by some authors to the case where the correlation time 7 is small 
(7«<L/v), without any restriction on y. The argument is that the field 
perturbation produced by each eddy is small, O(vr/L), and hence the 
higher order terms can be neglected. Without considering whether the 
truncation is justified, the consequences are readily computed from 
(17.41). Let 


T(s) = exp(— 787/477) (17.46) 
with 7« L/v. Then for those values of q for which (q) is non-negligible, 
k? — k? =O(a?/L”) and 

| dt’ | dsT(s)exp{— ník? — k?)s} = tt (17.47) 
Q 0 


for all t>7. Then (17.41) reduces to 
(b> (Ik, t)) = — u?zb,(k, 0)t expl- nk7t) 


X kjk, | dqB(qy(Sx. — qq./q°) 


on 


= -ŠT rh (ke Ot exp(—nk ne | dag’Bla). 


0 
With u2=4v" and the normalization (A25) the field fluctuation is 
(b?(k, t)) = —4077b,(k, O)k7t exp(— k*t). 
It follows from (17.35) that, to second order, 
(b, (k, t)) = b; (k, expl- nk71){1—3v°k? tt +... (17.48) 
= b.(k, O)exp{—-(n+ nr)ìk”t} (17.49) 
where 
nr=iver (17.50) 
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represents the eddy diffusivity. The result is identical with (17.27), of 
course, deduced in the same limit from (17.22). Note that the expansion 
(17.48) converges for v?k?7t<1, but not for larger values of t. 

Now the limit nr —>0 implies either > 0, as employed above, or 
7 —0 for large magnetic Reynolds numbers, as treated in the third 
example in §17.2. It was shown at the end of §17.2 that 8B, does not 
remain small unless the magnetic Reynolds number is small, whether 7 is 
small or not. The implications and consequences of ordering the limits 
7—>Q and 7-0 have been examined by Moffatt (1976, 1978) through 
a number of illustrative examples, and the interested reader is referred to 
that article for further elucidation. Altogether the quasi-linear approxi- 
mation, equivalent to the truncation of (17.35) beyond n =2, is able to 
demonstrate only that the turbulent mixing of magnetic field resembles 
the turbulent diffusion of a scalar field when the Reynolds number, and 
the effective mixing of field, are small. The effective turbulent diffusion 
coefficient is given by (17.45). 

Suppose, then, that (17.35) is not truncated and the magnetic Reynolds 
number Lv/ņ of the individual eddies is not small. The exponential factor 
exp(—nk*t) does not cause the terms in (17.37) to diminsih rapidly with 
increasing y and more powerful techniques must be employed. Vainsh- 
tein (1970) has shown that there are diagram techniques available for the 
special case +<« L/v. 

For small 7, it follows that T(t'—¢”)=78(t'—t”). Assuming Gaussian 
statistics, he uses diagram techniques for obtaining partial sums (see also 
Vainshtein and Zeldovich, 1972). Suitable rearrangement of the ordering 
of the terms in the sum leads eventually to the result that the turbulent 
mixing field produces a net diffusion of the mean field with the turbulent 
diffusion coefficient 


nr = $0 | dk | ds k*B(k, s) 
0 O 
=}07r| dk k?B(k) (17.51) 
D 


where again B(k, s)= T(s)B(k) with 7 defined by {5 ds T(s). The validity 
of the result depends upon the ultimate uniform convergence of (17.37), 
rather than the rapid convergence necessary to justify the quasi-linear 
truncaton. The result, therefore, may be valid for nr >n. 

The deepest exploration of the ramifications of the quasi-linear trunca- 
tion has been given by Roberts and Soward (1975) in their excellent 
review of the mathematical treatment in terms of Fourier transforms over 
both space and time. The several limiting forms that they work out for the 
turbulent diffusion coefficient, and the several contributions of the turbul- 
ent velocity (without mirror symmetry) to a large-scale electromotive 
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force, show clearly the pitfalls once we depart from small magnetic 
Reynolds numbers (n;« n). They point out that their eqns (3.29) and 
(3.35) yield different ratios of the three terms contributing to the large- 
scale e.m.f., compared to the results of Steenbeck et al. (1966). When 
Roberts and Soward go on to apply the quasi-linear truncation to the 
turbulence with a net mean helicity, they introduce a ‘small kinematic 
viscosity v’ to obtain convergence. Working in the limit of small magnetic 
Reynolds numbers, where they expect the quasi-linear approximation to 
be valid, they show that their eqn (4.26) for the contribution to the 
general e.m.f. is proportional to 1/v. The contribution depends entirely on 
the choice of the convergence parameter v and increases without bound 
as v — 0. Their eqn (4.26) is to be compared with their earlier (3.30), 
where the Lorentz force of the field on the fluid motion is neglected. 

These examples suffice to illustrate the necessity for a careful consider- 
ation of the truncation involved in the quasi-linear approximation. One 
must be very sure that the result is reasonable, and consistent with the 
original approximation. It is not sufficient merely that the correlation time 
T be small compared to L/v. The difficulties and limitations of the 
quasi-linear approximation have been illustrated and discussed at length 
by a number of authors (see, for instance, Kraichnan 1961; Frisch 1968; 
Herring 1969). 


17.4, The infinite conductivity limit 


The turbulent mixing of magnetic field has been treated, so far, in the 
low conductivity limit by the quasi-linear approximation. The treatment is 
complete, in that the transport properties are expressible in terms of the 
familiar two-point velocity correlation function. For intermediate and 
large conductivities, a summing technique gives (17.51). It is interesting to 
note that the high conductivity limit is also completely reducible, with the 
transport properties expressed in terms of Lagrangian correlations, i.e. 
the correlation of velocities and displacements at different times along the 
path of the individual element of fluid. Unfortunately, such correlations 
are not as well studied as the familiar Eulerian two-point correlation. The 
development is easily written down (see Parker 1971, 1973; Moffatt 1974) 
using the Cauchy integral (4.32) to compute the field B,(x,, t) in the 
element of fluid at x, at time t from the initial field B,(X,, 0) in the same 
element of fluid at time t= 0 at the initial position X,. Then the position 
of the fluid element x, at time t is 


Xr = Xk (Xn t). (17.52) 
It is convenient to denote the net displacement in the time t by 


Ér Xn t) = Xr (Xu t) ~ Xp- (17.53) 
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The accumulated strain of the fluid is described by 0&,/0.X; = dx,/0X, — ôk. 
Note that the r.m.s. values of both &, and 0&,/0X; increase without bound 
(as and exp(t/r), respectively). 

Consider an ensemble of systems, each with the same initial field 
B; (Xx, 0) with characteristic scale A large compared to the eddy diameter 
L. At time t=0 the turbulence is switched on and a small-scale random 
field is produced by the turbulence, in addition to the slow evolution of 
the mean field. The mean field follows from (4.16) as 


0B; )/0t = Ejk (0/0X; )€ cm (VB). (17.54) 
With the aid of the general solution (4.32) it follows that 
(0; (Xk; t)B; (x, t) = (0; (x, OB, (Xp, 0)0x,/aX,) (17.55) 
= (V; (Xn; t)( Sj, + 0&/0X;,) B, (X,,, 0) 
= (0; (x, £)(0&/0X,,)B, (Xn 0)). (17.56) 


The term in ô reduces to (v,(x,, t)B;(X,, 0)), which vanishes because the 
present velocity at (x,,t) is uncorrelated with the field at the initial 
position X,,. 

Now there are several ways to proceed beyond this point. One scheme 
is to take advantage of the large-scale A and slow rate of change with 
respect to time of the mean field (Parker 1970a, b; Moffatt 1974; Kraich- 
nan 1976a). Another is to introduce some statistical hypothesis, such as 
complete disorder, and deduce the asymptotic effects on the mean field in 
the limit of large time. We explore the latter possibility first. 

Following Parker (1973) consider an ensemble of systems of turbulent 
conducting fluid, all with the same initial field B,(X;,, 0). Denote by 


W(x, ~X t) PX, = VE, t) PX, (17.57) 


the probability that the element of fluid at x, at time t was initially in the 
element of volume d°*X, at t=0. Then with the formal solution (4.32) it 
follows that the mean field at x, at time t is 


(Bilo D) = | PX, WE DB, X OMAx/9X)) (17.58) 
in terms of the initial field B,(X,, 0). The quantity ((dx,/0X;)) represents 
the mean strain for all those elements of fluid starting at X, and arriving 
by various paths at x, at time t. For comparison the mean density of an 
initial scalar field p(X,, 0) is 

(alse )= | PX, WO — Xi. DPX, 0). (17.59) 


The difference between (17.58) and (17.59) is the factor ((0x;/0.X;)). 
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To begin, consider the ensemble average of the accumulated strain of 
all fluid elements after a time t. Two points initially at the position X; and 
X; + 6,;;6X,, so that they are separated by an infinitesimal distance 6X,, 
are subsequently located at the points x,;(X,, t) and x; (X, +6,,6X,, = 
x,(X,, (1) +(0x,/dX,)6X,. Their separation is then 


Ox; = (0x,/0X,)6X). 


The separation 6x; is different in each member of the ensemble, of 
course, so that with the same 6X, the ensemble average is 


(axa X) = (bx, (8X). 


But from the symmetry of isotropic homogeneous turbulence, it is evident 
that there is no preference for the point x; to move in a specific direction 
from its initial position X;, i.e. (&)=0. The same is true for the point 
x; + 5x; Hence the mean separation does not change as a consequence of 
the turbulent motion and 


(8x) = 6X; = 88X]. (17.60) 


Hence 
(dx,/0X,) = 0:4 
and in general 


(dx,/0X;) = S; (17.61) 


Now in (17.59) we need the mean value of ôx;/3X; for those elements of 
fluid starting at X, and, by various routes, finding themselves at x, at 
time t. This is only a small sub-ensemble of the whole. Consider, then, the 
experimental determination of 0x,/aX, for the sub-ensemble. The ele- 
ments of fluid are made visible by replacing them with ink at the starting 
position X;. Then the turbulence is switched on and, after a long time t, 
those elements of fluid instantaneously at x; are examined. Their form, 
greatly distorted from the original, permits the observer at x, to deter- 
mine their accumulated strain dx,/0X, during the tortuous transit from X; 
to x. In particular, if the element was initially an infinitesimal rectangular 
parallelepiped with sides (6X,, 6X>5,6X,) aligned along the coordinate 
axes; then subsequently the element is an oblique parallelepiped with 
sides ôx” = 6X, 0x/0X,,.... The mean value of 4x/aX, for the sub- 
ensemble is denoted by ({dx,/0.X;)) and can be computed from the physical 
measurements of the sides 8x‘, ôx”, 5x‘ of the element of volume. If 
the measurements are performed with a small but fixed upper bound e on 
the error, then the mean value ((0x,/0X;)) can be determined to 
O(e/5X;)« 1. Is it possible, then, in the limit of large t, for the observer at 
x; to determine something about the relative location X; — x; of the initial 
position of the elements of fluid from measurements of the accumulated 
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strain at x, at time t? More generally, considering the whole ensemble, 
could an observer, by making measurements of fixed uncertainty e on the 
distorted elements of fluid at x, after a very long time t sort out the 
elements on a statistical basis as to which were likely to have started from 
nearby or far away, or in the positive or negative j direction from x,? If 
the answer to the question is affirmative, then the elements of fluid retain 
a non-decreasing memory of their initial position for all time t. On the 
other hand, if the memory declines with increasing t, so that measure- 
ments of increasing accuracy have to be made as time goes on to deduce 
the initial position, then eventually (dx,/0X,)) becomes independent of 
x; — X; and is equal to the ensemble average, 


((0x,/0X, )= (0x,/0.X;) = 6; (17.62) 


for essentially all x, —X;. For this case, (17.58) reduces to 
(B, (o D)= | PX WO% Xo 1B (X, 0). (17.63) 


But this is exactly the expression (17.59) for the mixing of a scalar field 
p(x,, t), satisfying (17.1). Hence with the statistical assumption that the 
deformation 0x,/0.X; loses all memory of its relative initial position X; — x; 
in the limit of large ¢, the turbulent mixing of the magnetic field leads to 
an evolution of the mean field that is identical with a scalar field. We 
write 


0(B;)/dt = nrV*(B;). (17.64) 


again for the evolution of the mean field (B,) in the turbulent velocity 
field, where the diffusion coefficient ny is identical with the eddy diffusion 
coefficient « for a scalar field mixed through the same turbulence (Parker 
1971). The simple disorder (amnesia) hypothesis leads to (17.62) and to 
the scalar diffusion of the mean magnetic field. 

Moffatt (1974) has expressed doubts about the validity of the principle. 
He wrote the time rate of change of the magnetic field in terms of the 
Lagrangian displacement and strain and showed that the resulting statisti- 
cal forms do not admit of a ready solution to the problem. Indeed, 
Moffatt raised the question of whether the long-term effect on the mean 
field can be described by a diffusion coefficient at all. Kraichnan (1976a) 
turned to an Eulerian formulation of the problem to avoid the non- 
convergent integrals encountered by Moffatt and obtained some very 
interesting results, which he then demonstrated by Monte Carlo calcula- 
tions based on the Lagrangian formulation. The results merit careful 
examination’. 


* The problem is taken up again in §18.4. 
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First of all, Kraichnan considers fluid motions composed of eddies of 
characteristic velocity vo and wave number kọ with which is associated the 
characteristic time t)=1/kovo. Then he notes that for times 7, small 
compared to To the quasi-linear approximation provides a valid solution 
to (4.16) (because 5B, becomes comparable to B; only after a time of the 
order of to). As will be shown in §18.5, the result is equivalent to the time 
variation 


0(B)/dt = 7,v6V°(B) — 27,V x (u (B>) (17.65) 
at every point in space, where 
(U,0,) = Vð (vi ðv;/3Xk) = LEK 


so that u represents the mean helicity of the fluid notions, with a 
characteristic time variation T>. 

Consider, then, a sequence of motions for which the velocity is corre- 
lated only over a time interval 7, and the vorticity over an interval 7, 
both small compared to ro. It follows that (17.65) is a stochastic equation 
with random coefficients 7y=7,v5 and a =27,y. Equation (17.65), as it 
stands, applies to an ensemble of systems to which a single value of ņ and 
a are to be applied. Consider, then, an ensemble of ensembles, over 
which æ is a stationary, homogeneous, isotropic, random function of r and 
t with a mean value of zero. Applying the quasi-linear approximation to 
the solution of (17.65), the result is (Kraichnan 1976a) 


d(B)/at = 7 V*(B) + 72V X ((a V x a XB)) 


for the case where 7,<7)« ((a?)?k,) t, (nki t. The wave number k, 
denotes the characteristic wave number of the random variable a. The 
operator V applies to everything to the right of it, so that upon using the 
usual vector identities for Vxa |B] and VxVxB, and the fact that 
Via) =0, (aVa)=0, it follows that 


d(B)/dt = (n — tz(a?) V (B). (17.66) 


Thus the effect of the mean square helicity (a) is to reduce the effective 
diffusion coefficient below the value ņn deduced by conventional single 
application of the quasi-linear approximation. The double application 
shows that the helicity has the effect of reducing the turbulent diffusion 
coefficient for the vector magnetic field below the value for the scalar 
field. 

We may worry about the long-term validity of the result (17.66) 
obtained by the quasi-linear approximation for small 7, as noted follow- 
ing (17.29), but the result (17.65) may be presumed valid for periods of 
time large compared to 7, and approaching To. That is sufficient to make 
the point. Thus the amnesia hypothesis and the equality of the scalar and 
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vector diffusion coefficients seems to be valid in the limit of small local 
helicity fluctuations a, but when a 2 O(1) the hypothesis is in error and 
the vector diffusion coefficient is smaller. 

To obtain quantitative results Kraichnan (1976b) went on with the 
Lagrangian formulation of the problem, based on (4.32), to demonstrate 
the effective diffusion coefficient for turbulence with mirror symmetry and 
for turbulence with maximum helicity &/vã with a prolonged life T> > To. 
The two extremes show the theoretical possibilities, ranging from equality 
of scalar and vector diffusion coefficients, 7 =x, to a vector diffusion 
coefficient n that is negative so that the fluctuations in the mean field 
grow unstably. 

The Lagrangian formulation of the problem begins with the fact that 
the mean field is of large-scale A so that the field at X, and x, can be 
related by the expansion 

B; (Xr t) = B; (Xz, t) — En ðB; (Xk, t)/ðXn 
+3€,€, 9B: t)/0x,, OX, t.n, (17.67) 
where é, =x, —X,,. It is clear that the expansion is valid for |é,|« A, but 
care must be exercised in passing to the limit t—> œ wherein &, grows 
without bound. 

Now, suppose that é denotes the net displacement x,—X, of the 
element of fluid from t=0 to time t. The general result (4.32) gives 
B(x,, t) in terms of B,(X,, 0). Following Kraichnan (1976a), use (17.67) 
to write B,(X,, 0) in terms of B,(x,, 0). Then take the ensemble average, 
with the assumption that the initial field B,(X,,0), produced by cir- 
cumstances in t<Q, is uncorrelated with the fluid motions following t = 0. 
The result is readily shown to be 


(Bux, t) = (B; (Xk, 0))<ax,/0X;) 
— Yini KB, (Xs O))/dx, + Eiami (B; (X 0))/Aax, OX 
(17.68) 
Yijk = (& dx/dX,.), Eiicm = HEE, dx,/0X,,). 
For turbulence that is statistically isotropic and homogencous, note that 
(0x,/0.X;) = ĝi Yini 7 Eini Y(t) 


where y(t) is a scalar function of time, because of the generally increasing 
displacement €; and strain 0x,/0X,.. The symmetry of čim on j and k leads 


to 
Ein = 8 5amE(t) + (8:5: + SimOin W(t). 
Contracting on the indices of Ym; and &,,,,; it is readily shown that 


6y(t) = Eini Vin (t), 15g) = Zënn (t) — Eiinn (t). 
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In view of the isotropy of the turbulence, y and ¢ can be written in terms 
of the individual components €, and &, as 


y(t) =(& d&,/0X3), E(t) = ES) HAES d&,/0X)). 
Substituting these forms into (17.68) we find 
(Bix, t) = (B; (xk, 0))— Y(HE jn OB, (Xx, 0))/0x; 
+ ¿(OV B: (x, 0). 
Hence, differentiating with respect to ¢, it follows that 
dy aB, (x0) dg 


ð 
~ (B(x, ))=-— é; 
at ( i Xo )) Eijn ax dt 


2 
di V-B; (xp, ©). 


We need now to express (B;(x,, 0)) in terms of (B; (xp, t)). Write 
(B; (xp, 0)) = (B; (Xp, 1)) + SEn HB, (Xk, ))/0X; 


and substitute into the right-hand side. Equating terms in B; and its 
derivatives yields s = y. Hence 

a(B,)/at = — a (t)ein; (8 B;/3xn} + n()V*(B;) (17.69) 
where 

a(t)=dy/dt, n(t)=dd/dt+4dy7/dt. 
The coefficient a(t) represents the dynamo effect of the helicity and is the 
subject of the next chapter. 

Now consider two ensembles of systems, each with net helicity a, but 
with opposite signs of a. Thus if positive a refers to one ensemble, the 
other has dy/dt = — a, so that when we combine the two ensembles, the 
resulting ensemble has zero net helicity. Note that a depends upon the 
off-diagonal components of 0x/0X;. The quantity č depends upon the 
diagonal components of ðx;/ðX;, and is taken to be the same in both 
systems. Thus n(t), depending only upon ¢ and the square of y, has the 
same value in both systems. Suppose now that the two ensembles are 
combined into one, so that for the combined system the value of y, 
denoted by Yo, would be zero, in spite of the fact that the combined 
system is made up of two halves with equal (but opposite) helicity. If the 
above analysis were repeated for the combined ensemble, for which 
¥>o—=0, we would obtain a value for the coefficient 


No = de/dt 


where ¢ is the same as in either of the two ensembles taken separately. 
Hence, in terms of y” for the separate systems, 


No=n—sdy7/dt 


=n- | dsa(s)a(t). 
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The reduction of the diffusion coefficient by the square of the helicity is 
evident. 

It should be noted, however, that the reduction of the diffusion 
coefhcient by the helicity in an ensemble of systems in which each 
member has a net helicity @ is not necessarily the same thing as the 
reduction in an ensemble of systems in which each member itself has zero 
helicity. Thus, as with the Eulerian formulation, consider an ensemble of 
ensembles, each member ensemble having zero net helicity, as in the 
paragraph above, and reduced diffusion coefficient no. Then (17.69) 
represents a stochastic equation with the random coefficient a(t). Using 
the quasi-linear approximation for times 0=t<7,, the solution can be 
developed in the same manner as the solution of (17.65) leading to 
(17.66), with the result 


No=Nn- [ ds(a(s)a(t)). (17.70) 


The final quantitative demonstration of the dependence of the effective 
turbulent diffusion coefficient on the local helicity fluctuations was carried 
out with Monte Carlo methods based on the Lagrangian formulation 
developed above. Kraichnan (1976b) specified various velocity forms for 
the individual eddies and carried through an extensive array of numerical 
experiments with the aid of a computer to determine the precise values of 
a, n, and K, as well as other quantities, for mirror-symmetric turbulence, 
as well as turbulence made up of individual eddies with strong helicity 
(the maximum possible helicity for a given characteristic velocity vg and 
wave number k,). 

Consider an eddy as a moving mass of fluid-—with dimensions L and 
characteristic velocity vj—with a motion w relative to the background 
fluid. Suppose that the duration of this coordinated eddy is ra, which may 
be longer or shorter than the characteristic time To = 1/K vy. The numeri- 
cal experiments show that the scalar and vector turbulent diffusion 
coefficients k and yy are essentially equal until the helicity becomes a 
significant fraction of the maximum. For mirror-symmetric turbulence the 
two coefficients are equal x = ny to within the statistical uncertainty of the 
calculation, even in the extreme case where the turbulent velocity pattern 
is fixed in time (7, =, Kraichnan’s w= 0). On the other hand, when the 
individual eddies are given the maximum possible helicity, the effective 
diffusion coefficient for vector fields responds by declining with time as 
the calculation progresses. For times small compared to To, nr is equal to 
K, but by the time 7, is as large as To, the diffusion coefficient 1, for 
vector fields is noticeably reduced from « for scalar fields. The decline of 
nr Continues as 7, is increased, so that ny reaches zero and goes negative 
after a time Tt, of two or three times Tọ. A negative diffusion coefficient 
implies unstable concentration of vector field. 
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Figure 17.3 is reproduced from Kraichnan’s paper (Kraichnan 1976b) 
showing the time evolution of the scalar and vector diffusion coefficients, 
starting from t=O when the turbulence is switched on. The curves were 
calculated for turbulence with maximum helicity within each eddy, and a 
time correlation of the form exp{—4w¢(t—t’)?}. The vector diffusion 
coefficient nr(t) is represented by the curves 1, 3, and 5 for wo/Voko = 0, 
1, 2, respectively. The scalar coefficient x(t) is represented by curves 2, 4, 
and 6 for @/v9k 9=0, 1, 2, respectively. Thus, curves 1 and 2 apply to 
frozen turbulence (wọ = 0) with maximum helicity in each individual eddy. 
It is evident from 1 and 2 that y;(t)=«(t) for t up to about 1/voko, after 
which the vector diffusion coefficient drops away, becoming negative for 
t = 3/voko. It is equally apparent from a comparison of curves 3 and 4 that 
the introduction of a finite correlation time of the order of 1/v 9k, leads to 
comparable 7 +(t) and x(t). Curves 5 and 6 for @)=2k gv, show nlt) = 
k(t) to within the statistical uncertainties, for all t. 

Kraichnan notes the continuing correlation of displacement and strain 
in the frozen (w,= 0) turbulence with maximally helical eddies, showing 
directly that the disorder hypothesis does not apply to that extreme case. 
On the other hand, the calculations show that in any but the extreme 
circumstance of maximum helicity and long correlation times the long- 
term memory of an element of fluid (contained in the accumulated strain 
dx,/0X;) for its initial position is poor, if not identically zero. Thus =k 
is a useful working approximation except perhaps in rapidly rotating 
bodies where cyclonic effects may become strong and persistent. We shall 
have more to say on this problem in §18.4 after developing the effect of 
helicity in its own right. 


— 


© 


Koy (t/t or Kok (t/t 


—1 


Fic. 17.3. The time evolution of the vector and scalar diffusion coefficients y(t) and «(t), 
respectively, for maximally helical turbulence (reproduced from Kraichnan 1976b}. The 
curves labelled 1, 3, and 5 represent 7(¢) in units of v,/k, for correlation times %, 1/v9Kp, 
and 1/2u9k, respectively (@o/Ugky = 0, 1, 2), while the curves labelled 2, 4, and 6 represent 
«(t) in units of vo/ko for the same correlation times, respectively. 
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In this connection it should be noted that Roberts and Soward (1975), 
working from the quasi-linear approximation, present a general expres- 
sion for the eddy diffusion coefficient in terms of the Fourier transform of 
the velocity correlation. Their result (their eqn (4.13)) leads to a negative 
turbulent diffusion coefficient when the peak of the Fourier transform 
occurs at frequencies œw different from zero’. 

The theory of turbulent diffusion of a scalar field is well known (Taylor, 
1921; Batchelor, 1959), and Kraichnan’s (1970, 1976b) Monte Carlo 
calculations show that the resulting coefficient « is relatively insensitive to 
the shape of the turbulent spectrum, with 


K =(1:2+0-2)vo/ko = (1:2 40:2) 007, (17.71) 


where ko is the wave number of the largest eddies, with the r.m.s. velocity 
vo in any one direction. In terms of the r.m.s. total velocity, V5 = 3v5, this 
is 0-4V67 . The only significant deviation from this is in the long-lived 
turbulence with maximal helicity where the value of x grows with the 
progress of time, reaching about twice the above value after a time 
t = 4To, presumably as a consequence of the larger correlation time 7. 
One should perhaps write võt, in such cases. 

The result (17.51) obtained by Vainshtein (1970) is essentially the same 
as (17.70) but is restricted to small correlation times 7, & To, while (17.70) 
and (17.71) are valid for the more realistic situation T; = To. 


17.5. A physical example of turbulent mixing of magnetic field 


The calculations cited in the section above establish that in many, if not 
all cases, turbulent mixing causes the mean large-scale magnetic field to 
diffuse in essentially the same manner as a scalar field, with an effective 
diffusion coefficient (17.70) approximately equal to (17.71). The mean 
field is mixed to the surface, or into the interior, of an astrophysical body 
to about the same degree as the chemical constituents. But before going 
on to the application of this basic effect there are a number of questions 
that come to mind. How is it, for instance, that the turbulent mixing of a 
magnetic field carried in a fluid with infinite electrical conductivity, as 
treated in $17.4, can produce diffusion without reconnection of the 
magnetic lines of force. The diffusive merging of different field configura- 
tions necessarily implies changing field topology (i.e. reconnection). And 
while we are asking questions, what happens to the small-scale fields 


* Roberts and Soward postulate (their eqn (2.25)) that the maximum of the 
Fourier transform occurs at œ =0. On that basis they state that their diffusion 
coefficient is positive. But we see no fundamental objection to the possibility that 
the Fourier transform may be larger at some w#Q, allowing the intriguing 
possibility that the diffusion is negative. 
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generated by the individual turbulent eddies? (See special examples in 
Moffatt (1963) for isolated eddies). 

_ The formal answer to the first question is that in an infinitely conduct- 
ing fluid, it is the lines of force of the total field B; =(B,)+ 6B, that do not 
reconnect, whereas it is the mean field (B;) that is subject to turbulent 
diffusion. The lines of (B;) reconnect. This answers the question in a 
formal sense, but does not illustrate the detailed behaviour of the 
complete field B,;. We have to see how 6B, behaves to go further, or to 
answer the second question. It is instructive, then, to go back to some 
idealized illustrative examples for which the calculations can be carried 
out in detail to show how the mean field (B;) is displaced by the 
circulation and mixing of the fluid. What property of the velocity field is 
responsible for the turbulent displacement (diffusion) of the mean field? 
To answer this question consider a large-scale magnetic field with charac- 
teristic dimension À, in which there is a gradient in the field density in a 
direction perpendicular to the local direction of the field. For convenience 
rotate the coordinate system so that the z-axis lies along the local mean 
field direction and the y-axis points in the direction of increasing field 
density. Locally, then, the large-scale field is of strength By with 


B,, B, = Boj O{(x? + y? + zZ?AY, 
B. =B(1+y/A +...) (17.72) 


over the dimension L of the local eddies, neglecting terms second order 
in L/À compared to unity. 

To examine the mixing and diffusion of field in its most elementary 
form, divide the space into identical contiguous cubical cells with side 2L. 
Then with the same fluid motions in each cell, consider the cell x*, y? 
z*=<L”*. The fluid is given a velocity v,(x, y, z, t), with the velocity falling 
to zero at the boundaries of the cell, so that all the magnetic effects are 
confined to the interior of the cell. The cell, with its closed internal 
pattern of circulation, is a simple model of an eddy. The fluid motion is 
switched on for a time 7 and switched off. Subsequently the pattern of 
cubical cells is relocated and the velocity is switched on again for a time r, 
etc. Thus, even though the fluid remains within each cell during the time 
T, there is a net mixing of fluid throughout the large region as one cell 
pattern is replaced by another at time intervals of r. 

We continue with the condition that the electrical conductivity of the 
fluid is high (yn « Lv = L?/7) so that the lines of force are carried bodily 
with the fluid and do not reconnect significantly over the time +. The 
question is, what aspect of the circulation of the fluid is responsible for 
displacing the mean field in the direction —VB,. To be precise, the centre 
of gravity of B, is the measure of the mean position of the field. How is 
the centre of gravity moved by the fluid? 
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To take the problem one step at a time, consider the two-dimensional 
motion {v,(x, y, z), 0, v,(x, y, z)}. In this case there is no motion of the 
fluid in the direction of the field gradient (the y-direction), so there can 
be no net displacement of field in the y-direction. The equation for the 
time variation of B, is 


dB,/dt =0. 
With B,=0 initially, it follows that B,=0 for all t The only non- 
vanishing components are B, and B,, most conveniently written 
B, = 0A, (x, y, z, t)/0z, B, =—dA, (x, y, Z, t)/ðx 
so that their variation is described by 
dA,/dt = 0. (17.73) 


Since the fluid velocity fails to zero at the walls x = +L, it is evident that 
A, does not change at the walls. Hence the magnetic flux across the cell 
does not change, 


a (** ð 
— Í dxB,(x, y, z, ) = —{4A, (L, y, z, t)—- A, (t L, y, z, t)} 
atla at 


= (0 
a ptt ð 
— | dzB,.(x, y, z, )=—{A,(% y, + L, t)- A, (x, y, — L, t)} 
at Jy at 
=0 
as is obvious from the fact that the lines of force move with the fluid in 
planes y = constant. 


The first moments of the field do not vary. For instance, define the 
x-moment of B, as 


+L +L +L 
M,- -Í dx ay | dzxB, 


-L 


+L +L 
=—/2L | dx | dz{a(xA, )/dx —A,} 
L L 


+E 
=~?2L | dzxA, 


=L 


+L +L +L 
+21 | dx | dzA,. 
iad D -L -L 
Since A, at x= +L has not changed from its initial value, it is evident 
that the first term on the right-hand side does not vary with time. From 
the fact (17.73) that A, in each element of fluid does not vary, and the 
fluid remains in the plane y = constant as it moves, it is evident that the 
second term on the right-hand side does not vary either. Initially M. = 0 
so that M, =0 for all subsequent times. It is readily shown that the first 
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moment M,,, given by the integral of yB, over the cell, is also indepen- 
dent of time and maintains its initial value 8B,L°/3A. Altogether, the 
fluid velocity (v,, 0, v,) causes no shift in the centre of gravity of the field 
distribution within the cell, and hence no net transport of field. 

Consider, then, the velocity field {0, v,(x y, z), v, (x, y, z)}, involving 
fluid motions constrained to surfaces x = constant. In that case dB,/dt = 0 
and B, is zero for all time. Write B, = +0A,/dz and B, =—0A,/dy, so that 
the evolution of the field is described by dA,/dt = 0. It is evident that the 
mathematical calculations performed in the paragraph above for 
(v,, 0, v,) can now be repeated for (0, v,, v,), leading to the conclusion 
that there is no change in the total flux across the cell, and no shift in the 
centre of gravity. In neither case, then, do the fluid motions contribute a 
net displacement of the field. Both motions produce local small-scale 
fields, (B,, 0, B,) and (0, B,, B,), respectively, within the cell, of course, 
but such fields have vanishing mean over the cell. 

Consider, finally, the remaining possibility {v,(x, y, z), vy (x, y, z), 0}. 
Then the magnetic field components vary as 


dB,/dt = B, dv,/ax + B, dv,/dy + B, dv,/0z, (17.74) 
dB,/dt = B, dv,/ax + B, dv,/dy + B, ðv,/ðz, (17.75) 
dB,/dt=0. (17.76) 


It follows at once from a comparison of (17.76) with (17.1) that the 
z-component of the magnetic field diffuses in exactly the same manner as 
a scalar field. The question is how does the diffusion come about? 

To take the investigation one step at a time, rewrite (17.74) as 


dB,/ot = (d/dy)(v,.B, — v,B,) + (0/dz)v,B,. 


Since v; vanishes on the boundaries of the cell, the net flux of B, across 
any plane x = constant is constant in time, 


yeh 


ð +I. +L +L 
— | ay| dz B(x, y, z, t) = Í dz(v,B, — v, B,) 
ot a E — F, =L 


yooL 


z=4+L 


Initially there is no net flux of B,, so that the mean remains zero. The 
same follows for B,. 

The integral of B, across any plane z = constant is also fixed in time, at 
the initial value 4L°B,. But the first moment of B,, (the integral of yB, 
over the cell) varies. With the intial field (17.72) the initial value of the 
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moment is 
+i +E +E 
M,- (0) = | dx | dy | dzyB, 
ot © ~L —f. 


= 8BoL?/3A 


as already noted, because of the asymmetric distribution of B,(y). Thus, 
for instance, if the fluid motion (v,, v,,0) consisted of each element of 
fluid being displaced in azimuth by 7/2 around the cell (x — y, y > — x), 
then B, would rotate with it, as described by (17.76). Then B, = 
Bo(1—x/A) and the moment M,, falls to zero. The centre of gravity, 
initially at 

Xo = 0, Yo = M,,/8L° By = L7/3A, Zo=0 


moves to y =0 (and x =-— L?/3A). Rotation through another 7/2 (so that 
x—-—x, y —-—y altogether) brings the field around to B, = B,(1—y/A) 
and moves the centre of gravity to x = 0, y = — L?/3A. There is then a final 
mean displacement of the magnetic lines of force by 2L7/3A in the 
direction of — V B,. As another example, suppose that the fluid within the 
cell is subject to the angular velocity œ =Of(@) about the z-axis out to 
the radial distance œw = L. The function f(@) has a value of unity at 
@ = 0, where the fluid rotates with an angular velocity Q, falling to zero 
at w= L. Between w= L and the boundaries x, y= +L the fluid is at 
rest. Then an element of fluid initially at w = w(< L), d = dp arrives at 
T= To 6=d)+Orf(w) after a time +, transporting the field strength 
Bo{1+(@o>/A)sin do} unchanged from the initial position. Hence at time 7, 
the field is 

B, (eo, 6, tT) = Ba 1+ (a@/A)singd — Orf(@)}]. (17.77) 


The decline of f(a) with increasing w means that the inner portions of 
the fluid rotate more rapidly than the outer portions, so the field becomes 
increasingly mixed around the cell as time increases. In the asymptotic 
limit, 7— œ, it is obvious that B, is distributed around the cell in threads 
of decreasing thickness, so that any form of local averaging or diffusion 
leads to the uniform value (B,)~ Bo. This is reflected in the moment 


+E +E +E. 
M,- (7) = | dx | dy | dzyB, 
L [ 


— fp — 


3m 3r 
= M, (0 [1-474 
v (0) 16 4L’ 
which has the initial value M,, (0) = 8L°B,/3A. In the limit of large Qr the 
factor cos(O7f(@)) oscillates over œ with increasing rapidity, so that the 
integrand averages to zero and the change in M,» is 


AM,,(t)~ —M,,(0)37/16. 


[ daa” cost rfl) | 
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Now for f(a) =1-/L, 1—w7/L’, 1—w*/L* and 1 out to w = L, with 
f(@)=0 for w> L, it is readily shown that 


M,.(1) = M,,(0) ji- fi- Eee} (17.78) 
M,- (7) = M,- (0) feral -2 oe} (17.79) 
M,.(7) = M,- (0) j1—52 {1-H | (17.80) 

M,, (7) = M,,.(0) {1 -27 (1 = cos(07)) |, (17.81) 


respectively. The variation of M,,(7) with time is shown in Fig. 17.4 for 
the four cases. Note that as T — % 


M,,.(t) ~ M,,(0)(1 — 37/16) = 0-411M,, (0) 


in the first three cases, as B, is stirred indefinitely around the cell. The 
smearing of B, around the cell takes place most quickly for f(wm) = 
1—aw/L because the angular velocity changes at a uniform rate across the 
cell, whereas for f(w@)=1-—@?/L? and 1~—w*/L* there is a progressively 
larger inner core subject to uniform angular velocity, in which the field is 
able to preserve its identity for a longer time. For f(@)=1 the fluid in 
w < L rotates rigidly and the field remains coherent over the entire cell as 


3T Hy 
L 


Fic. 17.4. A plot of ny in units of L?/3r as a function of Qr. This is also a plot of 
AM,,(7)/M,, (0). The numbers on each curve refer to the appropriate equation number for 
M, r). The horizontal broken line represents the asymptotic limit for t —> œ (except for 
a7. 81)). 
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it circulates round and round. In that case, M,,(7) oscillates forever 
between M,, (0) and M,- (0X1 — 37/8). 

The equivalent diffusion coefficient for B, is readily calculated from the 
change in the first moment M,-. As already noted, it follows from (17.76) 
that B, is transported by the turbulence in the same way as a scalar field, 
satisfying (17.1). It is well known (Taylor 1921), then, that the mean field 
satisfies the familiar diffusion equation 


0B, )/at = nrV*(B,) 


with the effective turbulent diffusion coefficient ņr equal to the eddy 
diffusivity for scalar fields. The flux of field is —nrV B-. Hence, if in a time 
7 the moment M,, changes by AM,,(7)=M,.(7)—M,,(0), the mean 
displacement of field in the cell is Ay = AM,,/8L°Bo; the mean transport 
rate is Ay/t multiplied by the mean field By. This rate of transport must 
equal — nr |V B| = —nrBo/À, so that 

nr =~ AAy/t = —AAM,. (7)/8L°7Bo. (17.82) 
Thus we obtain an exact relation for 7; in terms of the shift in the first 
moments (17.78)-(17.81). 

The whole problem can be treated formally, of course. According to 
(17.76) the field B, is conserved. The electrical conductivity of the fluid is 
so high (nT <« L?) that B, moves with the fluid, and the local rate of field 
transport is F, =v,B,. Now, suppose that the three-dimensional grid of 
cells of fluid circulation is applied for a time 7, with the results calculated 
above. At the end of that time the field has changed from (17.72) to 
(17.77). Write the magnetic field as 


B, =(B,)+ 6B, 


where (B,) denotes the large-scale field (17.72) and 6B, is defined as 
B. —(B.). Note that 6B, is generally not small. Then, during the circula- 
tion, the flux of field is 


F, = v,((B,)+ 5B,). 
The mean flux over the whole cell is 
(F) = ôB, ). 
Now the hydromagnetic equation (17.76) can be written 
dB,/dt = —{dv,B,/dx + dv, B,/dx} 
= — OF,/0x;. 
Hence 


iB, at = — AF, x;. 
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Note, then, that the solution (17.4) based on the initial field (17.72), is 
B, (Xx; t) = B1 + Y (Xk, t)/À} 


after a time t, where Y(x,, t) is the initial y-coordinate of the element of 
fluid at x, at time t. It follows that 


8B, (x t) = Bol Y (x, t) ~ yHA. 


Therefore, the average over the cell is 


Bo +L +L +L 
SAL? p dx [ dy p dzv,{ Y (xx, t)— y}. 


(F) = 
Since f dx v, = 0, this reduces immediately to 
(F = Bol/8AL*, (17.83) 
where I is the integral 
+L +L +E 
[= | dx | dy | dzv, Y (xr, t). (17.84) 
—L on oe -L 
To exhibit the physical significance of I, consider the first moment of B,, 
+L +E +i 
M,, =| dx | dy Í dz yB, (x,, t) 
a e —L -L 


+E +L +L 
= By | dx | dy | dzy{1+ Y (x, t/a}. 
-L a -i 


Then the time derivative is 


dM, Bo B i B ( ay x) 
eS d d d + vy 
dt A Ja * L y ZY \ x ax D 


-of arf ayfa ape (vu Y) + y (yey Y) oY) 


an -L —T. 


for dv,/dx+dv,/ay =0 in an incompressible flow. Since v, vanishes at 
x= +L and v, vanishes at y= L, it follows that 


aM,,/dt = — Bol/X. (17.85) 
Thus 
(F,)=—(1/8L*) oM,,/at. 


With 0(B,)/dy =(B,)/A it follows that 
XB, )/dt = —(d/dy)(F, ) 


=+—y,——= (17.86) 
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with 
ny = 8L? (17.87) 


which is the result (17.82), of course. This describes the transport of field 
during the first cycle of duration r. The circulation in each cell may vary 
with time over the period 7 (i.e. Q may be a function of time) or the 
velocity may be uniform in time, being switched on abruptly at t=0 and 
off at t=. If the former, then, replace v, by its time average over rT. 

Let the cycle of circulation of duration 7 be repeated over and over. To 

Outline the calculation for successive cycles (with L « A) suppose that the 
circulation is switched off at the end of the (n—1)th cycle. The grid of 
circulation cells is then moved a random distance O(L) in a random 
direction and switched on again for a time 7, with Bo again denoting the 
local value of (B,), and B,/A the local gradient of (B,). With this scheme 
of things it follows that the small scale fields at the beginning of each 
cycle are uncorrelated with the velocity of the new cycle, but the velocity 
of each cycle is systematic and not at all random. We consider an 
ensemble of systems subject to the same statistical treatment in the 
previous cycles, with the location of the grid used in each system 
unrelated to the location in the others. But the same velocity grid is 
applied to all members of the ensemble for the new (the nth) cycle. An 
ensemble of such ensembles is then employed to go on to the (n+1)th 
cycle, etc. The method of summing is extravagant in its use of systems, 
but is a legitimate mathematical operation of course. 

To carry through the formal calculation for each step, in which a single 
grid of fluid circulation is applied to all members of the ensemble, denote 
the field of the beginning of the nth cycle (at time (n—1)r) by (B,)+ 

5B, (x,, t,) where (B,) is, of course, just (17.72) and 6B, averages to zero 
over any square 2L X21 in the xy-plane. In the time s after f (t= t, + 
s) the field evolves to 


BUX, s)= Boil + YO, s)/A}+ 8B, 1X; (%, s), t,,} 
so that the change of B, from its configuration at time t, Is 
ôB, (Xr s) = (BAA KY (Xx, s)— y} 
+ 8B. {X; (x1, s), tat èB, (Xp, tn). 
It follows that 
(vy (Xr, SEB, r 8)) = (Bo/À XU, (Xr SHY (xr, 8) — y}) 
+{v, (Xr, s)bB {Xr (xı, s), fn) — vy, (Xx, s)5B, (Xi t,)). 
Now v, is the same for all members of the ensemble. Hence 


(vy (xz, SOB, (Xr, h) = 0. 
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The average quantity v, (xp, s)6B,{X;,(%, S}, t,} also vanishes. It correlates 
v, at the position x, with the initial random field ôB, (X, t.) at the 
position X, (xp, s) determined by v; in the present cycle. But a selection of 
fields from the initial unrelated fields 5B;(x,, t.) by any systematic process 
yields unrelated fields. Altogether, then 


(vy (Xr S)EB, (Xr 8)) = (Bo/A vy (Xi, SHY (Xx, 5) — yt). 
The mean transport rate is then 
(FL) = (BolA vy (% SHY OK, 8) — yt). 


Since v, and Y(x,,s) are the same in each member of the ensemble, the 
angular brackets imply only the average over the small-scale cell 2L x 2L. 
This brings us to (17.83) and the ensuing diffusion eqn (17.86) and 
diffusion coefficient (17.87). Thus the calculation for the first cycle 1s 
repeated for the nth, and the resulting diffusion equation for the large- 
scale mean field (17.86) is applicable for all t with the diffusion coefficient 
(17.82) or (17.87). In terms of the change in M,, over the period r of a 
given cycle, it follows that 


nr= ~(L?/37)AM,, (7)/M,. (0). (17.88) 


The effective diffusion coefficient is plotted in Fig. 17.4 in units of L°/37 
as a function of Or for the four examples (17.78)—-(17.81). If we take 
Qr = 7/2 as characteristic of a real turbulent eddy of scale L during its 
life T = L/v, then ny is equal to 0-048, 0-108, 0-21, and 0:59 times L*/3r 
for the four cases, respectively. For comparison with later results it is 
convenient to write ny in terms of the mean square velocity v”. Then with 
the average 

L 

v =2r | dwa(ad)/4L7 
0 
n 


2L? 


over the 2LX2L area of the cell, it is readily shown that LO? = av? 


[ dww’f (w) 


> An alternative scenario would be to suppose that after the brief period 7 of 
circulation of the fluid, the system is held at rest for a time 7, that is large 
compared to the characteristic diffusion time L?/ņ over a single cell (but suitably 
short compared to the large-scale diffusion time A7/n). The field fluctuations 5B; 
produced by the circulation have no scale associated with them that is larger than 
L, so they are lost during the period 7,. The next cycle begins anew with 6B, =0 
and the large-scale field given by (17.72). The effective diffusion coefficient is then 
(17.88) with 7 in the dominator replaced by r+7,=7;. The algebraic result for n 
is the same as the quasi-linear result of §§17.2 and 17.3 for small magnetic 
© Reynolds number, with nr limited to values less than y. See (17.26). 
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where a = 120/27, 48/7, 24/7, and 8/a for (17.78)-(17.81), respectively, 
leading to 


ny = Bor (17.89) 


where B = 0-25, 0-23, 0-21, and 0:20, respectively. Thus in terms of v? 
the mean turbulent transport is relatively independent of the form f(@), 
the coefficient B varying by only 20 per cent over the entire range from 
f=1-w/L to f=1. Indeed in the limit of small Qr, AM, (7)/AM,, (0) 
follows from (17.78)-(17.81) as Ofr? multiplied by 7/160, 7/64, 7/32, 
and 37/32, respectively so that (17.82), with the above values of L’0?, 
ylelds 


nr 4U oy 
in all four cases. In the opposite extreme Qr — œ it follows that 
ny = 0:196L7/7 + 0 


for the three cases (17.78)-(17.80). 

Coming back to the fact that in the present special case the large-scale 
magnetic field is dispersed by the turbulence in exactly the same way as a 
scalar field, it follows that the diffusion coefficient is calculable by the 
conventional methods for scalar fields. In that case we would have noted 
that the cells of fluid random walk over space, so that the large-scale 
distribution can be computed from a Fokker—Planck equation. Standard 
procedure would then be to note that the diffusion coefficient in the 
Fokker-Planck equation is 31°/t where l? is the mean square displace- 
ment in the time 7 in the y-direction. Thus, for instance, the mean square 
displacement for f(a) = 1 is 


1 2r L 
]2 = I | do | dwar *{sin?d(1 — cos Or)? + cos* sin? (Qr)} 
0 0 


= (wL?/8)(1—cos(7)), 


so that the effective diffusion coefficient is (w7L*/167)(1—cos(Q7), in 
agreement with the result for y+; obtained from (17.81) and (17.82). 

It should be noted that the calculated values of nr plotted in Fig. 17.4 
are exact for the idealized eddies {v, (x, y, z), v, (x, y, z), 0} employed. The 
large-scale magnetic field, and any scalar field, embedded in the fluid are 
mixed through the fluid with the effective diffusion coefficient nr= x. 

It should not escape our attention, of course, that the sequence of 
circulating cells of fluid generates intense sheets of B, and B, of opposite 
sign at the top and bottom of each cell. These fields have no mean value 
over dimensions equal to the cell size 2L, and no mean over the 
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ensemble. After a time large compared to 7 the characteristic scale of B, 
and B, becomes small compared to L as a consequence of the random 
sign of neighbouring sheets of B, and B,. Thus even a very small resistive 
diffusion y destroys them and halts their accumulation without effecting 
the large-scale field (B,). This question is taken up in $17.6 in more 
general terms, where it is shown that rapid reconnection, as well as 
resistive diffusion, play an important role in limiting the small-scale fields. 

The idealized example of turbulent diffusion considered in this section 
demonstrates that the diffusion is basically the result of the component of 
the fluid velocity in the y-direction (the direction of V(B,)) together with 
the component in the x-direction (the direction (B) x V(B,) perpendicular 
to both (B) and V(B)). The diffusion coefficient was calculated exactly for 
a variety of velocity profiles, leading to (17.78)-(17.81). The general 
result is nr = B(v7)r with B =0-20-0-25 for Qr of the order of unity. The 
example illustrates in detail how the fields within each cell are distorted 
and displaced to produce the mean diffusion coefficient nr. 

It is not without interest to consider for a moment that the idealized 
example can be regarded as the lowest order term in an expansion of the 
general problem of turbulent diffusion of field in three-dimensional 
turbulence. Consider, for instance, the velocity field v,(x,) for which 
v,B,#0. Then, as has been demonstrated, the primary convective trans- 
port is produced by the two components v,,v, perpendicular to the 
large-scale field, B,. The component v, (parallel to the large-scale field) 
gives no net transport when combined with one or the other of v, or vy, 
but if v, and v, are both present, the addition of v, as a third component 
has an effect through the higher order interaction of v, and v, with the 
small-scale fields produced by v, and the interaction of v, with the 
small-scale fields produced by v, and v,. It is the third component v, that 
makes the general problem of the turbulent mixing of magnetic field so 
complex. 

To develop a logical scheme for treating the general three-dimensional 
velocity field v;(x,, t) consider the illustrative example for v, and v, as 
merely the lowest order interaction in the convective equation (17.3). 
Write 

B,=BP+B2+..., B, =B®+B®+..., 
B, = B® +BP+BP +... 
where B® is a consequence of the basic mixing property of v, and v, so 
that 
dB®/dt=0. (17.90) 


Then B® represents the field produced by the interaction of the three 
components of the fluid velocity with B®; B{? is the result of the 
interaction with B®”; etc. The hydromagnetic equation (17.3) then de- 


MAGNETIC FIELDS IN TURBULENT FLUIDS 511 


decomposes into the equations 

dBi /dt = B® dv,/dz, (17.91) 

dBY?/dt = B” av/ax,, (17.92) 
etc. This hierarchy of equations is useful, of course, only when it can be 
summed, Or when it converges very rapidly so that it can be truncated e.g. 
when the first term B® is a useful estimate of B,. We are interested 
principally in the ensemble average large-scale field (B,). The zero order 
field (B®) readily follows from (17.90). To compute the next order term 
(Bo) from (17.91), the ensemble average yields the term B® dv,/az on 
the right-hand side. We know (B®), but we cannot compute (B® dv,/dz) 
unless the correlation between B® and ðv;/ðz is known explicitly. 

The quasi-linear approximation (see, for instance, Frisch 1968) gets 
over the problem by supposing that B; changes but little during the life 7 
of a single eddy, so that for a random dv,/dx, the average effect is just the 
interaction of dv,/dx; with the average field (B,;). This idealization is 
applicable when the magnetic Reynolds number of the individual eddies 
is small, so that 5B, relaxes quickly back to zero. 

In the next chapter we carry through the calculation for the effect of 
small-scale turbulence on a large-scale field. The appropriate expression 
for the vector potential a, added by the turbulence to the initial vector 
potential A; is given by (18.36), where & is the Lagrangian displacement 
of the element of fluid at x; at time t from its initial position at X,. The 
diffusion term is the second order term. In the absence of helicity, 
(&, &/8x;)=0 and only the diagonal terms of (&,é) are non-vanishing. 
The diffusion term is the second order term, 0*Aj/dx, dx, whose coefficient 
in (18.36) is the turbulent diffusion coefficient ny multiplied by the 
elapsed time 7,. Hence (18.36) gives a turbulent diffusion coefficient as 
one-half the mean square displacement per unit time in the direction of 
diffusion. This is, of course, the same result as for the diffusion of scalar 
fields (Taylor 1921; Batchelor 1959; Kraichnan 1976a). 


17.6. Growth of small-scale fields 


Thus far in the development we have paid but little attention to the 
small-scale or random component 6B,. It was noted in eqns (17.28) and 
(17.29) that 6B, initially grows rapidly with time for small 7, so that 
application of the quasi-linear approximation is soon dubious. It was 
noted, too, that for small magnetic Reynolds number L?/y7, the small- 
scale fields are limited to small values (compared to (B,)) by the resistiv- 
ity. In contrast, the magnetic Reynolds number of the dominant eddies in 
most astrophysical circumstances is large, and we expect 6B, to become 
large, perhaps large compared to the mean field (B,). Indeed, Piddington 
(1970, 1972a, b; 1975a, b) has argued that 5B, grows so large that the 


512 MAGNETIC FIELDS IN TURBULENT FLUIDS 


tension (5B,)?/42 in the lines of force surpasses the Reynolds stress pv’, 
with the result that the field halts the turbulent mixing of fluid throughout 
the region and converts the fluid motion into loca! oscillations. He argues, 
therefore, that there is generally no turbulent diffusion of magnetic field, 
and by implication, no mixing of the chemical constituents. His ultimate 
conclusion is that turbulent diffusion is negligible in the sun and in the 
gaseous disc of the galaxy, so that the observed magnetic fields are to be 
regarded as primordial. This conclusion overlooks the rapid buoyant 
escape of fields from the convective zone of the sun and the gaseous disc 
of the galaxy (see Chapters 13 and 14). But the question raised, as to the 
increase of 5B, and the suppression of turbulent mixing, deserves atten- 
tion, being of interest in its own right. The turbulent mixing of both 
magnetic fields and chemical constituents throughout the interiors of 
stars, and throughout the interstellar gas, is a basic effect that should be 
understood by the physicist. The mixing of chemical elements is a 
fundamental part of the theory of the origin of heavy elements through 
successive generations of stars. 

The growth of small-scale fields in a turbulent fluid with high magnetic 
Reynolds number has been a topic of interest and discussion since 
hydromagnetic theory was established twenty-five years ago. The variety 
of conjecture on the net effect of random turbulence on a magnetic field, 
noted in the introductory remarks of this chapter, is a consequence of the 
complexity and uncertainty of the topic. The ideas range from rapid 
dissipation of the large-scale field, to the growth of small-scale elements 
to equipartition with the velocity, to the negative turbulent diffusion and 
exponential instability of the large-scale field in turbulence with strong 
local fluctuations of helicity. 

Consider again the calculation of ôB; from (17.17). Restricting our- 
selves to periods of time over which the mean large-scale magnetic field 
(B,) changes but little, and resistive diffusion can be neglected, integration 
of (17.17) yields 

t t t 
8B;(0) = 8B,(0)+(B) | gf MOY | dt’n,(t') 
o OX; OX; Jo 


at any fixed point x,. The mean square 6B; is, then, 
(8B, (t)5B;(t)) = (8B,(0)8B; (0)) 
ðv (t') as 


+(BXB,) | ar | ar” ( 
D o OX; d Xk 


-xB P2 [ dt [ dt” (Pee XO 


AX, k j 
, 8(B:) (B;) Í ar | de”; (tolt) (17.93) 
OX; OX, Jp 0 
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since (v;)=0, (dv,/dx,)=0. Consider the last term first. It follows from 
(A1) and (A2) that, with t”=t—s and V;(0, s) = 6,B(0, s) the term can be 
written as 


| dt’ | dt”(v; (tu (t")) = u k | dt’ | dsB(0, s). 
0 o 0 (tt) 


Recall that B(0, s) is an even function of s with a maximum at s = 0 and a 
finite width of the order of the eddy life 7, beyond which B(0,5s) is 
essentially zero. Indeed, the characteristic eddy life is defined by (A22) in 
terms of the integral of B(0, s) from s=0 to s =~. In the limit of t >r, 
the limits t’ and —(t— t’) on the integral over s can be extended to + and 
—o, respectively. The only error is in a neighbourhood (of width 7) at 
t'=0 and at t’=¢t The contribution from this neighbourhood is small 
O(7/t) compared to the integral over the whole range. Hence, in the limit 
of large t/r, 


t t t 
| dt’ | dsB(0, s)=2 | dr’r = 2tt. 
Q —(t-t’) 0 
Note from (A.17) that (u,(t") dv,(t')/ax,)=0. The remaining integral in 
(17.93) is over (du,/dx; dv,/dx,), which is not zero. It follows from (A2), 
(A5), (A14), and (A15), and the approximation a(s)=a(0), that 
(av, (t’)/ax, dv,(t")/dx,) = + Sapu T(S). 
Altogether, then 


(ôB; (t)ôB; (t))= (ôB; (0)8B;(0)) + 
+ 2u77t{5a(B,)(B;) + &B;)/dx, XB; X3x}. 


Since a = O(1/L’), while (B;) presumably varies on a much larger scale, 
the terms 0(B;)/dx; can be dropped in the present approximation and 


(6B; (t)8B;(t)) = (6B, (0)8B; (0) + 10au*rt(B, XB;). 


The mean square small-scale field 6B, grows linearly with time. Since 
10au*r is of the order of v77/L’, it follows that (6B,6B,) increases by an 
amount comparable to the square of the mean field in a period of the 
order of L*/rv* = 73/7. This is just the result (17.29), of course. If r is 
taken to be very small compared to rto, this may require a period much 
longer than the characteristic time 7,= L/v. But it is clear again that the 
quasi-linear approximation must break down in the presence of large 
magnetic Reynolds numbers. 

To carry the calculation farther, it is necessary to work with the exact 
equations. Note, then, that the exact equation (17.3) for the magnetic 
field is identical with the equation 


ddx,/dt = ôx; dv,/dx; (17.94) 
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for the stretching of an infinitesimal displacement vector ôx; carried with 
the fluid. Thus, if initially we choose a vector 6x,(0) parallel to the 
magnetic field B,(0), so that 


ôx (0) = yB; (0), 


then the two vectors move together with the fluid, with the Lagrangian 
coordinate x,(t), so that 


5x;(t) = yB;(t) 


at all subsequent times. It follows that the computation of the total field 
in a turbulent fluid with high electrical conductivity is equivalent to the 
computation of the stretching of infinitesimal line segments carried with 
the fluid, the latter problem having received substantial attention (Batch- 
elor 1952, 1955; Reid 1955; Cocke 1969; Kraichnan 1974) in the 
literature. 

Consider, then, the time rate of change of the mean length | of an 
infinitesimal segment carried with the fluid. Whether dv,/dx; causes | to 
increase or decrease, it is obvious from the linearity of (17.94) that dl/dt 
must be directly proportional to l; the length of a segment n times longer 
varies n times faster. Hence 


di(t)/dt = f(t)l(@) (17.95) 


where f(t) may be a function of time, but not of l. Since f(t) is derived 
from dv,/dx; in (17.93), it is evident that f(t) is a random function of time, 
presumably with zero mean because (dv,/dx,)=0. An infinitesimal seg- 
ment placed at random in a turbulent velocity field is equally likely to 
increase or decrease. Then 


a result deduced by Cocke (1969, 1971) on formal grounds, taking 
advantage of some new mathematical techniques for summing stochastic 
variables. 

Integration of (17.95) yields 


l(t) = [(O)exp(F(t)) (17.96) 
where 


F=f arf’), (P= [ dt'(f(t’)) =0. 


It follows that 
(1(t)) = [(O0)exp(F(t))). (17.97) 
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Now we shall soon see that the mean square value of F grows with time 
and eventually becomes large compared to one. The change in F in one 
correlation time is of the order of (f°}¥r = O(vr/L). This is presumably of 
the order of unity or less, so that the change in F in one coherence time + 
is small compared to F. It follows that, for suitably large values of t, the 
probability distribution ¥(F, t) of F is describable by the Fokker—Planck 
equation 


dWV/dat =4B PFF, (17.98) 


where 78 is the mean square variation of F in a period r. If the initial 


distribution (F, 0) is confined to some finite region F*< F%, then for 


large values of t(Bt > FG) the distribution takes up the asymptotic form 


1 F? 
W(F, t) = OnB exp(— sai) (17.99) 
It follows that 
(F= | “ dFW(F, t)F* = Bt 


and 
(exp(F)= | dF WUE, Nexp(F) = exp(ipn) 


Hence the mean length (17.97) 
(L) = l(O)exp Bt) (17.100) 


grows exponentially with time. The characteristic growth time is 2/8 = 
O(L?/v*7) = Olr). 

A more direct approach has been taken by Kraichnan who points out 
that an initial line segment, or magnetic field, in the i=1 direction has a 
subsequent length, or strength, whose mean square is just ((ax,/aX,)°), 
which he calculates by Monte Carlo techniques. The numerical results 
(Kraichnan 1976b, Fig. 5) are that the mean length grows exponentially 
with an effective value Bro in (17.100) very close to one. In three cases, 
ranging from the extreme of mirror symmetry to the extreme of max- 
imum helicity, Bro varies only from 1-17 to 0-92, respectively. The mean 
is 1:04+0-12. 

So the mean length of a line segment, and hence the r.m.s. small-scale 
magnetic field, grow exponentially with time, as exp(at/r) where a is a 
number of the order of unity. This raises a serious problem at once, 
because no matter how weak is the initial large-scale mean magnetic field, 
the continuing turbulent mixing and stretching soon increase the local 
magnetic field strength to where the Maxwell stress density ((§B)*)/47 
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becomes comparable to the Reynolds stress density pv? of the turbulent 
fluid. The magnetic field then resists any further stretching, and one might 
expect that the turbulent mixing would be significantly reduced from the 
diffusion coefficient obtained from the kinematical calculations of the 
previous section. This is the point of departure for Piddington’s view, that 
there can be no turbulent diffusion and, hence, all stellar and galactic 
fields are primordial®. 

The first question is whether observations of turbulent convection in 
the presence of large-scale magnetic fields show any sign of the enormous 
small-scale fields predicted by (17.100), or any sign of inhibition by 
unseen fields. We can see the convection and turbulence in the solar 
photosphere, and we can see the mean magnetic fields, which are some- 
times as strong as 10-10? G. But there is no indication that the turbulence 
is generally affected, and the turbulent mixing reduced, by the magnetic 
field’. In sunspots, to be sure, where B>2x 10° G, the normal photo- 
spheric convective motions—the granules—seem to be altered in charac- 
ter (see, for instance Beckers and Schultz 1972; Beckers 1976) but not as 
much as one might have expected with B’/8a some ten times larger than 
the observed $pv’. 

The important point is that normal granules with magnetic Reynolds 
numbers of the order of 104 (L = 108 cm, v =2 10° cms ', c=10"' s7}, 
n=10°cm?s~!), appear to be unaffected by large-scale fields of 10°G 
(B7/4a =0-1pv’). 

In interstellar space (where B?/8m=4pv*) there is no evidence from 
spectroscopic studies of the heavy elements that the turbulent mixing is 
significantly inhibited by the magnetic field. The heavy elements are 
produced in point sources (supernovae) and yet seem to be widely 
distributed throughout the interstellar gas, indicating mixing times of no 
more than 10° years over hundreds of pc. 

On the surface of it, there seems to be a contradiction, then. The 
exponential growth of small-scale magnetic fields would suggest that they 
quickly overpower the turbulence and halt the mixing. Yet there is no 
observational evidence that this happens. Indeed, the evidence suggests 
that the convective overturning and turbulent mixing are not greatly 
affected. 


€ As a matter of fact, the present galactic field would decay anyway in a time of 
the order of only 108 years as a consequence of its magnetic buoyancy (see 
§§13.1-13.4) so there is no evident prospect that the present galactic magnetic 
field is a surviving primordial field. 


7 Recent work of Busse (1975) illustrates how little the magnetic field affects the 
form of the convection in periodic two-dimensional convective cells at small 
Chandrasekhar numbers and modest magnetic Reynolds numbers. 
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The resolution of the dilemma posed by (17.100), and the resulting 
conclusion that 
((6B)*) = (B*)exp(2at/7), (17.101) 


lies in the effects omitted in the idealized kinematical calculation leading 
to (17.100). There are three important effects that spring to mind. 

The first is that the magnetic field is stretched into many thin, closely 
packed filaments as ôB; is increased in the successive eddies that shear 
and whirl the lines of force about. Roughly speaking, the thickness h(t) of 
a ribbon of fluid decreases inversely with the increasing length and field 
strength (Reid 1955; Batchelor 1955). Eventually that thickness must be 
so small that diffusion and reconnection with neighbouring uncorrelated 
filaments becomes important. Beginning with a large-scale field, the 
neighbouring filaments, each initially with a cross dimension L (as deter- 
mined by the first eddy), become uncorrelated after the first eddy life + 
and remain uncorrelated, then, as their thickness h(t) decreases with 
time. The neighbouring filaments cannot avoid the non-equilibrium line 
cutting (Chapters 15 and 16) which proceeds at a rate eV, across the 
filament. Hence the filament is dispersed when the time h(t)/eV, needed 
to cut across the filament thickness h(t) becomes as small as the charac- 
teristic stretching time. Now V, is the Alfven speed in the local field 
((6B)’), and ((6B)*)? grows from the large-scale mean field B(0) at a rate 
of the order of 


5B(t) = B(O)exp(at/7) 
with 
h(t)= L exp(— at/r), 
V(t) = V(O)exp+ at/r) 


where V(0) denotes the Alfven speed in the large-scale field B(0). Line 
cutting breaks up the filaments at least by the time that eV,7 becomes 
equal to h, if not sooner. This occurs when, in order of magnitude, 


exp(2at/T) = L/eV(0)r, (17.102) 


at which time 5B(t)/B(O) is of the order of {L/eV(0)r¥. With + = L/v this 
is {v/eV(0)}, so that the characteristic Alfven speed reaches a maximum 
of the order of 


Va ={vV(0)/e} (17.103) 


before line cutting reduces the filament. It is evident from (17.103) that 
apart from the factor €?, the maximum Alfven speed expected in the 
small-scale field is just the harmonic mean of the turbulent velocity v and 
the Alfven speed in the large-scale field B(O). Thus, with e of the order of 
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1071, the small-scale field produced by the turbulence from a weak | 
large-scale field does not exceed the Reynolds stresses, even at its 
maximum. The average value of the mean square, small-scale fields is 
even less®. 

This theoretical result appears to be compatible with the observed 
behaviour of the solar magnetic fields and turbulence at the surface of the 
sun, already mentioned. The granules and the supergranules are generally 
unaffected by the magnetic fields, except in sunspots where the mean 
large-scale field is so strong (V(0)=10kms"') as to block the normal 
photospheric turbulence (granules with v =2kms_'). 

In interstellar space the galactic magnetic field provides an example 
where the mean large-scale field stresses appear to be equal to the 
Reynolds stress of the turbulence, with V(0)=v=10kms™'. Hence 
turbulent mixing may be inhibited there in some degree, although in view 
of the approximate uniformity of the chemical constituents (allowing for 
the depletion of the more refractory elements to form dust grains) the 
inhibition of mixing is by no means complete. 

This brings us to the second point, that the calculations carried out in 
this chapter are kinematical, ignoring the Maxwell stresses, while the 
calculations lead to the conclusion that the local small-scale fields do not 
necessarily remain weak. In such cases we must turn our thoughts once 
more to the dynamical effects of strong fields worked out in the preceding 
chapters. A weak field, whether of large or small scale, escapes from a 
volume of turbulent convecting fluid only when mixed to the surface. But 
a strong field also escapes because of its intrinsic buoyancy, as described 
in Chapters 8 and 13. Taking into account the magnetic buoyancy, it 
follows that the local intense filaments of field 6B; rise up and out of the 
region of turbulence at a rate comparable to their internal Alfven speed 
V, =8B/(47p)?. The buoyant rise is a systematic motion, so that even 
when V,<v, the stronger field elements quickly disappear from the 
convecting region in which they are produced. We expect the buoyant 
loss in most circumstances to limit the growth of the local field 5B, to 


Formal theories of hydrodynamic turbulence have been constructed on the 
assumption that the dynamics can be formulated in terms of the spectrum function 
depending only on the magnitude of the wavenumber. The idealization has been 
extended to hydromagnetic turbulence, by including the spectrum function of the 
magnetic field in the equations. The results of such calculations (see, for instance, 
Nagarajan 1971) suggest that an initial weak magnetic field grows at all wave 
numbers smaller than the dissipative cutoff to reach equipartition with the velocity 
field. It is particularly interesting that the magnetic field grows at wave numbers 
smaller than those of the initial weak field, so that the turbulence has a net 
dynamo effect, producing large-scale field where initially there was none. We are 
not aware of any astrophysical circumstance where such effects are observed. 
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values such that V, remains well below the turbulent velocity v. Hence 
the Maxwell stresses remain below the Reynolds stresses, and turbulent 
mixing, if hampered, is not altogether halted. 

The final point is that in some way (see Chapter 10) the magnetic fields 
in the solar photosphere exhibit a remarkable ability to bunch into 
intense and widely separated flux tubes. The tubes, evidently of some 
10° G, are so strong as to avoid being overturned and stretched by the 
individual convective cells (the granules and supergranules), so that they 
are immune to the intensification (17.101) that dominates a continuous 
field. The individual flux tubes are buffeted about by the supergranules, to 
be sure, being confined by the converging flow into the downdrafts 
between supergranule cells. The point of intersection of the individual 
tube with the surface of the sun is subject to random walk across the disc 
of the sun (with an effective diffusion coefficient nr =iL?/t = 10" cm? s~! 
appropriate to the supergranules; Leighton 1964, 1969) so that the field 
is indeed subject to turbulent mixing and diffusion even if the individual 
tubes are too strong to be caught up in the local mixing and overturned 
by the local eddies. But the widely separated, intense flux tubes do not 
hamper the individual granules? and supergranules. In the circumstance 
of the solar photosphere, then, we are dealing with strong, rather than 
weak, fields even though the overall average field may be only a few G. 
The magnetic fields at the surface of the sun simply have a life-style that 
is different from the conventional concept of continuous fields treated in 
this chapter. One cannot help wondering in what other astrophysical 
circumstances, all removed so far in space that their small-scale structure 
cannot be resolved, the magnetic fields have a similar behaviour. 

Altogether, it appears that nature evades the production of small-scale 
fields to the degree required to suppress turbulent mixing. The magnetic 
catastrophe suggested by the purely kinematical calculations is never 
approached, so that the universe is turbulent in spite of its magnetic 
fields. 


17.7. Turbulent diffusion and primordial fields 


The length of the present chapter reflects the incomplete nature of the 
theory of the turbulent diffusion of a large-scale magnetic field in a highly 
conducting fluid. The discourse illustrates the turbulent effects for a 
number of special cases, while pointing out the obstacles to theoretical 
progress on a more general front. Kraichnan (1976a, b) discusses the 
problem of a formal deductive theory, pointing out the inadequacy of 
existing statistical approximations to attack the general case at high 


” The filigree (Dunn and Zirker 1973) is the only evidence of an effect as localized 
as the intense flux tubes. 
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magnetic Reynolds number. Turbulent diffusion of a large-scale magnetic 
field seems to depend upon subtle internal details of the fluid motion that 
are not provided by the conventional treatments of the hydrodynamics. 
Only the quasi-linear approximation is tractable in that sense, with the 
mean field satisfying a diffusion equation with a diffusion coefficient 
depending only upon the two-point velocity correlation tensor, familiar 
from the conventional theory of hydrodynamic turbulence. But the 
method is valid only for small magnetic Reynolds numbers, wherein the 
turbulent contribution to the diffusion is small compared to the resistive 
contribution. Altogether, then, the problem of turbulent diffusion at large 
magnetic Reynolds numbers, pertinent to most astrophysical cir- 
cumstances, forces one to proceed from a priori statistical hypotheses on 
disorder and loss of memory, or from deductive calculations based on 
special idealized circumstances, such as the two-dimensional velocity field 
v (x, y, z, t), v(x, y, z, t) ($17.5) or the Monte Carlo calculations of 
Kraichnan for specific three-dimensional velocity fields (§17.4), or the 
short-sudden approximation (818.3). 

Interest in the problem of turbulent diffusion of vector fields is main- 
tained by the intellectual challenge of so basic a problem in classical 
physics. The interest is sharpened by the general occurrence of magnetic 
fields in the convecting and turbulent astrophysical bodies in the universe 
about us. The electrical conductivity o and physical dimensions A of those 
bodies—the sun, the distant stars, and the gascous disc of the galaxy—are 
so large that the resistive decay time A*/y =4mA°o/c* of the internal 
magnetic field in each body is, in most cases, as large or larger than the 
age of the body, leading to the natural suggestion that the magnetic fields 
are primordial. The idea would be (Cowling 1945, 1953) that the lines of 
force, presently observed where they extend through the surface of the 
sun, also pass through the core of the sun where they are firmly and 
‘eternally’ held fast by the high electrical conductivity of the dense and 
motionless gas of the core (the resistive decay time is comparable to the 
present 5 x 10°-year age of the sun). The lines of force were carried there 
from interstellar space by the high electrical conductivity of the interstel- 
lar gas that collapsed to form the sun, and have been held prisoner by the 
core ever since. A similar view can be entertained for the galaxy. 
Piddington (1975a, b) has described at length how one could imagine the 
observed oscillatory behaviour of the magnetic fields at the surface of the 
sun to be produced by suitable, large, torsional oscillations of the surface 
layers. 

The turbulent diffusion and buoyant escape of magnetic fields compels 
a different interpretation of the magnetic fields existing today. Insofar as 
the principal effect of turbulence is to mix the magnetic field throughout 
the parent body to the same degree as the chemical constituents, there 
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seems to be no possibility for retaining primordial fields to the present 
day. Effective mixing is implied by the uniform distribution of the basic 
stable elements, from which we conclude that the magnetic field is 
similarly mixed, and hence reduced. Certainly there is no way a primor- 
dial field can be retained for long in the gaseous disc of the galaxy, nor in 
the convective zone of the sun or other star. In fact it is not clear to what 
degree the lines of force are caught up in the initial formation of a star in 
the first place. The buoyancy and the attendant Rayleigh-Taylor instabil- 
ity, not to mention the fluting instability, must enormously reduce the flux 
through the gas in the process of star formation (for a discussion of 
current views On star formation see the review by Mestel 1965). Any flux 
which fails to escape, as a consequence of its buoyancy and the tension 
along the lines of force, and as a consequence of turbulent mixing in the 
collapsing gas cloud, may be presumed to be lost during the early 
convective state of the individual stars. 

For those who prefer to begin with the hypothesis that there was a 
strong field embedded in the core of the sun at the time the sun reached 
the main sequence some 510° years ago, there are a number of 
considerations that constrain the behaviour of the field. First of all, a field 
of 10°G or more (B7/87 22 x10? NkT at the centre of the sun where 
N = 10°° particle cm™*, T= 1-510’ K) rises up through the stable core 
and is lost, as a consequence of its buoyancy (Parker 1974, see 88.8). A 
field of 10’ G or less might be retained for 5 x 10° years, and we know of 
no objection to the postulate that there is at the present time a closed 
field configuration of 10’ G or less hidden away in the deep interior of the 
sun. The postulate serves no useful purpose, however. Only fields in 
excess of 10°G can have any significant effect on the thermonuclear 
reactions in the core of the sun (Chitre et al. 1973; Snell et al. 1976) and 
such fields would have been lost long ago. The total flux in a field B, of 
10’ G in the core, say out to a radius r = 3 x 10° km, can be no more than 
P = nr’ Ba =1-5< 1078 Mx. This is insufficient to make any appreciable 
contribution to the flux appearing at the surface of the sun, at a rate of 
the order of 10'° Mxs™', because at this rate of loss Bẹ would be 
exhausted in only 10° years. 

Piddington has urged that a weaker field of, say 10* G extends all the 
way through the core, appearing as a field of about 10 G at the surface of 
the sun. By assuming suitable torsional oscillations of the outer layers of 
the sun, the lines of force of this ‘primordial’ field through the core can be 
sheared to produce any desired azimuthal field at the surface. Horizontal 
shear does not affect the radial (vertical) component however, and it is 
observed that polar fields reverse in step with the familiar 11-year 
magnetic cycle of the sun. The idea can survive, then, only by arguing that 
no one has yet observed the vertical component of field at the poles. 
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Observations use the longitudinal Zeeman effect, measuring the compo- 
nent of the field in the line of sight. When viewing high latitudes at the 
sun the observer sees the horizontal, rather than the vertical component 
of the field from Earth. The game can continue until a spacecraft passing 
over the poles of the sun measures the radial component of the polar 
fields. 

Altogether, the theory of magnetic buoyancy and dynamicai instability 
of strong fields, and the turbulent diffusion of weak fields, suggests that 
there are no primordial fields surviving in the universe from the time 
when the stars or the galaxy were formed. The planetary magnetic fields 
have a resistive decay time (see Chapter 20) of the order of 10* years, for 
iron cores (in which ø =10'°e.s.u., 7 =10* cms *) with radii A of the 
order of 1-3 x 10° km. Jupiter, whose interior is made up of metallic 
hydrogen and helium, may have a resistive decay time as long as 3 X 10° 
years (Stevenson 1974). But even this is short compared to the 5x 10°- 
year age of Jupiter. 

For the sun, a turbulent diffusion coefficient of the order of 0-2v°r (see 
(17.66) and (17.89)) provides rapid dispersal of the magnetic field across 
the surface and rapid loss of weak field (with negligible buoyancy of its 
own) from the convective zone. To use observed values for the turbulent 
eddy life + and velocity v, the granules (for which v=3kms ' and 
7=10's, at the visible surface) suggest 4;=10'*cm’s™', with the 
supergranules (for which v = 0-3 kms~' and 7 = 10° s) leading to the same 
number. Hence the characteristic diffusion time across a distance of 
2x10°km, equal to present estimates of the depth of the convective 
zone, is 2X10’s or about 8 months (ten solar rotations). Across one 
radian on the surface (R5=710° km) the diffusion time is 10 years, 
playing an essential role in the redistribution of the flux that makes up the 
11-year cycle of magnetic activity (Leighton 1964, 1969). It may be 
presumed that the magnetic fields of other stars are subject to similar 
turbulent mixing effects. 

The mixing and diffusion of a weak magnetic field in the gaseous disc of 
the galaxy arises from the turbulence in the interstellar gas, for which 
v=10kms ! and L=10’? pe. Then if r=L/v, it follows that r= 
3x10'4s=107 years and ny = 0-6 x 10°° cm’ s_'. The characteristic diffu- 
sion time across the scale height of the gaseous disc, estimated to be 
200 pc in the neighbourhood of the sun, is 6X 10° s or 2x 10° years. Thus 
a weak field trapped in the gaseous disc must soon decay and cannot 
survive the turbulent mixing for the estimated 10'°-year age of the 
galaxy. As a matter of fact, the galactic magnetic field inferred from 
observations (see, for instance, Manchester 1972) is relatively strong, of the 
order of 3X 107° G, so that B?/4r = 0-6 x 107'* dyncm™~’*. The Reynolds 
stresses of the interstellar gas motions are pv* = 1-6 x 107"? dyncm™ for a 
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mean gas density of 1 H atom cm™°. The field is nearly as strong as the 
turbulent motions, so that magnetic buoyancy and the magnetic 
Rayleigh-Taylor instability (see §§13.1—13.4) provide for rapid escape, at 
a rate characterized by the Alfven speed of 7 kms '. The escape time 
over the scale height of 200 pc can not be more than a few times the 
Alfven transit time (3 x 10’ years) and must be presumed to be only 10° 
years or a little more. 

Altogether, then, the original ‘primordial’ fields of ordinary stars and 
galaxies must have disappeared long ago. The present fields must be the 
product of present effects. There must be some process, in the core of 
Earth, in the core of Mercury, Jupiter, etc., in the convective zone of the 
sun and other stars, and in the gaseous disc of the galaxy, and in many 
other galaxies, that generates magnetic fields at a rate sufficient to balance 
the considerable loss rate. Thus, in the core of Earth, the amplification 
rate of the magnetic field must equal or exceed the resistive decay rate, 
with a characteristic time of about 3x 10* years. In the sun the growth 
must be sufficient to replenish the fields faster than they can be mixed by 
the turbulence and faster than they can rise out of the turbulence as a 
consequence of their buoyancy, in periods of the order of a few years. It 
is no surprise, then, that the solar magnetic cycle is not longer than 11 
years. Fields are lost in this time anyway, whether they go through a 
reversal or not. In the gaseous disc of the galaxy, where the effects 
progress On a grander scale, the sources of field must be sufficient to 
replenish the observed fields in a time of the order of 10° years. 

The creation of magnetic flux by fluid motions is the subject of the next 
chapter, where it is shown that the expected fluid motions within any 
rotating convecting body are just such as to produce efficient generation 
of magnetic field. Indeed, the generation is so effective in most cases that 
the field grows until B?/8a becomes comparable to the Reynolds stresses. 
When that stage is reached the rate of loss is enhanced by magnetic 
buoyancy and the rate of generation is reduced by the reaction of the field 
back onto the non-uniform rotation and cyclonic convective motions that 
are producing the field. In the core of Earth, where the low compressibility 
of the molten metal rules out magnetic buoyancy, the balance appears to 
be between the Maxwell stresses B?/87, and that part of the coriolis force 
not balanced by the pressure. The occasional sudden reversals of the field 
of Earth suggest that the balance may sometimes be upset, but in any case 
the result is a surface dipole field of about 0-6 G for most (about 99 per 
cent) of the time. 

In the sun the peculiar tendency for the fields to clump themselves into 
isolated intense filaments where they pass through the surface (see $10.1) 
confuses the issue to some degree. We may be certain that their buoyancy 
is an important factor in their loss, limiting fields to something of the 
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order of 10° G deep in the convective zone. But the structure of the 
magnetic fields and the fluid motions, including the non-uniform rotation, 
below the surface are both so unclear at the present time that little more 
can be said. 

In the gaseous disc of the galaxy, with B*/87 comparable to żpv?, it 
appears that both magnetic buoyancy and the suppression of the interstel- 
lar turbulence by the magnetic stresses play a role in limiting the field to 
its present level of about 3x 107° G in the general vicinity of the sun. 

It is interesting to note that the same turbulent diffusion and internal 
rapid reconnection associated with the loss of magnetic field from as- 
trophysical bodies (see Chapter 13) is an essential part of the efficient 
generation of magnetic field. The essential role of turbulent diffusion in 
the generation of magnetic field was first pointed out by Steenbeck and 
Krause (1966) (see also Leighton 1969; Parker 1971) as an essential 
ingredient in the generation of magnetic field in stellar objects with such 
enormous magnetic Reynolds numbers. Diffusion, so as to permit recon- 
nection, is an essential part of the dynamo process (Parker 1955, 1957, 
1970a,b; Parker and Krook 1956). Resistive diffusion is sufficient in 
planetary interiors, but woefully inadequate in the larger dimensions of 
stars and galaxies. Thus turbulent diffusion produces the need for con- 
temporary generation of fields and is itself an essential ingredient in that 
generation. Without turbulence the origin and nature of the magnetic 
fields in the universe would be quite different. 


Appendix A. Correlations in isotropic turbulence 


The general properties of the two-point velocity correlation 
(v(x, v(x, +, t+s)) are readily demonstrated (Batchelor 1953). It 
follows at once from the statistical homogeneity and stationary quality of 
the turbulence that the correlation must be independent of the position x,, 
and the time t, and can depend only upon the separation ¢, and s in space 
and time. What is more, the correlation extends symmetrically into the 
past and the future, 


(ti (Xn DV; (Xn E Cn t+ 5)) = (v(x, E Gns DUX ts) 
= (V; Xn E Ens t£s)v,(x,, 0) 
=u Vil s)=u° VilG s) (A1) 


where the + signs are all independent of each other. The factor u” is 
defined to be the mean square velocity in any one dimension, and is 
introduced as a normalization factor so that V;,,(0, 0) = 6,. If v? denotes 
the mean square velocity (v,v;), then clearly u? = 4v7, in the special case of 
statistical isotropy. The function V,;({s), being the product of two 
vectors v; and v, is obviously a tensor. The statistical isotropy of the 
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turbulence implies that V; is an isotropic tensor. If we assume for the 


moment that the turbulence is mirror-symmetric as well as isotropic (i.e. 
no mean helicity), then V, must be of the form 


VilG s) = A(G 8)GG + BU, 5) 8, (A2) 


where the scalar functions A and B depend only upon the magnitude of 
the separation, & and s. 
To develop the properties of V,,(¢, s), note that 


(Di Xn t) 0; (Xp, CV/AXi) = (VG, t) OV Xn +O, t+ 8)/0G) 
=u’ ð Vað é. (A3) 
On the other hand, 
(00, (Xn, /0X,0; (Xn UY) = Ovn Gr Bkt (Xp, C) 
= — u? dV, /dt,. (A4) 
It is evident, then, that 


ðv; (Xa, t) ðv: (x, t ð? V, 
( V; (Xp ) v(x), N= — u’? ! . (A5) 
OX OX; 0G; Of; 
Thus, for instance, tn statistically homogeneous turbulence 
IV: (Xn 0) dvj(x), t) d°v, (x, t’) 
A) (0,5 D 
OX, OX, OX, 0X, 
etc. For an incompressible fluid, ðv;/ðx; =0 so that 
ð Vala =3 V 3G =9 (A6) 
and 
dv; (Xn D avaL, t av, 
( Vi (Xn, t) vi (Xn Nsu? io. (A7) 
OX, OX, dg, 0g; 


J 


Applying (A6) to (A2), it follows that 
0O=£(4A+A’l+B'/L) 


where the prime denotes differentiation with respect to ¢ For non- 
vanishing ¢,, this condition reduces to 


4A+A‘C+B/E=0. (A8) 


To demonstrate the physical significance of the mathematical form 
(A2), consider the correlation f(Z, s) of the components of the velocity v, 
in the direction of the vector separation ¢,. Then 


(uc (x, tUr (Xk tér t+s)) =u f(E s). (A9) 
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The correlation g(¢, s) of the components v,(x,) in any direction perpen- 
dicular to @, is 


(0, (Xk, t)v, (Xx + fi, t+ s) = u”g(ġ, s) 
with f(0,0)=g(0,0)=1. To relate f and g to A and B, rotate the 


coordinate axes so that the i= 1 axis lies along &. Then &. =6,,€ and it 
follows from (A2) that 


f(& s)= A4, s)? +B(¢, 8), (A10) 
g(Z,s)=B(Zs). (A11) 

Hence 
A =(f—g)/o* (A12) 


and the function A is essentially the difference between the correlation 
functions of the components parallel and perpendicular to the separation 
¢,, while B is the correlation between the components perpendicular to 
čą. It follows from (A8) that 


ga ftoff. (A13) 


Now a function is on the average less than its r.m.s. value, leading to 
Schwarz’s inequality and the statement that 


Vaa (ć, s) = (Va (Xk, t)U. (x, + bis t+s)) 
< (Va (Xio 0)? (Wa (r + bs tS) 
= Vow (0, sju? 


where the summation convention is not used with Greek indices. It 
follows that V.,..(¢,s) has a maximum at ¢=0, implying that dV,,,/oé, 
vanishes at ¢ = 0. The same conclusion follows for f(€) and g(¢). Hence in 
the neighbourhood of ¢=0, the functions f and g, related by (A13), can 
be expanded as 

F(Z, s)= Tis} —zals) +...) 

g(¢,s)= T(sl—a(s)e7+...}, 


where T(0)=1 and a(0)=O(L~”). It follows from (A13) that (A10) and 
(A11) yield 


A(G s)=3T(s)a(s)+..., (A14) 
B(G s)= T(sKl—al(s)o7 +... (A15) 
Thus, it follows from (A2) that 
(0; (Xk, 8)U;(%, 8)) = u? V;,(0, 0) = u’; (A16) 
dVi/0g, =9, (A17) 


and 
ð” Vilén ln =a (0){3(8;,55n + Simin) ~~ 25; 5ams (Al 8) 
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at €=0,s =O. It is readily shown, then, that the mean square vorticity 
(œ; = Eijk dv,/0x;) is related to a by 
(ww; ) = ~U? Eijk Einm (0? Viel OG; bn )e=0 
= 15au’ (A19) 
so that a(0) is a direct measure of the mean square vorticity. 

Note that if the condition of mirror symmetry were to be dropped, 
admitting a net helicity for the turbulence, then, the most general 
isotropic correlation tensor is 

Vil S)=AC, s)&Gý + BS, 58; + CE, S) G:stcLe (A20) 
It follows that dV,/dx,, given by (A17) when C(Z,s)=0, has the addi- 
tional terms C(0)é,, + C (Oe &6,/¢. The mean helicity is, then, 
Eijk (Vi dv,/0%;) = U’ jx ð Vid 06; =o 
= u°C(0, 0) €jte€ ite; 
= — 6u’C(0, 0). (A21) 


Finally, note that a convenient definition of the correlation time 7 (the 
characteristic eddy life) is 


oo 


T= [ dsV,,(0, s)= | dsB(0, s). (A22) 


Now consider the correlation function of the fourier transform u,(k, t) 
of the velocity v;(r, t). The basic properties of the correlations are readily 
demonstrated, working directly with the transform relations and the 
correlation tensor (A20). It follows from the definition of u, that 


(u (k, už ík’, t’)) = | d'r | d'r exp i(k’ .r'—k.r) 


(27)° 


x(u; (r, tv; (x’, t’)) 


= a7 | d'r | d'r exp i(k’ .r'—k.r) 
x (AGS + Bô; + CEiikék), 


where r=r+C so that the exponential factor in the integrand becomes 
exp {i(k —k’) . r'} exp ik’. €. The integration over r’ can then be carried out, 
leading to 


ur 


(On) 5(k’ —k) | d°C exp(—ik . 0) 


{A(Z, s)EG + BYE, 5); + CE S) Gib} 


(u;(k, t)u*(k’, t’)) = 
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Denote the Fourier transform of A(¢%,s) over space by a(k,s), the 
transform of B(Z, s) by b(k, s), and the transform of C(, s) by c(k, s). It 
follows from the definition of a(ks) that 0°a/dk, ak, is the Fourier 
transform of — AGG. It also follows that i dc/dk,, is the fourier transform 
of C(f)f,. Altogether, then, 


(u;(k, thu#(k’, t) = u?5(k—k’){ — 0° a/dk; dk; + b(k, 8)&, + ies, ðc/ð ky}. 


Since a, b, and c are functions only of the magnitude k of the wave 
number, it follows that 


dalak, = a'k;/k 
where the prime denotes differentiation with respect to k. Hence 
a’ alak, ðk; = a"kk,[k° 
+ (a'[k)(6; — kik;/ k’), 
Ein OC/OK, = Ejnk,c'/k, 
so that 
(u,(k, tu*(k’, t) = u?d(k—-k’){5,b — a" kkk? 
+(a'/k)(8; — kiki k°) +igjnk,.c'/k}. 
The incompressibility of the fluid, dv,/ax, =0, implies that u,k; = 0. Hence 
0 = k;{u,u;), 
requiring that a” =b. Let B(k,s)=b+a'/k and y=c'/k so that 


(u (k, t)už(k', t'))= u?d(k—k’) 
X{B(k, s X8; — kikik”) +iy(k, 8) Enka t- (A23) 
Noting that 
(u;(k, t)u;(k’, t’)) = (u (k, uF (—k’, t’)), (A24) 


it follows that the mean square velocity is 


v = (vv) = | d'k [ar exp{ilk +k’) . ru (k, t)u;(k’, £) 
= 2u? | d*k | dk’ exp{ikk+k’) . r}8(k, 0)6(k+k’) 
=2y? | d°kB(k, 0) 


= 8u’ | dkk*B(k, 0). 
0 
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Then since u” = 4v? it follows that 


[ akeg, 0) = 3/87. (A25) 


Appendix B. Turbulent diffusion of a scalar field 


To compare the diffusion coefficients for scalar and vector fields, note 
that, had we applied the quasi-linear approximation to the turbulent 
diffusion of a scalar field p(x,, t)=(p)+4p, then the calculation would 
have begun with (17.1), the mean value of which is 


Ap)/at = — (v; a8p1ax;). (B1) 
Subtracting this from (17.1) yields 
ddp/dt = — v; 0(p)/dx, + (v; d5p/dx;) — v; ð&p/ðx; 
= — v; 0(p)/0X;. 


Hence 
5p(x,, t) = — | dt’v, (x, t) alp (Xk, 0°))/0x;, 


and with t=t'+s, (B1) becomes 

OV, (Xr t— 9 alp? 
OX; OX, 

a”(p) 


OX; OX, 


ap)/ot = | as CE t) 


+ (V Xk, 1), (Xr t= $)) 


with (p) evaluated at (x,, t— s) in the integrand. It follows from (A17) that 
the first term in the integrand is identically zero. It follows from (A2), 
(A19), (A15), and (A22) that the second term yields 


alpat = DV” (p) (B2) 


where the diffusion coefficient is 


[ar a 


D=u? [ dsT(s) =4v7r. (B3) 
0 
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18 


THE GENERATION OF LARGE-SCALE 
FIELDS IN TURBULENT FLUIDS 


18.1. Development of ideas on the origin of fields 


MAaGnetic fields are found in nearly all astrophysical bodies where the 
means are available to look for them, from planets and stars, to galaxies. 
In few, if any, instances can the present fields be considered remnants of a 
primordial field, trapped in the collapsing gas from which the body was 
formed. Resistive diffusion destroys planetary fields, while magnetic 
buoyancy and turbulent diffusion dispose of both strong and weak fields 
in stars and galaxies. Only deep in the stable core of a star is it possible to 
preserve a fragment (B<10’G) of a primordial field. In view of the 
general occurrence of active magnetic fields at the surface it is evident 
that there are one or more mechanisms to be found in most astrophysical 
objects producing magnetic flux at the present time. The challenge, then, 
is to discover what the mechanism, or mechanisms, may be. 

The development of ideas on the origin of fields—originally only the 
geomagnetic field—runs an interesting course through the last several 
centuries. A study of the development reveals the role of false steps, 
critical appraisal, and new ideas. It is unfortunate that so much of the 
review literature on the origin of astrophysical magnetic fields is con- 
cerned solely with current mathematical formalism and not at all with the 
development of the basic physics, as though the mathematical equations 
arose through spontaneous creation, and their sole purpose was to 
produce a convergent series. The purpose of the present writing is to 
explore and expound the physical principles, with mathematics as a tool 
rather than a goal. Hence we present in concise form an account of the 
development of present ideas, and ultimately the development of the 
mathematical dynamo equations that arose from those ideas. The exposi- 
tion goes on to point out hydromagnetic effects of higher order, that have 
yet to be incorporated into the dynamo equations, including Kraichnan’s 
negative diffusion, and some of the higher order dynamo coefficients. All 
of these effects arise from basic physical causes that must be illustrated 
and understood in both physical and formal terms. 

The question of the origin of magnetic field first arose in Western 
history when Gilbert (physician to Queen Elizabeth I of England) intro- 
duced the concept of the magnetic field of Earth over four hundred years 
ago. He showed that the field, as defined by the pointing of a freely 
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suspended magnetic needle, was associated with the planet in precisely 
the same form as the field of a lodestone is associated with the stone. It 
was only natural, then, that he should reduce the two phenomena to one, 
with the declaration that Earth is a huge lodestone. The explanation 
accounted in a simple way for all the known facts for the succeeding three 
centuries, until it became clear in the late nineteenth century that 
ferromagnetic substances lose their magnetic properties at relatively 
modest temperatures (the Curie point) of several hundred degrees centi- 
grade. The interior of Earth was known to be extremely hot. Hence it 
could not be ferromagnetic whether composed of iron, or iron oxide, or 
any Other substance. 

By the time the Curie point was known to physicists, there was a 
variety of atomic and electromagnetic effects, many of them suggesting 
possibilities for producing the geomagnetic field. The piezo-electric effect, 
the magnetostrictive effect, and the thermoelectric effect were all 
suggested at one time or another. Physicists did not fail to note the 
possibility for producing the magnetic field (observed until recently only 
at the surface of Earth) by imagining a sufficient separation of positive 
and negative electric charge across the non-conducting atmosphere. The 
rotation of Earth would carry the two shells of charge around each day to 
produce electric currents, and hence a magnetic field between and around 
the shells. In a more fundamental direction some authors imagined 
modifications to Maxwell’s equations, with additional terms to produce 
magnetic field from the motion of matter or from gravitational fields. All 
these ideas, and more, were considered by the agile minds of physicists. A 
concise history of the various schemes that flared up, flourished, and died 
in the last hundred years can be found in an article by Blackett (1947). 

Blackett (1947, 1952) made the most recent proposal to explain 
astrophysical magnetic fields as a fundamental property of rotating 
bodies, outside the conventional Maxwell theory of electromagnetism. 
The idea began with the fact that the magnetic dipole moment of Earth is 
Me=7x10° Gcm? while the angular momentum is p= 
7x 10*° gcm’s', giving the ratio 


My | Ly = 107 cm? g>. 


The angular momentum of the sun is of the order of 5x 10*° g cm? s™* 


while the magnetic moment, based on Hale’s (1908a, b, 1913) (Hale et al. 
1918) erroneous assertion that the polar fields are 50 G, was computed to 
be 7x 10°* Gem’, giving the ratio 


M,| L107 cm! g> 


similar to Earth. The first stellar magnetic field, other than the sun, to be 
determined was for the A-type star 78-Virginis, for which Babcock 
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(1947) measured a longitudinal Zeeman effect corresponding to a mean 
field of about 1500 G. From the estimated mass and radius of an A-star, 
and an assumed rotation period of one day, Blackett estimated the ratio 
of the magnetic moment to angular momentum to be 107" cm? g 2, as for 
Earth and for the sun. This suggested a universal relationship between the 
magnetic moment and spin angular momentum of electrically neutral, 
macroscopic bodies. 

There is, of course, a fundamental relation between the magnetic 
moment and spin angular momentum of microscopic charged particles. 
For the electron it is the Bohr magneton, 


MIL, = ef2mc = 0-88 x 107 em? g? (18.1) 


which is enormously larger than the 10°'* cm? g> for the macroscopic 
body. The large magnitude of the ratio for the electron is not surprising, 
of course, because the electron possesses an enormous electric charge 
density. Indeed, the ratio (18.1) follows directly from the classical equa- 
tions of electricity and magnetism if we imagine that the electron is a 
sphere with suitable charge and mass distribution. On the other hand, the 
macroscopic body has no net charge (the earlier ideas of charge separa- 
tion had been dispelled) but it has a gravitational field. Blackett noted 
that if the gravitational mass G?m were responsible for producing the 
magnetic field of a rotating body instead of the electric charge e, then we 
would expect the ratio of the magnetic moment to angular momentum to 
be smaller than the Bohr magneton by the ratio G?m/e=4-9x10°”, 
yielding 0-4 10714 cm? g>. This number is within a factor of four of the 
values for Earth, the sun, and 78-Virginis available to Blackett in 1947. 
Hence Blackett suggested that there exists the fundamental relation 


MIEL = BG2/2c =4x107 "B (18.2) 


between the magnetic moment and angular momentum of all electrically 
neutral gravitating bodies, where 8 is a number of the order of unity. He 
suggested that this ratio is of the same fundamental nature as the Bohr 
magneton (18.1). 

The idea runs counter to the structure of modern gravitational and 
electromagnetic field theory, so it was not viewed with favour in many 
quarters. If correct, it would require serious, and difficult, revision of a 
general field theory that fitted a wide variety of known facts in a natural 
way. Blackett’s idea collapsed when continuing observations showed that 
the field of 78-Virginis varies irregularly with time (see, for instance, 
Babcock 1960a). 

Since then, it has been found that the polar fields of the sun are only 
5-10 G, rather than 50 G (Babcock and Babcock 1955; Babcock 1963; 
see Stenflo 1970 for a critique of Hale’s result). What is more, the polar 
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fields of the sun reversed in 1958-1959 (Babcock 1959) and again in 
1974, apparently in step with the sunspot cycle. The magnetic field of 
Earth is known now to reverse, at random intervals of 10°-10’ years 
(Runcorn 1955; Doell and Cox 1965; Wilson 1966, 1967; Cox and 
Dairymple 1967). Altogether, then, astrophysical fields appear to be 
variable and often, if not always, reversible, ruling out the possibility of 
any fundamental relation with spin. An effect more along ‘meteorological’ 
lines would seem of the right character. 

The next observational advances in astrophysical magnetism were made 
by Babcock (1947, 1958), and then others, showing several hundred stars 
with fields so strong (>100 G) as to be detectable in spite of the inability 
to resolve their discs. The observations (Babcock 1960a; Preston 1967, 
1971) are based on measurement of the longitudinal Zeeman effect, 
yielding essentially the algebraic mean of the component of the field in 
the line of sight over the visible hemisphere of the star. In view of the 
problem of rotational line broadening, the detection of magnetic fields 
favours stars with low rotation and/or those viewed from a direction along 
the spin axis. The star HD 215441 presents to the observer at Earth a 
patch of field of about 3 x 10* G (Babcock 1960b) giving a clear separa- 
tion of the Zeeman components of the line. 

It is interesting to ask, then, what an observer might expect to see of 
the dipole field of an unresolved star. The external field of a untformly 
magnetized sphere has the same form as the field of a dipole located at 
the centre of the sphere. Consider first the observed contribution of the 
component of the dipole parallel to the line of sight. If that component has 
a field strength B, at the pole, then at an angle @ around the sphere from 
the pole the radial component is B,=B,cos 0, and the meridional 
component is B, =4B,sin 0. The component in the line of sight is 
B, = +B,(3 cos*@— 1). If the surface of the star were uniformly bright at 
all view angles, i.e. ignoring limb darkening, the contribution of each 
annulus (0, 0 +d9) to the total signal is just the projected area, propor- 
tional to sin 0 cos 0 d0. The average B, is then readily calculated to be 
4B. The mean field in the line of sight is one-fourth the polar field. 

Consider the contribution of the dipole component perpendicular to 
the line of sight. There are as many lines of force leaving the surface on 
one side as entering at the other. Hence there is no contribution to the 
total signal. It follows that a dipole with a polar field Bo at the surface of 
the star, inclined at an angle 0 to the line of sight, contributes a mean 
field in the line of sight of {Bo cos 3. Thus the peak at the poles may be 
very much stronger, by the factor 4 sec ð than the observed mean field. If 
the field is quadrupole or higher order, then the factor 4sec 7% is to be 
replaced by a larger number. 

More sophisticated analyses of the observed mean field in the line of 
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sight and its variation with time as the star spins on its axis, can be found 
in the literature (see Babcock 1958 and references therein). The inclusion 
of limb darkening can have significant effects, the area around the edge of 
the disc contributing correspondingly less. 

The observed variability of most of the known magnetic stars indicates 
that their dipole moment, and higher moments, are inclined and offset 
from the spin axis, while we view the star from some other angle. The 
rotation of the entire star, with its eccentric magnetic structure accounts 
for much, if not all, of the variability. 

The dipole fields of many stars are so strongly inclined to the spin axis 
as to suggest some systematic effect causing the nearly perpendicular 
orientation (see, for instance, the recent work of Mestel and Moss 1977; 
Moss 1977). 

It should be noted, then, that the magnetic field of the sun, although 
highly erratic, shows a statistical alignment with the spin axis of the sun. It 
should be noted, too, that the field of the sun would be completely 
undetectable were it not for the observer’s ability to resolve the disc. The 
longitudinal Zeeman broadening for the unresolved disc of the sun would 
yield no more than a fraction of a gauss, and so small a signal would be 
lost in the noise. Hence we cannot see the magnetic fields of other slowly 
rotating, main-sequence ‘insignificant’ stars like the sun. We presume that 
the sun is typical of its race, concluding, therefore, that most other slowly 
rotating main-sequence stars have comparable fields with comparable 
behaviour. Presumably the general fields of such stars are a few G, 
roughly aligned along the rotation axis, and varying periodically, like the 
22-year magnetic cycle of the sun. Wilson’s observations of the calcium 
emission, of stars young enough yet to show strong chromospheric lines, 
furnish important supporting evidence (Wilson 1966, 1968, 1967). 

Certainly there are strong fields in some of the ‘very insignificant’ stars. 
The UV-Ceti flare stars (Joy and Humason 1949; Luyten 1949; Lovell 
1971; Moffett 1975) are dM subdwarfs of small mass and miniscule 
luminosity, producing enormous flares that are observed in both radio 
and optical emission (see Chapter 1). The flares may be 10° times brighter 
than the flares on the sun, on a star 107° times fainter, and in extreme 
cases may appear at a rate of more than one per hour. Their behaviour is 
so similar to the solar flare that a magnetic origin is generally attributed 
to them (see, for instance, Kunkel 1973; Mullan 1976). It would appear, 
then, that at least some of the dM subdwarfs have magnetic fields of 
greater strength and scope than the strongest fields observed in the sun. 

The fields of 10°-10°G in some of the white dwarfs (Kemp 1970, 
1977; Angel 1977) and the inference that pulsars have polar fields of the 
general order of 10'?G (Pacini 1968; Gunn and Ostriker 1969) (see 
Chapter 1) suggest that these collapsed objects have retained their 
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original stellar fields of some 10°G through the contraction to their 
present compact state. A white dwarf has a radius of the order of 1077 the 
typical stellar radius, so that conservation of flux during collapse implies 
an increase in field by a factor of 10*. A neutron star has a radius of 107° 
the typical stellar radius, implying an increase in field by a factor of 10'° 
in the process of becoming a pulsar. There may be more to the origin of 
the strong fields of white dwarfs and neutron stars, of course, but tf so, it 
is obscured by the fact that the known contraction appears to offer an 
adequate explanation for the existing strong fields. 

The gaseous disc of the galaxy contains a magnetic field of the order of 
a few u G. The mean field is in the azimuthal direction around the disc 
(Hiltner 1949, 1956; Berge and Seielstad 1967; Manchester 1974). The 
strength of the field, approximately 3x 107° G, is sufficiently large that 
the magnetic pressure B*/87 exerted outward on the gas is comparable to 
the mean interstellar gas pressure, so that the magnetic field contributes 
significantly to the support of the gas against the gravitational field 
perpendicular to the disc (Parker 1966, 1969). We may presume that the 
interstellar gas of other galaxies is permeated by comparable fields. 
Unfortunately, the human life span—indeed the entire span of existence 
of hominids on this planet—is not sufficient to observe whether galactic 
fields are stationary, or periodic, in character like so many stars. 

Finally we should not fail to note that recent space flights show that all 
the planets from Mercury to Jupiter have intrinsic magnetic fields (War- 
wick 1961; Dolginov et al. 1973; Smith et al. 1974; Ness et al. 1976; 
Russell 1976). The four inner planets including Earth, are composed of 
silicate mantles enclosing liquid iron cores with a high electrical conduc- 
tivity of o=10'°s”*. Jupiter is composed largely of an alloy of metallic 
hydrogen and helium, with an electric conductivity of o =10'’s"". All 
planets rotate, although Venus and Mercury spin much more slowly than 
the others, with rotation rates 4x107 and 1-7x10°*, respectively, 
compared to Earth. The resistive decay time for the fields is of the 
general order of 10* years. Even for Jupiter the decay time is only 10° 
years. Hence we need a contemporary mechanism to account for the 
present-day fields (cf. Stevenson 1974). 

Returning, then, to the historical development of ideas on the origin of 
magnetic fields, Hale’s discovery of the sunspot magnetic fields (Hale 
1908a, b) was an important step on the long intellectual journey to 
modern ideas on the origin of magnetic fields. Larmor (1919) noted the 
vortical designs in the H, filaments around the sunspots, which he 
interpreted as stream lines of vortical motion of the gas. In effect, Larmor 
concluded that the sunspot is just the upper end of a tornado, or cyclonic 
hurricane, in the atmosphere beneath the visible surface. He suggested 
that the partially ionized gas swirling around the magnetic field carried 
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electric currents and thereby caused the magnetic field. It was this 
suggestion that motivated Cowling (1934) to study the interaction of a 
conducting fluid with a magnetic field. The result of that work is known as 
Cowling’s theorem, stating that a magnetic field with axial symmetry 
cannot be maintained, or generated, by fluid motions. Indeed, the state- 
ment can be generalized to assert that fluid motions cannot maintain any 
magnetic field in which there is anywhere a closed line of force (or a null 
line) around which the neighbouring lines of force circle. A magnetic field 
with axial symmetry is sufficient to illustrate the general principles of the 
theorem. The argument is very simple. 

Consider a magnetic field with axial symmetry produced in a body of 
finite dimension A. As in all physical circumstances the field strength is 
limited to finite values. The magnetic field vanishes at infinity at least as 
fast as the r° for a dipole. Place the z-axis of the coordinate system 
along the axis of symmetry and note, then, that the field decomposes 
naturally into an azimuthal field B,(@,z) and a meridional field 
{B (w0, z), B,(w, z)} where w is distance (x*+y*)? measured from the 
z-axis. The field is sketched in Fig. 18.1 for a simple dipole mode, 
although the conclusions are valid for any mode of higher order, or any 
combination of modes. The divergence of the azimuthal field alone is 
zero, because of the axial symmetry, 3/d¢@ = 0. Since the divergence of the 
total field is zero, it follows that the divergence of the meridional field 
vanishes and B,, and B, can be written in terms of the vector potential 
A,(@, z) as B, =—dA,/dz, B. = +w ' dWA,/dw. The lines of force of 
the meridional fields, sketched in the cross-section in Fig. 18.1, are given 
by 


TÅ = constant. 


Rotational symmetry about the z-axis requires that there be no lines of 
force crossing the z-axis, for if there were, they would define a preferred 
direction œ. The lines of force in each meridional plane are bounded by 
the z-axis on one side and fall off rapidly toward w =%, z =+% in the 
other directions. There is no magnetic flux extending to infinity because, 
as already pointed out, the field declines at least as fast as r= 
(ar? + z?)2. Hence, the lines of force form closed curves in the meridional 
plane, and there must be at least one neutral point of the meridional field 
in the meridional plane about which the lines circle as sketched in Fig. 
18.1. Such a neutral point is called an O-type, as opposed to the X-type 
(see discussion in §14.8 and Fig. 14.8a, b). In higher order fields there are 
additional neutral points, appearing in pairs of one O and one X-type. 
The essential point is that there is at least one O-type, as shown in Fig. 
18.1. 

Note that the neutral points in each meridional plane collectively 
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Fic. 18.1. A sketch of an axi-symmetric field configuration, made up of an azimuthal field, 
B,, shown by the heavy arrows, and a dipole meridional field Ba, B, indicated by the closed 
lines of force circling the neutral point in the meridional planes. 


generate a circle concentric about the z-axis. The adjacent lines of force 
wind around the neutral circle. The basis for Cowling’s theorem is that 
there is necessarily an electric current flowing azimuthally around the 
neutral circle, because the circulation of the neighbouring lines around 
the circle implies a non-vanishing azimuthal component of V x B along the 
neutral circle. On the other hand, the meridional field vanishes at the 
neutral point, so there is no way for the fluid motion to produce the 
necessary e.m.f. through the induction term yx B/c to drive the current. 
This is the contradiction that leads to Cowling’s theorem. 

To go through the formal argument step by step, note first that in the 
neighbourhood of the O-type neutral point the meridional field circles 
the neutral point and grows linearly with distance from the point. The 
uniform finite resistivity of the medium does not permit other than a 
linear increase. Hence (Vx B), =0B,,/0z—0B,/dm is non-zero and the 
azimuthal current density, j,, is uniform and non-vanishing throughout 
the neighbourhood of the neutral point. The current density jẹ is related 
to the electric and magnetic fields by Ohm’s law, in the form (4.7) and 
(4.8). Integrating j, around the azimuthal neutral line, at a radius w =a, 
(see Fig. 18.1) it follows from the non-vanishing of j, that 


$ ds . į = 27a], £ 0, 
while from Ohm’s law, 


f ds i= od ds (E+vxB/c). 
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The element of arc length ds is in the #-direction, of magnitude a dd, so 
that if ds . (v x B) is to be non-vanishing, v xB must have a non-vanishing 
d-component, v,B,, —v,,B,. But the meridional field (Ba, B,) vanishes at 
the neutral point. Hence ds.(v xB) is zero. The remaining term ds.E is 
just the usual Faraday induction term, transformed by Stokes theorem 
and the induction equation into the time derivative of the total flux P 
enclosed by the contour w =a, 


ds i= o| ds VxE= -7 fas .3B/ət = —(o/c)a/at. 


It follows, then, that the electric current in the neighbourhood of the 
neutral line can be maintained only by the decay of the total flux 


p = 27| dawB, 
0 

through the contour defined by the neutral points. There is no way that 

the meridional portion of an axi-symmetric field can be maintained by 

fluid motions. 

Suppose, then that there is no meridional field. It is readily shown from 
the hydromagnetic eqn (4.13) that an axi-symmetric azimuthal field 
in the absence of a meridional field cannot be maintained by fluid 
motions. The @-component of (4.13) is 


dB,/dt + dv,,B,/d@ + dv,B,/dz = NV? - 1/97) By (18.3) 
which can be rewritten as 


2 
d Bs n -> -4 wB) +" Zel (18.4) 


dt wp wp Ow \w Ou az 


The left-hand side of (18.4) is just the Lagrangian derivative of Bẹ/ wp. 
The right-hand side is the vector diffusion term for Bẹ, with a variable 
diffusion coefficient. There is no source term. The field can be manipu- 
lated but not generated. The quantity B,/mp would be conserved except 
for the steady decay wrought by the resistive diffusion. It is a simple 
matter to integrate over a meridional plane (w=0) to show that the 
diffusion term can only cause the integral of B,/mp to decline with time. 
The resistivity 7 leads only to spreading out of B,. The lines of force are 
destroyed by cancellation where opposite fields face each other across 
w =O, and where they escape through the outer boundary. 

Cowling’s theorem is the statement of the inability of the motion of a 
conducting fluid to produce or maintain either azimuthal or meridional 
magnetic fields with axial symmetry (for a more formal treatment see 
Backus and Chandrasekhar 1956). It is evident, from the topological 
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nature of the proof that axial symmetry is not essential. Any field 
containing a closed line of force around which spiral the neighbouring 
lines of force can be subjected to the same analysis, with the same 
conclusion, that it cannot be maintained by fluid motion. 

The implication of Cowling’s theorem is that magnetic fields with the 
symmetric topology of the sunspot, or the dipole field of Earth, are not 
induced directly by the motion of a conducting fluid. The origin of such 
outwardly symmetric topologies must be more complicated. As a matter 
of fact, we now understand that the H, filaments in the solar photosphere 
outline not the stream lines of the gas motion, but the magnetic lines of 
force. Thus, what Larmor thought to be evidence for a rotating vortex of 
fluid is instead a twisting of the spreading lines of force emerging from the 
sunspot. The twisting is concentrated in the upper expanded portion of 
the tube that extends above the surface (see §9.6). The result is the spiral 
H, filaments along the spiral lines of force. 

Subsequently it was shown (Bullard and Gellman 1954; Cowling 1957; 
Roberts 1967) that toroidal motions v,(@,z) alone cannot maintain a 
magnetic field of any form. Altogether, then, the circular fluid motions 
postulated by Larmor cannot directly induce a magnetic field of any form, 
nor can the axi-symmetric field of the sunspot be created directly by fluid 
motions of any form. Nonetheless, Larmor’s conjecture was in the right 
direction and sparked considerable theoretical progress. 

A few years after Cowling put forth his theorem, Elsasser (1939, 1941) 
proposed that the dipole field of Earth might be explained by ther- 
moelectric effects in the inhomogeneous composition and temperature 
distribution in the core and mantle. However, there was rapid progress in 
atomic and solid state physics throughout the decade of the thirties, and 
even during the period of the second World War, so that in 1945 Elsasser 
(1945, 1946, 1947, 1950a) was able to rule out any atomic process as the 
origin of the magnetic field of Earth. The developing quantum mechanical 
treatment of atoms and molecules made it clear that the thermoelectric 
effect is if anything diminished rather than enhanced by the high tempera- 
ture and pressure in the interior of Earth, and hence is entirely inade- 
quate to account for the geomagnetic field. Elsasser pointed out, there- 
fore, that there is no mechanism available except induction of currents 
and fields by the motions of the liquid metal core. Hence he proposed to 
study the hydromagnetic induction equation in a systematic manner to 
elucidate the possibilities, from which the source of the geomagnetic 
dipole field could then be extracted (see the review by Elsasser 1950b, 
1955, 1956b; Stevenson 1974). 

The essential electromagnetic features of the planet Earth are the 
liquid metallic core occupying the inner half of the radius and the solid 
(plastic) silicate mantle occupying the outer half of the radius. The liquid 
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core is of molten iron with an electrical conductivity which Elsasser 
estimated to be ¢=10'°s”'. The silicate mantle is a relatively poor 
conductor, which for the purposes at hand, Elsasser approximated as an 
insulator øo =Q0. There is, evidently, a small solid, iron, inner core within 
the liquid core, whose presence does not change the physics in any 
essential way so that it was neglected in the theoretical considerations. 
The problem, then, was to formulate the electromagnetic equations (i.e. 
the hydromagnetic equation (4.13)) in a spherical volume of radius R 
surrounded by free space. 

Any vector B may be written in terms of three scalar functions U, P, 
and T as 


B=-VU+V xe,P+VXVxe,T. 


Since V.B=0, it follows that U is a solution of Laplace’s equation. The 
second term represents the poloidal part of B and the third term the 
toroidal part. The field within the conducting sphere r<=R can be 
represented conveniently by P and T. In the non-conducting space 
outside (r > R) there can be no electric currents. Hence V x B= 0 and B is 
conveniently represented by U alone, with 


U = y cË) Pros Aexp(+imd) 


n=0 r 


outside the conducting sphere. The mathematical treatment can then be 
cast into an elegant form by expressing P and T within the sphere in 
terms of tesseral harmonics S,,,,, = Jn (Kur)P i (cos @)exp(+im@) where j„ is 
the spherical Bessel function and the radial wave number is chosen so 
that 7,,_,(k,,.R)=0. Both P and T were expanded in the modes S,,,,;. The 
azimuthal field vanishes at r= R while the poloidal field must fit smoothly 
onto the external vacuum field —VU, i.e. B, and B, must be continuous 
across r= R. 

The velocity field of the fluid was similarly expanded, with the result 
that the induction term vxB involves the product of the harmonics in 
which v and B are expanded, so that the ith mode of the velocity interacts 
with the jth mode of the field to give additional modes (such as ij) 
which in turn interact with the ith mode of the velocity to give additional 
modes, etc. Thus the induction term is a matrix, representing the interac- 
tion of the each velocity mode with the infinite series of magnetic modes. 
The idea was to choose a velocity represented by as few modes as 
possible—two or three—and compute the magnetic field. 

Now quantitative magnetic observation of both the magnitude and 
direction of the geomagnetic field has been carried on from the time of 
Gauss (cf. Chapman and Bartels 1940: Elsasser 1950b, 1955, 1956a, b). 
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Worldwide surveys show a dozen or more identifiable local anomalies in 
the field intensity, i.e. local deviations from a dipole. The individual 
bulges in the field are changing with time, some increasing and others 
decreasing, with characteristic times of many centuries. There is a con- 
spicuous tendency for the field inhomogeneities appearing on the magne- 
tic maps to drift westward at a rate of about 0-18° per year. This 
worldwide effect suggests that the surface of the metal core, through 
which the fields emerge, rotates less rapidly than the overlying mantle, 
falling back some 0-18° per year. Since there is presumed to be no net 
drag between the core and the mantle, this slow rotation of the core 
surface at low and middle latitudes suggests a more rapid rotation of the 
core surface at high latitudes. That is to say, the angular velocity of the 
core appears to decrease with distance from the spin axis of Earth. The 
rate of 0-18° per year at the core radius of 310° km represents a 
westward flow of 0-3 mms”* relative to the mantle. It is not surprising, on 
elementary considerations, to find the outer part of the core rotating 
more slowly than the inner part. The conservation of angular momentum 
of the rising and sinking fluid (i.e. the coriolis force) in the convective 
cells should produce just such an effect. Whether, in fact, so simple a 
conclusion can be substantiated by a complete formal solution of the 
hydromagnetic equations for the convection fluid in the core remains to 
be seen (cf. Busse 1970a, b, giving dynamical solutions in which the onset 
of convection occurs in elongated rolls extending parallel to the axis of 
rotation, yielding a higher rotation rate at low latitudes, as observed in 
the sun). In any case, the slower rotation of the outer part of the core is 
suggested by observation and serves as a useful point of departure for 
exploration of the possibilities for the generation of magnetic field in 
convective fluid bodies. There is plenty of time, once the principles for 
the generation of field have been elucidated, to return to the question of 
the precise nature of the convection and circulation in the core of the 
Earth, in the sun, etc. Indeed, at the time of writing, some thirty years 
after Elsasser’s pioneering work, we still have no unique and compelling 
answer for the form of the non-uniform rotation in either Earth or the 
sun. The last word on the questions seems yet some years away. 

The first important fact to emerge from Elsasser’s investigation was 
that the principal magnetic field in the core is an azimuthal field. The 
dipole field, observed on the surface of Earth to have a strength of 0-3 G 
at the equator and 0-6 G at the poles, extrapolates downward to the 
surface of the core (r=R,) to a polar field strength of about 5G. The 
lines of force of the dipole field extend through the core, from the north 
to the south with the usual sign convention, as sketched in Fig. 18.2. 
Consequently any non-uniform rotation of the core shears the lines of 
force of the dipole field drawing the lines out in the azimuthal direction. 
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The effect is described by the azimuthal component of (4.13) 


ð 1 ð ð 
(2_4(e1) In, -Bo 2p, 
ta 


Ow w Z az” 
= @(B,, Q/ðw + B, 0Q/dz), (18.4) 


where Q is the angular velocity, v, = wQ. Figure 18.3 is a sketch of the 
lines of force stretched in a non-uniform rotation Q(@, z) in which the 
inner part of the core rotates more rapidly than the outer part, so that 
there is an eastward azimuthal field in the northern hemisphere and a 
westward azimuthal field in the southern hemisphere. The azimuthal field 
grows steadily with time until eventually it becomes so strong that either 
resistive decay balances the rate of production or the stresses halt the 
non-uniform rotation Va. 

In the next section, there are some formal examples presented to 
illustrate the growth and final steady state of the azimuthal field at a fixed 
azimuthal velocity va. 

The characteristic resistive decay time for the azimuthal field is of the 
order of 10* years or more, during which time the non-uniform rotation 
progresses five times or more around the core. The azimuthal field By, 
therefore, is many times stronger than the dipole field in the core. Indeed, 
B, must be so strong as to act as a brake on the non-uniform rotation. 
Bullard (1949a, b) suggested that Elsasser’s azimuthal field grows until 


Fic. 18.2. A sketch of the lines of force of the dipole field of Earth as they extend through 
the liquid core. 
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Fic. 18.3. Production of the azimuthal field B, from the lines of force of the dipole field as 
a consequence of the non-uniform rotation of the liquid core. The lines of force of the 
combined azimuthal and meridional field are sketched as though the non-uniform rotation, 
in which the angular velocity of the core decreases with distance from the axis, were 
switched on only a few centuries ago, so that the lines of the original purely meridional field 
have been carried only a little more than half a revolution around the core. Note that the 
resulting azimuthal field is eastward in the northern hemisphere and westward in the 
southern hemisphere. 


the Lorentz force B,B,/47R, (B, is the meridional field of about 5 G) 
balances the coriolis forces of the convective motions, B,B, =4apvw;_R, 
where wẹ is the angular velocity of rotation of Earth (wẹ =7 107° s™'), v 
is the convective velocity (v=10°* cms ') and p is the density, of the 
order of 10 gcm™*. On this basis B, may easily exceed 10° G. It is much 
stronger than the dipole field in the core. The azimuthal field cannot 
extend outside the core into the non-conducting mantle, of course, 
because it necessarily has meridional (poloidal) currents associated with 
it. Hence it is completely unobservable at the surface of Earth. We will 
never see the principal magnetic field of our planet. Only the secondary 
field—the dipole—is available to us, from which we infer the existence of 
the primary field in the core. 

In stars, such as the sun, we see all the way in to the top of the 
convective zone where the fields are generated. Hence we see occasional 
local bulges of the azimuthal field extending out through the surface of 
the convection zone, in the form of the east-west bipolar magnetic 
regions. To this limited degree we are able to see the azimuthal field of 
the sun. In planets on the other hand, the convective core is overlain by 
thousands of km of opaque, non-conducting silicate, so that the observer 
is too far from the core to see the local bipolar regions. We see only 
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shadowy magnetic anomalies in the world magnetic maps, which cannot 
be extrapolated down from the surface of the planet to obtain a clear 
magnetic map of the surface of the core. So we infer, but we do not 
observe, the azimuthal field of our planet. 

The galaxy is an important exception. The gaseous disc of the galaxy 
comprises the one transparent dynamo available for observation. In our 
own, and in other galaxies, we see into the inner workings of the dynamo, 
and, as we might expect, the principal field is azimuthal. The poloidal 
components of the galactic field are not apparent, being lost in the strong 
local fluctuations of the azimuthal field. We shall have more to say on this 
in a later chapter. 

So far, then, an axi-symmetric dipole field of Earth implies an axi- 
symmetric azimuthal (toroidal) field in the core as a consequence of 
non-uniform rotation. Cowling’s theorem implies that the development of 
the theory has not yet come to grips with the dynamo mechanism. That 
requires an asymmetric field component. 

Elsasser went ahead to work out the interaction matrix elements for 
simple asymmetric velocities, i.e. the lowest modes in the expansion of 
the poloidal velocity component. The plan was to truncate the expansion 
of B after a tractable number of terms. Bullard, modifying the radial 
functions in the Elsasser formalism, pushed the problem using numerical 
methods to invert the matrix and compute the coefficients for the field 
(Elsasser 1946, 1947, 1950a; Bullard 1949a, b; Bullard and Gellman 
1954; Takeuchi and Elsasser 1954; Takeuchi and Shimazu 1954; Elsasser 
and Takeuchi 1955; Rikitake 1958, 1966). It became clear that the 
formal expansion (of the poloidal and toroidal components of the field) in 
terms of orthogonal surface harmonics converged very slowly, if at all. 
Even with the simplest non-symmetric velocity modes, the interaction of 
the velocity with each magnetic mode generates higher magnetic modes 
with amplitudes that are not small. The problem was restricted to the 
steady state, ð/ðt = 0, so that the calculation is an eigenvalue problem for 
the magnetic Reynolds number R,, of the fluid velocity to maintain a 
perfect balance between production V x (v x B) and dissipation 7V°B. The 
slow convergence appears most clearly in the work of Bullard and 
Gellman (1954), where they show the strong dependence of R,, on the 
level of truncation of the expansion of B. For instance, keeping only the 
first and second order harmonics yields the eigenvalue R,,=22, while 
keeping terms to fourth order produces R,,=67 (see also Gibson and 
Roberts 1969; Lilley 1970; Gubbins 1973a for further exploration of the 
problem). The higher harmonics of the field are strong in spite of their 
higher rate of decay. Pekeris et al. (1973) recently presented a suitably 
idealized fluid motion for which the solution appears to converge, proba- 
bly because the very strong helicity v -V xv in their fluid model makes a 
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much more efficient dynamo, so that the magnitude of v, and hence the 
magnitude of each successively higher order field harmonic, is smaller 
than in the rather inefficient fluid motions considered by Bullard. But we 
are getting ahead of the story. 

The conspicuous absence of convergence led Bullard to speculate 
(Bullard 1950) that there might be some ‘super Cowling’s theorem’ to the 
effect that fluid motions cannot maintain a steady magnetic field, i.e. there 
is no way to produce a detailed and precise balance of V x(v xB) and 
nV°B, whether the field is symmetric or not. In view of the later 
successful researches of Herzenberg (1958) and others we know now that 
Bullard’s conjecture was wrong. But once again, a conjecture does not 
have to be correct to be useful. The conjecture suggested the idea that we 
should not remain preoccupied with the stationary case. The stationary 
case was the simplest place to begin, but if it becomes difficult and 
unproductive, then perhaps a time dependent dynamo effect should be 
considered. 

This author took up the problem from the point of view of time 
dependent fluid motions’. First of all, it must be understood in what sense 
the dynamo is time dependent. The mean magnetic dipole field of Earth, 
for all of the local variation and secular drift, is basically a steady field. 
The dipole exists, at about its present strength, and alignment more or 
less along the axis of rotation, for periods of 10° years or more’. The 
non-uniform rotation of the core is presumably a steady phenomenon, 
and hence so is the dominant azimuthal! field in the core. Thus, the entire 
field configuration sketched in Fig. 18.3 must be presumed to be more or 
less steady in time. The gap in the theory is the generation of the 
axi-symmetric dipole field. Unless that is regenerated in some way, it will 
decay and the azimuthal field derived from it will die away too. The 
dipole field represents a net circulation of magnetic field in the meridional 
plane. The question is what deformation of the azimuthal field gives a 
contribution to the circulation in the meridional plane. The answer proves 
to be simple enough (Parker 1955b). An azimuthal line of force, lying in a 
circle about the z-axis, may be deformed on a small scale into a spiral 
extending azimuthally around the z-axis, as sketched in Fig. 18.4. The 
spiral line of force contributes a net circulation of magnetic flux in each 
meridional plane. 

A review of the fluid motions in the core brought to light the local 
convective cells. An upwelling of fluid to form a convective cell carries 


"The author is deeply indebted to both Elsasser and Bullard for their comments 
and discussion of the problem as it stood at the time, in 1954. 

? At that time the random occasional reversals at 10°-10’ year intervals were 
unknown so that, for all one knew, the field had always had its present strength 
and sense. 
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Fic. 18.4. A sketch of the azimuthal lines of force (heavy lines) in the northern and 
southern hemisphere carried into spirals by the local cyclonic convective cells. The 
azimuthal projection of the spiral on meridional planes contains a net magnetic 
circulation. 


the lines of force of the azimuthal field upward with it, making a large 
upward dent in the field. The local field lines are shaped, then, like a 
capital Greek omega, Q. It must be remembered, however, that a 
convective upwelling of fluid in a body spinning as rapidly as Earth is 
cyclonic, so that the fluid rotates as it rises, just as rising or sinking bodies 
of air in the atmosphere are cyclonic. The converging flow at the base of a 
cell causes the rising fluid to rotate more rapidly than its surroundings. 
The capital omega, then, is rotated so that the net result is one loop of a 
spiral in each convective cell, as sketched in Fig. 18.5. A number of 
convective cells throughout the core produce a general spiralling of the 
azimuthal lines of force, the final result being the original axi-symmetric 
azimuthal field plus a meridional component involving a net circulation of 
magnetic field, i.e. a contribution to the dipole field. 

It is obvious that conservation of fluid implies as much downward as 
upward flow of fluid. If the downdrafts had the same form as the updrafts 
with the same sense of rotation, they would produce an opposite spiral- 
ling of the lines of force, thereby reducing the net effect to zero. But the 
non-linear nature of the hydrodynamic equations suggests that the 
downdrafts, formed by a convergence of fluid in the spacious outer part of 
the core and a divergence near the crowded centre, cannot have the same 
form as the updrafts, which begin near the centre and diverge in the outer 
core. For want of a more complete dynamical picture, we suppose merely 
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that the downflow consists of a general subsidence throughout the broad 
region between the individual updrafts, without significant rotation. This 
simple picture is sufficient for the present kinematical exploration of the 
hydromagnetic origin of magnetic fields. Downdrafts can be included later 
when the precise form of the convection and non-uniform rotation is 
known from dynamical] considerations. 

When we turn to a formal mathematical representation of the average 
effect of cyclonic convective cells, it is immediately evident that the 
problem is very difficult if there are but a few large convective cells, 
whereas the problem is relatively easy in the limit of a large number of 
small convective cells. With small-scale convective motions the fields 
produced by the individual convective cells are of small scale (i.e. of very 
high order) decaying away rapidly so that only the mean contribution 
remains. There are two scales, then. One, denoted by A, and comparable 
to the core radius R, refers to the large-scale quasi-stationary, axi- 
symmetric azimuthal and meridional fields. The other, denoted by L, 
refers to the small scale of the individual short-lived convective cells that 
interact with the large-scale field. In the limit where L «A the mathema- 
tics proceeds without difficulty. The expansions converge rapidly because 


cl 


Fic. 18.5. A sketch of the deformation of azimuthal lines of force by rising rotating 
convective cells. The interaction of each rising cell with the azimuthal field produces a single 
spiral revolution, with non-vanishing circulation in the meridional plane. The direction 
of rotation of Earth is shown by the circular arrow at the top of the figure, indicating 
too the sense of rotation of the rising convective cell relative to its surroundings. 
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we treat the case opposite to that attempted by Elsasser and Bullard, 
who limited themselves to two or four convective cells, each of large 
dimension. 

It is a straightforward matter to calculate the meridional magnetic 
circulation for a variety of fluid motions. To illustrate the basic principles 
with the simplest circumstances, suppose that we switch on the small 
convective cells for a brief period 7, « L*/n with a characteristic velocity v 
that may be so large that the displacement vr, is as large as the 
dimensions L of the convective cell. The deformation of the magnetic field 
in the cell may be large, 6B = B,. The calculation of the deformation may 
be carried out neglecting resistive diffusion, because of the short life of 
the motions, i.e. the magnetic Reynolds number of individual cells Lv/n is 
large compared to one. Following the brief life +, of the convective cell, 
the motion is switched off for a period 7, in excess of L*/n, during which 
time the loops and spirals of the individual convective cells coalesce with 
their neighbours. The local magnetic circulation in the meridional plane 
produced by each convective cell merges with that of its neighbours so 
that there remains only the average overall circulation. The fields return 
to their original axi-symmetric state, with the meridional field augmented 
by the additional circulation gained from the loops and spirals of the 
individual convective cells. After a suitable time T= rT; +T, a new round 
of convective cells is switched on for a time 7, to interact with the 
axi-symmetric fields. They are switched off and, again, a time t, suitably 
in excess of L7*/y is allowed to elapse, during which the fields return to 
axial symmetry again, etc. This idealized form of motion serves to 
illustrate the basic physical effects while keeping the mathematics at a 
tractable level (Parker 1955b)°. The role of diffusion, represented by n, is 
essential in converting the separate loops of field produced by the 
individual cells into a contribution to the large-scale field (Parker 1955b; 
Parker and Krook 1956). The diffusion of the large-scale field is also 
essential and will appear naturally when we come to solve the dynamo 
equation (18.7). 

The calculation of the fields produced within the local convective cell 
was carried out for a variety of forms for the fluid motion. The important 
point is that the magnetic field in the meridional plane is represented by 
the azimuthal vector potential A,(a, z), 


B, =—0A,/0z, B, =+(1/a@) TAð. (18.5) 
Hence it is the mean production of azimuthal vector potential by the 
* The reader interested in the a formal mathematical statement of the problem is 


referred to Backus (1958), who applied the technique to the Bullard—Gellman 
formalism, with immediate success (cf. Moffatt 1978). 
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small-scale convective cells that is the basis for the dynamo. For a given 
convective motion the magnetic circulation, and, hence, the vector poten- 
tial, produced by the local convective cell is proportional to the large- 
scale field at that point. In the simplest case, where B, is the dominant 
field, one can write the local vector potential produced by the small, local 
convective cell as B,(x,)f(&,) for the cell centred on x,, with local 
rectangular coordinates &,. If, then, there are v cells per unit volume and 
time, the mean rate of production of azimuthal vector potential is 
Ba (x)(x) with 


Pha) = ve fE. (18.6) 
The hydromagnetic equation for the vector potential is, then, 
ð 1 
2 a(v->)}As -TBs | 
E nf - As =I Bo (18.7) 


This obvious result can be deduced formally by starting with (4.33), 


which can be written 
ð 0A; Ov; 
at ax ax, 


i 


in rectangular coordinates, including the resistive dissipation term. Im- 
agine, then, an ensemble of systems with identical large-scale fields (A,) 
and with the same statistical distribution of convective cells, switched on 
at random positions for a brief time 7, and then off for a time 7, large 
compared to L?/n, etc. Write 


A; =(A;/)+ 4, 


where a; represents the small-scale fields produced by each local convec- 
tive cell. Then the ensemble average of the equation yields 


ð da, Ov; 
(7 nV ee Ee 


where the right-hand side is just the mean rate of production of vector 
potential by the cyclonic convective cells. The time average production 
over a period r in any given member of the ensemble is the same as the 
ensemble average, with the result (18.6) and (18.7). In our first calcula- 
tions (Parker 1955b) we worked out the magnetic fields produced in each 
convective cell, using (4.31) to deduce the field after the convection from 
the field before, as well as a second order perturbation scheme to solve 
(4.16) directly. The resulting vector potential then follows from the fields. 
It is much easier to work directly with the vector potential, using (4.35) 
(Parker 1970b), and that will be the procedure used here when later, in 
$18.3, we deduce I for various forms of the convection. 

Together (18.4), (18.5), and (18.7) make up a complete set of equations 
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for the magnetic field (given the fluid velocity or T) usually referred to as 
the dynamo equations. A slightly more elaborate form of (18.7) is given in 
§18.3 where the interaction of the cyclonic motions with the meridional 
as well as the azimuthal field is included, and higher order effects are 
retained. The physical implications and the mathematical solutions of the 
dynamo equations are the subject of the next chapter. With the assump- 
tion of ‘plausible’ convective motions and non-uniform rotation in a 
sphere of conducting fluid, the dynamo equations lead to a hierarchy of 
solutions, the lowest mode being a dipole such as that possessed by Earth 
at the present time. There are higher modes, both stationary and periodic, 
giving the possibility for reversal of field, and generally periodic fields 
such as exhibited by the sun. Indeed, in a relatively thin shell, such as the 
convective zone of the sun, the only self-sustaining solutions are periodic 
in time. In a flat non-uniformly rotating disc, such as the gaseous disc of 
the galaxy, there are both stationary and periodic solutions, raising 
observational questions about the galactic field that the human race will 
not endure long enough to answer. The characteristic periods are of the 
order of 10° years. 

To continue with the development of the basic ideas on hydromagnetic 
dynamos, the next important step in dynamo physics was taken by 
Herzenberg (1958), disproving the existence of a super-Cowling theorem. 
Herzenberg showed that two small conducting spheres spinning steadily 
in opposite directions about axes inclined to each other, and embedded in 
either a large spherical volume, or an infinite volume, of motionless 
conducting fluid, generate magnetic field. If the spheres are spun sufh- 
ciently rapidly, the field grows exponentially with time. Spun at just the 
right rate the field is stationary in time, and, of course, if spun more 
slowly, the field decays away because the regenerative effects are not 
sufficient to offset the resistive decay. Herzenberg’s dynamo removes a 
major conceptual obstacle in the development of dynamo theory. Bul- 
lard’s conjecture as to a super-Cowling’s theorem was useful, like Lar- 
mor’s conjecture before him, even if wrong in the end. Steady motions 
can maintain steady fields. 

Indeed Lowes and Wilkinson (1963, 1968) have demonstrated Herzen- 
berg’s dynamo in the laboratory, taking advantage of the very high speeds 
with which a body with axial symmetry can be spun (see also Gailitis et al. 
1972). What is more, Gailitis (1973) has been able to show that the 
steady rotation of the spheres in the Herzenberg dynamo can, under some 
circumstances, yield an alternating magnetic field. More recent theoretical 
work by Gibson (1968) and Roberts (1971) extends the Herzenberg 
dynamo to three and more spinning spheres, where the mathematical 
series converges more rapidly than with the original two spheres (see 
review in Moffatt, 1978). 
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As a matter of fact, the development of the regenerative effects of 
steady fluid motions has evolved into a rich subject of its own. Mathemat- 
ical methods have been developed to handle the solution of the hyd- 
romagnetic equation 


(a/at — nV*)B=V x (v xB) 


for a variety of steady flows. This includes flows that are three- 
dimensional but invariant with respect to one coordinate, such as the 
azimuthal angle @ (Tverskoy 1965; Gailitis 1967, 1969, 1970) or one 
linear coordinate (Roberts 1972). The simple dynamos of Lortz (1968a, 
b, 1972) are particularly interesting and, given suitable steady helical 
motions, may be deformed to operate in a sphere such as the core of 
Earth (Benton 1975). Childress (1967a, b) has exhibited still another class 
of fluid motions capable of regenerating magnetic field. As a result of the 
many dynamo models that have been constructed with steady fluid 
motions, the remarkable fact emerges that almost all fluid motions, except 
some unlikely cases with too much symmetry, have magnetic regenerative 
effects as a consequence of their helicity (Roberts 1970). Not all the 
motions are efficient. The fluid may have to be run at very high velocity 
for the field to be self-sustaining. But almost all possess the power to 
regenerate magnetic field. The basic effect for the generation of field 
seems to be that in all but the most symmetric fluid motions, the rotation 
of the fluid about its direction of motion converts straight lines into 
spirals, thereby building up magnetic circulation in a plane perpendicular 
to the initial line. This can be done by steady fluid motions as well as time 
dependent motions. Resistive diffusion allows the magnetic circulation to 
escape from the region of its origin to be sheared and rotated further. In 
one way or another, the flows, somewhere in their active volume, produce 
the effect illustrated in Fig. 18.4. The conclusion is remarkable, and 
comes as a revelation after so many years of doubt and difficulty with the 
question of the hydromagnetic origin of magnetic fields. 

The problem is, then, to decide what forms of field generation are the 
dominant ones in nature. What fluid motions do we expect, and what 
aspect of those motions is essential in the production of field? The first 
question is the most difficult because it is the dynamical question. What 
internal circulation and convection is expected in the interior of as- 
trophysical bodies, from the cores of planets, to the convective zones of 
stars, to the gaseous discs of galaxies? As already noted, the dynamical 
problem is so difficult, particularly when the density varies rapidly with 
height (in the sun) or the energy source is not known (as in the core of 
Earth), that it has not yet been solved, nor is it likely to be solved very 
soon in any final way, in spite of the very hard thought and work that is 
presently directed to the task (cf. Busse 1970a, 1975a, b; Childress and 
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Soward 1972; Gilman 1969, 1972, 1974; Yoshimura 1972, 1973, 1975). 
Hence the best we can do is to rely on observations of fluid motions, and 
on any suggestive elementary dynamical principles as may seem approp- 
riate. On this basis note that the gaseous disc of the galaxy is observed to 
rotate with an angular velocity that decreases outward from the centre, as 
one would expect from Newtonian mechanics and the concept of a 
massive galactic nucleus. The sun is the only star for which there is 
information available, and there the surface is observed to rotate non- 
uniformly, with the angular velocity of the polar regions only about 
two-thirds that of the equator. Sunspots rooted far below the surface of 
the sun move slightly faster than the surrounding photosphere, suggesting 
that the angular velocity increases downward for 10*-10° km. But this is 
only superficial evidence. Various theoretical models, ignoring the enorm- 
ous density stratification across the convective zone, produce an Q that 
declines with depth, so that the polar regions are indicative of the angular 
velocity of the deep interior (Gilman 1972, 1974). 

Earth is the only planet for which there is any observational informa- 
tion available. The westward drift of the magnetic anomalies, if they 
indicate the motion of the surface of the liquid core*, implies that the 
equatorial regions rotate more slowly than the rest of the core. Al- 
together, then, the evidence is that there is steady non-uniform rotation 
in all convecting rotating astrophysical bodies, as we would expect from 
the coriolis forces on the convection. Indeed it would be remarkable to 
find a rotating, convecting fluid body that somehow managed to rotate 
uniformly. The rate of change of © with polar angle, 00/00, is known for 
the sun, and may be inferred for Earth. The radial gradient 0Q/dr is not 
known except for the galaxy. 

The convection in any rotating body is cyclonic, so that altogether it 
appears that the universal motions are cyclonic convection of some form 
and non-uniform rotation. The degree to which these motions are time 
dependent is a complicated question. The non-uniform rotation of the 
galaxy may be presumed fixed. The non-uniform rotation of the sun, if it 
changes at all (see Eddy et al. 1976), does so only over periods of time 
that are long compared to the characteristic 22-year period of the solar 
magnetic cycle. The non-uniform rotation of the core of a planet may also 
vary, but presumably only very slowly in view of the quasi-steady charac- 
ter of the dipole of Earth. 

The small-scale convective cells, on the other hand, appear to be less 
steady. The turbulence in the interstellar medium shows no signs of the 


“It has been suggested that the westward drift may represent the westward 
propagation of Alfven waves in the core rather than a westward motion of the 
core itself. 
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geometrical order that one might expect in steady motions. The turbul- 
ence is driven, evidently, by the very irregular differential expansion of 
the gas by novae, supernovae, and the creation and passage of luminous 
stars. None of these effects would seem to lead to any but very unsteady 
motions. The convection in the sun, up to the scale of 3 x 10* km of the 
supergranules, is not steady. The convective patterns continually shift 
over periods of the order of 10° s, during which time they turn over only a 
fraction of a revolution. The magnetic anomalies in the field of Earth 
behave in such a way as to suggest convective cells that are far from 
permanent, presumably shifting and reforming over periods of a few 
centuries, during which time the fluid may iurn through angles of the 
order of a radian. 

On the basis of these facts and inferences, it is generally believed that 
most astrophysical magnetic fields are the result of a combination of 
non-uniform rotation and turbulent, i.e. time dependent, convection. 
Indeed the remainder of this chapter is devoted to an exploration and 
formulation of the dynamo equations on this basis. However, as already 
noted, the mathematical game is played first by taking the ultimate 
turbulent limit in which the convective cells are strong but their size and 
duration very small. The idealization illustrates the physical principles 
with the minimum of mathematical effort. It is not a precise quantitative 
mathematical model of the bulky, leisurely convective motions that 
produce the magnetic fields in the universe about us, of course. As in 
most circumstances the detailed, disorderly behaviour of the real world 
must be idealized if we are to illustrate the physical principles, rather than 
obscure them under a mass of formal mathematical and numerical calcu- 
lation. Hence the successful idealization in other limits is an important 
complement to the theory of the turbulent dynamo. A number of authors 
have given serious consideration to the opposite extreme, in which the 
convective motions are of small amplitude, large-scale, and slowly vary- 
ing, showing that the basic structure of the dynamo equations is the same 
and the general physical principles unaltered (cf. Braginskii 1964a, b). 

Soward (1974) has pointed out that time varying motions are more 
effective than steady flows of the same structure in sustaining magnetic 
fields, in that smaller velocity amplitudes are sufficient. The poorer 
efficiency of the steady flows is evidently due to the simultaneity of the 
production of magnetic circulation in certain regions of the helical fluid 
motions and the escape of the magnetic circulation from those regions by 
resistive diffusion. It is more effective to shut off the flow temporarily 
while the magnetic circulation spreads without further interference from 
the fluid motion. So we will not pursue the fascinating subject of the 
stationary dynamo. However, the dynamo with motions that vary slowly 
and deviate but little from axial symmetry receives further discussion. 
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The nearly symmetric dynamo began with Braginskii (1964a, b, 1967; 
1970, 1975). The approach was straightforward. If Cowling’s theorem 
states that axially symmetric fields cannot be generated by fluid motions, 
then add small components of field and fluid motion that are not 
symmetric. Consider fluid motions that are azimuthal and axi-symmetric 
and strong, except for a small component that is not symmetric and which 
varies with time. Then the small non-symmetric velocity interacts with the 
strong azimuthal field to produce the small non-symmetric component of 
the magnetic field. That small non-symmetric component of field is then 
acted upon by the strong axi-symmetric azimuthal velocity, etc. The 
idealization that the field is dominated by the strong azimuthal compo- 
nent is presumably a reasonable representation of conditions within the 
core of Earth. It turns out, however, that in carrying out the mathematical 
manipulations leading to the equations for the mean fields, the strength of 
the meridional fluid motion and of the turbulent (non-symmetric) motion 
must be restricted to being small, O(R™') and O(R~), respectively, 
compared to the dominant azimuthal velocity v,, where R is the magnetic 
Reynolds number computed for v. The scale L and correlation time 7 of 
the turbulent motion v are also affected and must be restricted to r « L*/7 
and r<7/v* (i.e. t«L/v) so that the perturbations of the dominant 
azimuthal field remain small. The formulation is, then, effectively a 
combination of large magnetic Reynolds number for the axi-symmetric 
flow, with small magnetic Reynolds number for the turbulence. The 
proper ordering of the terms in the hydromagnetic equations leads to 
meridional and turbulent components of the magnetic field that are small 
compared to the dominant azimuthal field. Braginskii’s approach, and the 
very elegant refinement by Soward (1972), are treated in $18.6. The 
formulation is interesting not only for its mathematical elegance in 
developing the dynamo equations, but also for the possibilities for ex- 
tending it to the dynamical calculations (see Soward and Roberts 1976). 

We are still faced with the fact, then, that no global theoretical 
connection has been established between the general statistical properties 
of the fluid motion and the production of magnetic field. It is clear that 
the cyclonic character of the fluid motions is essential, but there is no 
evident universal relation between the local helicity and the production of 
field. The relation is established for each special idealization. Of particu- 
lar interest is the quasi-linear approximation first introduced by Steen- 
beck et al. (1966) to provide a broad treatment of the hydromagnetic 
dynamo effects of cyclonic turbulence with small magnetic Reynolds 
number (vLrn « 1). The quasi-linear approach is one of the most produc- 
tive idealizations, for, although it is restricted to small magnetic Reynolds 
number of the individual eddies, its simple analytical form permits the 
demonstration of higher order dynamo effects. In the quasi-linear approx- 
imation the vector potential generated by the interaction of cyclonic 
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turbulence with the large-scale field B is proportional, to lowest order in 
L/à, to the product of the helicity a=(v-V xv) and the field B. The 
formal analysis of Steenbeck et al. (1966) and Radler (1969) shows higher 
order terms contributing to the local electromotive force, as a consequ- 
ence of gradients in the basic quantities of field and helicity (see also 
Gubbins 1974). Their results illustrate in a striking way the extraordinary 
variety of effects that contribute to the generation of magnetic field. Their 
work shows for turbulent velocities the fact, already pointed out by 
Roberts (1972) for steady velocities, that any break in the symmetry of 
the fluid motion produces at least some slight dynamo effect. 

Unfortunately the construction of the higher order terms is based only 
on formal mathematical construction of combinations of the physical 
vectors with the proper geometrical properties for an electromotive force, 
such as vx B. The scalar coefficients of the combinations are not known, 
so that the physical significance of the various effects cannot be judged. 
Hence in the development that follows we have gone back to the more 
powerful ‘short—sudden’ idealization (Parker 1955b) which leads to com- 
plete and explicit expressions for the effects at succeeding orders. The 
higher order contributions are presented in the formal expansions worked 
out in §18.3. We do not pursue them, however, beyond the second order 
contributions to the turbulent diffusion, producing the reduction, and 
possible reversal, of diffusion pointed out earlier by Kraichnan (1976a, 
b). The lowest order terms produce physical effects so complex as to merit 
our full attention at this stage of the development. Perhaps special 
circumstances, in which the lowest order effects vanish identically, will 
later motivate a study of the higher order terms neglected in the present 
writing. For the time being it is sufficient to limit the presentation to the 
zero order effect, wherein cyclonic convection deforms the local large- 
scale field into loops or spirals described by the dynamo equation (18.7). 
That effect alone takes us beyond the dynamical knowledge available on 
the fluid motions in astrophysical bodies. 

As a matter of fact, theoretical studies of the dynamics of dynamos has 
come a long way in the last decades, even if the subject is still far from 
adequately developed. Braginskii (1964b, 1967, 1970) has worked out 
the wave properties of the fluid motions that make up his dynamo with 
near axial symmetry, noting the similarity to MAC waves and Alfven 
waves under geostrophic conditions. Moffatt (1970b, 1972) and Soward 
(1975) have treated a system of random inertial waves, solving the 
dynamical equations simultaneously with the induction equations to de- 
monstrate a dynamo effect. Busse (1973) considered the convective 
dynamo including the reaction of the field back on the fluid motions (see 
also the work of Roberts and Stewartson 1974). Gilman (1969) has 
developed numerical models of the non-untform rotation and local con- 
vective motion (in the form of Rossby waves) in the rotating sun including 
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the Lorentz forces of the magnetic field generated by the motions. The 
resulting fields duplicate in remarkable degree the magnetic cycle of the 
sun (Parker 1955b, 1957, 1970a). 

Dynamical effects can be included in a more elementary way in the 
calculations. Leighton (1969) pointed out that the magnetic buoyancy 
(Parker 1955a) provides a dynamical cut-off on the growth of the 
azimuthal magnetic field. He incorporated the effect into his numerical 
model for the solar dynamo where it plays an important regulatory role in 
the resulting magnetic cycle. Stix (1972), Deinzer and Stix (1971), and 
Yoshimura (1975) have also included the buoyant loss of the azimuthal 
field in the operation of the solar dynamo. Parker (1971) has shown that 
the magnetic buoyancy of the azimuthal field in both the sun and the 
gaseous disc of the galaxy leads to cyclonic convection and the generation 
of meridional field after the manner of (18.7). Thus, in principle, the only 
energy input need be the non-uniform rotation that generates the strong 
azimuthal field from the meridional field. Jepps (1975) has constructed a 
dynamo model that includes the suppression of the fluid motions by the 
growing magnetic field. Gilman (1972, 1974) has contributed to the 
theory of convection and non-uniform rotation in the sun in the absence 
of Lorentz forces. Unz and Walter (1969) have considered briefly the 
acceleration of the non-uniform rotation during the progress of the 
sunspot cycle, comparing the theoretical results with observations. 

The development of the theoretical hydrodynamics of rotating, 
stratified, convective bodies continues at a rapid pace and is beyond the 
scope of this work. The reader is referred, therefore, to the concise but 
extensive mathematical reviews by Roberts and Soward (1975) and 
Soward and Roberts (1976) of the very difficult theoretical fluid dynamics 
of the hydromagnetic dynamo. Roberts and Soward (1975) demonstrate 
some of the difficulties encountered with the quasi-linear approximation 
when the calculations are extended to include the dynamics, showing the 
appearance of the fluid viscosity in the denominator of the effective rate 
of generation of field (cf. their eqn (4.26)) in the limiting case of small 
viscosity. 

We pick up the generation of magnetic fields here at a much more 
elementary and mathematically secure level, demonstrating first (in §18.2) 
the generation of azimuthal field by the non-uniform rotation of a 
spherical body possessing a meridional field. This simple effect 1s respon- 
sible for the production of the principal magnetic field in planets, stars, 
and galaxies from the meridional field. We go on from there to demon- 
strate the generation of the meridional field (i.e. azimuthal vector poten- 
tial) by the interaction of cyclonic turbulence with the azimuthal field. 
Sections §18.3-18.6 illustrate the effect in the various special cases that 
have so far been successfully formulated. The cases are restricted either 
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to low or high magnetic Reynolds number for the turbulent (non- 
symmetric) component of the fluid motion. The formal analytical illustra- 
tions are limited in one way or another to low velocity in the individual 
eddies”. Moffatt (1974) has exhibited some of the formal difficulties with 
the convergence of certain integrals in the limit t— ©, that arise in the 
limit of large Reynolds number (n =0). On the other hand Kraichnan’s 
Monte Carlo calculations (based on n = 0), extending to vokot = 4, seem 
to show a well-behaved dynamo effect, with = 0-6v,. The calculations in 
818.3 are also applicable to the high magnetic Reynolds number limit in a 
certain restricted sense described at the end of that section. 


18.2. Generation of azimuthal magnetic field 


In view of the fact that the principal magnetic field in a non-uniformly 
rotating body, such as Earth, the sun, or the galaxy, is the azimuthal field, 
it is worth while to consider in detail some simple illustrative examples of 
its generation. The azimuthal field cannot be observed in either the sun or 
the core of Earth, so our only knowledge of it is through the theory of its 
generation from the observed poloidal field. The situation is otherwise in 
the gaseous disc of the galaxy, where the azimuthal field is observed, but, 
unfortunately, the poloidal field from which it ts generated, is not 
observed, so again a sound theoretical understanding of the basic princi- 
ples is the best we can manage at the present time. 

Consider, then, a poloidal field with rotational symmetry about the 
z-axis (0/d@=0). In terms of the vector potential A=e,A =e, V/a = 
e, ¥/r sin(0) in cylindrical and spherical coordinates, the components of 
the poloidal field are 


wB,, =—dWV/dz, wB, =+d0V/om 
and 
r sin 0B, = +(1/r) 0V/00,- rsin 8B, = —dWV/or. 


The lines of force are confined to the meridional plane and are given by 
Y = constant. Suppose, then, that at time t=0 the azimuthal velocity 
v(W, Z)= Qw, z) is switched on, for which the associated angular 
velocity O(a, z) is not altogether uniform. The poloidal field is unaffected 
by v while the azimuthal component of the hydromagnetic equation 
(4.13) is 


(18.8) 


ar 


eij se 


` The exceptions are the effect pointed out by Soward and Roberts (1976) in their 
eqn (2.47b) and the fast dynamo of Vainshtein (1970) and Vainshtein and 
Zeldovich (1972). 
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Thus, insofar as the angular velocity Q varies along the lines of force 
Y = constant, i.e. insofar as Q # Q(F), the non-uniform angular velocity 
produces an azimuthal field by shearing the poloidal field. 

The initial growth of the azimuthal field is described by 


B, =1a(¥, 0) /dCw, z)}t 


until resistive dissipation becomes important. After a period of time of 
the general order of the resistive decay time A7/n of the region as a 
whole, the azimuthal field approaches an asymptotic state in which 
resistive dissipation balances the production of B, by the shearing of the 
poloidal field. Consider some simple examples to illustrate the resulting 
strength and distribution of By. 


18.2.1. Non-uniform rotation with cylindrical symmetry (Q = O(o)) 

As a first example suppose that the angular velocity is a function only 
of the distance w from the z-axis, as suggested by the researches of Busse 
(1970a, b) into the linear dynamics of convection in a rotating space. 
Then, for the simplest case, in the sphere r<a, let 


0 = 09 ~ 0, (@/a)™ (18.9) 


where m is a positive number. If the fluid rotates less rapidly with 
distance w from the axis, as we have imagined in some of the exposition, 
then Q, is positive. Suppose that beyond the spherical surface the 
conductivity of the medium in negligible, as in the silicate mantle of 
Earth, or the medium is so tenuous as to offer no resistance to the escape 
of B, (see Chapter 13); then B, vanishes at r=a and beyond. Suppose 
that the poloidal field has the simple form 


WV =3B, w (1—z7/b°), 
B, = B,w2/b’, B, = B,- 2°/b°)}, 
essentially like that sketched in Fig. 18.2. Then (18.8) becomes 
2 2 m+ 
Sot wie ataa) a a) 
The solution to the inhomogeneous equation ts readily shown to be 
Ba =—{mB,Q,a°/byn(m + 2)(m + 4)}(z/b)(e@/ay"*. 


To this must be added a solution of the homogeneous equation such that 
the total will vanish at r= a. In spherical coordinates the solution of the 
homogeneous equation that is finite throughout the interior of r=a is 


y C,r"P!(cos 0). 


n=O 
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Writing the solution to the inhomogeneous equation in spherical coordi- 
nates, the complete solution can be written 


mB „Qat (O . m30 ¥ =y 1 | 
= A eee mmm "e m+ + _ P t. . 
B, aiDan pbn Wa) 3 @sin™*79+ 5 D, =) Palcos 8) 


n—i 


(18.10) 


The coefficients D, are to be determined from the boundary condition 
that B, =0 at r=a. Hence 


0=cos @sin™*76+ ) D,P(cos @). 


n=l 


The associated Legendre polynomials are orthogonal over the range 
0 = 0, m, with 


+i 2n(n+ 1) 
du{Pi(p)P = 
p HiP) ana] 
Hence 
Int] i , 
D, =—->——— | dup — pw?) Pl). 
n nmt D ) uull- u’) a(l) 


The polynomials P}(w) are odd functions of u when n is even, and even 
functions when n is odd. Hence the integral vanishes for odd n and the 
even-numbered coefficients are 


— m 4n+i " — ,, 2\40m-+3) pl 
Don = nOn +D p duu(l— u’) Pan (e). (18.11) 
Thus B, is an odd function of z (latitude)f, for the obvious physical 
reason that the radial component B,,, from which it is generated, is an 
odd function of z. 
For m=1 the non-uniform rotation d0/dé@ is uniform across the 
radius. In this case the series converges only very slowly, with the first 
three coefficients given by 


D, =—257r/2° = —0-1533, 
D, =-D, x 81/200 = -0-4050 D,, (18.12) 
Ds = +D, x 13/320 = +0-0406D,. 


Concentrating the non-uniform rotation somewhat toward the outer 
boundary by choosing m = 2, the series terminates after three terms so 


°Note that P;=3n(1—?); Pi=iu(35u?—15)(1- u°}, Pe=(21u/8)(33u*-— 
307+ 5)\(1— 2”), ete. 
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that the solution is a polynomial, with 


D, = —8/63, 
D, = +24/385, (18.13) 
D, = —8/693. 


There are several points of interest. First of all, note that the final 
expression for B, is not separable into a product of a function of w and a 
function of z, nor of r and 0. The reason is that the shear, producing Bg, 
has cylindrical symmetry, while the outer boundary, through which the 
lines of force escape as a consequence of resistive diffusion, is spherical. 
The mixture of cylindrical and spherical geometries precludes a simple 
separable result in either cylindrical or spherical coordinates. It is evident, 
therefore that the solution should be simpler when the angular velocity is 
a function of r rather than of w or of z. The circumstance 0 = Q(r) is 
treated in §18 2.3, where in simple cases, the final form for B, is seen to 
be separable in r and @. We point out this clumsy aspect of the solutions 
in mixed cylindrical and spherical geometries because it arises again in 
Chapter 19 in solutions of the dynamo equations, of which the azimuthal 
equation (18.8) is an intimate part. 

Note, too, the very slow convergence of the sum (18.12) m=1 where 
the shear 0Q/dm is spread uniformly over the radius. This is but one 
example of the general slow convergence of any expansion of B, in 
tesseral harmonics. Only for m equal to an even integer is the series 
terminated, after m+1 terms. 

The radial dependence of B, is plotted in Fig 18.6 for 0 = 7/4, shown 
by the solid curve labelled (18.13), in units of —B,>Q,a*/12b*n. Note the 
displacement of the maximum toward r= a, largely as a consequence of 
the active diffusive dissipation of the opposite azimuthal fields facing each 
across the z-axis. These effects are shown most dramatically by the 
examples given in §18.2.3. The angular distribution of B, 1s shown in Fig. 
18.7 where the profile is plotted for r=0-75a. 


18.2.2. Non-uniform rotation with plane symmetry (Q= O(z)) 


As a second example suppose that the angular velocity is a function 
only of the distance z from the equatorial plane. Then, for the simplest 
case, let 


01 = 9 + O,(z/a)™ (18.14) 


for r <a. If Q is to be an even function of z, as we would expect in most 
astrophysical bodies, then m is restricted to even integers. The parameter 
Q, is positive if the fluid rotates more rapidly near the surface r=a at 
high latitudes than at low latitudes, and negative otherwise. The simple 
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Fic. 18.6. The radial variation of B, at 0 = 7/4. The solid curve labelled (18.13) represents 
B, in units of —B,O,,a*/ 12b*7 from the coefficients (18.13) in (18.10). The dashed curve 
represents B, in units of +B,0,,a7/3 plotted from (18.15) for m = 2 in (18.14). The dotted 
curve represents B, in units of + B,0,a7/57 plotted from (18.16), for m = 4 in (18.14). The 
solid curve labelled (18.18) represents B, in units of ~B,0,,a7/4n plotted from (18.18) for 
m= 1 in (18.17). 


0-06 


Fic. 18.7, The angular variation of By at fixed r/a. The solid curve labelled (18.13) 
represents B, in units of ~B,0,a4/12b*n from the coefficients (18.13) in (18.10) at the 
fixed radius r/a=0-75. The dashed curve represents B, in units of +B,0,a*/37 plotted 
from (18.15), for m =2 in (18.14), at the fixed radius r/a = 0-7. The dotted curve represents 
B, in units of +B Q a?/5n plotted from (18.16) for m =4 in (18.14) at the fixed radius 
rja = 08. 
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uniform poloidal field Y =4B,,” is sufficient to illustrate the basic effects, 
with B,,=0 and B, = B, throughout r<a. Then (18.5) reduces to 


(= lað 1i a — _ B,Qum@z" 
na . 


The solution to the inhomogeneous equation is 


Ba? z(a 
(m+1)n a \a 

To this must be added solutions of the homogeneous equation so that B, 

vanishes at r=a. Thus 


B Qua? ({r\"™ i r\" 
Be Tem Lg) singeost' o+ X p(o) Pucos 0} 
d m 4 Dn la sin @ cos +d D, 7 Pi(cos 0) 


Be = 


and 
0 =sin 0 cos™*' @+ 5 D,P} (cos 8), 


n=1 
as in the previous example. For m =2, it follows that D,=—1/7, D, = 
—2/35, with all other D,, equal to zero. The complete solution is, then, 
B,Q,a’ E ro, P r\? 
Bha f3 costo+5 (cos’a-9)}(*) si as. 
37 a5 cos z3 (COS 0—3) z) sin 0 cos 0 (18.15) 
For a non-uniform rotation more concentrated toward high latitude; put 
m=4, Then 


B= + 


B, Qa? 2 3 
By, = ae {A+ #035 cos” 6 — 15)(=] — (=) cos* 0 


4 2 
+4,(33 cos*@ — 30 cos?6 + s)(~) \(2) sin ð cos 6. (18.16) 


Once again we note that B, does not separate into a function of r and a 
function of 0. The radial profile of B, is plotted in Fig. 18.6 for 6 = 7/4 
using both (18.15) and (18.16). The maximum of (18.16) lies at the larger 
radius because the source is concentrated toward larger radius. The 
angular profiles are shown in Fig. 18.7, from (18.15) for r=0.7a and 
from (18.16) for r=0.8a. The profiles are different at other r, but these 
values suffice to show the general shape. The maximum By, lies toward 
smaller @ in (18.16) because the source is concentrated at large z. 


18.2.3. Non-uniform rotation with spherical symmetry (Q = Q(r)) 


Suppose that Q is a function only of radial distance from the origin. 
Then, each layer r=a rotates rigidly. For the simplest case 


Q= +A (ray, Y=41B r° sin?0, (18.17) 
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the hydromagnetic equation (18.8) for the steady state reduces to 


1(ée 49a 1 ð ð 1 B, mo m 
SE ež : — sin @—-—-3 |p, = -Amih (=) sin 0 cos @. 
r lor ðr sin@odé ag sin’é n a 


The solution to the inhomogeneous equation is 


mB, Qa? (z 


B, = -— e 
b n(m? +5m-—2) 


m+2 
z2) sin cos ð. 
a 
Including the solution of the homogeneous equation so that B, vanishes 
at r=a, it follows that 


mB, Qa” {( r 


m r 2 , 
-mi Smo) 2) -1 (5) sin @ cos 0. (18.18) 


B, = 7 


With the spherical symmetry of the non-uniform rotation, the resistive 
dissipation and the production by shear have the same form, so that By, 
has the same angular dependence as the shearing of the poloidal field and 
is separable in the coordinates r and @. The radial profile of B,, in units of 
—B,0,a7/4n, calculated from (18.18) is shown in Fig. 18.6 for m= 1 at 
0 = 7/4 by the solid curve labelled (18.18). The angular dependence is 
just sin(20) and is not plotted in Fig. 18.7. 

As another example suppose that the fluid rotates with fixed angular 
velocity throughout 0<r<b<a, and with a fixed value in b<r<a that 
is larger by 0,. Then 


aQ/dr =Q (rb). (18.19) 
The inhomogeneous term on the right-hand side of (18.8) is then 
B,Qur sin 0 cos 66(r— b), 


and the solution of (18.8) is the radial Green’s function. The in- 
homogeneous term vanishes except at r =b. Hence, except at r= b, Bẹ is 
given by a solution of the homogeneous equation, r"P)(cos 0) or 
r-"~'P'(cos 0). The solutions on either side of r= b must be continuous 
across r = b. Integrating (18.8) over r from b~e to b +e, it follows in the 
limit of e — 0 that there is a jump in 0B,/or in the amount 

b+e 


= —B„Qbô(r — b)sin 6 cos 0. (18.20) 


b—e 


ðB/ðr 


It is readily shown, then, that the desired solution in r<b is 


2 5 5 2 
B,=+B, = (>) (=) — i}(2) sin 8 cos 0 (18.21) 
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while in b<r<a, 


B, = Bea" H9- (Z) fsin 0 cos 6. (18.22) 


5n a r a 


The angular dependence of B, is just sin(2@) again. The radial profile is 
plotted in Fig. 18.8 in units of B,0,a7/5y for various values of b/a. The 
peak B, occurs at the source r= b, and is 


Bs peak = B,(Q1a7/5y)(b/a){1 — (b/a Y }sin 8 cos 8. 


The field is strongest when the source is located so as to balance the 
losses at the outer boundary r =a against diffusion across a =Q into the 
opposite B, on the other side. This occurs for b/a = (2/7) = 0-779 and is 
shown in Fig. 18.8. Note how rapidly the field declines for a given 
B,,a7/n as bja becomes small, or approaches one. 

These examples suffice to illustrate azimuthal fields produced by non- 
uniform rotation in the presence of poloidal (meridional) fields in simple 
form. The calculations appear again in the following chapter where 
simultaneous solution of (18.8) with the dynamo equation (18.7) is 
effected for a variety of cases (see also the examples given by Nakagawa 
and Swarztrauber 1969). 


Fic. 18.8. The radial profile of B, in units of +B,(Q,a7/5y)sin 6 cos 8 plotted from 
(18.21) and (18.22) for bja =0-1,0-2,..., 0-9. The strongest B occurs for b/a = 0-779, 
shown by the curve with its peak at r=0-779a. 
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18.3. Generation of meridional field by cyclonic turbulence 


The generation of meridional field through spiralling of the azimuthal 
lines of force was described in §18.1 leading to the dynamo equations 
(18.6) and (18.7). The spiralling is produced by the rotation of indenta- 
tions in the azimuthal field carried in cyclonic eddies (convective cells) in 
the fluid motion. The purpose of the present section is to derive the 
dynamo equations formally, giving explicit recipes for the calculation of I 
from the fluid motions. We will use the idealized fluid motion employed 
in the first paper on the generation of meridional field (Parker 1955b) 
wherein the cyclonic convective cells, of small scale (correlation length) L, 
are switched on for a short period +,« L*/ny so that the local, strong 
deformation of the large-scale field can be computed using (4.32) and 
(4.34). The motion is then switched off for a period r, large compared to 
the local diffusion time L*/n so that the local deformations blend into 
their neighbours, leaving only the large-scale field when the next round of 
eddies is switched on again for the brief period rı. Rather than deducing 
the magnetic fields with the aid of (4.32) and extracting the vector 
potential from those fields (Parker 1955b), it is much easier to compute 
the vector potential directly from (4.34) (Parker 1970b), and that proce- 
dure will be used here. 


18.3.1. The dynamo equations 


The induction equation for the vector potential is readily obtained from 
(4.14) by writing B=V x A and integrating out one curl operation, as was 
done in the development of (4.33). With the gauge @ =v,A, and the fact 
that the divergence of A; is then not conserved, and, hence, generally not 
equal to zero, it is readily shown that 

av?) +n}, =a ot tA 

(aal, nv Jta IXan Ay =A, OX; “ ðx (18.23) 
In the present circumstance the fluid velocity contains a large-scale 
velocity denoted by V, representing the axi-symmetric non-uniform 
rotation of most astrophysical bodies, and perhaps meridional circulation. 
The magnitude of V, is denoted by V, and the scale is presumably 
comparable to the dimension à of the entire body. The characteristic time 
T for variation of V, is presumed to be not less than either A/V or A*/n. 
If the small-scale turbulent velocity, switched on and off according to the 
prescription already noted, is represented by u, then the total fluid 
velocity v; 1S 


v, = V, + u (18.24) 


Consider an ensemble of systems, all with the same V,, of course, and all 
with the same statistical properties for the small-scale velocity u,, but with 
the location of the individual eddies uncorrelated among the members of 
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the ensemble. Thus the ensemble average of u at any point is zero 
because there is no net displacement of fluid by the small-scale turbul- 
ence. Note that the turbulent displacement of fluid f dtu, may be as large 
or larger than the eddy size L. Write the vector potential as A; (xp, t)+ 
a,(x,,t) where A; denotes the large-scale ensemble average field and a; 
represents the local fluctuations produced by the turbulent velocity w. 
The contribution a, is defined to be that part of the vector potential with 
zero mean. 

Now suppose that at time t= tọ the local fluctuation a; is zero in all 
members of the ensemble. A turbulent velocity is switched on simultane- 
ously for a brief instant +, in each ensemble, with u; so large as to 
produce displacements of the general order of the correlation length L. 
The velocity fields are statistically identical but uncorrelated in detail 
among the members of the ensemble. In the limit of small 7, both the 
diffusion 7 and the large-scale velocity V; have vanishing effect, O(7,), 
over the period Ti so that (18.23) reduces to 


o(A, + 
= (A, +a,)=—(A; +a a yee (18.25) 

The solution is given by (4.34) as | 
Aj(X,, to + Ti) + A(X, tot T1) = A(X, to) ðX;/ðx; (18.26) 


where x, is the coordinate at time {,+7, of the fluid element at X, at 
time tọ. The displacement of the fluid element during the time 7, 1s 
&, =x, —X,, which may be O(L) in magnitude. 

In terms of the Lagrangian displacement & of the element of fluid write 


A(X, to) = A(X, to) ~ & 8A,/0x; 
1 3A; 


(18.27) 


We retain the terms to all orders for the present, but note that the 
convergence of the series is rapid provided only that the displacement & 
is small compared to the characteristic scale of variation A of the mean 
large-scale field A;. It also follows that 


aX,/Ax, = 8y, -dë ðX; (18.28) 
Substituting into (18.26) the result is 
A(X, tot T1) + a(x, tot T1) = (5; — d&/0X;) 


ðA; 
X[A; (Xk to) — & 3A;/3xr + ELEMET 5 
Xp OX, 
oA; | 
Titin — paan (18.29) 


OX; AX, OXy, 
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to all orders. The mean value of this relation yields the increment 
AA; (Xp, tot T1) in the large-scale field given by 


AA; (Xi to + T1) = A; (Xx to + Tı) 7 A; (Xk, to) (18.30) 


= — Å; (Xp toaga) HEE d&/0x;) — 8; (EN 0A,/OX;, 
-FNE 8&/0x,)— Su EE} Ax ðt. (18.31) 


This is the jump in the mean field A; (x, ) over the brief period 7, of active 
turbulence. 

We are concerned with turbulence for which there is no mean velocity 
(u;)=Q. Hence the mean displacement is zero and 


(0&/0X;) = 0, (18.32) 
(E&&,) =(). (18.33) 
Equation (18.31) reduces to 


AA, (Xr, tot T,)= (Èk 0&/AX;) ð3A;/ðXk 


1 
+57 tOu (Sebi) — Eck 86/9} HALON, ðX 
+ (EGE m 9§/9X,) PAJIX, OX, Xt... (18.34) 


Note that with & of the order of L the increment AA, given by (18.34) is 
not larger in magnitude than O(A,L/X). The increment is small even for 
strong displacement, ur, ~ L. For & comparable to L and varying over x, 
with a characteristic scale L, the local variation b, in the mean field B; 1s 
comparable in magnitude to B,. Since a; is of the order of Lb; and A; is of 
the order of AB,, it follows in this case that a; = O(A,L/A). Hence the 
mean increment AA, is comparable to the local magnitude of a;. Both are 
small compared to A;. 

Following the period of active turbulence the fluid is held motionless 
for a time 7, large compared to the characteristic diffusion time L7/7 for 
the small-scale field a;, although short compared to the large-scale times 
A/V and A?/n. During the period 7, the small-scale field a; decays, so that 
at the end of that time, when the next round of eddies is switched on, 
there remains only a large-scale field A; The cycle is then repeated 
indefinitely. During the waiting period rt, the large-scale field follows 
from (18.23) as 


ð a av, aA; 
nline Ja, =a, vA as 
| a Toy. ax,J ” T ax, V ðx (18.35) 


j 
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Over the entire period tr =7,+7, the total change in the large-scale field 
is AA;, given by (18.34), plus the large-scale evolution (18.35). The 
period + is small compared to the times A/V and A7/n over which A, 
evolves, and the increment AA, is small, O(A;L/A). Hence the average 
evolution of A; reduces to 


ð a? ðA; eas AA 
8,(—— V *)4 la, =-V, 18.36 
| ot n Tx, ax; i ax, 7 ( ) 
in the limit of small L/A. With the explicit form 18.34) for AA; the 
equation can be written 
BA, DIA OV, y DAL, (& 26an) 2A; 
ot Tax, ax, OX; OX; T ð Xk 
+l 54 Si (EE) (EG 9G 10%; o ia 3A; 
K 2! 7 OX; OX 
4 §SibiSin 080X ) aA, 
317 OX, OX; Xm 


+... (18.37) 


We should not fail to point out that these same dynamo equations arise 
in the limit of n =0. In that case there is no diffusion, so that (4.35) is 
applicable for all values of t. The time 7 in the coefficient in (18.37) is 
then just the total length of time that the fluid is in motion to produce the 
mean displacement (&, 0&/dx;) etc. The expansion (18.27) eventually 
becomes invalid, of course, when the displacement becomes a significant 
fraction of the scale A of the large-scale field. Hence (18.37) is valid for 
times small compared to the long time A*/Lv in which an element of the 
turbulent fluid random walks a distance À. It is the case already treated by 
Kraichnan (1967a, b) using Monte Carlo techniques, and the reader ts 
referred to Fig. 1 of Kraichnan (1976b) for numerical values of the 
dynamo coefficient P. 


18.3.2. The dynamo coefficients 


Having derived the general dynamo equation, the next question is 
under what circumstances the coefficients on the right-hand side are 
non-vanishing. It is one thing to derive a general form, and another to 
demonstrate that it is non-trivial. The coefficient (& 0&/dx;) of dA/Ox, 
represents the basic dynamo effect. The next term d7A,/dx, dx, represents 
turbulent diffusion, etc. 

In isotropic turbulence with mirror symmetry, the lowest order coeffi- 
cient (& d&/dx,) vanishes. In that case the basic dynamo effect disappears, 
leaving turbulent diffusion as the lowest term. On the other hand, 
(&,€ d&/dx,) need not vanish, as is demonstrated in 18.3.3. Kraichnan 
(1976b) has shown from Monte Carlo calculations the important fact that 
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the turbulent diffusion coefficient may be negative in mirror-symmetric 
turbulence with long-lived eddies (see §17.4). The turbulent diffusion 
coefficient on the right-hand side of (18.37) is 


{EE JÔ; = ($é 0&/0x; y/27, 


the first term of which is positive definite. Hence the coefficient is 
negative if and only if (&& 0&/0x,) is suitably large and positive. Examples 
are given in §18.4 to illustrate the effect of (&,& d&/dx;) in reducing the 
diffusion coefficient to negative values. 

When the requirement of mirror symmetry is dropped, so that there is 
a net cyclonic rotation (helicity) of the eddies, the coefficient (& 0&/éx,) 
has a number of non-vanishing components, so that there is a net dynamo 
effect. The magnetic field is regenerated with any V; containing significant 
shear, such as non-uniform rotation. Indeed, Krause and Steenbeck 
(1967) point out that V, can be set equal to zero and the dynamo 
equations yield regenerative solutions on the basis of cyclonic turbulence 
alone. The dynamo action is then not as efficient as when there is strong 
non-uniform rotation to produce the azimuthal field, because the cyclonic 
eddies by themselves are extremely wasteful of field, producing so much 
small-scale resistive dissipation. But Krause and Steenbeck establish an 
important physical principle that large-scale motion is not necessary to 
produce large-scale field. Small-scale motions are sufficient in the pres- 
ence of helicity. Then in the presence of mirror symmetry (vanishing 
net helicity) there is Kraichnan’s point that turbulence can concentrate 
rather than disperse, the existing field, even if it cannot generate new flux. 
Finally, it should be noted that the dynamo action of steady fluid motions 
in the absence of small-scale turbulence, has been amply illustrated by 
Herzenberg (1958), Tverskoy (1965), Gailitis (1967, 1969, 1970), Chil- 
dress (1967a, b), Lortz (1968a, b, 1972), and Roberts (1972). These 
points all bear on the old question of the net effect of turbulent fluid 
motion on magnetic field. It is clear that there is not a simple growth 
toward equipartition of energy between the velocity and magnetic field, as 
originally postulated by Alfven (1947) and Biermann and Schlüter (1951) 
(see also Biermann 1953; Chandrasekhar 1955). It is also clear that there 
is not necessarily a simple dispersal of the magnetic field by turbulent 
diffusion, as there is with a scalar field. Kraichnan (1976a, b) has 
emphasized that the problem is too complex for any of the present formal 
statistical approximations to produce a general mathematical theory, such 
as the direct interaction approximation is able to do for hydrodynamic 
turbulence. Hence, idealized examples, to illustrate the effects, are the 
most potent tool available at the present time. 

Consider the lowest order term (0A,/dx,)(& d&/0x;) in the dynamo 
equation (18.37). It is the basis for the dynamo effect produced by 
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cyclonic convection and turbulence (Parker 1955b). Writing out the 
individual terms, it is readily seen that 


Tae (ag) TEE) BAE aa) BE ay) 
sli te 
20x, OX; OX, OX; ðX, OX; 

1" (eg)4 Oe et) 


ðX- OX; 


° jx, EEn, (18.38) 


where B; is the large-scale field represented by the vector potential A,, 
with B,=0A;/0x,—dA,/0x3, etc. In mirror-symmetric, statistically 
homogeneous isotropic turbulence all the coefficients in (18.38) are zero, 
of course. Introducing a net helicity leads to the non-vanishing of 
(ðE; ee so that 


PP Alai oe) = B(6o)+ BE +g (a E) (18.39) 


When both mirror symmetry and homogeneity are given up, the general 
result is (18.38). The extra terms in (18.38), as compared to (18.39), 
represent gradients in the intensity of the turbulence and the helicity. Such 
coefficients as &(¢ĵ)/ðx; are of the order (€7)/A, where A is the dimension 
of the convecting region and of the large-scale field produced therein. On 
the other hand, in the presence of strong helicity such coefficients as 
(é, 0&,/dx,) are of the order of (D/L, where L is the scale of the 
turbulence and is assumed to be small compared to A. For this reason the 
form (18.39) is adequate for most purposes, the higher order terms 
O(L/A) being dropped in the present idealization of very small cyclonic 
cells. 

The next step in the development, then, is to compute & and the 
various mean values (& 0&/0x,) etc. for specific cyclonic convective cells. 
A number of examples can be found in the literature (cf. Parker 1955b, 
1970b). For the present purposes of exploration and illustration, it is 
convenient to restrict the discussion to idealized forms of cyclonic eddies 
to facilitate the calculation of various mean values. 

In this most primitive form a cyclonic eddy, or convective cell, is 
composed of a rising (or sinking) body of fluid rotating about the local 
vertical direction and surrounded by the returning downward (upward) 
flow. There is no reason to make the rotation simultaneous with the 
vertical displacement of the fluid, nor for the rotation to overlap com- 
pletely with the vertical motion in space. Therefore, to facilitate the 
computation, we separate for the moment the vertical and rotational . 
components of the local cyclonic eddy in time. 


IN TURBULENT FLUIDS 573 


18.3.3. Illustrative models for dynamo coefficients 


Set up a local coordinate system (x, y, z) (having nothing to do with the 
global coordinate system employed in §18.1) so that the local cyclonic 
convective cell is oriented along the z-axis and rotates about the z-axis. 
We may as well assume rotational symmetry about the z-axis, so that the 
rotation can be described by an angular velocity OQ(w,z) where w= 
(x?+ y’)2 is distance measured from the axis of symmetry. It follows that 
the local rotational velocity is v = wQ and the total angular displace- 
ment from an initial azimuthal position œo to a final position œ is 


p = bo tA, Z)tr (18.40) 


after a time t. Suppose that Q(w,z) is non-vanishing only in the 
cylindrical region OS w<b and -c <z <+c sketched in Fig. 18.9. 
Describe the rising and sinking motions (the poloidal component of the 
fluid velocity) of the local convection in terms of the velocity components 
(Va, V), given by 
Ug = ioe v, = _ 1 ab (18.41) 
W OW 
for an incompressible flow. In keeping with the idealization of the 
localized convective cell, the stream lines %=constant are presumed 
closed, in the planes œ = constant through the z-axis. It is sufficient that 
they close in z>c and z<~c above and below the region of rotation. 


Fic. 18.9. A sketch of the portion of the cyclonic convective cell that is subject to rotation 
(a<a:~c<z<+c). The vertical arrows indicate the poloidal circulation, while the 
circular arrow signifies the rotation. 
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Where the flow passes across the rotation, let 


(18.42) 


1 fæ (1-w/a?} for w<a 
uf = —3U3 
0 for w>a 


so that the velocity field is 
v,, = 9, v, =v3,(1—w/a)\(1—-20/a) (18.43) 


from the z-axis out to w =a, and vanishes beyond. The rotation extends 
out to a radius b, which may be larger or smaller than a. If v3 is taken as a 
positive quantity, then v, is positive in w<5a with a peak value v, on the 
z-axis, and negative in 3a < w <a, where the minimum is —4v,; at w =3a. 
The net flow 27fdwwv, is zero. The fluid velocity vanishes at w=4a 
and a. 

Suppose, then, that the cyclonic eddy consists of the local poloidal 
circulation (18.43) for a period t, followed by the rotation (18.40) for a 
period t, with t,+t; equal to the total life +, of the cyclonic eddy 
employed in the discussion of §18.3.1. From all this is needed the 
Lagrangian displacement & of the element of fluid arriving at the position 
x, after the eddy is finished, i.e. after the time t+ t,, in order to compute 
the mean value (& 0&/dx,). The mean value is zero unless the element of 
fluid undergoes rotation. Hence the contribution to the mean comes only 
from those elements of fluid within the region of rotation œ <b, -c <z < 
+c. If we suppose that the flow (18.43) extends for a distance of at least 
Vt; Outside the region of rotation, i.e. at least to z =+(c+v3f3), then all 
elements of fluid within the rotation region have undergone a displace- 
ment 


é = vh l- w/a)(1-20/a) (18.44) 
in the z-direction from their initial position at (w, z—&,). In addition to 
the displacement €,, they have undergone the rotation (18.40) so that, if 


their initial position was xo = w cos(ġo), Yo = w Sin(do), their final position 


AS 
x =w COS(hy + OF), y = w sin(¢@y + Ot), 


and their displacements are 


é = x{1—cos(Nt,)}— y sin(O4) 


= wm[cos &{1—cos(Ot,)}—sin o sin(Qt-)], (18.45) 
&, = y{1 — cos(Qt,)}+ x sin(Ot,) 
= w|sin ġ{1 —cos(QOt,)}+ cos @ sin(Qt)]. (18.46) 


The derivatives 0&/dx, are now readily computed, remembering that Q is 
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a function of both œw and z, falling to zero at z = +c. Thus 
ač dax = 1—cos(Nt,)+sin(Nt — d)at, cos o I0/dw, 
d&/dy = — sin(Ot,)+sin(Qt — p æt, sin d 3Q/ðw, 
dé,/dz =sin(Qt, — d) wt, a0/dz, 

0&,/dx = +sin(Qt,) + cos(Ot, — d) at, cos o dQ/dw, 
3E /dy = 1—cos(Nt,) + cos(Ot, — bh) wt, sin o QI, 
d&/dz = cos(Ot, — h) wt, 3N/ðz, 

d&,/dx = (v3t,/a)cos d(4w/a — 3), 

0€,/dy = (v3t;/a)sin 6(4a/a — 3), 

dé,/az =0. 


With this tabulation of & and 0&/0x,, it is a straightforward but tedious 
procedure to compute the mean values (& d&/dx,). The contribution 
comes from the fluid that has experienced both rotation and displacement 
in the z-direction and hence arises entirely from the volume w <b, 
—c<z<-+ce subject to rotation. If there is, on the average, one cyclonic 
cell for a volume of space V, then, the spatial and/or ensemble average is 


0§ == [ i (0g; 
(a2) vj) dee) does (18.47) 


The volume V in the present context cannot be less than the mintmum 
volume 27a7(c+v3t3;) occupied by the flow (18.43). For rectangular 
packing and b <a, the volume V per cell would be 8a*(c + vst). 

Of the 27 quantities & d&/dx, it is evident that those for which i = j can 
be written as į dé*/dx,, etc. Their mean value (volume integral) vanishes 
over an isolated eddy. Thus nine components can be neglected. They give 
no contribution because they do not combine rotation (é, é) with the 
rising and sinking motion &. Since the mean value of 0&&/dx, vanishes 
over an isolated eddy, it follows that 


(& 0§/0x,.) = —(§ 0&/0%), (18.48) 


so that of the remaining 18 components there are only nine distinct 
quantities to compute. Five of the nine vanish from symmetry in @ or 
because 0&,/8z =0 or because O(@, +c)=0. The only non-vanishing 
independent components are 


(é 0€,/0x),  (& 0& /0y), (E 0E,/0x), (E90, /dy). 


It is worthwhile giving a number of examples of these four. 
Suppose that the angular velocity of rotation Q(w, z) is independent of 
z across the region —c <z <c, with a value O(a) except at z = +c where 
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Q drops rapidly to zero. Then 
aQ/dz = (wf 8(z +c) — (z —c)f. 
The integration over z contributes only a factor 2c. 

To take the simplest case first, then, suppose that O(@) has the uniform 
value 0, from the z-axis out to a =a, where it drops sharply to zero. 
Then 00/dm = —0,6(m—a). Note that the radial dependence of ðé,/ðx 
and 0é,/dy is just ðv,/ðw, and that the mean values reduce to the radial 
integral 


in each of the four terms. Since v, vanishes at w= a, the first term gives 
nothing. The integral f dæwwv, vanishes because the eddy contains the 
return flow and represents no net displacement of fluid. All the compo- 
nents vanish then. The reason is simple enough. All elements of fluid 
experience the same uniform rotation in both the upward flow (w<4a) 
and in the downward flow (Ġa < w <a), so that there is no net helicity. 
The upward and the downward flows contribute equal and opposite 
spiralling of the lines of force of the large-scale field. 

Suppose, then, that O(a) has the uniform value Q, from the z-axis out 
to w=4a where it drops sharply to zero. Then the rising fluid rotates 
while the sinking fluid does not. There should be a net spiralling of field 
produced by the cyclonic cell, in the manner illustrated in Figs. 18.4 and 
18.5. It is readily shown that the eight non-vanishing components of 
(& 0&/0x,) are 


(ee) (Ege) = Hb) = (Bay) 


7 -Tet ests F(®) (18.49) 


for two equal indices, while for those in which all three indices are 


different > > 3 
C A, 


-— + Tee tals G() (18.50) 


where ® is the local rotation Qt», and the functions F and G are 
F(P)=a(1 -cos P) = 4p (1-0/12+...), (18.51) 
G(®)=}sin $ =40(1 -7/6 +.. .). (18.52) 
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Thus the non-vanishing coefficients separate into two independent 
groups, described by the functions F(®) and G(®). The non-vanishing 
coefficients involve the cross-product of rotation (é, &) with convective 
displacement é along the axis of the rotation. The two groups of 
coefficients are distinguished by having two equal indices or no equal 
indices, the later class representing the helicity of the total displacement. 
For small ®, then, the components with three unequal indices (represent- 
ing the helicity) dominate 


(E: 0, /dy)=...=(mca7vzts/ VRÈ. (18.53) 


The components with two equal indices, given by F(®), are smaller by the 
factor 4@. The physical implications of this have been noted briefly 
already (Parker 1970b) and will be taken up at the end of this subsection. 

If, in some special circumstance, ® is greater than one, then F(®) and 
G(®) are both of the order of unity. The coefficients with three unequal 
indices, given by G(®), oscillate about zero with undiminishing amp- 
litude, while those with two equal indices oscillate about +1, shown by 
the light lines in Fig. 18.10. The undiminished oscillation with increasing 
® is a consequence of the rigid rotation of the fluid so that phase relations 
are preserved indefinitely. 

In a more realistic situation O(a) declines from a maximum value on 
the z-axis to smaller values at a distance, with the result that the inner 


0-3 


0-2 (18-55) 


ZON 


0-1 LA 


0-0 


o ie, 
—0-2 
(18-56) 


—O-3 


z 2r 3r 4r 


Fic. 18.10. A plot of the two independent coefficients (£, d&,/0x) = ~(aa*cu,t,/ V)F(®) and 
(£. d&,/ay) = + (ara? cv,t,/ V)G(®) in units of wa?cv,t,/ V. The latter is positive as ® increases 
from zero, while the former is negative. The equation numbers are written alongside the 
corresponding curves. Thus the light continuous curves represent the coefficients for uniform 
rotation in the rising fluid and none in the sinking fluid. The dashed curves are for rotation 
that declines linearly to zero across the rising and sinking columns, while the heavy lines are 
for rotation that declines to zero across the rising fluid and is zero in the sinking fluid 
beyond. 
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and outer part of the rotation soon get out of step with each other and 
mutually cancel. Consequently (& 0&/dx,) declines to zero with increasing 
®. To exhibit this, suppose that O(@)=0,(1 — a/b), so that the angular 
velocity declines linearly to zero at w=b with dQ/d@ = —QO,/b, and is 
zero everywhere beyond. Then with b =a, it follows that F(®) and G(®) 
in (18.49) and (18.50) are 


F(®) = (12/0*{O(@ + sin P) — 4(1 — cos &)} 


= (D*/30)(1- 7/144. ..), (18.54) 
G(®) = (2/*){6@(3 +. cos P) — (P? + 24 sin &)} 
= (/10)(1—-307/14+4+...). (18.55) 


Again, for small ©, the components with three unequal indices dominate. 
For ® of the order of one, the non-vanishing components are comparable, 
while for large ® the components with unequal indices diminish as ® ' 
while those with two equal indices diminish as P? and are again 
negligible. The variation with ® is shown in Fig. 18.10 by the two dashed 
curves. 

If the rotation is limited entirely to the rising column of fluid, putting 
b =4a, so that Q=0 in the descending fluid in ża < w <a and beyond, it 
is a simple matter to show that 00/a@@ = —2Q0,/a and 


F(®) = (1/8*){@(@* + 12 sin b)— 24(1 — cos ®)} 


= (*/20)(1—37/112+...), (18.56) 
G(®) = (1/4@*}{60(1 + cos P) + (° — 12 sin &)} 
= (3/80)(1-587/16+...). (18.57) 


The components with three unequal indices are again O(®) for ®<«1, 
while those with two equal indices are only O(®*). They are all of 
comparable magnitude for ® of the order of unity. The components with 
three unequal indices decline asymptotically as ®~' for large ®, whereas 
the components with two equal indices approach a constant value of 
—11a*cv3t3/8V. The finite limit as ® — © is a consequence of the confine- 
ment of the rotation to the rising fluid, wherein f dwav, is not zero. The 
results are shown in Fig. 18.10 by the two heavy curves. 


18.3.4. Physical properties of the dynamo coefficients 


It is evident that v3t;F(®) is an even function of the rotation ® and an 
odd function of the displacement v3t,, while v,t,G(®) is an odd function 
of both. It follows that F(®) is non-vanishing even if there are equal 
numbers of eddies with opposite rotations. This is a dynamo effect, then, 
in turbulence with zero net helicity. It occurs along with Kraichnan’s 
reduced, or negative, turbulent diffusion in rapidly rotating bodies and is 
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explored briefly in §19.3. It has somewhat the same nature as the dynamo 
effects leading to the negative turbulent diffusion. It is different, however, 
in that v3t,F is an odd function of v3, so that equal numbers of eddies 
with opposite displacements give a mean value of zero, whereas the 
negative turbulent diffusion survives. 

Equal numbers of eddies with opposite vQ, (i.e. helicity) yield v3t,G = 
0, so that (é, 0&,/dy) is non-vanishing only insofar as one sign dominates 
over the other. The expressions computed above may be considered to 
represent the residual after mutual cancellation of eddies with equal and 
opposite helicity. 

This is perhaps the appropriate place to comment on the coefficients 
that would be computed if the rotation precedes, or is simultaneous with, 
the rising and sinking motions, rather than following as in the foregoing 
calculations. Suppose then that the rotation is switched on first for a time 
t, in the volume ~c <z < +c. Following the rotating motions the rising 
and sinking motions are switched on for a time t, leading to the displace- 
ment é (w). Then the fluid which has undergone both rotation and 
convection (rising and sinking), so that it contributes to & d&/dx,, 1s the 
fluid in w <a, —c+é(m)<z<4+c+&(@). With both ® and v, indepen- 
dent of z across the region of rotation, the integration over z from 
—c +é, to+cté, gives the same result as the integration over —c from to 
+c in (18.47). Thus the coefficients (& d&/dx,) are the same as computed 
above. 

If the rotation is simultaneous with the rising and sinking motion, and if 
the rotational motion ® is carried along with the fluid velocity v, (æ), the 
result is also the same as computed above. Hence, the idealization by 
which the rotation precedes the rising and sinking motion is a computa- 
tional convenience but does not affect the final result for (& 0&/@x,.). 

There are several conclusions to be drawn from the examples and the 
curves shown in Fig. 18.10. One is that both the magnitude and form of 
the coefficients (€, d&,/dx) and (£, d&,/dy) vary markedly depending upon 
the distribution of rotation across the rising and sinking fluid. The 
coefficients differ from zero only insofar as the rising and sinking regions 
undergo different rotation. The form of the coefficients varies strongly 
with the distribution of rotation, going asymptotically to zero, or to a 
finite value, with increasing rotation. These sharp differences show the 
precision with which the fluid velocity must be known from either 
observation or theory to give an accurate value for (é, d&/dx,). The mean 
value depends critically on the quantitative details of the distribution of 
strain rate dv,/dx, across the velocity v;. 

In slowly rotating bodies, such as the sun or the galaxy, one expects the 
rotation during the life of an eddy to be small, ® = Mt, « 1, in which case 
the coefficients (£, dé,/dy) with unequal indices, representing the net 
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helicity, are the dominant effect. Then the source term 
t (AJAX, KE, 0&/0%;) 


on the right-hand side of (18.37), shown in detail in (18.39), reduces to 
the vector (T B4, TB, 0) with 


T = —a*cv3tz,G(®)/ Vr. 


This is, of course, just the result (18.7), in which the cyclonic convective 
cells interact with the horizontal field Bẹ. The coefficient I is plotted, 
then, in Fig. 18.10 for three different forms of convective cell. 

It is a simple matter, now, to estimate the numerical magnitude of the 
dynamo coefficient I in terms of the scale L and characteristic velocity v 
of the eddies and convective cells that appear in nature. A glance over the 
values of G(®) for the various configurations of cyclonic convection 
shows (see (18.52), (18.55), and (18.57)) that G(®) = e® where e = 0-03- 
0-1. The volume V per eddy is not less than the volume 8a*c occupied by 
the region of rotation, assuming rectangular close packing. The net 
translation v3t; is presumably comparable to the dimension L of the 
eddy. Hence, altogether, 


r =g7reL O/T. 


It is readily shown that the mean cyclonic velocity v = wQ over the 
radius is 


a 


zl 
=- | d 
(Va? a Wg, 


= paQ,to/T 
= pa®/t 


where u is a numerical coefficient, comparable to e for each of the three 
configurations (e =3, b, @ while u =4%, ¢, and 34, respectively). Hence, 
with a= L it follows that 

l=0-4(v,) (18.58) 


as an approximate rule of thumb for the dynamo coefficient F. The 
dynamo coefficient is essentially a direct measure of the cyclonic velocity 
in close packed cyclonic cells and eddies. 

It is interesting to consider the dynamo effects in physical circumstances 
wherein the rotation goes beyond about one radian. One might expect that, 
in a body rotating as rapidly as Earth, completing some 10° rotations in 
the life span of a single eddy, the rotation proceeds to 7/2 and beyond. 
There is the theoretical possibility that (€, 0&,/ay) may become negative, 
when the raised dent in the lines of force is rotated beyond 7 so that its 
projection on the meridional plane (see Fig. 18.5) has the reverse sense of 
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rotation. The light curve and the dashed curve (eqns (18.52) and (18.55)) 
in Fig. 18.10 show this reversal, with the corresponding change in the sign 
of I. The generation of the dipole field of Earth would then proceed as 
described in §18.1 if the angular velocity of the core increased outward 
from the axis of Earth, rather than decreased. Note too that if the 
principal cyclonic effects were associated with downdrafts rather than 
updrafts in the core, the generation of the dipole field with ®< a would 
proceed with the angular velocity increasing outward, whereas if ®> r, it 
would proceed with an angular velocity decreasing outward. We are not 
yet in a position to assert, beyond the inference from the westward drift, 
the fluid motion in the liquid core of our planet. It remains for the future 
to decide these points, as emphasized in §18.1. 

We should not take the reversal of IT at ®= 7 too seriously, however. 
The reversal is possible only in the idealized convective cell or eddy 
wherein all parts of the eddy maintain their rotational phase coherence 
for extended periods. There is no reason, of which we are aware, to think 
that this happens in nature. The circumstance where the angular velocity 
© varies linearly across the rising and sinking fluid is sufficient to destroy 
the coherence, with the result (18.57), shown by the upper heavy curve in 
Fig. 18.10, that I is positive for all ® and declines only slowly to zero, as 
P +, with increasing ®. There is always some part of the cell in which the 
rotation gives a positive contribution large enough to dominate the rest. 

Thus the sign of (é 0&/dy) is an open question if there are cir- 
cumstances where the cyclonic eddies possess a long-lived rotation. There 
is in addition the fact that the coefficients (&, d&,/8x) with two equal 
indices, are no longer smaller than the coefficients with three unequal 
indices. All three terms in (18.39) must be retained and the dynamo 
equation does not reduce to the standard form (18.7), but has the more 
general form (18.37). This fact was pointed out some years ago (Parker 
1955b). 

The physical origin of the terms with two equal indices, e.g. £ d&,/dx is 
elementary. A local convective eddy displaces the lines of force both 
upward and downward in equal amounts. The upward and downward 
indentations may be of different shape, but conservation of incompressi- 
ble fluid means that they involve equal and opposite displacements, as 
sketched in the yz-plane in Fig. 18.11. If we think of each indentation as 
a local loop of field superimposed on the initial large-scale field, the two 
loops represent equal and opposite magnetic circulation, and hence no 
net circulation. Now suppose that the upward indentation is rotated about 
the vertical z-direction through any angle ®. The projection of the 
upward indentation on the yz-plane is reduced by the factor cos ®, while 
the downward indentation is unaffected. The net circulation in the yz- 
plane is then no longer zero, but is proportional to 1—cos ®. It does not 
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Fic. 18.11. A sketch of the upward and downward indentations in the lines of force 
produced by a convective displacement of fluid in the z-direction and the return flow. 


matter whether ® is positive or negative. Hence equal numbers of eddies 
with opposite rotation produce the same effect as if they all had the same 
rotation. The net generation of vector potential (in the x-direction) is 
independent of whether there is net helicity. Equal numbers of eddies 
with opposite vertical displacement patterns give zero effect, of course (see 
also Figs. 4(a), 4(b) in Parker 1955b). 

The effect slips through the mathematical net cast by the formal 
theories of the hydromagnetic dynamo effect, reviewed in §18.5, because 
they deal with perturbations of small magnitude, equivalent to ®<«1. 
Altogether, then, the form (18.7) is adequate for the present purpose of a 
preliminary exploration of the theoretical possibilities for the generation 
of magnetic field in astrophysical bodies, such as Earth and the sun. But it 
must be kept in mind for the future that (18.7) is only the lowest order 
approximation for small ®. Sooner or later it will be necessary to explore 
the solutions of the more general form (18.37) in which the non-vanishing 
of the coefficients with two equal indices is recognized. 


18.3.5. Directional distributions of helical convective eddies 


Up to this point the z-axis, about which the cyclonic eddy rotates, has 
been tacitly assumed to lie in the vertical (radial) direction. That is the 
sense of rotation of the cyclonic eddies in a stratified atmosphere. There 
may be circumstances in nature, however, in which there is net helicity in 
either or both of the horizontal directions. Indeed, in the formal 
mathematical theories developed in the last decade, the isotropic case is 
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often treated, because of its formal simplicity, if not its physical applica- 
bility. We would expect cyclonic convection in an astronomical body to 
have axial symmetry about the vertical direction (as treated in the above 
examples) if it has any symmetry at all’. 

In any case it is instructive to look briefly at the source term of the 
dynamo equation for cyclonic eddies oriented in all three directions. The 
above calculations can be taken over in a very simple way to eddies with 
their axis of symmetry in, say, the x-direction. In that case the z- 
coordinate above becomes the x-coordinate. In order to maintain a 
right-handed coordinate system, then, x and y in the above calculations 
map into the y- and z-coordinates respectively. All subscripts and coord- 
inates are changed accordingly. For eddies with their axes in the y- 
direction, z transforms to y while x and y map into z and x, respectively. 
Denote by v; and Q, the velocity and rotation of the eddies with 
rotational symmetry about the x-direction and v5, Q, for the y-direction. 
Then write F, and G, for 


(nca V)v3t3F(O,t) 
and 
(mca?| Viv: G (Q, t>), 


respectively. Denote by F, and G, the same quantities for v, and 0, and 
F>, G, for v, and (,. Then it is readily shown that the total effect is 


(E 0€,/0Z) =(& 0&/dx) = Fy, (18.59) 
(& d&/dy) =(& 0€,/0z) = Fy, (18.60) 
(é 0&,/0x) = (é 08 /dy) = Fs, (18.61) 
as the extension of (18.49), and 
(£ 0&,/dy) = Go + Ga, (18.62) 
(& 0€/0z) = G, + Go, (18.63) 
(é 0&/dx) = G3+Gi, (18.64) 


as the extension of (18.50). In view of (18.49), there are, then, 18 
non-vanishing components of & d&/dx,, described by six functions. For 
i =j the components vanish, neglecting terms O(1/A). If we imagine that 
the turbulence is statistically isotropic, then F; = F» = F3, G, = G, = G;, 
and there are only two independent components. 


’ Moffatt (1976, 1978) has outlined some of the basic properties of axially sym- 
metric turbulence in connection with the construction of formal dynamo theories. 
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18.4. Negative turbulent diffusion 


18.4.1. Introductory discussion 


This is the appropriate point to inquire into the nature of the negative 
turbulent diffusion discovered recently by Kraichnan (1976a, b) in model 
turbulence that is statistically mirror-symmetric (zero mean helicity). (See 
discussion in §$17.1 and 17.4). The essential feature of the model 
turbulence is the long persistence of the eddies. Each eddy was rep- 
resented as a drifting cyclone, say of dimension I and internal velocity v. 
The individual cyclones live somewhat longer than the characteristic time 
lJv seen by a fixed observer. Each eddy, or cyclone, has strong internal 
helicity, but there are equal numbers with opposite helicity so that the 
total is zero. There is, then, no dynamo effect, of the character described 
in §18.3. There is, however, the curious property that the turbulence 
causes existing fields to bunch together rather than spread out. The effect 
has in common with the dynamo the ability to enhance the energy and 
order of the magnetic field. 

Negative turbulent diffusion bears directly on the old questions of the 
effect of isotropic, mirror-symmetric turbulence on, say, a relatively weak 
(B?<Anpv’) initial magnetic field, and whether there is equipartition 
between the field and the large eddies, or the smaller eddies, etc. 

The remarkable property of the magnetic fields of the sun, to bunch 
together—i.e. to break up—into isolated flux tubes widely separated from 
each other, comes to mind as a possible product of negative diffusion. 
However, the quantitative considerations on negative diffusion in a slowly 
rotating sun, (presented at the end of this section) make a dubious case 
for the idea. Krause and Roberts (1973) have treated turbulent diffusion 
in turbulence with small magnetic Reynolds number, using the quasi- 
linear approximation. They show, to that order, that there is no tendency 
for statistically stationary, isotropic, mirror-symmetric turbulence to sus- 
tain magnetic field. The only turbulent effect is the dispersal of the field 
by the eddy diffusivity just as a scalar field is dispersed. They emphasize, 
however, that their conclusions are valid only to the order of the 
quasi-linear calculation, and higher order approximations may yield 
different results. The direct interaction approximation also yields equality 
of the turbulent diffusion coefficients for vector and scalar fields. We have 
already seen one higher order result in the non-vanishing of F(®) in 
mirror-symmetric turbulence, as noted following eqn (18.56). Kraichnan’s 
demonstration of negative turbulent diffusion of field, through direct 
numerical calculation of the fluid displacements and strains in strong 
eddies in an infinitely conducting fluid, was another step at higher order. 

Consider, then, how negative turbulent diffusion arises. The turbulence 
is assumed to have equal numbers of eddies with opposite helicity so that 
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the net helicity is zero. Yet the negative diffusion depends upon each 
individual eddy (with non-vanishing helicity) having a relatively long life, 
in excess of the characteristic time [/v, during which the rotation of the 
fluid in the eddy proceeds through some large angle, of the order of 7. 
The rotation is an essential part of the effect. At first sight the effect 
appears paradoxical because whatever is accomplished by the rotation of 
one eddy would seem to be cancelled by its mirror image, with opposite 
rotation. The dynamo effect F cancels completely, as described in the 
foregoing sections, because the projections of the loops of field on the 
local plane perpendicular to the large-scale field have opposite signs of 
circulation, depending upon whether they are produced by fiuid motion 
with positive or negative helicity. In the circumstance of negative diffu- 
sion, however, it is the projection of the loop on a plane that is parallel, 
rather than perpendicular, to the field. In that plane the sign of the 
circulation of the loop is independent of the sign of the rotation and of 
the helicity of the eddy that produced the loop. If there is no rotation, so 
that each eddy only dents the lines of force, the dents have a sense of 
circulation that produces the familiar positive turbulent diffusion of the 
large-scale field. If each dent is rotated through an angle +r, then its 
local circulation is reversed and the effect is negative diffusion. Eddies 
rotating equal amounts to the right and to the left accomplish the same, 
rather than opposite, effects on the field. The effect is a maximum for a 
rotation of m (or 37 etc.) and vanishes for 27 (or 477 etc.). Hence it arises 
for larger total rotation than the dynamo effect, which peaks at 7/2. 


18.4.2. Physical basis for negative diffusion 


To illustrate the negative diffusion consider the interaction of four 
cyclonic eddies, each of small-scale l, with a large-scale field B,(z). The 
eddies each revolve, and their fluid is displaced in the z-direction as in 
Fig. 18.9. Their return flow is assumed to be broadly distributive and 
without significant rotation, so that each eddy has strong helicity. Two 
eddies rotate clockwise about the z-direction, while two rotate coun- 
terclockwise. The rotating portion of one of the clockwise eddies moves 
in the positive z-direction and the other in the negative z-direction. The 
same applies to the counterclockwise eddies, so that there is complete + 
symmetry. The net rotation, displacement, and helicity are all identically 
zero. The distortion of a line of force by each of the four eddies is 
sketched in Fig. 18.12 for the simple case where the rotation is through 
an angle +7. The figure is drawn for B,(z) increasing linearly with z, the 
vector potential A, being in the x-direction and increasing as z*. Write 


B, =+0A,/dz >0, ðB /ðz = +0°A,/dz* > 0 
for the local large-scale field. Denote by AA, the change in the vector 
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Fic. 18.12. A sketch of a line of force of the magnetic field B,(z) displaced from the y-axis 
by four eddies, two toward positive z and two toward negative z, one of each pair rotated 
about the direction of displacement through the angle +a and the other through —7. Note 
that both loops displaced toward positive z have a counterclockwise rotation, indicated by 
the plus sign, while those displaced toward negative z have a clockwise rotation, indicated 
by the minus sign. 


potential produced by the eddies. It may be seen from Fig. 18.12 that the 
lines of force displaced toward positive z represent a circulation of field 
around a local maximum in AA,, indicated by the + sign in Fig. 18.12, 
whereas the lines of force displaced toward negative z are described by a 
local minimum in AA,. Thus the first moment of AA, is positive, 


“boo +00 
Í ayf dzzAA, > 0. 
The net effect of the four eddies is a displacement of vector potential in 
the positive z-direction, up the gradient in A,. This is the negative 
turbulent diffusion produced by long-lived eddies, each with strong inter- 
nal helicity. It is evident that the result is independent of whether all 
eddies have the same helicity, or whether there are equal numbers with 
positive and negative helicity. 

The magnitude of the negative diffusion can be estimated from the fact 
that for the loops shown in Fig. 18.12 the magnitude of the in- 
homogeneity AA, produced by each eddy of scale L is proportional to L 
times the strength of the field at the initial position of the line of force. 
Thus the magnitude of the positive AA, transported to z = 0 from z = ~L 
is proportional to LB,(~L) while the AA, transported to z=0 from 
z=+L is negative and proportional to LB,(+L). The net accumulation 
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5A, at z=0 is of the order of 
5A, =AA,(—L)+AA,(4+L) 
= L{B,(-L)— B,(+L)} 
= —2L? dB,/dz. 
The accumulation ôB, of field is 05A,/dz. Noting that half of the eddies 
displace the field in the positive z-direction and half in the negative 
direction in one eddy life 7+, it follows that the mean rate of accumulation 
of field is 
PB, 1 dBA... _ 2 (LŽ aB.) 
ðt 2r ðz  ðz\r ðz/ 


The turbulent diffusion coefficient for magnetic field may be as negative, 
—L?/r, as the turbulent diffusion coefficient for scalar fields is positive. 
The effect is described formally by the term 
1 PAL on yu 
5p pee MED (EZ 06 /0x)} 
on the right-hand side of (18.37). The turbulent diffusion coefficient is, 
then, 


1 
r= 5- KED — (EZ 0&,/0x)}. (18.65) 


The term (&2) represents the usual turbulent diffusion of scalar and vector 
fields, discussed at length in Chapter 17. The additional effect, leading to 
negative diffusion, is (£2 0&,/dx). 


18.4.3. Illustrative models 


To illustrate these two effects with the idealized eddies employed in 
§18.3 suppose that, in its own local coordinate system, the fluid is rotated 
by the amount O(a, z)t, throughout the cylindrical region 0< w <b, 
—c <z < +c sketched in Fig. 18.9. That volume of fluid is then subjected 
to the translation (18.43) for a time t,, producing the displacement 


&, = v3t3(1— w/a)(1—2a/a) 


throughout w <a. The fluid that has experienced both rotation and 
translation occupies the region 


—c+&(@m)<z<t+ct+é(o), 


w <a, so that 
+e 


(E2 a& Jax) - l 'az| dow | ade? a8 Jax 


—ct+é, 


2c a Qar 5 
= dww dé; 0&1 0X, 
V O 0 
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where, as before, V represents the volume of space per eddy. The 
calculation of (€2) involves translation alone and depends, therefore, on 
how far the translation extends beyond the boundaries of the rotation. If 
v, maintains the uniform value (18.43) from z=~—h to z = +h, then 


+h 


D= [ az “dow ago). 


At z = +h there is presumably a thin sheet of radial flow transporting the 
fluid from the rising to the sinking region for the return flow. Hence, for 
(18.43) 

(E2) = ma v3th/15V. (18.66) 


If the rotation is assumed to have the uniform value Qt, from w =0 out 
to w=4a, so that the rotation is confined to the rising column of fluid, 
then with (18.45) we obtain 


(E 0€,/0x) = (ma*v3thc/15 VRA — cos p) 
where again ® = (),t,. Hence the turbulent diffusion coefficient (18.65) is 
_ 1 ma*v5t3c (* 13 13 


= ae ee at ef eaa £ 
27 15V cos P 


- 16 16 (18.67) 


If the rotation extends uniformly all the way to w =a, then 


(E2 0&,/dx) = (tra? v3 thc/ 15 V)(1 — cos ®) 
and 


——|+cos ® 


_ 1 ma*v3t3c (" 
MT ar 15V \e 


(18.68) 


Note that the effect is an even function of the rotation ®, so that the sign 
of rotation does not matter. An equal number of opposite rotations 
produces the same effect as rotation of all one sign. 

Now h must be at least as large as c +v,t, to contain the region of 
rotation after distortion by é. But for purposes of comparing (&2) with 
(¿Z a&,/ax) to determine the sign of nq, it does not matter whether vst, is 
large or small compared to c. To simplify the exposition, then, suppose 
that v3t;«c, so that h=c and (18.67) and (18.68) reduce to 


ma*cv3ts 3+13cos®  ma7cv3t3 


OT Pre ee  —— ee_e_—_ 1 — 132 + . es - 
NT 30V7 16 30V, O? }, (18.69) 
ma’ cv3t3 ma’ cv5 ts a? 
== 3 wi 3 (jit... 
Nr 30V cos ® 30Vr (1—5@ J (18.70) 


respectively. The first expression is negative for 103° 20” < <256° 40’, 
while the second is negative for 90° < œ < 270°. Note that the second case, 
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with the rotation extending uniformly across both the rising and sinking 
columns of fluid gives the strongest effect. Yet in this case there is no net 
helicity. The coefficients (€, 0&,/dy) etc. contributing to the dynamo effect 
vanish. For negative diffusion, on the other hand, the sign of the helicity 
does not matter. It is only the fact that, through either clockwise or 
counterclockwise rotation, the loops of field have been rotated. The rising 
column displaces its rotated loops in one direction and the sinking column 
in the other, as sketched in Fig. 18.12. All such loops contribute the same 
sign to the effect. The diffusion coefficients (18.69) and (18.70) are 
plotted in Fig. 18.13. 

Suppose, then, that the rotation is not uniform but declines linearly to 
zero at wm =4a and is zero beyond. Then (£2) is unaffected while Q = 
0,(1—-2a/a) yields 


(g 26s) nca v3 t3 (215133900 
* ax 15V 16 40° 204 p° 
15 (85810) 9 585_900) 
p \b* t 2m* s 
_ mca ’v3t3 3D? 
~ 15V 28 


The resulting diffusion coefficient is plotted in Fig. 18.13. It barely goes 
negative. The inner portions of the eddy rotate more rapidly than the 


{1+ O(®)}. (18.71) 


Fic. 18.13. A plot of the turbulent diffusion coefficient 7, in units of ma?cv3t3 from eqns 
(18.69), (18.70), and (18.71), as a function of the angular rotation ® = Q,t, at the centre of 
the eddy. 
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outer portions, so that for any given ®> 7/2, there are both positive and 
negative contributions, from regions that have rotated more or less than 
7/2. In the asymptotic limit of large ® the rotation is so smeared across w 
that the coefficient approaches the value 


2cv2t3 {13 15 1 
agor) M88 a 2+ 0(z)} 18. 
The net diffusion coefficient approaches the constant, reduced value 
ma’ cv3t3 (2- 15 
nr 30 V7 l 


16 Jo .. (18.73) 
This asymptotic limit is the same as the mean value of (18.69), because 
for large ® the average of the rotation Q,(1-2w/a) over w<4a in 
(18.71) gives the same effect as the average of (18.69) over many 
rotations. The diffusion coefficient is 3/16 its normal value for ®=0. 

The negative contribution of (¿2 əë/ðx} to the turbulent diffusion 
coefficient begins when the rotation ® increases from zero. The growth 
from zero is quadratic in ®, as may be seen from (18.69)-(18.71), and 
becomes significant only for d= 1. This brings us to the question of the 
circumstances in nature where the effect might be encountered in signific- 
ant degree. 


18.4.4. Negative diffusion in nature 


In a slowly rotating body, in which the period of rotation T is long 
compared to the eddy life L/v, the net rotation of the individual eddies is 
small, with ® of the order of L/vT<1. Hence there is no evident 
reason to write nr from (18.65) as other than 


n=} (EMI -e +...) (18.74) 
2T 


where in most astrophysical circumstances € is a number less than 0-5 as 
in (18.69)-(18.71). When better information on the dynamics becomes 
available, this approximate value can be corrected to the complete 
expression (18.65). 

On the other hand, in a body that turns through many revolutions 
during the life of a single eddy we might expect to find ®21. The 
reduction of ny, given by (18.65), is then large so that ny is greatly 
reduced from (18.74) and may be negative. Of course, in such rapidly 
spinning objects there are not equal numbers of eddies with positive and 
negative rotations, but rather a strong domination of one sign over the 
other. That in no way affects (£2 d&,/dx), which is an even function of ®, 
but it means that there is a net helicity and an associated strong dynamo 
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effect. The negative diffusion becomes important along with the dynamo 
effect when ® is of the general order of unity, or larger. Hence Kraich- 
nan’s reduced, or negative, turbulent diffusion coefficient is primarily a 
concern for the strong hydromagnetic dynamo. The dynamo in rapidly 
rotating bodies must be treated with suitably reduced nr. Just how much 
Nr is reduced in any special circumstance is hard to say, of course, 
without a quantitative knowledge of the dynamic motions. 

In the sun the only convective cells positively identified so far by 
observation are the granules and supergranules, with characteristic lives 
of 10° and 10°s respectively. Both lives are short compared to the 
rotation period of 2 10°s of the sun as a whole. Hence we expect but 
little cyclonic rotation, ®<0-2, and, in fact, none is observed (@® s 0-2). 
Hence ®*« 1 and ny should be adequately represented by the first term 
in (18.74) (i.e. (17.71)). The same conclusion applies to most other stars, 
which rotate relatively slowly, with periods of 10°s or more. If there are 
longer-lived giant convective cells in the sun, then there is a possibility for 
significant rotation and, on some suitably large-scale, a reduced turbulent 
diffusion. But that is only a speculative possibility at the moment. 

Similar conclusions apply to the gaseous disc of the galaxy, with a 
rotation period of the order of 2x 10° years. The characteristic period of 
the internal disordered motions of the interstellar gas is of the order of 
10’ years so that the cyclonic rotation must be small, ®?« 1, and the 
reduction of y+ negligible. 

On the other hand, there are among the hot stars many that rotate 
rapidly, with periods of 10° s or less. If they contain internal convection 
and circulation comparable to the supergranules on the sun, then we 
would expect turbulent diffusion of field with strong rotation of the eddies 
so that the turbulent diffusion is significantly reduced below the value 
(18.74). In such circumstances there is also a strong dynamo effect. The 
combination of a strong dynamo effect [ and a reduced diffusion coeffi- 
cient n; produces strong magnetic fields, but perhaps in a high mode, i.e. 
distributed over the surface of the star in patterns of small wavelength. 
Hence, the mean field over the surface may be very small, even though 
the local fields are strong. This fact, together with the rapid rotation of 
the star, makes observational detection very difficult. 

Planetary bodies rotate rapidly so that we might expect the turbulent 
diffusion to be greatly reduced from (18.74). Earth turns through more 
than 10° revolutions in the 10?-year life of a convective cell in the core, 
suggesting the possibility of strong cyclonic rotation, with ® > 1. With the 
expression (17.71) for the turbulent diffusion coefficient, and turbulent 
velocities of 10° cms™* with a life of 3x10'°s (10% years) we obtain 
ny = 4X 10* cm’ s t, to be compared with the molecular resistive diffusion 


coefficient of y=10*cm?’s7'. Turbulent diffusion makes an important 
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contribution to the decay of the large-scale fields in the core of Earth. 
The effective value of the diffusion coefficient may be significantly re- 
duced, even to negative values, by the rotation of the convective cells. 
The effect should be included in any eventual quantitative model of the 
geomagnetic dynamo. At the present time we know so little about the 
fluid motions, not to mention 7, in (18.74) and its reduction by cyclonic 
rotation, that a quantitative model is out of the question. 

If we estimate the reduced diffusion effect to be important in the core 
of Earth, then, it is doubly so in Jupiter where the planet spins faster and 
the resistive diffusion coefficient n = 10* cm’ s™* in the metallic hydrogen 
is smaller (cf. Chapter 20). Unfortunately we know nothing at all of the 
convective velocities of Jupiter, so it is not possible to say more. Al- 
together, then, the reduction of the diffusion coefficient from (18.74) 
occurs in strong dynamos, in rapidly rotating bodies. Elsewhere ny from 
(18.74), i.e. the diffusion coefficient for scalar fields (17.71), is the best 
estimate of turbulent diffusion of magnetic fields available. 


18.5. The dynamo effect at low magnetic Reynolds number 
18.5.1. Quasi-linear approximation 


Consider the production of vector potential by cyclonic eddies with 
small magnetic Reynolds number Rm = Lv/n so that the quasi-linear 
approximation can be employed, as in §17.2. The equation for the mean 
field is given by (17.20). With net helicity, the correlation tensor 
(vi (Xr t)u;(xf, t’) for isotropic (but not mirror-symmetric) turbulence is 
given by (A20) in Appendix A of Chapter 17. The correlations 


(v; (Xk, t) ðvj(xk, t")/Ax?,) 


are given by (A3) and (A4). 

The first of the four terms on the right-hand side of (17.20) gives zero 
because of (A7) for an incompressible fluid. For the remaining three 
terms, expand B,(x’, t) in a Taylor series about x,, with én = Xh Xn- 
Keep all the terms through 47B,/dx,, 0x,,. Note that the Green’s function 
G is a function only of the magnitude ¢ of @, as are the correlation 
functions A(f), B(©, and C(¢). Hence any terms with odd powers of ék 
vanish upon integration over é. The only non-vanishing quantities, then, 
are the turbulent diffusion coefficient, yielding (17.22), and the two equal 
contributions from the second and third terms, yielding 


(= n¥?\B,) =? s [asfersg s) 


ot 
X UE GOD) + Eien (eG /o} (18.75) 


where s =t—t’. Consider the i= 1 component. Noting that the integral of 
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¢,¢, vanishes unless n = j, it is readily shown that 


ð 0B, aB 7 
(Ž-nv?)B)= 2u (22 2 22a) | asfare s)(C + C'E3/0), 
ð OX», OX3/ Jo 

where we have taken advantage of the fact that integrals over £5 yield the 
same result as £3. Next, do the angular integrations in d*r’. Substituting in 
the explicit form (17.18) for the Green’s function, the result reduces to 


ð 2 uE ðB, ds d 5 
fr mv Je 95 3min ale ake, (f°C)exp(—¢7/4ys) (18.76) 


for the ith component. By comparison with the curl of (18.7) we see that 
the dynamo coefficient is the quantity 


r= l S TAG Oexp( - £) (18.77) 


To give an explicit value for T it is necessary to specify C(4& s). 
Suppose, for instance, that 


5? f° 
C(fs)= S exp(- = )exp(- | (18.78) 
where a is the mean helicity (v.V xv). Do the integration over ¢ first. 
The result is 


æ a22 
r=} Í ds exp(-s*/T) | (18.79) 
D 


(1+4nsi L°} 


The quasi-linear approximation is valid for small magnetic Reynolds 
number for the individual eddies, 7 > L?/n. Hence the Gaussian factor is 
essentially unity for any s for which (1 +4ns/ L°)? is non-negligible, with 
the result that 


T =—-aL2/18n. (18.80) 


This result was obtained first by Steenbeck et al. (1966) (see also 
Steenbeck and Krause 1966, 1967; Krause and Steenbeck 1967; Radler 
1968; Krause 1968; Krause and Roberts 1973; Roberts and Soward 
1975). 


18.5.2. Fourier transformed equations 


Consider the calculation, of the production of vector potential by 
cyclonic eddies, working with the Fourier transformed equations pre- 
sented in §17.3. Starting from (17.36)—(17.38), it is obvious that the first 
order term b‘?(k, t) has zero mean, because (u;)=0, while the second 
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order term yields 
(bP (k, t= - n| arf ar” farw farr'k; 
0 

x exp{—nk*(t _ t’) — mk? (t t”) — nk’? t's 
x [b, (k", OKu (k-k, t’)uj(k’—k’, t”)) 
T (u; (k — k’, t’) uj (k' ~ k”, t”))} 
— 5 (k", Ou, (k-k, tu, (k —k’, t”)) 
+ b (k", Ou; k-k’, tu, (k’ —k”, t”))]. (18.81) 


The correlation tensor (u;(k—k’, t’)u,(k’—k’, t")) is given by (A23) and 
(A24) (Appendix A, Chapter 17). The symmetric part of the correlation 
tensor contributes nothing to the coefficient of b„(k”, 0) in the integrand, 
so that turbulent diffusion is derived entirely from the last two terms 
b;(k", 0) and b,(k”, 0), as shown in (17.39). With non-vanishing helicity, 
then, the anti-symmetric part of (u,u;) is 


—iu*S(k-k’)y(k, 8)éinkn- 
This leads to the contribution B,(k, t) given by 


B; = iu? exp(—nk"2) | arf ds [a'k exp{—7(k’? —k?)s} 
0 0 
x y(lk—k'], s)[2b, (k, O)K KY Eim (Kin T kta) 


+ b; (k, O)k;knEinm (Km E kt] 


upon writing s = t'— t", integrating over k”, and noting that the divergence 
condition yields k;b;(k, 0) =0. The simplest way to proceed from here is to 
write out the (i=1)-component of the quantity in brackets, noting that 
most of the terms cancel, leaving only 


2b, (k, OK (k3k4 ~~ kk4). 


Since k3k3—k.k4 is just the i= 1 component of €,,k’k,, it follows that 
B: = iu? exp(—nk?6) | arf asfar exp{—(k'* — k7)s} 
0 0 


x y(lk-k'|, s)b, (k, Okey kik,. (18.82) 
Note that the argument of y is 
Ik- k'| = (k? +k? )2f1 — k;k!/(k? + k'?)\2, 


so that, if y is expanded in ascending powers of kk‘, there are terms both 
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odd and even in kk‘, while the coefficients depend only on k”. Al- 


together, then, we can write 
y(Ik—k'l, s)=KktT+J 
where I and J are functions of (k,k‘)?, k;k,, and ktkt, so that they are 


ry? Jovy? 


independent of the sign of k/. This form for y is multiplied by 
bn (k, Ok eaktk, 
in the integral over d*k. The i=1 component is 
(ki kiks— ki k4k2)by +(k4*ks— k5k4k2)bo + (kok5k3— k47k2)b3. 


For those terms involving k5* and k%” it is evident that the integration 
over d°k’ leads to nothing when multiplied by k,k/I because the factor k? 
is odd about the origin. For those terms involving kiks, k£k4, or k4k‘4, it 
is evident that the integration over d'k’ leads to nothing when multiplied 
by either k,kiI or J, because there is at least one odd power of k/ in each 
term. There survives, then, only the term 


ba(k, O)k3k4? E b3(k, O)k, 5°. 


The other factors in the integrand now are functions only of k”, so that 
k5* can be replaced by k4? and the volume element d°k reduces to 


2a dkk? dð sin 3 


where @ is the angle between k’ and the (i = 3)-direction, k$ = k’ cos 0. 
Hence the (i = 1)-component is 


B,=+i{k.b3(k, 0) — ksbo(k, O} tS (k, thexp(—nk*t), 
where 


tS(k, t) = —4 ru? exp(—nk?t) | ar’ | ds dk'k 
0 0 0 


x exp[ — (k’” — | dð sin 8 cos? ð J. 
0 


In general, then, 
B(k, t) = ik xb(k, 0)S(k, t)t exp(—nk’t). (18.83) 


To evaluate S note that the iteration procedure leading to (17.38) is 
valid if and only if ņ is large. In that limit the principal contribution to the 
integrals comes from k” near k? and/or s =0, in order that the exponen- 
tial factor is not small. On the other hand the spectrum function y(k, s) 
peaks in the neighbourhood of some wave number ko of the general order 
of 1/L, and declines rapidly toward both larger and small values of k. We 
are interested primarily in the large-scale mean field, for wave numbers k; 
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of the order of 1/A, and, hence, wave numbers that are very small 
compared to the characteristic wave number ko for the turbulence. Thus, 
let q; = ki—k,. Then 


ylk’ —k], s) = y(q, s) 
and 
k'?~k*=q?+2q.k. 


For those values of q for which y(q, s) is non-negligible, then, k’?—k* = 
q? and the exponential factor is exp(—nq*s), declining rapidly (with a 
characteristic time 1/nké) to zero with increasing s. Over this short 
interval of time J(q, s) can be adequately approximated by 


J(q, 0) = y(q, 0). 


The integration over 0 can be done immediately, producing a factor of 
2/3. The integration over s can be carried out and the result is 


| ds exp(—nq’*s) ={1 —exp(—nq?t’)/ nq’, 
0 


which reduces to 1/nq? except over a very small interval of time 
0<¢'<1/nq* =1/nk6 


which can be neglected. In a similar vein, k’*=q* to a sufficient approxi- 
mation. The integral over t’ yields now only a factor t, so that the final 
result is 


Sau f” 
St, )=- = | aggya 0) (18.84) 
3n Io 
Note, then, that S(k, t) does not depend upon either k or t. It follows 
from (17.35) and (17.36) that 
b(k, t) = {b(k, 0)+ ik x b(k, 0)S(k, t)thexp(—nk*). (18.85) 


Consider, then, the Fourier transform of the curl of the dynamo equation 
(18.7), 


(2+ nk? \bík, t)= ilk xbík, t). (18.86) 


The solution for the initial value b(k, 0) is 
b(k, t)={b(k, 0)+ il tk x b(k, 0)}exp(—nk71) 


for values of t that are suitably small. This is precisely the result (18.85), 
with S(k, t)=T. It follows from (18.84) that 
Saru- 


p= At dqa?v(a, 0), (18.87) 
Sn 0 
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which is to be compared with (18.77). The two expressions are not 
identical, to be sure, but in the limit of large n, for which the correlation 
time t< O(L/v) for the turbulence is large compared to the resistive 
dissipation time L*/n, the results for [ are the same. Consider the 
correlation function (18.78). It has a Fourier transform 


a exp(—s?/7’) 


elg s) = — ey 


fare exp(—iq .€— ¢°/L”) 
aL?’ exp(—s?/r?) 
=~ ere exp(—q°L7/4). 
Hence (see Appendix A, Chapter 17) 


y(q, s)=q7* dc/dq 


5 624-2 
= heen iTi exp(—q2L?/4), (18.88) 


and (18.87) yields (18.80) exactly. 


18.5.3. Direct derivation 


A particularly adroit extraction of [ from the hydromagnetic equation 
has been performed by Moffatt (1970a, 1976, 1978) for low magnetic 
Reynolds number Rn = Lv/n. Starting from the position that ņ is large, 
so that the fluid flows readily across the field, each local eddy produces 
only a small and temporary perturbation in the field. The small local 
fluctuation 6B; produced by the turbulent flow v; is balanced by diffusion 
at each instant in time. The diffusion 7V*5B, and the induction B; dv,/0dx, 
are the principal terms of the hydromagnetic equation, so that 


nV°8B, + B; ðv;/ðx; =0. (18.89) 


It is evident, then, that the local fluctuations 6B; have the same scale L as 
the turbulent eddies producing them, and B; is of the order of B,R,,,. The 
neglected term 06B,/dt is small, O(R,,), compared to either of those 
retained, while the neglected term v; 0B,/dx, is small O(L/A), where A is 
the characteristic scale of B; 

If the Fourier transform of v;(r, t) is denoted by u;(k, t) (see $17.3), 
while the transform of 5B,(r, t) is b;(k, t), then the hydromagnetic equa- 
tion (18.89) becomes 


nk2b, = iB,k;u;. (18.90) 


To the same order the induction term vx 6B in the equation (4.36) for 
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the vector potential is 


Eik V; ðB, = en [d'k [are u;(k’, t)b,. (k, exp i(k+k’).r 


iB 
= A ci [dk farr u (k', t)i (k, oe > expti(k+k’) . T}. 


The mean value of the induction term involves the velocity correlation 
(ujuy,) from A(23) and A(24) (Appendix A, Chapter 17). The sum 
Eijk (Uju) obliterates the symmetric part of (uju,) and leaves only 


Bue 3 3,’ 
Eir (YB) = hn C ijkE ikm d k d k 5(k’— k) 
x y(k, O)(K,,k,/k7 exp i{(k—k’) . r}. 
Note that €j.€inkm = +2k;. The een over k’ yields 


2B,, 2B„u? 


The integration over k gives zero unless i =n, in which case the integra- 
tion over angles gives 47r/3 and 


Sau’ B, 
3n 


Comparison with (4.36) and (18.7) yields (18.87). 


€,4(0,8B,.) = — ai dkk?y(k, 0). (18.92) 


18.5.4. Discussion 


When the electrical conductivity of the fluid is small, so that the 
magnetic Reynolds number R,, of the individual eddy is small, the fluid 
motions produce only small, local perturbations 6B; in the large-scale 
field B,. The quasi-linear approximation is applicable and provides a 
convenient formal procedure for deducing the turbulent diffusion coeffi- 
cient ny; and the dynamo coefficient l. The resulting turbulent diffusion 
coefficient (cf. (17.25)) is small, nr = nO(R~’), and so is to be neglected 
compared to the ‘zero order’ diffusion coefficient 7. The purpose in 
calculating nr was to illustrate the physical principles rather than to 
establish a quantitative value. The dynamo coefficient I, with the dimen- 
sions of a velocity, is also small, O(R~*). But T is the lowest order effect 
of its kind, and so is not negligible. It leads to a characteristic growth rate 
of the large-scale magnetic field of scale à computed from (18.7) as [/A. 
The growth rate ['/A is large compared to the resistive decay rate n/A? in 
the limit of large A in which we are working. Thus the limit of small 
magnetic Reynolds number is a non-trivial example of the dynamo effect, 
going beyond the illustration of physical principles to quantitative results 
for [ that may perhaps have application in astronomy. 
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In this context note that Vainshtein (1970) has employed diagram 
techniques to sum the infinite sequence (17.35) when R,, is large but the 
correlation time r is small, r « L/v. Then the time correlation is just 76(s). 
Suitable rearrangement of the ordering of terms in the sum leads to the 
result that 


r=he| asf daq*y(q, s) 
Q 0 


= tn? | daq*y(q, 0). (18.93) 
0) 


This result is to be compared with (18.87), the ratio being of the order of 
nt/L* =(v7/LY Rp. 


Both v7/L and 1/R,, are small. Note that Vainshtein’s result gives the 
simple scalar form for the dynamo coefficient, without the higher order 
terms computed in $18.3, because with + « L/v the cyclonic rotation ® is 
small and the mathematical methods capture only the terms that are first 
order in ®, viz. the basic coefficient [ appearing in (18.7). 


18.6. The dynamo effect near axial symmetry 
18.6.1. Braginskii’s development of the dynamo effect 


A different approach to the dynamo problem was developed by 
Braginskii (1964a, b, c), starting from the fact that the non-uniform 
rotation is the strongent fluid motion in most astrophysical circumstances. 
Consider a body of radius A with large magnetic Reynolds number R, 
defined in terms of the maximum value Vmax of V,(@, z) as R =A V max- 
With strong non-uniform rotation R may be made very large. The 
principal effect of the azimuthal velocity V,(@, z) is the generation of a 
strong azimuthal field B,(@, z) from whatever small meridional field may 
be present. Cowling’s theorem states that the axi-symmetric velocity and 
magnetic field cannot be self-sustaining, so Braginskii introduced a small- 
scale velocity component u(a@, ¢, z) lacking axial symmetry, with the 
property that the average of each of the three components Us, Ug, U, OVeT 
œ is zero. That is to say, the average is zero around any circle concentric 
about the z-axis. If angular brackets are used to indicate the @-average, 
then 


1 Dar 
(ig) =5— | agunt, $, 2) =0 
21 0 
for any value of w and z. Similarly (us) = (u,) = 0. In this way Braginsku 


was able to set up a self-consistent set of equations yielding positive 
dynamo effects. What is more, he showed that a suitable redefinition of 
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the vector potential reduced the equations to the simple form (18.7) and 
(18.8). Braginskii’s dynamo works in the same general way as the dynamo 
with cyclonic eddies, pushing the azimuthal lines of force into a corkscrew 
pattern so as to generate the meridional field, portrayed in Fig. 18.4. 
From that general point of view the reduction to (18.7) is not unexpected. 
The mathematical manipulations, on the other hand, are so entirely 
different from the cyclonic convective dynamo, and the intermediate 
expressions so remarkably complicated, that the abrupt reduction comes 
as an algebraic surprise. Indeed the reduction to the simple form (18.7) 
led Braginskii to suggest that a more direct derivation of the final 
equations may be possible. Soward has provided that simplification based 
on the concept of closed stream lines, on which we will have more to say 
later. Braginskii (1967, 1970, 1975) and Tough and Roberts (1968) have 
gone on to show that the formulation is particularly amenable to simul- 
taneous consideration of the dynamics. Braginskii’s development of the 
dynamo equations provides a powerful tool for theoretical work on 
dynamical dynamos, in addition to its novel formulation and direct 
application to the terrestrial dynamo (Braginskii 1964a, b, c). 
To follow the development write 


v= Via, z)+ula, ġ, z) (18.94) 


and 
B=B(a, z) tbl, 4, z), (18.95) 


where V(w, z) and B(w, z) are rotationally symmetric about the z-axis. 
The non-symmetric vectors u and b average to zero over œ. The axi- 
symmetric field B(w, z) can be written 


B(w, z)=e,B,(@, z)+V xe,Ag(@, z) (18.96) 


in terms of the azimuthal (toroidal) and meridional (poloidal) compo- 
nents, with the meridional component expressed as the curl of the 
azimuthal vector potential Ay. It follows that 


(yxB)=VxB(a, z)+(vxb) 


where the angular brackets again denote the average of the algebraic 
value of the individual components over œ. 
The @-component of the hydromagnetic equation (4.13) becomes 


Vo 


ðB B 
© +a(Vuy. V) -5 fy YsxYwAs} 


at ’ 
+{VxX(uxb)},t+n(V?—-1/m7)B, (18.97) 


where V,,=(V,,.0, V) represents the meridional component of the 
axi-symmetric velocity. The azimuthal component V, appears in the 
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non-uniform angular velocity V,/@ which shears the meridional field to 
produce B,. The vector potential A, follows from the azimuthal compo- 
nent of (4.36) as 
dA, 1 > > sxe 
W 

The interaction of the axi-symmetric velocity and magnetic fields 
cannot sustain the field, of course, so the dynamo effects must be 
contained in (axb). The equation for b is obtained by subtracting the 
¢d-averaged equations from the complete equations, yielding 


db/at=V x{uxB+Vxb+uxb—(uxb)}+7V’b. 


Braginskii found that a self-consistent solution can be constructed if both 
the fluid velocity and magnetic field are developed in powers of R™. The 
non-symmetric part of the fluid velocity u must be made small O(R~?) 
and the axi-symmetric meridional flow smaller yet, O(R™'). Thus write 


ula, b, z)= R 2w(a, œ, z), (18.99) 


Vul, z) = RU, (a, 2). (18.100) 
The velocity, then, is to be of the form 
v=€V(©, z)+ R=w(w, 6, z)+ R7'Uy(m, z). (18.101) 
With this ordering of magnitudes, the magnetic field has the same form, 
B =e,B (0, z)+R h(a, 6, z)+ R7'Hy(@, z)+ O(R™)By, (18.102) 


where R~'Hy, is Vxe,A,, indicating that A, is small O(R™). 

Altogether, then, the principal flow and magnetic field are axi- 
symmetric and azimuthal. The meridional parts are axi-symmetric and 
very small O(R™') while the unsymmetric parts are of intermediate 
magnitude O(R~). 

Braginskii carried through the calculations, involving the complicated 
g-averages, to obtain (uxb), and {Vx(uxb)},. The result is a rather 
complicated source term, but Braginskii showed the remarkable reduction 
of the equation by the introduction of the ‘effective’ vector potential and 
meridional velocity 


A.=Ag+xBy  U.=Uu+VxxV, (18.103) 
where 
x = Sorlwaalor, h, 2) [ddwylo b, 2) oe (18.104) 


The subscript @ denoting the meridional component, and the integration 
over ¢ is to be performed with the unit vector out in front of the integral. 
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Inspection of the terms in (18.103) shows that the quantity A, is 
azimuthal and U. meridional. Both contribute to the fields at O(R~'). To 
write the final dynamo equations for B, and A,, it is convenient to 
measure length in units of the overall dimension A and time in units of 
the resistive decay time A7/n. It follows, then, that the @-component is 


[2 (v2) |b, twU.. v) 28= [v xvoRra,] 
T TF TF 


ot b 


(18.105) 
The definition of the effective vector potential and meridional flow has 
incorporated the term {V x (uxb)}, in (18.97) into the other quantities, so 
that the form of the equation is exactly that for axi-symmetric fields and 
velocities. The equation for the effective vector potential A, is 
ð i 


1 
L (y2— ES _ | 
FF (y =) la+ (U. . V)wA.=TB,, (18.106) 


where IT is the dynamo coefficient, defined as 


mR = (wulo, d, z) x | ddwulw, d, z)) + (Wry XIW Ipa 
db 


+ 2( Vu OW +zw,). Vas | debater Q, 2)). (18.107) 


The derivative dw,,/dd and the integration f d@w,y, are to be performed 
as though de,,/dd =0. The subscript M denotes the meridional compo- 
nents of vectors and gradient operators. The dynamo coefficient I is small 
O(R™') so that the source term TB, is of the same magnitude as 0A,/dt 
and V*A.. 

The equations, then, have the basic axi-symmetric form (18.7), (18.8) 
with the dynamo effect appearing as the generation of net mean 
azimuthal vector potential by the average interaction of cyclonic fluid 
motions with the azimuthal field. Motivated by the surprising algebraic 
reduction of the equations to the basic form, Tough (1967) and Tough 
and Roberts (1968) carried the calculations to one higher order in R ? 
and found that, with suitable definition of the effective meridional veloc- 
ity U, and azimuthal vector potential A,, the equations reduce again to 
the form (18.105) and (18.106), i.e. (18.7) and (18.8). The basic physical 
principle dA/dt x TB}, that the dynamo effect arises from the cyclonic 
generation of azimuthal vector potential from the dominant azimuthal 
magnetic field, asserts itself in both the lowest order and in the next 
higher order. 

It is apparent from inspection of (18.101) that the ordering of the 
velocity components is somewhat peculiar, and seriously restrictive. The 
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non-uniform rotation is the leading term, as in the physical world, but 
why should the ‘turbulent’ component u adjust itself to be smaller than 
the non-uniform rotation by R™?, and why should there have to be an 
axi-symmetric meridional circulation O(R~')? It is doubtful that nature 
provides this artificial situation necessary for the systematic solution of 
the equations along the lines worked out by Braginskii. 

The immediate retort is that no one has yet succeeded in reducing the 
hydromagnetic equations for cyclonic turbulence to a workable form 
without employing severe idealization, such as small magnetic Reynolds 
number for Steenbeck, Krause, and Radler’s use of the quasi-linear 
approximation or the abrupt ‘switch on and off’ eddies used by Parker, or 
the interlocking vortex rings employed by Kraichnan. The important fact 
is that Braginskii has found a scheme for treating another special case, 
based on strong non-uniform rotation and small-scale motions. The 
magnetic Reynolds number R =AVmax/ n of the non-uniform rotation is 
taken to be large, while the magnetic Reynolds number of the non- 
symmetric motions—the turbulence—is also large, R,, = O(R?), as will be 
shown later. Collectively the several different idealizations employed by 
various authors illustrate the basic physical principles over a wide range 
of circumstances. The range is so wide that the physical principles 
common to the entire range can be applied to the complex physical world 
with some confidence. It is to be hoped that further work will produce 
more general cases, of course, but Kraichnan’s appraisal of the difficulties 
of the problem should not go unheeded. Turbulent diffusion of magnetic 
field, and the many effects of the internal helicity of turbulent eddies, 
depend upon quantitative details of the turbulent velocity field that are 
simply not provided by the gross statistical properties of the turbulence. 


18.6.2. Soward’s development of the Braginskii dynamo 


Recent work by Soward (1971, 1972) has provided insight into the 
mathematical and physical origin of Braginskii’s remarkable reduction of 
the hydromagnetic equations to the basic form (18.7). First of all, Soward 
considered the axi-symmetric azimuthal velocity V,(@,z) with large 
magnetic Reynolds number R=AV,,,,/n and a small irregular velocity 
R>w(w, p, z) with vanishing average over o. He showed that it is always 
possible to construct a small additional axi-symmetric velocity vector 
R™'W(a, z) such that the total velocity 


Volw, h, z) =e Va (©, z)+ R œ©w(w, 6, z)+R'W(©, z) (18.108) 


has closed stream lines. What is more, a velocity (18.101) can be written 
as 


viw, b, z) = vaT, d, z)+ RU. (18.109) 
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where U, is the effective meridional velocity (18.103). Thus, it turns out 
that the total velocity v may be considered as made up of a principal 
velocity vp with closed stream lines, plus a very small component O(R~’) 
for which the stream lines are not closed. The concept of the closed 
stream line provides a wholly new approach to the problem, avoiding the 
complicated average over œ. 

Soward noted that the deviation of the closed stream lines of vo from 
circles concentric about the z-axis can be expressed by the displacement 
G(x t) of the point x; on the stream line from a corresponding nearby 
point xf on a concentric circle. With a suitable mapping x; = x,(x;) the 
velocity vo(@, p, z) can be transformed into e/,v(@’, z’) in terms of the 
new coordinates (w', d’, z’). That is to say, expressed in suitable vari- 
ables, the velocity is in the @’-direction and independent of ¢’. The entire 
velocity field becomes ‘axi-symmetric’ (0/dd' = 0) in the new coordinate 
system. The magnetic field is also ‘axi-symmetric’, and the enormous 
complication of the average over d drops out of the calculation. Any 
axi-symmetric field v(a’, z’) is automatically equal to its own #’-average. 

The execution of the idea requires that the hydromagnetic equations be 
expressed in the new x/-coordinate system, of course. Denoting x; by X; 
we follow Soward by introducing a coordinate transformation X;=X;,(x,) 
that preserves volume and the field transformation 


Bi (Xp = B,(%,)dX/0%;. (18.110) 


Since the field transformation (18.110) is just the Cauchy integral of the 
hydromagnetic equation (4.16) for vanishing resistive diffusion coefficient, 
it leaves invariant the Lagrangian equation 


dB,/dt = B,dv,/0x;, v; = dX,/dt. 


After some considerable calculation Soward showed that the complete 
hydromagnetic equation (4.13) transforms into 


ðB; ðB? Bt Ov; eB; ve; 


li ay. — — +e. — 18.111 
at aX, Fax, axax, "aX, ( ) 
where 
Ei =a;B? + €eBrn 0B; /0X,, (18.112) 
aX, ð (2%) 

_=e,,—* — |- 18.113 
Aij Eiki ax, ax, ax, > ( ) 

OX, ðX. 
«= >> ij- (18.114) 

OX, OX, 


The coordinate transformation takes the field equation into an axi- 
symmetric form, so that were it not for the term in 7 on the right-hand 
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side of (18.111), Cowling’s theorem would indicate no generation of field. 
The source of field, then, is the curl of €; multiplied by the resistive 
diffusion coefficient n. If there were no diffusion, the source term for B? 
would vanish. This points out again the crucial role played by diffusion 
and reconnection of field in the generation of new magnetic flux. Without 
diffusion some components of the mean field can be increased by the fluid 
motions, as in the production of meridional field by the spiralling of the 
lines of force of the azimuthal field (see $18.1), but the production is 
reversible until diffusion has reconnected the lines of force. 

To treat Braginskii’s dynamo, Soward developed a transformation that 
makes the fluid velocity independent of the coordinate along the closed 
stream lines. The calculation in cylindrical coordinates has been given in 
detail by Soward (1971, 1972). For the present purposes, of illustrating 
the basic principles, we follow Moffatt (1976, 1978) who derives the 
result in cartesian coordinates, with significant reduction in algebraic com- 
plexity. 

Consider, then, the rectangular coordinate system x; with y = x, corres- 
ponding to the azimuthal direction of œ. The fluid velocity (18.101) may 
be written 


v(x) = V(x, z)+ R w(x, y, z) (18.115) 


where now V(x, z) contains all that part of the velocity that is indepen- 
dent of y. The average over y is 


(v) = V(x, z), (w)=0. 
Equation (18.102) suggests that the associated magnetic field is to be 
written 
B(x) = B(x, z)+ Rœb(x, y, z). (18.116) 
The coordinate transformation from x, to X, is conveniently written 
xi =X,t+RUG(X%, d,  34/ðX;=0, (18.117) 


so that (18.110) becomes 
B; (x) = B7 (X) 3x:/3X, 


= B} (X Xê; + R™> 34/3 X). (18.118) 


It is assumed that b and ģ& vary over the same scale A as the fields 
themselves, so that the relative ordering by R? is preserved by differentia- 
tion. 

The purpose of the transformation is to eliminate Y =X, from the 
fields, so that the fluid velocity can be written 


vi (X,) = 6. V(X, Z) +R wi (X, Z) (18.119) 
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and the magnetic field can be written 
B? (X) = §,.B*(X%, Z)+ Rb; (X, Z). (18.120) 


To work out the relation between b? (X, Z) and b,(x, y, z) compute B;,(x;,) 
at the position X, and compare it with (18.116). Note from (18.117) that 


aX;,/ax, =8, — R d6/aX;,+O(R™). (18.121) 
It follows from (18.118) that 


aB, ð 
ax, ax, 


Br (è; +R™ xe) pO *). 


Hence 


ðB; 0B, 0X, _ By ax | =) ad 

——+R B}; =- +, (18.122 
ðX; 3X, Ox; aX, aX, \ “aX,/ OX, aX; ( 
Then expand B,;(X,) about the point x,, so that 


1 ð’ B, 
2 OX,,0X 


B;(X = B; 4) + = & Xn) + (Xn xX, Xm — Xm) t... 


With (18.117)-(18.119) this can be written as 
B(X,) = B (X) + R> >Q (X) + RS (X,)+ O(R™) (18.123) 
where 
Q; (X9) = By (Xp 04/3 X; —G (X,) B7 /ðX; (18.124) 


and 


3B; ,, a6 2B, 
= te go (18.125) 


ð 
S= (ik Ba) iaa 
J n J 


Using the vector identity 
Vx(rxs)=(s.V)r—(@.V)strV.s—sV.r 


and noting that the divergences of B; and @ vanish, it follows that in 
vector form 
Q=Vx(CxB’). (18.126) 


The terms in $; can be rearranged in such a way that 
S: = SP + SP —3(0B 7 /0X)(8E5/9X,,) 


1 ð OBY\ ,., a6, aG 
iB} — —— i8. 
(aas j x) *" aX aX, (18.127) 
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where 


Si? = G x x 53x, z (B a) aX (B: x) } 


Si=5 | (bax) ax Pax ax.) E ax, (axe) 


In vector form 


SY =1V x[i x{B* . Ya], (18.128) 
S? =3V x[B* x{(. VEH. (18.129) 
Comparing (18.122) with (18.116) it is evident that the terms O(R7~) are 


b(x,,.) = Q(x, ) 
=Vx(Cxe,B") 
= B* a/aY—e,(C. VB") (18.130) 


using (18.124) and noting from (18.120) that to lowest order B;’ is in the 
i= 2 direction. 

Consider, then, the poloidal (meridional) component of B;(x,). The 
poloidal component of B;{x,) is denoted by 


RH, m V x (e,A,) 


in (18.102) with @— y. It is O(R™) and expressible as the curl of a 
toroidal vector (in the y-direction). The term O(R7’) in B, as given by 
(18.123), is R~'S,. It is evident that, with Bý = 6,,B*(X, Z), the terms 
involving B; on the right-hand side of (18.127) are vectors in the toroidal 
(i = 2) direction. Hence they contribute nothing to the poloidal (i = 1, 3) 
field. The other individual term reduces to 3(0B*/dX,) 0¢¢/aY where 
Y = X, which has vanishing mean in the Y-direction and so produces no 
net poloidal component. The contribution §™ is given by (18.129) as the 
curl of the poloidal vector B*e, x{(€. V)f}. The curl is then not a poloidal 
vector. The only purely poloidal vector is that part of §™ arising from the 
curl of the toroidal component of ¢x[(B°.V)CJ=B°CxoG/oY. Ti Gy, 
denotes the meridional component of &, so that u = (Cy, 0, Z), then the 
toroidal component is B'G,, xd&,/0 Y. Hence the effective toroidal vector 
potential, whose curl gives the poloidal field, is 


A, =3R'B* Gy Xb u/OY). (18.131) 
It follows that the poloidal component of B(x, ) is 
bu =3V x {B "bu x Gy /d YX} + bY, (18.132) 


where bý is the poloidal component of b* in (18.121). If we write 


by, = V xe,a, bu = V xea", (18.133) 
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then 
ea =3B (tu Xðbm/ 3 Y) +e,a*. (18.134) 


The calculation may be repeated for the velocity, with the result that w 
in (18.115) is given by 


ð ð 
=(—+V* — ]€-e, f.VV" 18.135 

w G; v vi et l ) 
and the poloidal component of v(x,) is 


ð ð . 
m= 30x fox v esa} + Vi (18.136) 


where vy, is the poloidal component of v* in (18.119). 

Consider the hydromagnetic equation (18.111) derived from the trans- 
formation. Note that the diffusion coefficient yn is just AV,,,,R '. The 
toroidal Y-component of the equation involves the Y-component of 
Vx", which depends upon €% and €}. Since B; has only a Y- 
component, it follows from (18.112) that (Vx @*), is small O(R ') 
because the off-diagonal terms of a, and B; defined in (18.113) and 
(18.114), are both second order in the transformation strain 0X,/dx,, and 
hence O(R7'). Consequently the term n(Vx@*)y is small O(R`?) and 
can be neglected compared to the other terms in (18.111). The hyd- 
romagnetic equation (18.111) reduces, then, to the simple form 


8B*/dt = Rby .VV* -vu . VB +A Vinax 2B */3X, aX) + O(R™). 
(18.137) 


With the neglect of (Vx @*),, the coordinate Y disappears from the 
equation and the form is just that for two-dimensional fields and motions, 
producing B* as a consequence of the shearing of by by V~. The 
equation is just (18.4), with the addition of the small meridional velocity 
Vu X, Z). The complexity caused by w(x, y, z) is removed by the coordi- 
nate transformation and the transformed field component b,,. 

The poloidal or meridional field by, is conveniently written as V xeya*. 
For the field (18.120) the meridional component of (18.111) is given by 
the curl of 

| da* 2 a E 


ða 
R == + 4- +R! 
at (v xB )y TaXax 


+néy. 


The Y-component of v” xB" involves the meridional components of v* 
and B* from (18.119) and (18.120). It is readily shown to be 
—R~*w,,. Va‘. The Y-component of €F follows from (18.112) as 


i= (az)B*+ Rab} + Br; 3b3/8X; — Bs; Ab{/0X,). 
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The leading term is (@22)B*, with the others smaller by the factor R™. It 
follows from (18.113) and (18.121) that 


an = RAD (OMe), gifs a aby Ph 
22 ax, \AX, aX, aX, 3X, ðX, aX,aX,dX> 
so that the mean value over X, = Y is just 


(anya R(2 Fh ths Hes) 
22 aX, ðX ðX, ðX, 3X, ðX 


leo? 2), 


Altogether it follows that 


+ 
RS RO wis Va" = R?AVpax 02a" /dXAX,+TB*, (18.138) 


where 
P= (a2) = A Vna R a22) 


—2 0¢3 al, re HE ) 
ðX, 9X 3X aX, 80X 0X 


The equation (18.137) for B* is the cartesian analogue of (18.105) for the 
azimuthal field, while (18.138) corresponds to (18.106), with A, = R~'at 
It is evident that, in Soward’s development, the definition of the effective 
potential A, comes as a direct consequence of the geometry of the fluid 
motion, rather than Braginskii’s feat of serendipity. Soward has demon- 
strated that the choice of the effective potential is possible because the 
streamlines are essentially closed, permitting the averaging to be per- 
formed in a much simpler fashion (see also Gubbins 1973b). 

The reader interested in further discussion of the mathematical proper- 
ties of the Braginskii-Soward equations should consult the reviews by 
Soward and Roberts (1976) and by Moffatt (1976, 1978) as well as the 
original papers of Soward and Braginskii. 


(18.139) 


18.6.3. Discussion of the Braginskii-Soward results 


The dynamo effect, of Braginskii’s ordered solution near axial sym- 
metry, is contained in the dynamo coefficient I, defined in (18.139). It is 
interesting to compare the dynamo coefficient for this case with the result 
(18.80) and (18.87) for small magnetic Reynolds number. The expres- 
sions for I are different algebraic form, of course, which is to be expected 
from the totally different physical circumstances for which they are 
derived. In the present case, of large overall magnetic Reynolds number 
R=AVax./n, the dynamo effect is directly proportional to the diffusion 
coefficient n, while for small local magnetic Reynolds number Ry, = Lv/n, 
the dynamo effect is inversely proportional to n. On the other hand, in 
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both circumstances the dynamo effect reduces to a single, scalar coeffi- 
cient. This fact is to be attributed to the small amplitude of the magnetic 
effects of the individual fluctuations in the field in both cases. It is in 
contrast to the more complex dynamo effects of §18.3, arising from the 
large amplitude of the displacement of the field in each eddy. So long as 
the fluctuations are small the basic scalar form (18.7) prevails. 

It is instructive to look briefly at an example of a simple fluid motion 
that leads to dynamo activity. First of all, it is evident from (18.139) that 
it is the fluid displacement (¢,, £,) transverse to the principal field Bz = 
B*(X, Z) that produces the dynamo effect, because the parallel displace- 
ment č does not interact with B 5. Suppose, then, that 


& = L{s, sin(kY)+ c cos(kY}} (18.140) 


where L is the characteristic amplitude of the displacement and k is the 
wave number. The vectors s; and G are fixed unit vectors in the merid- 
ional XZ-plane, with s, = c= Q so that the divergence of & vanishes, as 
required by (18.117). If the fluid velocity in the Y-direction has the local 
value V(X, Z), as in (18.119), then the transformation displacement 
RZ, involves the fluid velocity 


R?dé/dt=R ?V* agjaYy 
= R=V*kL{s, cos(kY)—c, sin(kY)} 
with the helicity 


a= RIV? KLI (s3c1— $13), (18.141) 
The dynamo coefficient is readily computed from (18.139) to be 
T = AV aR KL (sic3— S301), (18.142) 
= -AR V aa V, 
=—an/ V”. (18.143) 


This result, it will be noted, is proportional to the helicity and inversely 
proportional to V*?. The toroidal velocity enters directly into the dynamo 
coefficient, something it does not do in any of the other cases treated thus 
far. If the helicity is written in terms of the asymmetric ‘turbulent’ 
component of the velocity, appearing as R™?w in (18.101) with a charac- 
teristic scale of the same order in R as the dimension A of the mean field, 
then a = e(R™w)’/A, where e€ is a number of the order of unity and w is 
lw]. The dynamo coefficient F becomes 


T =—e(W/A)R (wV tY. 
In order of magnitude, w = V* so that 


T=-(m/A)R =-V'R?. 
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The magnetic Reynolds number Ry =(R~?w)A/y = R? for the asymmetric 
motion is ‘moderately’ large, being of the order of the square root of the 
overall magnetic Reynolds number R. 

As noted earlier, the immediate theoretical value of the Braginskii-— 
Soward formulation of the hydromagnetic dynamo effect lies in its de- 
monstration of the generality of the dynamo equation (18.7) in the 
extreme case of large magnetic Reynolds number in fiuid motions that are 
nearly axi-symmetric. The form of the dynamo equation (18.138) shows 
again that the principal dynamo effect arises through the distortion of the 
toroidal lines of force into spirals, illustrated in Fig. 18.4, and, hence, is 
equivalent to the generation of a toroidal vector potential at a rate 
proportional to the mean helicity of the fluid motions. 

Beyond this direct application, however, there is the intrinsic interest in 
the mathematical formulation, beginning with the general expression of 
the hydromagnetic equation in the form (18.111) in terms of the initial 
coordinates X; of the Lagrangian transformation x, = x,(X,, t). Soward has 
emphasized that (18.111) is an exact and complete result, in no way 
restricted to the ‘small’ coordinate transformation (18.117) to which it 
was applied in the present calculations. Thus (18.111) gives the time 
evolution of a magnetic field in terms of the initial position X, of each 
volume element of field and fluid. The potential for the theoretical 
treatment of the convection and diffusion of magnetic field in various 
physical circumstances is only beginning to be explored. Perhaps the most 
important consequence of the Braginskii-Soward formulation will prove 
to be its potential for treating dynamical problems (Braginskii 1964c, 
1967, 1970; Roberts and Soward 1972; Soward and Roberts 1976; 
Moffatt 1978). 
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19 


THE PHYSICAL NATURE OF THE 
GENERATED FIELDS 


19.1. The dynamo problem 


THE generation of magnetic field by turbulent fluid motion was worked 
out and discussed at length in the foregoing chapter. The basic generation 
effect arises from the deformation of the magnetic lines of force from 
straight lines into spirals, illustrated schematically in Fig. 18.4. The 
spiralling represents a vector potential in the direction of the mitial mean 
field, in the manner described by the basic dynamo equation (18.7) 
(Parker 1955). The question that confronts us now is the physical nature 
of the magnetic fields produced in this manner. In particular, the liquid 
core of Earth is a thick shell of convecting fluid and the external field it 
produces is a stationary dipole. The convective zone of the sun is a thin 
shell, and the field it produces varies periodically with time, on a 22-year 
time scale. The interstellar gas forms a thin disc and the field it produces 
is predominantly azimuthal; the time variation and the poloidal part are 
unknown. 

The precise form and time behaviour of the magnetic field generated by 
a rotating, convecting fluid body depends, sometimes very sensitively, on 
the precise form of the fluid motions within the body. It has been 
emphasized that such detailed information is not yet available for any 
astronomical body, from either observation or dynamical theory. The 
basic qualitative features of the fluid motion are known, however, and 
permit deduction of the qualitative form of the magnetic fields. The 
general motions were discussed in $18.1 and their properties follow from 
the two facts that all astronomical bodies rotate, and most of them are 
subject to internal turbulence and convection. Consequently, the rotation 
is non-uniform and the convection is cyclonic. We can estimate or 
observe the magnitude of the non-uniform rotation for Earth and for the 
sun even if we cannot be sure of the direction of the gradient of the 
rotation. We can estimate the magnitude of the cyclonic rotation of the 
convective cells from the angular velocity of the parent body and the 
velocity of the convection. Hence the order of magnitude of the dimen- 
sionless numbers describing the dynamo effects can be estimated, giving, 
as we shall see, sound reason for believing that the magnetic fields of 
Earth, of the sun, and of the galaxy are generated by the fluid motions 
within. That is to say, the observed time behaviour and spatial form of the 
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magnetic fields are encompassed by the formal solutions of the dynamo 
equations for the estimated values of the non-uniform rotation and 
cyclonic velocity of the convection. The general hydromagnetic theory for 
the origin of the magnetic fields in the astronomical universe proves 
entirely satisfactory within the framework of existing observational know- 
ledge. It is to be hoped that present theoretical work on the very difficult 
problem of the fluid motions in convecting, rotating, stratified bodies will 
be successful in providing a more quantitative picture of the fluid 
motions. The dynamo theory can then be combined with the various 
dynamical models for the fluid motion and the two together compared 
with observation to build a more complete picture of the magnetic 
generation in the rotating astronomical body. 

The present task is to develop a physical understanding of the general 
solutions of the dynamo equations and then to explore the special 
solutions that arise in the variety of circumstances that may be imagined 
in various astronomical bodies. The solution of even the simplest form 
(18.7) of the dynamo equations in a spherical body proves to be a 
complex undertaking, with complicated results. The discussion begins, 
therefore, on a much more elementary level. The solution of the dynamo 
equations (18.4) and (18.7) are made up of four basic wave modes. In 
rectangular coordinates in an infinite space the four modes, each with 
their own peculiar properties, can be expressed in simple terms. Then 
plane boundaries are introduced so that the reflection and refraction of 
the dynamo waves can be studied. Finally the waves are boxed in on all 
sides by boundaries (in §19.3) and the dynamo in a finite body is 
explored. This leads to simple rectangular models illustrating the general 
dynamo effects presumed to occur in the liquid core of Earth, in the 
convective zone of the sun, and in the gaseous disc of the galaxy. Only 
after this extensive study of the basic physical properties of dynamos and 
migratory dynamo waves do we venture on to treat the axi-symmetric 
dynamo in spherical and spheroidal bodies, in $19.4 and later sections. 
The spherical dynamo is essential, because it was, after all, a scientific 
curiosity about the magnetic field of Earth and the magnetic field of the 
sunspot that motivated the long history of development leading to the 
present theory. Fortunately a number of authors have devoted their 
efforts to the difficult solution of the dynamo equations (18.4) and (18.7) 
in spherical bodies, so that there is today an extensive catalogue of 
solutions illustrating the many possible configurations and time variations 
of the magnetic fields. The range of possibilities proves extensive. It will 
be seen from the first simple treatment of the plane dynamo waves that 
the behaviour of the field depends qualitatively on whether the rotation 
varies principally with radius r or with latitude @. The sign and the 
latitude distribution of the cyclonic turbulence play a crucial role, as does 
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the possibility for large-scale meridional circulation. Magnetic buoyancy 
has qualitative effects, and in the fast spinning core of Earth there is at 
least the theoretical possibility of negative diffusion. The occasional 
abrupt reversal of the magnetic field of Earth can be caused by an 
increase in the level of non-uniform rotation and convection in the core 
of Earth, a change in meridional circulation, or a sudden change in the 
distribution of any of these with no change in the general level. Indeed, 
the work carried out so far has served to open up, rather, than close off, 
the theoretical possibilities. The present chapter provides illustrative 
examples of the major physical effects that make up the turbulent 
dynamo. 


19.2. The properties of the dynamo equation 


19.2.1. The basic form of the equations 


For the most part, the fluid motions in planets, stars, and galaxies consist 
of an axi-symmetric non-uniform rotation, O(w, z) and an axi-symmetric 
statistical distribution of cyclonic convection. There may be giant circula- 
tion cells in the sun, or in the core of Earth, violating this simple 
generalization, but we know so little about non-symmetric circulation 
that we cannot include it in any meaningful way. Hence the discussion 
that follows is limited to the axi-symmetric case, 0/dd@ = 0. The presenta- 
tion begins in cartesian coordinates where the physical properties of the 
dynamo waves can be illustrated by simple mathematical examples. We 
adopt the convention that the y-axis corresponds to the azimuthal direc- 
tion, of the ignorable coordinate ¢@. Hence d/dy =0 and the non-uniform 
rotation is represented by a large-scale velocity V(x, z) in the y-direction. 
For strong non-uniform rotation, i.e. large dV/dx,dV/dz, the dominant 
field, then is B,(x, z, t), corresponding to the azimuthal component in a 
spherical body. 

We expect a local preferred direction for the rotation axis of the 
cyclonic eddies or convective cells. The direction is determined by the 
local large-scale shear V V and by the axis of rotation of the astronomical 
body. For the time being, working in an infinite space, it matters little 
whether that direction is thought of as ‘vertical’, or ‘parallel’ to the 
rotation axis, or whatever. In keeping with the convention of §18.3 the 
z-axis is oriented along the rotation axis of the local cyclones. 

There are no natural circumstances known to us where there occurs the 
statistically isotropic orientation of cyclonic rotation explicitly assumed by 
many authors. However, as we shall see, if the discussion is limited to 
strong non-uniform rotation and to eddies with short correlation times or 
small magnetic Reynolds numbers, so that the net rotation ® of the field in 
each eddy is small, the form of the dynamo equations is independent of 
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the statistical orientation of the cyclonic eddies. Hence the assumption of 
statistical isotropy yields the relevant form of the equations whether the 
eddies are statistically isotropic or not. Thus the many illustrative examples 
to be found in the literature with the isotropy label are in fact directly 
applicable to the important physical circumstance of strong uniform 
rotation and P< 1. 

To get back to the general case, that the cyclonic rotation of an eddy is 
not small compared to one, suppose that the rotation of the cyclonic 
eddies is about the z-axis. Use (18.49) and (18.50) with F(®) and G(®) 
given by (18.51)-(18.57). Denote by Q and I the dynamo coefficients 


1 
Q=*(é,aé Jax), P== (£, a6 Jay), (19.1) 


sO that from (18.49) and (18.50) 
Q = —(na’cvs3ts/ Vr) F(®), [I =—(2a*cv3t3/Vr)G(®). (19.2) 


For convenience denote by G, and G, the components ô V/ðx and @V/dz, 
respectively. Then (18.37) and (18.39) yield 


3 a aA. 
2 v)A +n “i=-G,A,+TB,—OB 
(= n x Tax ax <A, HUB, — QB,, 


ð 

(=- nv" \A, = + QB, +TB, 
A. 

(2-nv2)a. +n 224i 

ot 

where, with d/dy = 0, the field components are 


dA, OA A 
„2A 2A p 9A ag 


B, = ——. B, > zZ 
Oz Ox Ox 


The most convenient form of the equations is in terms of A, and B, 
alone, for which 


ð ð ð ðA ð 0 
—-— nV? +— )B = —— [=+ GA -— GA 19.4 
(2 n dz Q JB, ðz Oz ax GA, dz GA, ) 
ð m ô ) 
—— + ee A ċ = . . 
(2 nV 5 y = TB, (19.5) 


The magnetic field B, is easily eliminated using (19.5), so that (19.4) 
reduces to 
1 


ð 
[pi p+r G, -2 G.} A, =0 (19.6) 
T dz dz ðz Ox 
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for the vector potential, where D =d/dt—7V*+(0/dz)Q. Equations 
(19.4)—(19.6) are particularly useful for deducing boundary conditions at 
discontinuities in I’, G,, etc. 

Consider the case where Q and F are uniform in space and time. 
Equation (19.6) reduces to 


{(a/at — n V7)? +2Q(a/at — nV’) a/dz + (Q? +T”) a7/dz° 
+ G, d/az — G, d/ax}A, =0. (19.7) 
Writing the general solution in the form 
A, =exp(t/t —ik,x —ik,z), (19.8) 
the dispersion relation 1s 
(A/r+ nk24+ nk2)* -20(1/7 + nk2 4+ nk?) ik, —(Q74+T)k? 
+i(G,k, —G,k,)=0. (19.9) - 
The dispersion relation is second order in 1/7, with the two roots 
1/T = — n(k24+k2)+ik,O tk, {14+i(G,k, — G,k, )/Tk2¥ 
=~ (k2+k2)+Tk.R cos wtik,(Q+IR sin p), (19.10) 
where 
R={1+(G,k, — G,k, Y [F° kt} (19.11) 
tan(2u) =(G,k, — Gk, )/Tk2. (19.12) 
The solutions of the dynamo equations represent migratory waves, which 
Parker (1955) called dynamo waves. The propagation of the waves can be 
deflected, or blocked, by the boundaries of the region, giving an endless 
variety of form and behaviour to the resulting magnetic fields. 

Consider the case where k, and k, are real, so that the solution is 
bounded throughout an infinite space. Amplification of the field requires 
Re(1/7)>0. No generality is lost if IT is chosen to be positive. It follows 
from (18.49) and (18.50) that Q is then also positive, for the various 
cyclonic convective cells treated in 818.33. No generality is lost if k, is 


taken to be positive’. In that case the regenerative mode arises when + is 
taken to be + and 


FK RR cos w> n(k2+k2). 
Note that 
cos” =3(1+1/R), sin? =4(1 —1/R). 
It is convenient to define the dynamo coefficient [I in units of the resistive 


1 Replacing (k,, k,) by (—k,, —k,) also reverses the sign of Im(1/7), with no effect 
on the physical properties of the solution. 
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dissipation as 


y =PkJ/n(ki +k), (19.13) 

and the large-scale shear in units of the dynamo coefficient as 
g=(G,k, — Gzk,)/T kz, (19.14) 
so that 
R=(1+¢7). 
Hence the condition for Re(1/7)>0 becomes 
R(R+1)22/y" 

or 

2R>=(1+8/y £1. (19.15) 


It is obvious that this condition is fulfilled for any suitably large g or 
suitably large y. The general condition is 


esl (1+5)-1-(145) (1+5)} (19.16) 


When y*> 1 the right-hand side of this inequality is negative, so that the 
requirement is satisfied even for g* =0. The sufficient condition y*> 1 is 
just the case where the cyclonic convection is so strong that it can 
maintain a field on its own. This is the a?-dynamo, whose existence was 
first pointed out by Steenbeck et al. (1966). If y*<1, then the cyclonic 
convection must be supplemented by shear (non-uniform rotation) g to 
regenerate the field. This is the usual case in nature. Any object with 
enough rotation and convection to operate as an a@7-dynamo will presum- 
ably rotate so non-uniformly that the more efficient production of field by 
non-uniform rotation is the principal source of field. The generation of 
azimuthal field needs to be supplemented by the cyclonic effect I only to 
the extent necessary to evade Cowling’s theorem. The cyclonic motions 
are then inhibited principally by the stresses in the azimuthal field, so that 
the net effect is y*<g*. If y*«1, then the criterion for regeneration 
reduces to 


gyt. 


It is interesting to note that the secondary dynamo coefficient Q, 
defined in (19.1), plays no role in the real part of 1/7, i.e. in the basic 
regeneration of the field. The effect represented by Q, it will be recalled 
from §18.3.4, generates vector potential in the direction perpendicular to 
the principal field, rather than parallel to it as does T. The secondary 
coefficient Q contributes to the frequency œw =Im(1/rT) of the dynamo 
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wave, for which 
w =Tk,R sin u + k,Q, 
= +P k, 4R(R—-1P+k,O. (19.17) 
The dynamo waves with real k, and k, are stationary only if œ = Q, i.e. if 
R(R-1)=207/T? 
or 
2R=1+(1+8Q07/T*). (19.18) 


Write R in terms of g. Then raise (19.18) to the fourth power. The result 
can be written 


‘alse (Hee) (2 0) 
g°= 51873 l+ 1+ l+5 1+8 73 . (19.19) 


If Q =0, then g=0 and the only solution for (19.16) for amplification of 
the field is y21. For the special case where the field is completely 
stationary, Re(1/T) = Im(1/r) = 0, the equality sign obtains in (19.16) and 
we have the requirement 


SAUSE Le 
S (1+5) Ita ltz = l+ + 1+4 1+8 72 , 


(19.20) 


relating y to O/T. If Q=0, then y=1. 

It is possible to go on with the general case, plotting families of curves 
for the real and imaginary parts of 1/7 in terms of the physical parameters 
O, T, G,, and G,. In preparation for the introduction of boundaries, the 
problem must be turned around too, computing the four roots of (19.9) 
for k, or k, for a given 1/7. However, the purpose is not to display the 
numerical relations so much as it is to obtain an understanding of the 
physical properties of the dynamo. The best way to develop the physics is 
to consider a variety of special cases, illustrating the contributions of each 
physical parameter separately. Only when that task is accomplished can 
we hope to understand the physical significance of the general solution. 

It is apparent that the secondary dynamo coefficient Q has quantitative 
effects on the generation of field. For if we set the principal dynamo 
coefficient T equal to zero, (19.5) and (19.8) give the dispersion relation 


1/7 =— (ki 4+k2)+ik,O. 


If k, is real, so that the solution is bounded for all z, then the real part of 
l/r is just —n(k2+k2) and the fields undergo resistive decay. Note, 
however, that Q contributes an imaginary part to 1/7, causing the waves 
to migrate in the positive z-direction with a phase velocity Q while they 
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decay. A similar conclusion obtains if k, is complex. For in that case write 
k, = q, —iK,. It follows that 


Re(1/r) = K,(Q + nK,)— n(ki+ 42), 
Im(1/7 = g,(Q+27K.). 


It is evident that k, is of secondary importance and may be put equal to 
zero. The real part of 1/7 can be positive if K, is positive and sufficiently 
large. Then Im(1/7)>0 and the wave migrates in the positive z-direction 
(whether q, is positive or negative). Note that the wave amplitude varies 
as exp(— K,z) so that the wave migrates from large amplitudes at negative 
z to small amplitude at positive z with a phase velocity Q+ 27K. Thus 
each wave crest declines as it migrates and the fields are clearly not 
amplified. Their existence is maintained only by some source at z = —%. A 
similar conclusion obtains if K, is large and negative. Altogether, then, 
the secondary coefficient Q does not provide a source of field in the 
dynamo equations. 

The coefficient Q may not be negligible in rapidly rotating bodies such 
as the Earth, of course, and its quantitative effects may have to be taken 
into account. The presence or absence of Q may mean the difference 
between a stationary or an oscillatory dynamo, for instance. In such 
circumstances the possibility of a reduced, or even a negative, diffusion 
coefficient for the turbulent transport of field cannot be excluded (see 
§18.4). For the present, however, our knowledge of the fluid motions is so 
rudimentary that we concentrate on understanding only the basic dynamo 
effects, produced by F and an isotropic turbulent diffusion coefficient ne. 

Consider again the point made by Steenbeck et al. (1966), that the 
dynamo coefficient I alone, without large-scale shear, is capable of 
generating magnetic field. Whether the idea is applicable to the rapidly 
spinning convective bodies in the astronomical universe or not, the point 
is of general theoretical interest to the physicist. The behaviour of such a 
dynamo is readily demonstrated from the dynamo equations (19.4) and 
(19.5). With Q =0, and with G, = G, =0 so that there is no large-scale 
shear, the dispersion relation (19.9) reduces to 


LV/r =~ n(kit+k2tPk,. 


Thus, for real wave numbers, amplification occurs for the upper sign 
(assuming Fk, >0) provided only that Fk, >1(k2+k2). Note that 1/7 is 
real and there is no oscillation or migration of field. The dynamo is 
intrinsically stationary. Steenbeck and Krause (1969b) have noted that the 
stationary effect of T alone (called the a’-dynamo) provides a natural 
explanation for the stationary dynamo of Earth. It is an interesting point, 
but in as much as there are other stationary dynamos, the question is 
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open and must be decided by dynamical considerations on the strength of 
the non-uniform rotation. The basic point is that the Coriolis forces on 
the local convergence of fluid in the individual convective cells cause the 
cells to rotate, producing I’, while the Coriolis forces on the overall fluid 
displacement within the cells cause the non-uniform rotation. Both effects 
are proportional to the angular velocity of the body as a whole. We are 
inclined to follow Elsasser and Braginskii in the view that the non- 
uniform rotation is generally the stronger of the two effects. But we must 
remember that the last word has not yet been said on the theoretical 
dynamics of the convection and circulation, and non-uniform rotation, in 
planetary cores and stellar convective zones. If the differential rotation in 
some special case should prove to be sufficiently weak, then the a7- 
dynamo will share the centre of the stage with the dynamo driven by 
strong differential rotation. 

To continue with the dynamo without large-scale shear, note from 
(19.5) that 

B, = k, A, 
for the regenerative mode, so that 
B, =1B,, B, = —i(k,/k,)B, 
with 
B, = Bo exp{t/7 —ik,x —ik,z}. 

Steenbeck, Krause, and Radler treat the case of isotropic cyclonic 

turbulence (i.e. isotropic but not mirror symmetry), rather than the 


present circumstance wherein the cyclonic rotation is only in the z- 
direction. For the isotropic case the dynamo equations are (see $18.3.5) 


(d/ot — nVOB =V xTB, 
yielding the dispersion relation 
(A/r+nk*(1/7 + nk’)? -IFk?}=0 
where k?=k2+k2+k?. The regenerative mode is 
1/t =k — yk? 


assuming T to be positive. For real 1/7+ nk, it follows that the dynamo 
equation reduces to 


VxB={(1/74+ k7)/TIB. 


The fields are force-free, subject to torsion along the lines of force. The 
field components are related by 


kykzikke p pp kek ~ikeky 


B, =-B, Vz ë B=- 
x kk +ik,k,’ y kk +ik,k, 
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If k, =0, as in the present circumstance, then 
B, = + B, ik,/k, B, = +B, ik/k,. 


A variety of models of this interesting dynamo have been worked out in 
the context of the spherical geometry appropriate to astronomical bodies 
(cf. Steenbeck and Krause 1969a, b; Roberts 1972). The effect should be 
kept in mind for the time when better information is available on the 
relative strengths of the large-scale shear and the dynamo coefficient F. 


19.2.2. Dynamo waves for strong shear 


19.2.2.1. General relations. One of the simplest circumstances to 
treat mathematically, and probably the one most commonly occurring in 
rotating convecting bodies, is (k,QY «(kY « (G,k, —G,k,)”. The first 
inequality obtains for small angular rotation ® within each cyclonic eddy, 
because Q œ ° while [«®, or where there are equal numbers of up- 
and downdrafts with the same ®* (see §18.3.4). The second inequality 
obtains when the non-uniform rotation is strong, causing B, to be the 
dominant field as a consequence of the rapid shear of B, and/or B,. In 
this limit, then, the general dynamo equations (19.4) and (19.5) reduce to 
(18.4) and (18.7) 


(a/at —nV*)B, = G, aA, /ax — G, dA,/dz, (19.21) 
(a/at — nV*)A, =TB,. (19.22) 


no longer depending upon whether the cyclonic eddies rotate about the 
z-axis, since ľ appears only as the algebraic coefficient B,. Hence these 
equations may be applied with either x or z in the ‘vertical’ direction, and 
in fact x will be chosen to represent the vertical direction in many of the 
illustrative examples that follow. With solutions of the form (19.8) the 
dispersion relation is (Parker 1955) 


{1/r+(k2+k2)? =il(G,k, — G,k,) (19.23) 
in place of (19.9). It follows that 
L/r=— (ki +k?) + iT (G,k, — G,k)P. 


For real wave numbers k, and k,, so that the dynamo waves are bounded 
throughout the infinite space, it follows that 


Re(1/r) = +H Gk|}— n(k2 + k?) (19.24) 


where Gk = G,k,—G,k, and k =(k2+k2). If for our choice of (k,, k,) 
TG is positive then 


Im(1/7) = +4TGk}, (19.25) 
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while if [Gk is negative, 
Im(1/r) = FBI Gk}. 
The upper sign yields growing fields if 
IT Gk| > 27k". (19.26) 


If |TGk|<21n7k*, then the mode decays, but at a more leisurely pace than 
with resistivity alone. The lower sign represents a mode for which the 
fields are actively destroyed by the dynamo mechanism. The growth or 
destruction can be very rapid. If, for instance, |(Gk|? is large compared to 
the resistive decay 27nk’, then Re(1/7) = Im(1/7) = œ, and the time depen- 
dence is exp[+(1+i)@t]. One mode increases, and the other diminishes, 
by a factor of exp(27r) = 535 in one period of oscillation. Thus, fields may 
be built up or destroyed in a time very short compared to the overall 
decay time i/nk?. Such an active dynamo effect is presumably responsible 
for the occasional sudden reduction, reversal, and restoration of the 
geomagnetic field, all in a period of a few thousand years. On the other 
hand, the passive resistive decay of the geomagnetic field has a charac- 
teristic time estimated at the much longer span of 3 x 10* years. 

There is a growing magnetic field, then, provided only that the product 
of the cyclonic convective strength I and the large-scale shear G is of 
suitably large magnitude to overcome the resistive dissipation. In terms of 
the dimensionless dynamo number 


Np =|P'G|/n*k 


the requirement is merely Np> 2. 

It is of some interest (Parker 1971c) to consider an isolated packet of 
dynamo waves. As an illustration suppose that G, =0 while l'G, >0 so 
that the waves migrate in the z-direction. A group of waves, B,(z, t), can 
be expressed as 


B,(z, t)= |  dkf(k)expft/r(k) ~ikz} 
with 7(k) given by (19.23) and f(k) given by 


f(k)= t B dzB, (z, O)exp(ikz) 
QT Jo 


in terms of the initial field B,(z, 0). As an example suppose that the initial 
field is the wave packet 


B,(z, 0) = By exp(— 27/A* +ikoz) 


where Ak,»>1, so that the envelope is a broad Gaussian many 
wavelengths across. It follows that 


f(k) = Bo(A/2m)exp{—4(k — ko)? A*} 
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and 


BoA (** ua 
By(z, 1) = 5 | dk exp{—4(k — ko)? A? —ikz — nk2t+(1G,/2330 +1} 


for the regenerative mode. For large A the Gaussian factor 
exp{— i(k —k,)*A*} is negligible except for k very close to kọ. So let 
k= ktk and neglect all terms second order in « in the other terms. 
Thus 


B, (z, t) = Bo(A/27)exp(t/t9 — ikoz) 


x | dk exp[—gA7K? + Kf- iz —2nkot + GV Gk (1 +i)t/2ko}] 


= Bo exp(t/To— ikoz jexpil{—2nko + GPG ko PA +1)/2kg}t— iz F/A, 
where the growth rate at k =k, is denoted by 


If, for instance, Re(1/7)) = 0, so that the amplitude of the mode k = ko 
is steady in time, then GI'G,k,)? = nk2 and 


B, (z, t)= Bo exp{iky(nkot — z)} 
x expl{(2nkot — z)(mkot + z) + 5K t(2z = NoKot)yYA?]. 


The basic wave exp{iko(nkot— z)} persists but is strongly modulated by 
the envelope exp{(2ykot — z)(nkot +.z)/A*} which is a Gaussian with the 
central peak of height exp{(Gnkot)?/A*} at the moving position z =4nkot. 
On this pattern, then, is superimposed the additional factor 
expli3nkot(z —Snkot)/A7} which moves with the Gaussian envelope and 
involves corruscations of increasingly fine scale, the effective wave 
number 3k ot/A* growing linearly with time. There are, then, the phase 
velocity nko and the group velocity 3nko. It is clear that the wave is highly 
dispersive in the course of its migration. This depends very much on the 
relative magnitude of TG, and n?kř, of course. For suppose that 
(30°G,ko)? is put equal to 4nk2 instead of nk2. The behaviour of the wave 
packet is then rather different, with 


B, (z, t) = Bo expliky(4nkot — z)sexp{3nkot —(z- 2nkot)7/A*}. 


The basic wave expliko(4nkot~— z)} is now modulated only by the Gaus- 
sian envelope exp[—(z—2nkot)*/A*] with its growing maximum of 
exp(3nk6t) at the position z = 2ykot. 

Altogether, then, the migratory dynamo wave has a complicated per- 
sonality, even in the simplest of circumstances. The sections that follow 
are aimed at exploring the more elernentary properties of the dynamo 
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wave, to illustrate some of the effects before entering into the formal 
calculations in spherical (astronomical) bodies. | 


19.2.2.2. Physical properties of periodic waves. As noted above, the 
growth rate of the magnetic fields, given by Re(1/7) can be very large. 
Whatever the initial strength of the field, it is rapidly amplified to a level 
where the field stresses come into dynamic balance with the cyclonic 
eddies that produce the field, thereby inhibiting [G and reducing the 
growth rate toward zero. This is the common circumstance in which we 
find magnetic fields in nature today, with the fields of the sun as the most 
immediate example of oscillatory dynamo waves with a stable amplitude, 
Re(1/7)=0, Im(1/7) =@4 0. 
Suppose, then, that Re(1/r)=0. It follows at once from (19.24) and 
(19.25) that 


ITM G,k, — G-k )|= 2n (ki +k) = 20°. 
Hence the frequency is equal to the dissipation rate, 
w = n(k2+k2). 


If the wavelength of the dynamo waves is A and the period is T, so that 
k?2+k2=477/A* and œw =27n/T, then 


T = A*/270. 


The period of oscillation, then, is directly connected to the diffusion 
coefficient n, being essentially the diffusion time over the wavelength A. 
The relation has immediate consequences for the sun because the oscil- 
latory fields of the sun have a period of about 22 years (Parker 1955, 
1957). The sign of B,, i.e. the sign of the azimuthal field Bẹ, reverses 
across the equator, as indicated by the opposite polarity of bipolar 
magnetic regions north and south of the equator. Bipolar regions appear 
within about 45° latitude on either side of the equator, indicating the half 
wavelength on either side to be some 510° km, or A=10°km. It 
follows from (19.27) that a period of 22 years and a wavelength of 10° km 
are compatible if the resistive diffusion coefficient is n = 3 x 10'7 cm’ s '. 
Now it is possible to be a little more precise in formulating the relation 
between the period, the wave number, and the resistive diffusion coeffi- 
cient. Later on in Chapter 21 quantitative models of the solar dynamo are 
presented and it will be interesting to see how they compare with the 
simple result derived here. We should, therefore, distinguish the vertical 
and horizontal dimension of the dynamo. Suppose, then, that k, repre- 
sents the vertical wave number, while k, =27/A is the horizontal wave 
number. Note that a dynamo wave in a convective zone of depth 
h =2%x10° km cannot have a vertical wave number less than about m/h. 
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Hence for h rather less than <A, it follows that kz+ki= 
(a/h)?(14+4h7/A?) =(a/h)*. Hence w = y(a/h) and 


T =2h?/a7. (19.27) 


It follows that the 22-year period requires ņ =0.4x 101? cm’ s™'. 


Now the resistive diffusion coefficient varies with depth in the manner 
prescribed by (4.39). At depths of 10* and 10° km the temperature is 
approximately 7x10* and 1.6x10°K, yielding 1 =5%10° and 
0.5 10*cm’s~', respectively. Neither of these values is anywhere near 
the required figure of 10'*cm’s"'. Indeed, with y as small as 5x 
10° cm?s~' a period of 22 years implies A=400km, smaller than the 
granule size. Alternatively, A=10°km implies T=10* years. It is this 
glaring discrepancy in the solar dynamo that led Steenbeck and Krause 
(1966) and Leighton (1964, 1969) to point out the fundamental role 
played by turbulent diffusion in the generation of the magnetic fields of 
the sun. They note that the observed period and wavelength can be 
understood from the fact that turbulent eddies with a velocity vg and a 
mixing length | yield an effective turbulent diffusion coefficient nr= 
0.3vol (see (17.71)). The convective velocity in the sun can be estimated 
very roughly from the usual mixing length theory of heat transport in the 
convective zone (cf. Spruit 1974) putting the mixing length | equal to the 
local scale height. Thus, for instance, at a depth of 10* km, vo = 104 cms”! 


with 1=3x 108cm, gives n-=10'2cm’s ', while at a depth of 10° km, 


by =3X10% ems! and 1=4x10° cm, giving nr=4%10'% cm’s *. It is 
immediately evident that the turbulent diffusion coefficient 1-4Xx 
10!2? cem s™! is of the correct order of magnitude, 10'* cm’ s~}, to reconcile 
the observed period and wavelength through (19.27). It is evident, too, 
that turbulent diffusion is an essential part of the operation of the solar 
dynamo. Without turbulent diffusion the fields of the sun would behave 
quite differently from what is observed. 

Consider the direction of propagation of dynamo waves. If TG is so 
large and positive that the dissipation n(kł + kz) can be ignored, then the 
solution 1s 

B, =exp(+ wtjexp i(+ wt — kx —k,z) (19.28) 


with w given by (19.25) as +@IGk). Choosing the upper sign, for 
growing waves, it is evident that the phase velocity of the wave is in the 
direction of the wave vector (k,, k,) at the speed 


U, = of(ki+ k2} 
= G1(G,k, — Gk, )P/k. (19.29) 


The decaying mode propagates in the opposite direction of k,, k,, with 
the same speed U,. If, on the other hand, [G is negative rather than 
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positive, then the direction of propagation is reversed, so that the growing 
mode propagates in the opposite direction of (k,, k,). The directions are 
the same when IG is small enough that the amplitude is constant 
(Re({1/r) = 0). The solution is then 


B, =exp(+iwt —ik,x ~ik,z) (19.30) 


with œ again equal to (P'Gk)?. Thus the formulae for the phase velocity 
are the same as for large TG. To be more specific, suppose that I’, G,, 
and k, are positive, with G, =0 so that the large-scale shear is dV,/dx = 
G,>0. Then the regenerative mode follows from the upper sign in 
(19.24), and 


Re(1/t) = GV G,k, 2 — nlk? + k?), (19.31) 
Im(1/r) = @P'G,k,)?. (19.32) 


The wave number k, plays no essential role in the regeneration and 
migration, its only effect being a contribution to the dissipation. The 
essential wave number is k,, so put k, = 0. It follows from (19.8) that the 
dynamo waves migrate in the positive z-direction. If both I’ and G, are 
negative, the direction of the migration is also in the positive z-direction, 
although the relative phases of the poloidal field B, and toroidal field B, 
are reversed. If one of I’ and G, is negative while the other is positive, 
then the migration is in the negative z-direction. 

Now suppose that k, is not zero. The wave fronts are oblique and the 
phase velocity is also oblique, in the direction of (k,, k,) or the opposite. 
But the basic direction of migration of field is in the + z-direction, 
perpendicular to the direction of shear, G,. 

If, on the other hand, I’, G,, and k, are positive while G, =0, then 


Re(1/7) =GI'G,k,)?~ n(ke+ k2), (19.33) 
Im(1/r) =- GP'G_k,)’. (19.34) 


The wave number k, plays no essential role. Putting k, = 0 it follows from 
(19.8) that the migration is in the negative x-direction. Changing the sign 
of either or G, causes the fields to migrate in the positive x-direction, 
and changing the sign of both puts the migration in the negative x- 
direction again. 

In general the principal wave number and the direction of migration 
are perpendicular to the gradient of the large-scale velocity V(x, z). In 
the axi-symmetric dynamo the migration is in the meridional plane 
perpendicular to the gradient of the angular velocity O(a, z), i.e. the 
migration is along isorotation surfaces (Parker 1971c; Yoshimura 1975a). 

The direction of propagation of dyamo waves 1s of particular interest 
for the sun, because the direction is known from the migration of the 
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bipolar active regions through the sunspot cycle. Their phase velocity is 
towards the equator from either side. Suppose then, that the y-axis 1s 
pointed east (in solar coordinates) in the local azimuthal direction and the 
z-axis oriented in the direction of the local vertical (so that with a 
right-handed coordinate system the x-axis points south). Consider the 
effect of a vertical shear G, and cyclonic convection rotating about a 
vertical axis. The direction of migration depends upon the sign of [G_k,, 
which is in no way affected by k,. So put k, =0, with k, > 0. Suppose that 
the angular velocity increases downward from the surface of the sun, as 
suggested by the observed fact that the sunspots rotate more rapidly than 
the visible surface of the photosphere. Then G, <0. Following Steenbeck 
et al. (1966) note that the rising convective cells generally expand as they 
move upward (and compress as they move downward) through the 
convective zone, as a consequence of the rapid decrease of pressure with 
height. Hence conservation of angular momentum suggests that the rising, 
expanding cells rotate less rapidly than the surrounding medium. That 1s 
to say, rising cells rotate backward, as seen by a local observer rotating 
with the sun. Consider, then, the northern hemisphere. As viewed from 
above the north pole, the sun rotates counterclockwise, as does Earth. 
Hence, a rising convective cell in the northern hemisphere, viewed from 
above, rotates clockwise, relative to the surrounding gas. This is the 
opposite of the rotation in (18.40) for >0 in the examples in $18.3. 
Hence it follows from (19.1) and (18.50) that T is positive. The same sign 
for F follows for sinking cells, because both the translation and rotation 
are the reverse of the rising cell. Hence the product IG, is negative. It 
follows that the regenerative mode migrates toward positive x. That is to 
say, the phase velocity in the northern hemisphere is southward toward 
the equator, in agreement with observation. 

In the southern hemisphere [ is reversed, so that TG, is positive and 
the regenerative mode propagates in the negative x-direction, which is 
northward. 

Altogether, then, the period and direction of migration of the principal 
field of the sun can be understood on the basis of the simple dynamo 
wave, as originally suggested by Parker (1955, 1957) and Yoshimura 
(1975c). It remains to be shown from dynamical studies of course, 
whether the angular velocity actually increases downward and whether 
the cyclonic rotation of the convective cells has the sign expected from 
elementary considerations on the Coriolis force. If the sign of both F and 
G, are reversed, the direction of migration would be the same, of course, 
but the relative phase of the poloidal and toroidal fields is reversed, 
permitting an observational test of the signs of I’ and G, separately. 

Note that if the only non-uniform rotation in the sun were the 30/30 
observed at the surface, then the gradient of the azimuthal! velocity is in 


632 THE PHYSICAL NATURE OF THE GENERATED FIELDS 


the horizontal north-south direction and G, = 0, G, #0. With the equator 
rotating more rapidly than the poles, and the x-axis pointing southward, 
it follows that G, is positive in the northern hemisphere and negative in 
the southern. Then with I positive in the northern hemisphere, TG, 1s 
positive there. The migration is in the positive z-direction, 1.e. vertically 
upward. This circumstance leads to a more complicated dynamo. The 
phase velocity at the surface depends upon the manner in which the 
vertical propagation of the dynamo wave is deflected at the surface, and 
hence depends in detail on the distribution of l and G, with latitude. The 
problem is taken up at some length in $19.3. 

This is an appropriate place to inquire into the basic physics of the 
dynamo wave (Parker 1955). Suppose for instance that the large-scale 
shear is just G, =dV,/dz, with G, =0, while the rising convective cells 
rotate clockwise as viewed from above (positive z), so that I’ is positive, 
as in the northern hemisphere of the sun. Suppose that there are bands of 
azimuthal field B, of alternate sign, as sketched in Fig. 19.1(a), so that at 
time t=0 

B, =—cos(k,x). 


y 


The question is the subsequent effect of l and G, on this initial field. The 
interaction of the cyclonic convective cells with B, produces a large 
number of raised loops in the lines of force, all rotated clockwise so that 
they represent a net circulation in the meridional xz-plane, as sketched in 
Fig. 19.1(a). Subsequently the many small loops diffuse together leaving 
only the net magnetic circulation indicated by the closed loops drawn in 
the xz-plane. The closed meridional loops are subject to the shear 
G, =dV,/dz, of course, so they are drawn out in the y-direction as shown 
in Fig. 19.1(b). It may be seen from Fig. 19.1(a) that this generates new 
B, in the gaps between the original bands of B,. It is apparent from Fig. 
19.1(b) that the new B, has the same direction as the original B, lying 
immediately toward positive x. That is to say, the origina! bands of B, are 
augmented on their sides toward negative x and cancelled on their sides 
toward positive x. The centre of gravity of each band of B, is shifted 
toward negative x. Repeating the process shifts the bands again toward 
negative x, etc. The direction of migration of the fields is toward negative 
X, 
B, = —cos{k, (x + U,b}. 


If TG,k, is larger than 2n°k2, there is a net gain in the total magnetic flux 
and the amplitude of B, grows with time. 


19.2.2.3. Blocked propagation and stationary fields. If the magnetic 
field of the sun is to be understood in terms of migrating dynamo waves, 
then what are we to think of the stationary field of Earth? Vhe answer is 
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Fic. 19.1. A schematic drawing of a migratory dynamo wave composed of alternating 
bands of azimuthal magnetic field B, = ~cos(k,x). (a) shows the loops in the lines of force 
produced by rising convective cells rotating clockwise (as viewed from above). The sense of 
the magnetic circulation in the meridional plane is indicated by the square loops. (b} shows 
the meridional circulation sheared by dV,/dz, producing new B, in the gaps between the 
initial bands of By. 


that the migration can be blocked by the boundaries, by the secondary 
dynamo coefficient Q, and/or by meridional! circulation, so that both the 
real and imaginary parts of 1/7 are zero and the waves stand stationary in 
space. Whether the dynamo waves migrate or stand still depends upon 
the dynamo number and upon the geometry of the large-scale flow and 
the distribution of the cyclonic convection. When the propagation is 
blocked by boundaries, the wave numbers k, and k, are complex instead 
of real. The physical requirement that k, and k, be real applies only to an 
infinite space. There is no reason to expect k, and k, to be real in the 
liquid core of Earth. Indeed, we do not expect k, and k, to be entirely 
real in the convective zone of the sun, but, as will be shown later, their 
real parts are large enough in the thin shell of the convective zone that 
the simple relation (19.27) is applicable, at least in order of magnitude. 
For Earth (19.27) is not applicable, so that we must go back to (19.23) 
and begin the analysis anew. Consider then, dynamo waves in opposite 
‘hemispheres’ blocking each other at the ‘equator’, z =0. 
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The problem is to calculate either k, or k, given the other and given 
the growth rate T/r. The dispersion relation is fourth order in the wave 
numbers, so the calculation is clumsy. Suppose that G, =O so that the 
large-scale shear is just G,=dV,/dx. The x-component of the wave 
vector is then of secondary interest, appearing only in the dissipation 
n(k2+k2). To facilitate the calculation put k, =0 so that the migration of 
the dynamo wave is in the z-direction. For [G, positive the migration is 
in the positive z-direction. To illustrate a stationary solution of the 
dynamo equation, then, suppose that the large-scale shear has the uni- 
form positive value + G, for all z, while the dynamo coefficient has the 
uniform positive values +I in z <0 and the uniform negative value -I in 
z>0Q. As a result the dynamo waves migrate from z = +% toward z =0 
blocking each other where they meet at z =0, and providing a stationary 
solution (1/r =0). We suppose that there are no fields at z = +, 

In z>0, where the dynamo coefficient is —T, the dynamo equations 
(19.21) and (19.22) reduce to 


d?B,/dz* = —G,B,/n, dB,/dz =—-VB,/n (19.35) 


upon writing B, =—dA,/dz. In z <0, where the dynamo coefficient is + T 
the dynamo equations reduce to 


d*B,/dz* =—G,B,/n, dB,/dz =+TB,/n. (19.36) 
Consider solutions of the form 
B, = C exp(~iqKz), B, = D exp(+iqKz) (19.37) 


in z>0 and z <0, respectively, where K is the characteristic dynamo 
wave number defined by 
K°=TG,/n’ (19.38) 


and C and D are arbitrary coefficients. It follows that 


B, = (nq’K*/G,)C exp(-iqKz), B, = (nq’K*/G,)D exp(+iqKz) 
(19.39) 


in z >Q and z <0, respectively. Substituting these forms into the dynamo 
equations (19.35), it follows that q* =—i so that there are the three roots 
for q, 

qı = t+exp(—ié7r), qə = —exp(+iem), qg=ti. (19.40) 


The root q; = +i yields exp(Kz) in z >0 and exp(— Kz) in z <0, both of 
which diverge at infinity. Hence the third root is without physical interest 
in the present problem. The fields are, then, 


B, = C; exp(~ iy, Kz)+ C, exp(—iq.Kz) 
B, = (mK*/G, {qiC, exp(—iq, Kz) + q3C> exp(—1q2Kz)} 
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in z >0, while in z<0 
B, = D, exp(+ iq, Kz)+ D, exp(+iq,Kz), 
B, = (nK?/G, ){qiD, exp(+ iq, Kz) + qzDz exp(iq, Kz)}. 

The finite resistivity of the medium requires that B, and B, are 
continuous at z = 0. Since G,B,/7 is continuous and finite across z = 0, it 
follows from (19.35) and (19.36) that dB,/dz is also continuous. Since the 
dynamo coefficient jumps from +F to —T in passing from z=~—e, to 
z=+e, while B, is continuous, it follows from (19.35) and (19.36) that 
dB,/dz reverses sign across z = 0. Thus dB,/dz at z = +e is equal to the 
negative of dB,/dz at z = ~e. The first three of these boundary conditions 
yield 

| C,+C,=D,+D; 

qiC,+q3C, =q{D,+q3D, 
~GCy-q@C, = +q Di taD 
for the continuity of B,, B,, and dB,/dz, respectively. The reversal of sign 


of dB,/dz leads to the same condition as for the continuity of B,. Solving 
these equations for C,, D,, and D, in terms of C, gives 


D,=G, D,=C,=—4q,C\/q. = +C, expl- izr). (19.41) 


There is no dispersion relation because there are only three independent 
boundary conditions. With B,=2C, exp(— ir), it follows that the fields 
in z >Q are 


B, = Ba(nK?/G,)exp(—}Kz)cosĖv3 Kz +22), (19.42) 
B, = Bo exp(—4Kz)cosV3 Kz —$7). (19.43) 
In z<0O the fields are 
B., = Bo(nK?2/G, )exp(+35Kz)cos(3./3 Kz —é7), (19.44) 
B, = By exp(+$Kz)cosGv3 Kz +§7). (19.45) 


The fields are symmetric about z =0, representing two dynamo waves of 
equal and opposite strength deadlocked head-on across z = 0. The fields 
are plotted in Fig. 19.2. Note that this is not an eigenvalue problem 
because there is no characteristic scale length in the environment from 
which to derive the dynamo number. The strength of the dynamo effect, 
characterized by FG,/ n°, can be as large or as small as desired. Increasing 
I'G,/n* merely causes the fields to crowd closer together against z = 0, as 
indicated by the increase of the characteristic dynamo wave number K 
given by (19.38). The scale 1/K of the fields adjusts so that the effective 
dynamo number, [G,/n*K*, always equals one. 
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Fic. 19.2. The solid curves give B,, in units of BynK7/G, from (19.42) and (19.44), and a 
plot of B, in units of Bo from (19. 43) and (19.45). The field B, in units of BynK?/G, given 
by (19. 47) and (19. 49). is identical with B, in units of By from (19.43) and (19. 45). The 
dashed curve is from (19.48) and (19.50). 


The complementary problem is the circumstance wherein the dynamo 
coefficient has the same positive value +I for all z while the large shear 
has the positive value +G, in z <0 and —G, in z >0. Then in z >0 the 
dynamo equations are 


dB /dz?=+G,B,/n,  dB,/dz =+T'B,/7. (19.46) 


In z <0 they are given by (19.36). With the solutions (19.37) it follows 
that 


B, =~—(nq°K*/G, )exp(—iqKz), B, = +(nq°K*/G,)D exp(+ iqKz) 


in z>0 and z <0, respectively. The boundary conditions can be expres- 
sed in terms of the continuity of B,, B,, and dB,/dz, from which it is 
readily shown that the coefficients are D, =—-D,=~C,=+C,. Hence in 
z >0 the fields are 


B, = +B,(nK*/G, )exp(—4Kz)cos./3 Kz —27), (19.47) 
B, = —B, exp(—4+Kz)sinGv3 Kz). (19.48) 
where now By=+2iC,. In z <0 the fields are 
B, =+B,(nK7/G, exp(+4Kz)cos(V3 Kz +27), (19.49) 
B, = —B, exp(—4Kz)sinGv3 Kz). (19.50) 


It is apparent that B, is symmetric about z=0, while B, is anti- 
symmetric. the x-component of the field, given by (19.47) and (19.49), 
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has the same analytical form as the y-component given by (19.43) and 
(19.45). The field B, is shown by the dashed curve in Fig. 19.2. 

These two examples serve to illustrate the pile-up of oppositely moving 
dynamo waves when they meet head on, producing stationary magnetic 
fields from the otherwise oscillatory waves. The stronger the dynamo, the 
more closely the opposite waves crowd against each other. It should be 
noted that the oscillations can also be blocked by counter-streaming fluid. 
Roberts (1972) shows examples wherein an oscillatory dynamo is con- 
verted to a stationary dynamo by a meridional flow opposing the latitudi- 
nal migration of the dynamo wave. Indeed, the meridional flow is an 
intrinsic part of Braginskii’s formal mathematical development of the 
dynamo equations (see §18.6), which led to the suggestion (Braginskii 
1964) that meridional flow may be an essential part of the operation of 
the geomagnetic dynamo. It is an interesting possibility, but, as we shall 
see, it is not necessary for the operation of a stationary dynamo. Parker 
(1977a, b) has pointed out that the buoyancy of magnetic fields in a 
compressible medium can have the same effect as a meridional flow. And, 
of course, it was pointed out in Chapter 13 that the buoyancy is a 
powerful loss mechanism when the fields become very strong. On the 
other hand a downward streaming of fluid can counter the loss by the 
buoyant rise and greatly enhance the effictency of the dynamo and/or 
allow the amplification to proceed to stronger fields. There is a large 
variety of effects that can be incorporated into the theoretical models, 
producing an unfortunate proliferation of undetermined parameters that 
are free to be adjusted to fit any observational! result. Until firm know- 
ledge of the fluid motions is available, there seems little to be gained by 
pursuing the many possibilities. 


19.2.2.4. The four wave modes. When considering the migration of 
dynamo waves in the presence of boundaries, as already done for the 
stationary case in the subsection above, it is necessary to solve the 
dispersion relation (19.23) for the wave numbers. The equation is fourth 
order in the wave numbers, so there are four roots for a given 1/r. 
Without loss of generality, the coordinate system may be rotated about 
the y-axis so that the large-scale shear is in the x-direction. Then 
dV,/dx =G,=G and G,=0. It is convenient to write (19.23) in non- 
dimensional form, in terms of the characteristic dynamo wave number 
(19.38), 


K?’ =f G/n? 
together with the dimensionless wave number q = k,/K and ‘growth rate’ 


A = 1/nK°rt + k?/K?. (19.51) 
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If the y-component of the field is written as 


B, = C exp i(wt — k,x — qKz), (19.52) 
then it follows from (19.22) that 
B, =+C(nK?/G)\(A + q?)exp i(wt — kx — qKz), (19.53) 


B, =—C{inKk,/G(A + q2)exp i(wt — kx — qKz). (19.54) 
The dispersion relation (19.23) becomes 
(A +q*)*—iq =0. (19.55) 


Note again that k, =qK is the principal wave number, directly involved in 
the dynamo effect. The wave number k, is secondary, contributing to the 
dissipation and producing B,, but not being involved directly in the 
dynamo. 

There is a formal algebraic solution to any quartic equation, of course, 
yielding the four roots g,(n=1, 2, 3, 4) as algebraic functions of A. 
Unfortunately the expressions are too complicated to be of much use in 
the calculations that follow. Instead we note that the four roots of (19.55) 
satisfy 


4 
» Gy =0 
n=1 


and content ourselves with the fact that they can be expanded in ascend- 
ing powers of A, and in descending powers of A. If |A|«1, it is readily 
shown that? 


qı = —exp(—ig7r {1 —§A exp(ifa) + 4A? exp(—ig7r) + 28A7/814+.. 4, 


(19.56) 

qo = t+exp(+igm){1—4A exp(—if7r) +4A? exp(itar) + 28A7/81+...}, 
(19.57) 
qa =—i(1+2A -1A24+28A3/81+4...), (19.58) 
g4=—i1A7*(1-2A7+...). (19.59) 


The expansions converge rapidly for |A|= 0.5. On the other hand, when 
|A|>1, these same roots can be expanded in the asymptotic forms 


Pye EO" } 
2A? 64A? 128A* 4096A*% 131072A®% "U7? 
(19.60) 


qı = +iA? (1+ 


* The three roots qı, q2, qa in (19.40) for A =0 were written for a dynamo 
coefficient —I’, and so have the opposite sign of the roots defined here. 
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=+iA!(1-345- i pt 2i 4i y } 
a 2A? 64A? 128A* 4096A® 13102A 7 
(19.61) 
~-iai(i+ 4-4 O en 
435] 2A? 64A? 128A° 4096A= 13102A °°)’ 
(19.62) 
o, 1 1 1 9 55 
=—iA?(1-—,+——5+ 4+ — a.. 
qa=—1A (1 2A 64A? 128A° 4096A= 13107247 
(19.63) 


which converge rapidly for |A| > 1. In the intermediate region 0.5<|A|< 
1 the convergence is conditional, although useful if suitable care is taken. 

To illustrate the character of the different modes put the secondary 
wave number k, equal to zero and suppose that the magnetic fields have 
grown to a level where there is dynamical equilibrium, with the cyclonic 
motions and the large-scale shear inhibited to such a level that Re(1/r) = 
0 and the amplitude of the waves is fixed in time. Denoting the frequency 
by #=Im(1/r), it follows that A =iw/7nK*. If the product nK? is large 
so that |A| is small, it follows from (19.56)-(19.59) that the wave 
numbers are 


qı = ~exp(—ikw)(14+20/nK74+ ...), (19.64) 
qo = + exp(+ig7)(1—20/nK7?+...), (19.65) 

Q3=—i+90/nK*+..., (19.66) 
qa = +ilo nK? Y -Uo nK F +... (19.67) 


The phase velocity U, is defined to be 
Us = @/Re(k,)= w/K Re(q). 


Thus, for the four modes the phase velocities are 


2 w 2 @ 
Us = J3 K’ U2 = +73 K’ (19.68) 
3 nK? w 1 /nK?*\5 w 
r Une 3(% K (19.69) 


The amplitude of each mode varies as exp{Kz Im(q)} along the wave 
train. Thus the first and fourth modes migrate in the negative z-direction 
(Us <0), the amplitude of the first mode declining rapidly, as exp(+3Kz), 
and the amplitude of the fourth declining slowly, as exp{+(@/nK*)’ Kz}, in 
the direction of migration for the present case that w/nK* « 1. The second 
and third modes migrate in the positive z-direction, the amplitude of the 
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second increasing rapidly, as exp(+5Kz) and the third declining rapidly, 
as exp(—Kz), in the direction of migration. The phase velocity of the third 
mode is larger than w/K, while the phase velocity of the fourth is very 
much larger than w/K (for nK? >w). It is evident that for |A|«1 the 
fourth mode differs from the other three in having a very large phase 
velocity. 

If TG is negative rather than positive, K is replaced by —|K| in the 
above expressions. The sense of migration and the direction of increasing 
amplitude are both reversed, so that they maintain the same relationship 
as for FG>0. 


19.2.2.5. Dynamo waves at an impenetrable boundary. To explore 
the interrelations of the four modes consider their interaction at a 
perfectly conducting boundary. Suppose that the space z <0 is filled with 
a rigid, infinitely conducting material containing no magnetic field. The 
space z > 0 is filled with conducting fluid (n > 0) subject to the large-scale 
shear dV,/dx =G and to the cyclonic convection characterized by +I. To 
establish the boundary conditions at z =0 note that the dynamo equa- 
tions (19.21) and (19.22) are written 


aB. a (2 9B.) ð 
at S ——Ż | t= —— ([B 19.70 
ðt dz [n dz ax az | y) l ) 
0B aB aB 
y 9 (x 2) 5 (n 2B) =+GB,, (19.71) 
ðt dz OZ Ox Ox 
ðB. a (2B: 2B.) ð 
ðt ox fn ax ðz ax | 2 (19.72) 


when », [, and G are functions of x and z. Note first that in order to 
satisfy 0B,/ax; = 0 it is necessary that B, be continuous at z = 0, and hence 
equal to zero. Then integrate (19.70) and (19.71) from z=—e to z = +e, 
with € —> 0. The terms O(e) vanish, and there remain the two conditions 


m OB,/dz \tS=TB, |*5, 
n OB,/az \TE=0. 
Both the magnetic field and the coefficients ņn and I’ vanish at z =—e. 
Hence at z = +e, 
0B,/dz =TB,/n, dB,/dz =0. (19.73) 


There are, then, three boundary conditions. Applying them to the solu- 
tions (19.52)-(19.54) leads to the three equations 


4 


$ C(A+q?2)=0, (19.74) 


n=l 
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4 
> C,{1+ig,(A +q2)}=0, (19.75) 
n=l 


oo 


Cg, =0, (19.76) 
=] 


n 


for the vanishing of B., 3B,/ð3z -IB ,/n, and 3B,/ðz, respectively. The 
quantity C,, is the amplitude C of the nth mode. The three equations 
specify any three of the C, in terms of the fourth. It is readily shown that 


C i[(q2-q4}{1 —iq244(q42 + qu)}/(A + qi) 


+(q4—qıX1 —iq1q4(q4 + q )} (A + q2) 
+(qı -42X1 —igyq2(qi + qa) H(A + q3)] 


= Csl(qa— 4211 ~igzqalqo + aa)}/(A + 43) 


+ (42— qa){1 — ig2q3(Q2+ q3)}/ (A + q3) 
+ (43 — Gat] —19344(q3+ qa) H(A + q5)] (19.77) 
and 


Col(qi — qa] — igi gular + qa)}H/(A + 43) 
+ (d2—4){1 -iqiga(ar+ q2)(A +49) 
+ (4a— 42){1 —iq244(q4 + q2)H(A +q5)] 
= C3[(qa— qi {1 —iq144(q1 + qa) H(A +3) 


+ (qi — q3){1—- 19:93(4, + qs) }/(A + qi) 
+ (G3 — Gah] —iq3q4(q3 + qa) H(A +q7)]. (19.78) 


The other four linear relations between pairs of coefficients follow by 
cyclic permutation of the indices. 
In the limit of small A, the ratios of the amplitudes reduce to 


C4 = C; (19.79) 


with C, and C, both small, O(A) compared to C,. Thus, if TG is positive, 
the fourth mode migrates in the negative z-direction and is the ‘incident’ 
wave. The third mode then represents the ‘reflected’ wave, migrating 
away from the boundary in the positive z-direction, both declining in the 
direction of migration. Note that the first and second modes, with very 
small amplitudes at the boundary, both increase as exp(+3Kz) away from 
the boundary. 

If FG is negative, on the other hand, then the third mode propagates in 
the negative z-direction and is the ‘incident’ wave, while the fourth is the 
‘reflected’ wave. The amplitudes of both decline in the direction of 
propagation. The first and second modes continue to be small, O(A). 
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Note from (19.54) that if the wave fronts are precisely parallel to the 
boundary, i.e. if k, =O, then B, is identically zero so that there are but 
two boundary conditions to be imposed. In this special case, then, any 
one of the four modes may vanish and there is still a consistent solution of 
the dynamo equations. The impenetrable boundary is capable of blocking 
any normally incident waves (k, = 0) so that there are stationary solutions 
(A =0) to the dynamo equations. The same cannot be said for oblique 
waves, however. 


19.2.2.6. Dynamo waves at a vacuum boundary. If the region z <0 
is filled with a non-conducting medium (ņ =~), or filled with conducting 
medium so tenuous as to be pushed aside by the magnetic fields extending 
in from the dynamo region z > 0, then the magnetic field in z <0 follows 
from Laplace’s equation as 


B, = D expti(et — k,x)+ k,z}, (19.80) 
B, = 0, (19.81) 
B, =iD exp{i(wt — k,.x)+ k,z}, (19.82) 


where k, is assumed to be positive. The fields (19.52)-(19.54) obtain in 
z>0. The boundary conditions at z = 0 are readily specified because the 
conductivity is finite or zero, prohibiting current sheets and any discon- 
tinuities in B; Thus all three components of B; are continuous across 
z =0. Eliminating D between the equations for B, and B,, we are left 
with the two conditions from (19.52)-(19.54) that 

4 


Cn = 0, 
=} 


n= 


4 
YC, (ig, +k /K)(A +42) =0, 
n=l 


after some simplification of the coefficients with the aid of the dispersion 
relation (19.55). There are, then, but two restrictions on the four coeff- 
cients C,. We are at liberty, therefore, to set any one of the four equal to 
zero. If, for instance, the first mode is absent (C, = 0), then 


_ n (At @akliqa— kA KA + 43) — (igs — k,/ KA + q3) 


C= Ca ay gigas KIKA +42) liqa kI KA tay EP 
c,- c, APE Migs K KIA +a) -iq kIKVA +D) (19 949 
(A + q3)\{(iqo — k,/ K)(A + 43) — (igs — k,/K)(A + q3)} 
For small A these reduce to 
C-C- k, (kJK)expliim) +expl=it) 19 go 


— ~4 13 AK 1+k/K+k2/K2 
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The amplitude of the fourth mode is small, O(A), compared to C, and 
C3. But note that when K <0 the fourth mode migrates in the negative 
z-direction and is the ‘incident’ wave. In that case the second and third 
modes represent the ‘reflected’ waves and have large amplitudes O(A~') 
compared to the ‘incident’ wave. In the limit of k, = 0 (normal incidence) 
C, and C; vanish and the fourth mode simply terminates at the boundary 
without any reflected wave (Parker 1971c). 

We can put any one of the coefficients C, equal to zero, obtaining any 
two of the coefficients in terms of the remaining one. The results can be 
written down directly by inspecting the ordering of the indices in (19.83) 
and (19.84) relative to the number of the excluded mode and the number 
of the coefficient in terms of which the other two are to be expressed. If 
C,=0, then in the limit of small A, 


C,=—-C;, Ca = /3 AC,fexp(iéa) + (K/k, )exp(—iga)}. (19.86) 


In this instance one may think of C, as the ‘incident’ wave, producing 
principally the first mode as the reflected wave, with C, but weakly 
excited. But note that as k, —0 (normal incidence) the fourth mode is 
more strongly excited. If we first set k,/K =0 and then consider small A, 


the result ts | 
C = CG exp(is7), C, = C, exp(—i47). (19.87) 


The fourth mode is excited equally with the first. 
If, on the other hand, C, = 0, then for small A, 


C,=-Cy,  G=iv3 AG(1-K]k,) (19.88) 


where the second mode may now be considered as the ‘incident’ wave. 
The fourth mode is again but weakly excited except near normal inci- 
dence. In that case, putting k,/K =O and then considering small A, 


C,=+C,exp(-idm),  Cy=—V3C, exp(-iin), (19.89) 


in which case the amplitude of the fast moving fourth mode is a little 
larger than the first. 
Finally, note that if C,=0, then for small A, 


exp(ig7r) — 2(k,/K )exp(— ig) — (k,/K)? 
1+k/K+k2/K? 7 


c Ge k /K)\[expliir)-—(k,/K)exp(— is77)] 
1+k/K+k2/K? 


C,=-C, 


C,=-C, 


In this case we may think of C, as the ‘incident’ wave in the circumstance 
that K <Q. The second and third modes have comparable amplitudes. In 
the limit of normal incidence, C, = C,;=—C, exp(i¢7), representing the 
blocked (stationary) dynamo waves treated in §19.2.2.3. 
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It is a simple but tedious matter to treat the reflection and refraction of 
dynamo waves at interfaces where I’, G, and/or n change discontinuously. 
The present examples suffice, however, to illustrate the general idea of 
the complex behaviour of the dynamo wave at a boundary. It is time to 
move on to specific examples of the generation of field in finite volumes 
of space. 


19.3. Dynamos in rectangular boundaries 


Consider what happens when the dynamo waves are penned up in a 
rectangular box. In particular we shall be interested in a box in which the 
dynamo coefficient [ changes sign across the middle, simulating the 
reversal of sign of cyclonic motion across the equator of a rotating body. 
In the limit of strong shear the dynamo equations reduce to the simple 
form (19.21) and (19.22) (i.e. (18.4) and (18.7)) whether the cyclonic 
rotation is about the x- or z-direction, or any other direction in the 
xz-plane. 


19.3.1. Dynamos with vertical shear 


To stay with the conventions of the foregoing illustrations let dV,/dz = 
G, =0 again, and write simply G, =dV,/dx = G. The dispersion relation 
is given by (19.55) and the three components of the field by (19.52)- 
(19.54) for each of the four modes. The wave number k, is secondary and 
appears only in the non-dimensional growth rate (19.51). The primary 
wave number k, is given by (19.56)-(19.63) for each of the four modes. 

Now in a rotating, convecting astronomical body the sense of rotation 
of the cyclonic motions, i.e. the helicity, changes sign across the equator. 
We expect that at low latitudes the non-uniform rotation is the result of a 
vertical gradient in angular velocity. To develop a rectangular dynamo 
with these same general properties along the lines discussed in 319.2, let 
the positive x-axis correspond to the vertical direction so that G =dV,/dx 
represents a ‘vertical’ shear. Let y represent the azimuthal direction 
pointing in the direction of rotation so that axi-symmetry becomes 
d/dy =0, as in the discussion of $19.2. Then the z-axis of a right-handed 
coordinate system points north and the rectangular dynamo simulates in 
some degree the basic properties of the spherical dynamo in the manner 
sketched in Fig. 19.3, following Parker (1971b). 

Let the dynamo coefficient have the uniform value +l in z >0 and -T 
in z <0, simulating the reversal of cyclonic motion (helicity) across the 
‘equator’ z=0 of a rotating body. Let G be uniform throughout the 
entire dynamo region —A <z < +À. 

The advantage of the artificial rectangular dynamo over a more realistic 
spherical one is the elementary analytical treatment, producing concise 
analytical expressions for the dynamo numbers and the magnetic fields of 
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Fic. 19.3. Sketch of the rectangular dynamo region -à <z < +A and the correspondence 
to the spherical geometry of Earth and of the sun. 

the various stationary and periodic states. The calculations show the 
interesting fact that stationary modes can occur only in thick regions, 
where the dissipation of k, is not large. For if the dynamo number KA is 
large, as it must be to overcome a large resistive dissipation nk2, the 
dynamo waves are oblique, of short length, and ‘push’ so hard that they 
cannot be blocked by the boundaries. Then only migratory (periodic) 
fields are generated. The stationary magnetic field is a special cir- 
cumstance appearing only under favourable conditions for which modest 
values of KA are sufficient to maintain the field. The same general effects 
obtain within spherical boundaries too, with any large KA producing 
periodic fields. 

The boundary conditions on the rectangular dynamo are easily pre- 
scribed. With z = +À corresponding to the north and south ‘poles’, only 
the vertical component B, is non-vanishing there. So B,=B,=0 at 
z = +À. For simplicity suppose that the horizontal planes x = th = t7/2k, 
represent free surfaces at which B, =0. The fields at the midplane x =0 
then satisfy the boundary conditions for an impenetrable boundary there, 
so that the solutions for free boundaries at x = +h illustrate two cases at 
once. 
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Across the ‘equator’ z = 0 the three components B, = —dA,/dz B,, and 
B,=+0A,/dx must be continuous. Integrating (19.21) from z =—e to +e 
and noting that G.B, is continuous, leads to the conclusion that dB,/dz is 
continuous. On the other hand 0B,/dz is not continuous. The continuity 
of the three components of the field and the jump in the dynamo 
coefficient from -T in z <0 to +F in z >0 dictates that dB,/dz jumps by 
2T B, (x, 0)/ņ across z= 0, 

Following (19.52)—(19.54) denote the field in z >0 by 


B, =(K?n/G)cos(k,x)exp(t/t) )) C,(A+q2)exp(—ig,Kz), (19.90) 


n=l 


4 
B, =cos(k,x)exp(t/7) p3 C, exp(— iq, Kz), (19.91) 


B, =—(k,Kn/G)sin(k,x)exp(t/7) È 


aS quo ig,Kz) (19.92) 


with the four q, representing the roots (19.56)-(19.63) of (19.55). In 
z<0Q the dynamo coefficient +I is replaced by -T so that K is replaced 
by —K. Write the field in z <0 as 


B, = (K?n/G)cos(k,x)exp(t/7) 5 D, (A +qî)expliqa Kz), (19.93) 


n=t 


B, = cos(k,x)exp(t/7) È D, expliq, Kz), (19.94) 


=+(k,.Kn/G)sin(k,x)exp(t/7) È expliq, Kz). (19.95) 


aoe 


The continuity of B,, B, B,, and dB,/dz at z=0 leads to the four 
relations 


È GA +a?) =+}, D(A +q), (19.96) 
dC. = +2, Dn (19.97) 

» GAA +4) =-} D,/(A +2), (19.98) 
>, Can = -È Dads (19.99) 


respectively. The vanishing of B, and B, at z=+A yields the four 
relations 


B C, exp(—igq, KA) = X D, exp(—iq, KA) = 0, (19.100) 


Cn 
Larg exp(— 1q, KA) = » 


D, 
Ata Goer iq,KA)=0. (19.101) 
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There are, then eight linear homogeneous equations for the eight coeffi- 
cients C, and D,„. 
The substitution 


En = Cn + D,, F, = C, — Da (19.102) 


breaks the set of eight equations into a set of four for E, and another set 
of four for F,,. The coefficient E, represents the modes (for C, = D,,) for 
which the azimuthal and vertical fields B, and B, are even functions of z, 
while F, represents the modes (for C, =~—D,,) for which B, and B, are 
odd functions of z. 

For the even modes, then, the determinant of the coefficients of E,, in 
the four equations must vanish, leading to the dispersion relation 


0=(a@ 2_ af expizila: + q2)KAY | expri(di + do) Kat 
0 =(q5~-qi)(q4 | CA LAA +q2) era | 


exp{— ilq2 + q3)KA} n exp{i(q> + aZ 
(A +qiXA+q3) (A+qs(A+q3) 


exp{~ilqı +q) KA} n expil(q, + D 
(A+q5(At+qa) (A+qp(At+qy) F 
(19.103) 


+ (q3—43)(qi-4q) | 
+ (q3—47)(q5 - q3) | 


upon making use of the fact that } q, =0. For the odd modes the 
determinant of the F,, must vanish, yielding the same dispersion relation 
except that + KA is replaced by —KA throughout. 


19.3.1.1. Stationary states. It will be seen that stationary states (real 
positive A) occur for modest values of the dynamo number KA and yield 
modest values of the generation rate AK*y. Hence the expansion of q,, in 
ascending powers of A suggests itself (Parker 1971b). Using (19.56)— 
(19.59) it can be shown, after some tedious but elementary algebra, that 
the dispersion relation (19.103) (for the even modes) reduces to 


0 = F(KA)+ AG(KA)+ O(A?, A? KA, A?K7A7), (19.104) 
where 
F(KA)=exp(KA) +2 exp(—1KA)sin@V3 KA —łr), (19.105) 
G(KX)= (1+3KA)exp(KA)—exp(—KA)—2 exp(SKA)cos(iVv3 KA) 
+2{cos(4V3 KA)—2KA sin(hV3 KA +2ar)}exp(—4 KA). (19.106) 


Note that, when KA is large and positive, F and G are both positive and 
increase monotonically. Hence there are no stationary or regenerative 
states (A >0) for KA >0. Such states occur only for KA <0. Note that 
A =Q (which is a stationary state in the limit of small k, occurs at the 


648 THE PHYSICAL NATURE OF THE GENERATED FIELDS 


zeros of F(KA) for the negative values 
ZKA = —[2(n —D ar + (—1)" exp- V3 (n—}}+...], (19.107) 


where n is any positive integer. The exponential term, and the higher 
order terms not given, are all quite negligible, even for n=1. Hence 
A =0 for KA =—3-01, —6-63, —10°25, ~—13-9. For KA<—3-01 


A =2 exp(:KA)siniv3 KA —22). (19.108) 


The generation rate K7A°A is plotted in Fig. 19.4 as a function of |KA\. 
The growth rate A is positive for 3-01<—K <6-63, with a maximum of 
A =0:210 at KA = —4-22. Indeed, there is a sequence of extrema 


A =(-1)"*!V3 exp{—(m +3) a//3} (19.109) 


at KA=—2(m+d2)n/32, where m=1,2,3,..., but the exponential 
exp(sKA) declines so rapidly with increasing m that only the first max- 
imum, at m = 1, is of physical interest. Note, then, that A « 1 so that the 
expansion of q, in ascending powers of A converges rapidly and the 
results derived therefrom are accurate. Neglect of (AKA)? in (19.104) is 
not so easily justified for the lowest mode but is clearly valid everywhere 
except in the immediate vicinity of the first maximum of A at KA = —4-22 
where AKA = 0-886. 

Now regenerative modes for negative dynamo number, KA <0, repre- 
sent the even modes, for which (19.103) is the dispersion relation. The 
magnetic fields are even functions of z, representing the quadrupole field 


ii 


K’? A 
bh 


Fra. 19.4. The growth rate K7A7A(1/7 in units of nA’) in the neighbourhood of the 
stationary states at [KA| = 3-01, 6-63, 10-25, 13-9. 
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2 
0-0 0-4 0-8 
aL 
Fic. 19.5. The broken curves represent B, in arbitrary units, and the associated B,, for 
nk*?G =0-1, for the first stationary odd mode (n = 1, KA = —3-01). Solid curves represent 
the stationary odd mode n=5, KA = —17-5. 


as the lowest mode, n= 1. The odd modes, for which the lowest is the 
dipole, are represented by (19.103) with +KA replaced by —KA. Hence 
+K is replaced by -K in (19.105)-(19.109) and the regenerative modes 
occur for KA>0O. The generation rate K°*A*A is plotted in Fig. 19.4, 
being the same function of |KA| as when KA <0. The idea that the outer 
layers of the liquid core of Earth rotate more slowly than the inner layers 
yields G=dV,/dx <0, while the more rapid rotation of rising convective 
cells yields [<0Q. Altogether, then, KA >0, yielding the dipole mode as 
the most strongly generated field. 

Computation of the coefficients for the odd mode from (19.96), 
(19.97), (19.100), and (19.101) yield 


0 = C\{(q4— 43)exp(—iq, KA) + (qi - qa)exp(—iq3KA) 
+ (q3— qyexp(—iqyKA)} + Co{(qi— q3)exp(—iqr KA) 
+ (q3~ qaexp(—iq,KA) + (q3— q3)exp(—iqy KA )} 
with 
0 = C\(qi — qa) + Cx(q3 ~ qa) + C343 — q3). 
Then in the approximation that KA is large and positive, the fields reduce 
to 


B, =+cos(k,x)exp(t/7){exp(Kz)+ 2 exp(—43Kz)sinG/3 Kz —g7)}, 
(9.110) 


B, = —(nK?/G)cos(k,x)exp(t/r) {exp(~Kz)+ 2 exp(Kz)sin/3 Kz +4a)}, 
(19.111) 


in z >0 in the neighbourhood A = 0. The fields B, and B, are plotted in 
Fig. 19.5 for the dipole mode (n=1). They are also plotted for n =5 
(KA = +17-5) to show the extreme crowding of the field against the poles 
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z=2+A when the dynamo number becomes large (Parker 1971b). Such 
high modes can be sustained only when k, « K, of course. The dipole 
mode is the only stationary mode strongly regenerated when KA > 0. 

There are a number of points of physical interest illustrated by the 
calculations. First of all, it follows from the definition (19.51) that the 
total generation rate 1/7+ k2 is given by 


1/7 + k2 = KA, 


so that it is K*A°A, rather than A itself, that is a measure of the rate of 
generation of magnetic fields. Fig. 19.4 is a plot of K°*A7A as a function 
of KA, showing the maximum generation rate K°A*A =4 at KA =5. The 
maximum is capable of producing stationary fields (1/7 =0) for k,A as 
large as 2. The limitation on k, is readily understood from the fact that 
the open boundaries at k,x = +37 (where we have required B, =(0) cause 
a rapid escape of magnetic flux. Hence if the total depth m/k, of the 
dynamo region in the x-direction is smaller than the fraction 477 = 0-785 
of the length 2A in the z-direction, the dynamo effect throughout the 
interior cannot keep ahead of the losses from the surface. If one of the 
boundaries were impenetrable, of course, then the dynamo region could 
be half as deep. If for instance, the dynamo region is 0<x<7/2k,, with 
no escape of B, through x=0 (so that 0B,/ax =0 at x=0), then the 
above solutions apply and the depth 7/2k,. can be as small as the fraction 
aT = 0-392 of the length 2A in the z-direction. On the basis of this simple 
rectangular model, then, it is not unreasonable to expect a stationary 
dynamo in the thick shell of convecting liquid iron, between the mantle 
and the solid inner core of Earth. It is clear, too, that it is not possible for 
a dynamo to operate in a shell as thin as the convective zone of the Sun. 
A thickness of only about 10° km=0.15Ro, is available in the lower 
convective zone of the Sun (because of the rapid buoyant losses from the 
upper regions of the convective zone), and 10° km is only about 107' of 
the north-south length of convective zone. 

This brings us to the next question, why cannot the dynamo keep ahead 
of the losses out the surface if the dynamo number KA is made sufficiently 
large? A glance at Fig. 19.4 shows that the generation rate K7A7A 
declines rapidly with increasing dynamo number. The answer to this 
question is shown in the next subsection to be the simple fact that the 
large dynamo number produces periodic rather than stationary fields. 
When the dynamo is vigorous, the dynamo waves resist being blocked by 
the boundaries. The waves are so strongly regenerative, and press for- 
ward so strongly, that they cycle around through the region, producing 
migratory dynamo waves and a periodic magnetic field. Only in the 
idealized symmetry of §19.2.2.3 can the waves be blocked so completely 
as to produce stationary fields in the limit of large dynamo number. Thus 
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the stationary dynamo is a delicate creature, thriving only in the most 
favourable environments. The stationary dynamo is favoured by moder- 
ate dynamo number, in deep dynamo regions so that the losses through 
the surface are moderate. With large dynamo numbers, the natural 
tendency of the dynamo waves to migrate in the z-direction (for dV,/dx) 
asserts itself and the fields are periodic in time. 

Indeed, the occasional sudden (10° years) reversal of the geomagnetic 
field can be explained merely by an increase in dynamo number, causing 
the field to become periodic for a time. There are other explanations for 
the reversal too, such as a change in the distribution of the cyclonic 
eddies, but that is a topic for later consideration. 

Examination of the principal maximum in Fig. 19.4 brings to light the 
‘unstable’ character of the stationary dynamo (Levy 1974). It would seem 
that at the present time the terrestrial dynamo is in a quasi-stationary 
state with 1/7 =0. There is presumably some dynamical balance between 
the hydrodynamic forces and the magnetic field such that, if the field 
grows stronger, the Lorentz forces suppress the cyclonic convection and 
non-uniform rotation, thereby reducing the dynamo number KA slightly. 
Hence, the field relaxes and equilibrium is restored. But it is evident from 
Fig. 19.4 that this simple picture of dynamical balance is possible only on 
the left side of each maximum. On the right side, toward larger KA, an 
increase in the fields, causing a decline in the dynamo number KA, 
enhances the generation of field, further depressing the dynamo number. 
The effect runs away until the dynamo number is pushed down below the 
maximum of the curve and the system resides on the left side of the 
maximum. On the other hand, suppose that the fields decline slightly 
while the system is operating on the right side of the maximum. If the 
reduction of the magnetic stresses permits stronger shear and cyclonic 
convection, then the dynamo number increases, and the generation rate 
K*\?A_ declines, leading to a further weakening of the field. What 
happens then depends upon what periodic modes are available, and is 
taken up in the next subsection. It is clear, however, that a dynamo, 
operating near the peak of the maximum in the generation rate K°A*A, 
leads a precarious existence. A slight upward fluctuation of the dynamo 
number KA can carry the system over the maximum onto the declining 
side of the curve, with subsequent decay of the stationary field and the 
prospect of the onset of a periodic dynamo. It may be some such effect as 
this that occasionally leads to a reversal of the geomagnetic field. 

The blocking of the dynamo waves to provide a stationary dynamo 
appears to be a tenuous effect (Parker 1971b; Lerche and Parker 1972), 
its success depending critically on the distribution of the non-uniform 
rotation and the cyclonic convection over depth and latitude (Parker 
1969a; Levy 1972a, b). Roberts (1972) points out the important role that 
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meridional circulation may have in producing stationary dynamos (by 
opposing the natural migration of the dynamo waves). Steenbeck and 
Krause (1966, 1967) employed numerical methods to treat the dynamo in 
spherical boundaries. With a dynamo coefficient I proportional to cos @, 
where @ is the polar angle measured from the north pole, they found 
stationary solutions, whereas Braginskii, using the same non-uniform 
rotation but with F œ sin? 6 cos @ (so that the cyclones are concentrated 
at lower latitudes) failed to find stationary solutions. On the other hand, it 
is shown below that cyclones at high latitude alone fail to generate the 
dipole mode (Parker 1969a; Levy 1972a, b,c). 


19.3.1.2. Periodic states. The occurrence of the stationary dynamo 
only at modest dynamo numbers suggests that strong dynamos (large 
dynamo numbers) produce periodic fields. The migration of their internal 
waves is not easily suppressed so that the fields are migratory, as observed 
on the sun. The search for stationary states in the section above was 
carried out expanding q, in ascending powers of A and then supposing 
that A is so small that exp(AKA) can be expanded in powers of AKA. 
This second assumption will not do when we search for vigorous genera- 
tion at large KA. As a matter of fact, the expansion (19.104) of the 
exponential functions exp(AKA) in ascending powers of AkA seems to 
miss the periodic modes in a systematic way, because going to the terms 
second order in A yields no imaginary part to A. So again use (19.56)— 
(19.59) to express the q,, in terms of A. This time, however, do not expand 
the exponential functions in powers of AKA. The dispersion relation for 
the even mode is 


0=i(1 +A +4A°exp{((1+3A +3A°)KA} 
-~A(1+4A)exp{—(14+§A+4A7)KA} 
—{1 — A exp(igar) ~ 3A? exp(—ig7)} 
x exp[iga —{exp(iga7) + 4A exp(—i¢77)- ZA TKA | 
—iA{1—8A exp(ii7)}exp[{exp(igar) +4A exp(—ig7r)- FA} KA] 
—iA{1—2A exp(— ifa)}exp[{exp(— iar) + 4A exp(iga) —$A7}KA ] 
—{1—A exp(—ig7)—3A? exp(ig77)} 
< exp[— ida —{exp(— i477) + 4A explir)-3A^ KA ], (19.112) 


keeping terms second order in A (Parker 1971b). Interest is centred on 
complex values of A, for complex l/r, so write 


A = R exp(ié) (19.113) 
where R is a real positive number and 0<@<7 (negative 0 gives the 


same final expressions). In the limit of large, positive RKA any exponen- 
tial function whose argument has a negative real part becomes very small. 
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Neglecting such terms there remain in (19.112) only the first, fourth, and 
fifth terms. The real part of the argument of the exponential in the fourth 
term 1s 


{3+8R cos(@—47r) —§R? cos(20)}KA, (19.114) 


and the real part of the fifth is 
{3+$R cos(0 +4r)— 4R? cos(20) KA. (19.115) 


For 0<@<7 it is readily shown that cos(@—47) is greater than 

cos(ð +47), by the amount 3? sin 8. Hence for KA large and positive the 

exponential factor in the fifth term is very small, by the factor 

exp(+3RKA3? sin 0), compared to the exponential in the fourth. The fifth 

term may be dropped (assuming 0# 0, 7); there remain the first and the 

fourth terms. The real part of the dispersion relation is, then, 

(1+ R cos 6+3R* cos 20)exp T = R cos(S + 6)—3R? cos(S +264 377) 

(19.116) 


and the imaginary part is 
(sin 0 +4R sin 2@)exp T =sin(S + 6)—2R sin(S +20 +ł7r), (19.117) 
where T and S are the quantities 
T=[5+4Ri{cos @~cos(@ —47r)} + $R? cos 26] KA, (19.118) 
S =3V3—-3R{sin 0 —sin(@—37)}—4R? sin 20]KA. (19.119) 


When KA is large and positive, the right-hand sides of (19.116) and 
(19.117) are of the order of exp T and of unity, respectively. The 
coefficients of exp T on the left-hand sides are also of the order of unity. 
However, it is obvious from (19.118) that for most values of 6, large 
positive KA implies a large positive T, so that exp T is very large indeed. 
Equations (19.116) and (19.117) cannot be satisfied in this case. They 
require that T be more or less of the order of unity, which requires that 
the coefficient of KA in (19.118) is small, O(1/KA). Write (19.118) as 


R? cos 20 +45R{cos 6—cos(0—37)} +3= 
where e= T/KA and is small O(1/KA). It follows that 


— 1 1 
R =I {cos(@ —37r) — cos 6 


+[{cos(@ —44r)—cos 0}° — (6 — 16€)cos 29 P}. (19.120) 


Since cos(@—47r)—cos 0 is positive for 0< 0 < 7, the only requirement to 
be placed on this expression is that the argument of the radical be 
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positive, so that R is real and positive. Hence it must be required that 


— (4/39 ~ V3) <27 tan 9 <4V394 V3, 


0-780<6<2-43 (19.121) 


in order that there be a satisfactory solution. Here e is neglected in the 
limit of large KA. 

Returning, then, to (19.116) and (19.117) with the compatibility condi- 
tions (19.120) and (19.121), eliminate exp T between the two equations. 
The result can be written 


sin(S + 6) = R& sin(S + 26 +427) —sin(S)} (19.122) 


neglecting terms second order in R. For small R, then, sin(S + 6) must be 
small, O(R), and have the same sign as the square brackets on the 
right-hand side. Hence 


S+@=n7r+r+O(R’) 
where r is a small correction 
r= R&sin(@ +47) +sin 6} 
and n is an integer, even or odd so as to make the signs consistent within 


(19.114) and (19.115). If (19.121) is substituted into (19.114) and 
(19.115) the result is the two relations 


sin @ exp(T) = (— 1)" sinr, 
exp(T) = (— 1)"R cos 7, 


to lowest order. For 0< 0 < ~v the left-hand sides are both positive, as are 
sin r and cos r for small r on the right. Hence n must be an even integer, 
and will henceforth be written 2n. It follows that 


$+6=2n7+r+O(R’). (19.123) 


The general structure of the equations is now apparent from (19.119)- 
(19.123). Choose a value of @ and compute R from (19.120) neglecting 
the term e = O(1/KA) in the limit of large KA. Then S is readily expressed 
in terms of KA from (19.119) and eliminated from (19.123) to obtain KA 
in terms of n, with an uncertainty in KA of the order of unity. That is to 
say, KA can then be computed to an accuracy that neglects terms O(R°) 
and O(1/KA) compared to one. 

As an example illustrating the results in the limit of large KA, let 
6 =4a—A where A is small O(1/RKA). Then Re(A)=RA so that the 
regenerative power of the dynamo is 


K*\7* Re(A)= RK*A*A= O(1) 
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and is sufficient to overcome any zero order dissipation nk?. With 0 =r 
(19.120) yields R =4V3 = 0-433, neglecting terms O(1/RK*A*) compared 
to one. It follows from (19.119) that S = 5V3 KA/12. The most direct and 
accurate calculation of S follows from (19.116) and (19.117). Put R =!v3 
and @=47, eliminate exp T, and solve for S, obtaining 


tan S = —25/11V3 = — 1-312. (19.124) 
Hence 
S = 2n7 — 0-92 
KA = (12/5V3)(2n7 — 0-92) 
= +7-43, +16:1, +24-8, +33°5,.... (19.125) 


Even for the lowest mode KA is sufficiently large as to justify neglect of 
four of the six exponential factors in (19.112). 

To show the degree of uncertainty in this result for KA, put R = 3/3 
and @=4@ in (19.122), yielding tan S = —3V3/11 and S = 2n7—0-442. 
On the other hand (19.123) yields 2na — 0-794. 

Finally note that R = 0-433 is sufficiently large as to permit the calcula- 
tion to be carried out with the asymptotic expansions (19.60)-(19.63) 
instead of (19.56)-(19.59). The result (Parker 1971b) for 6=47 is 
R = (4 cos 4a)? = 0-357 (instead of 0-433) and KA = +11-1, +23-9, +36-6. 
etc. for the odd modes. Hence R is somewhat smaller and the dynamo 
numbers are about half again as large. The structure of the spectrum is 
identical, of course, the numerical differences resulting from the slow 
convergence of the expansions in both ascending and descending powers 
of A when R=0-4. 

Now suppose that KA is large and negative. Then returning to (19.112) 
it is possible to drop the first, fourth, and fifth terms because of their 
exponential factors. The real parts of the arguments of the exponentials 
of the third and sixth terms are just the negatives of (19.114) and 
(19.115) respectively, so that the sixth term is small compared to the 
third, and may be neglected. There remain, then, only the second and 
third terms, whose real and imaginary parts are 


(R sin 6+2R? sin 2@)exp(— T) 
= cos(S —dar)— R sin(S — 0)—4R? cos(S—20+¢7), (19.126) 
and 
(R cos 0 +54R° cos 2@)exp(— T) 
=şin(S—r)+ R cos(S — 6)—4R? sin(S—26+¢7), (19.127) 


respectively, where T and S are defined by (19.118) and (19.119). For 
large negative KA the consistency condition (19.120) must be satisfied 
again. Hence choosing @ yields R again. Eliminating exp(— T) between 
(19.126) and (19.127) yields S, and KA follows from (19.119). 
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To treat the case where 0 =42—A, where A= O(1/RK7*A”) in the limit 
of large negative KA, it follows that R =1/3 again. Hence (19.126) and 
(19.127) yield 


tan S = —13V3/75 (19.128) 
so that 


S = —2nr — 0:29 
where n is a positive integer. From (19.119) 
KA = (5./3/12)S 


= —(12/5V3)(2nm + 0-29) 
= ~9-10, —17-8, —26-5, —35:2,.... (19.129) 


Repeating the calculation with the:expansion of q,, in descending powers 
of A yields KA = —16-6, —29-1, —41-9, etc. which are about half again as 
large in magnitude, but with the same structure. 

To treat the odd modes it is necessary only to replace KA by —KA in 
the dispersion relation (19.112). Hence for KA positive the result 
(19.129) applies, with 


Kd = +9-10, +17°8, +26°5, +35-2,... (19.130) 
while for KA negative (19.125) applies, and 
KA = —7:43, —16°1, —24-8, ~33°5,.... (19.131) 


There are a number of important points that follow from these calcula- 
tions (Parker 1971b). The first is, of course, that large dynamo numbers 
give strong regeneration of the field. The regenerative power is propor- 
tional to (KA)’, i.e. proportional to (TGA?/n7)>, and in the limit of large 
KA can overcome any resistive dissipation nkz. The second point is that 
large dynamo numbers produce only periodic fields. Hence the only 
possible field generated in a thin convective layer (thin in the direction of 
the shear, VO) is a periodic field, if the dynamo number is large enough to 
give any regeneration at all. It is no accident, then, that the magnetic field 
of the sun is periodic. If the principal shear is vertical, then the vertical 
wave number k, is large, k,A ~ 10 and the dissipation kz is too large to 
permit a stationary state. 

If a very thin convecting layer has a dynamo number so large as to 
overcome the dissipation nkz, then the large dynamo number produces a 
dynamo in a very high mode. The basic fact is that the horizontal 
wavelength cannot be more than a few times the vertical thickness a/k, 
of the dynamo region. Hence the fields in a thin wide region necessarily 
break up into several separate waves (high modes). We know of no 
astrophysical object where this occurs, but the effect should be kept in 
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mind. The dynamos of Earth and of the sun operate in regions sufficiently 
thick as to permit the lowest modes to appear. 

One might conjecture that a dynamo automatically operates with a 
dynamo number at the lowest level consistent with net regeneration, 
because of the exponential growth of fields if the dynamo number is 
larger. For a larger dynamo number the magnetic field grows until the 
magnetic stresses became so strong as to cut back on I and G, reducing 
the dynamo number to the lowest level consistent with a self-sustaining 
field. Unfortunately this complicated dynamical picture still lies beyond 
the grasp of contemporary theory. 

While we are on the subject of the lowest modes, note from (19.125) 
and (19.130) that, when KA > 0, the lowest mode is the even mode with 
KX =7-43 for n=1, as opposed to the odd mode, for which the higher 
value KA =9-10 is required. The difference between these two dynamo 
numbers is the sum of the S from (19.124) and the S from (19.128). 
Hence there is no question about the sign of the difference. Positive 
dynamo number favours the even mode. Negative dynamo number 
favours the odd mode, occurring for KA = —7-43, while the even mode 
requires KA = —9-10. 

These theoretical facts have immediate implications for the sun. If we 
suppose that the angular velocity of the sun increases with depth (dQ/ar< 
0), then the shear in the convective layer is equivalent to G=dV,/dx <0 
in the present problem. If rising convective fluid is dominated by expan- 
sion, then it rotates less rapidly than its surroundings. A rising convective 
cell in northern latitudes rotates clockwise relative to its surroundings, as 
viewed from above the surface of the sun. It follows from (19.2) and the 
fact, from (18.51), that G(@) has the same sign as the rotation ®, that 
r>0. Hence the dynamo number KA =((GA?/n’)? is negative. The 
lowest mode is the dipole. The fact that the solar field is essentially a 
dipole, then, follows directly from the idea that the dynamo number in 
the northern hemisphere is negative. 

We should not fail to notice, however, that the lowest even mode (the 
quadrupole mode) lies nearby and may be excited intermittently by 
fluctuations in the convection and non-uniform rotation. Occasional exci- 
tation of the quadrupole mode would explain the observed sloppy odd 
symmetry of the solar dipole field about the equator. In the late 1960s 
and early 1970s, for instance, both poles had the same sign, although the 
positive pole remained more positive than the ‘negative’ pole. Leighton 
(1969) pointed out the tendency for the quadrupole mode to appear tn his 
numerical experiments on the solar dynamo. The mode causes an erratic 
variation of the symmetry, much like that which is observed. 

Present ignorance of the dynamical convection and circulation within 
planets and stars leaves open the possibility that there are stars with 
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positive dynamo number KA in their northern hemispheres, and planets 
with negative KA. Such stars would favour quadrupole fields as their lowest 
periodic modes. Stars of small mass (i.e. late-type stars) have a convective 
zone so thick as to raise the possibility of stationary magnetic fields. 
Evidently Earth has positive dynamo number KA in the northern hemi- 
sphere of the liquid core, giving rise to the stationary dipole. A planet 
with negative KA in the northern hemisphere would favour the stationary 
quadrupole as the lowest mode. It is interesting to note that if the positive 
dynamo number KA of Earth were to increase from its present value in 
the neighbourhood of 4 or 5 (defined in the context of the present 
rectangular dynamo) to somewhere in the neighbourhood of 7-5, the 
geomagnetic field would become an oscillating quadrupole. Raising the 
dynamo number to 9 or 10 would produce an oscillating dipole, and 
further increase in KA would give even higher modes. It should be noted 
however, that KA varies only as the cube root of TG so the increase in 
[G to bring about an oscillatory quadrupole is a factor of four. 

Before going on to other models it is worth noting some of the 
properties of the magnetic fields themselves. An extensive discussion may 
be found in Parker (1971b). A brief treatment is adequate for the present 
purposes. Note first of all that for R =1V3 and 0 =47 the frequency of 
oscillation of the fields is 


w = Im(1/7) =1V3 nK? 


in the limit of large KA. For KA =-7:43, favouring the dipole mode 
observed in the sun, this is w=23.9n/A*, to be compared with the 
elementary result worked out in §19.1.2.2, leading to (19.27). In place of 
(19.27) we have the more precisely defined period T=0-26A7/n. The 
discussion following (19.27) is unaffected by this better value. 

To illustrate the spatial form of the dynamo waves note that with 
R =1V/3 and 6 =3m the four roots (19.56)-(1959) reduce to 


—iq, = +0-69+11-01, —1q> = +0-19—-10-72 
—iq; = —1-06—10-29, —1q4>= +0-19+10-03 


neglecting all terms O(A?) except in the fourth root. The dependence of 
the fields on q, is given by (19.91) as exp{—iq,(KA)z/A}. With KA = 
—7-43, favouring the dipole mode observed in the sun, the amplitudes of 
the first and third modes vary extremely rapidly across 0<z<A, as 
exp{KA Im(q,z/A)} =exp(—5:132/A) and exp(+7-88z/A), respectively. 
Thus the first mode exists only near z =0 and the third mode near z = A, 
where their amplitudes are comparable to the second and fourth modes. 
Their rapid exponential decline inward from z =0 and z =A means that 
they are negligible everywhere else in the region. The second and fourth 
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modes are the principal modes spanning the dynamo region, the amp- 
litudes of both varying moderately as exp(—1-42/A). Both modes are 
stronger by the factor exp(+1-4)=4 at the ‘equator’ (z =0) than at the 
‘poles’ (z = +A). The wavelength of the fourth mode is 27/Re(q,K)=25A 
so that the phase of the fourth mode is more or less uniform across the 
region. It oscillates up and down essentially as exp(iwt ~ 1-42z/A) across 
the entire region. The second mode is the principal migratory mode. The 
wavelength is 27/Re(q,K)=1:17A so that both the crest and the trough 
of the wave appear in 0<z<A. The phase velocity of the wave is 
Im(1/7)/Re(q.K) = w/0-72K in the direction of negative z (for KA <0), 
taking the wave from the ‘pole’ to the ‘equator’ in each period. The 
crests move from ‘middle latitudes’ z=4A to the equator in each half 
period, growing by about a factor of two as they progress. This is 
essentially the behaviour of the azimuthal field B = B, of the sun, as 
inferred from the observed appearance of bipolar sunspot groups at 
middle latitudes, and their subsequent migration and intensification to- 
ward the equator. 


19.3.2. The dynamo with horizontal shear 


Consider the operation of a dynamo in which the large-scale shear 
extends horizontally along the length of the dynamo, rather than verti- 
cally across its thickness (Lerche and Parker 1972). The direction of 
migration of the dynamo waves is then vertical instead of horizontal, with 
the result that fields behave in quite a different manner. Use the same 
rectangular geometry as in the subsection above, sketched in Fig. 19.1. 
Suppose that the dynamo lies between the two horizontal planes x =0 
and x = h = m/k., and is bounded at its ends by z = +À. Again the plane 
z =0 corresponds to the ‘equator’ and z =À to the poles. The large- 
scale velocity is now V,(z) so that the shear is d V,/dz = G,(x, z) with the 
vertical shear 0V,/dx equal to zero. The dynamo coefficient I(x, z) 
changes sign across the equator, z = 0. 

Recall again that, on the basis of elementary dynamical! considerations 
(Steenbeck et al. 1966), one expects a rising convective cell to expand and 
rotate more slowly than the surrounding medium. Hence when we come 
later to discuss the physical implications of the mathematical results, it 
will be convenient, to fix ideas, to suppose that I is positive in the 
‘northern hemisphere’, O0<z<A and negative in the ‘southern hemi- 
sphere’, -À <z <0. Similarly it is to be expected that the shear G, (x, z) 
changes sign across the equator z = 0. The equatorial regions rotate more 
rapidly than the polar regions of the sun, in which case G, is negative in 
z >0 and positive in z <0. The product I G, is then negative throughout 
the entire dynamo region. 

It should be noted that most models of the solar dynamo (Radler 1968; 
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Steenbeck and Krause 1969a; Deinzer and Stix 1971; Parker 1971b) 
have employed vertical shear dQ/dr, although Babcock (1961) based his 
ideas on horizontal shear 00/06 alone, and Gilman (1969) and Yoshimura 
(1975c) employed horizontal shear. Leighton (1969) made the important 
quantitative point that the observed surface variation of Q with @ is so 
weak as to require cyclonic convection stronger than that represented by 
the observed increasing tilt of the bipolar regions with time. The tilt is the 
observable surface effect, and the cyclonic motion may well be signific- 
antly stronger in the deep convective zone where the dynamo operates. 
Leighton’s point must be kept in mind when treating the quantitative 
aspects of any solar dynamo based on horizontal shear. By contrast, a 10 
or 20 per cent vertical change in 2) across the thin solar convective zone 1s 
a stronger shear than the observed non-uniform rotation of the surface at 
low latitudes (Yoshimura 1975a, b, c). 

Whatever the total VO in the sun may eventually prove to be, we 
should understand the contribution of 00/06 to the generation of fields. 
As noted already, the basic wave number is then the vertical wave 
number k,, and the wave migration is vertical. With [G, negative, as 
presumed for the sun, the migration is vertically upward, so that the 
dynamo waves are blocked by the surface of the sun. This is in the same 
direction of migration as that caused by magnetic buoyancy, about which 
more will be said later. The horizontal migration of the dynamo waves is 
caused by their deflection as they press up against the top of the 
convective zone and escape through the surface of the sun. Generally 
they migrate away from the latitude where they are most strongly 
produced. Hence their direction of migration at the blocking surface 
depends on the distribution of [G, over latitude. The dynamo with 
horizontal shear alone is, then, a more complex creature, with such 
possibilities as a migration of field toward the equator at low latitudes and 
toward the poles at high latitudes, as high latitude magnetic prominences 
are observed to do (Lockyer 1931; Bumba and Howard 1965; Hansen et 
al. 1969). 

We wish to study the behaviour of the magnetic fields generated by 
various distributions of [ and G, over latitude. For this we turn to the 
variational principle developed by Lerche (1972). 

The dynamo equations are 


(d/at — nV*)B, = — al B,/az, (19.132) 
(d/at —nV*)B, = G,B, (19.133) 
(d/at —nV*)B, = +01 B,/dx, (19.134) 


where F and G, are both fixed functions of position. The field B, is 
secondary, with B, and B, the principal fields, interacting through 
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(19.133) and (19.134). We are interested in fields with the common time 
dependence exp(t/r). Then a/dt is replaced by 1/7 and the dynamo 
equations (19.133) and (19.134) follow from the extrema of the Lagran- 
gian (Morse and Feshbach 1953). 


k +A 1 
g= l ax | dz(nVB, .VB)+*B,B!-G.B.BY 
($) — 


A 
+nVB,. VB!+~B,B!— Bi— “rB,). (19.135) 


where the integration is over the volume of the dynamo The fields BY 
and B} are the adjoint fields. If the field B} is replaced by B!+ 6B}, 
where ôB} is an arbitrary variation, subject only to the condition that it 
vanish at the boundaries, then the Lagrangian is +8. Subtract 
(19.135) from the expression for +6 and set to zero the resulting 
expression for 5£ in terms of 5B} to obtain the conditions for the 
extremum. Integrate by parts, and note that for arbitrary 5B; the result 
can vanish only if the integrand is zero everywhere throughout the 
volume. There follows the dynamo equation (19.133). A similar variation 
5B! yields (19.134). The variations 6B, and 6B, yield the adjoint 
equations 


(1/7 ~~ V7) Bi =—T Bt/ðx, (19.136) 
(1/7~7V?)B! =+G,_B! (19.137) 


for the adjoint fields Bt and Bt. Comparison with the equations for B, 
and B, indicates that the dynamo equations are not self-adjoint. Hence, 
substituting trial functions for the fields and varying the parameters to 
make £ =0, yields an extremum of £, rather than a minimum. 

It is readily shown that the modes separate depending upon whether B, 
is an even or an odd function of z. So let 


B, =exp(+ ) Ş Aum sin( 27 =) sin( 2). (19.138) 
T) nmel h À 
B, =exp(Ż) > Bum sin( “cos (m3) =} (19.139) 
n,m = 1 


for the odd modes and 


B, =oxp(Ż) D Cum sin( “= 7, “\eos|(m -9 z, (19.140) 


n,m = 1 


B, =exp(+) y Dam sin( 7 nm) sin( = (19.141) 


nm =1 À 
for the even modes throughout —A < z < +x, The sines and cosines form a 


662 THE PHYSICAL NATURE OF THE GENERATED FIELDS 


complete set and automatically satisfy the boundary conditions that B, 
and B, vanish at the free surfaces x = 0, h and at the ‘poles’ z = +A. To 
treat one free surface at x =h and one impenetrable surface at x = 0, we 
would use cos(n —4)arx/h instead of sin(nirx/h), and for two impenetrable 
surfaces cos(n7rx/h) etc. 

Express the even and odd modes of the adjoint fields in the same way, 
with the coefficients Enm, Fam, Gum and H,m, respectively, since they 
satisfy the same boundary conditions. 

As a first example, consider the shear and dynamo coefficients. 


G, = G sin(7z/2d), r= To sin(mx/h)sin(az/2A). (19.142) 


The minimum number of terms in the expansion (19.138)-(19.141) capa- 
ble of exhibiting the migration of the dynamo waves is three, ie. 
n +m <3. It is a simple matter to compute £ using the first three terms in 
the representation of each of the fields. Fo treat the odd modes, set equal 
to zero the derivatives of £ with respect to the adjoint coefficients E,,,, 
and Fum. There arise a set of linear homogeneous equations. Equating the 
determinant of the coefficients to zero yields the dispersion relation 


WL, DP, DYA, DY, DP, 1) + (7 BDG Aa, 3) + WC. 3} =0 
(19.143) 

where w(n, m) is the algebraic function 
b(n, m)= 1/r+ nr n ht m”, (19.144) 


corresponding to A +q? in the calculations of the foregoing sections. 
Note that [)G appears to the second power, so that the sign of [yG has 
no effect on the time variation 1/7. The ratio of the coefficients for B, is 


A12 A21 = +a G/8h(1, DH, 3), (19.145) 
Ax,/Ai, = +a oG/4hb(2, 1)4(2, 5). (19.146) 


Note here that the sign of the ratio A,,/A,,, giving the direction of the 
vertical migration, depends upon the sign of TG. The sign of Ajo/Aji1, 
giving the direction of horizontal migration, depends upon the square of 
I'oG and so is independent of the sign of [,>G. This demonstrates the 
point stated earlier, that the phase velocity of the dynamo waves observed 
at the surface depends upon the distribution of T and G over ‘latitude’ z, 
rather than on the sign of TG. 

Consider a relatively thin dynamo layer, h« A, so that to a first 
approximation 


pin, m)= 1/1 + ynaen7*/h? = h(n) (19.147) 


for +< m3. Diffusion across the length A is negligible compared to the 
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diffusive losses across h. The dispersion relation (19.143) becomes 
pOK p2) + (TP yG/4h)*} = 0. 


The root (1) = 0 represents free decay and is without physical interest. It 
arises as the complete dispersion relation if only the lowest order term in 
the expansion is used. There remain, then, the roots 


(Del) = tial, G/Ah. (19.148) 
Define the dynamo number 
u = +r Gh? 4r n 


and the dimensions less growth rate 6 = h?/a?nr. Then (19.148) has the 
two roots 


o = (9+ 4ip)?—5} (19.149) 


which may have positive real parts. Steady operation of the dynamo arises 
when Re(o)=0. This occurs for u = +10 (ToGh?/n? = 1240) and yields 
o =+2i and Aj, =+3A,, exp(+id) where 3 = Arc tan $= 0-927. For u = 
—10, we obtain o =F2i and A,,;=—%A,, exp ¥id. The real part of 
(19.138) yields 


Qn t 3 
B= an aE (E) e EE) eE) l) 


4. [2nr°t TX 
+=sin( p2 Jeos(=*) (19.150) 


where the + has the same sign as p. It is evident that x ~h+x 
transforms one case into the other. 

The field B, near the top (x =h —e) and bottom (x = e€) of the dynamo 
region is plotted in Fig. 19.6 for u =—10, corresponding to the sign of the 
dynamo number in the northern hemisphere of the sun (based on G, <0, 
ly >0). Following the time sequence of the curves it is evident that the 
field migrates toward the equator at the top and toward the poles at the 
bottom of the convective zone. At the middle level x =4h the field is a 
standing wave without migration. An observer looking at the upper 
surface of the dynamo sees a migration of the field toward the equator, as 
observed in the sun. For positive dynamo number the migration is 
reversed. The dynamo waves at the top behave for positive dynamo 
number as do the waves of the bottom for negative dynamo number. 

To check on the reliability of the calculation using the three lowest 
terms in (19.138), the calculation was repeated (Lerche and Parker 1972) 
using the first six terms, n+m<4. The resulting dispersion relation 
provides roots for the higher modes allowed by the higher order terms, 
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Fic. 19.6. The azimuthal field B, for the odd mode (19.150) (a) a small distance e below 


the top of the dynamo region and (b) a small distance € above the bottom. The curves 


represent B, at successive times 2n77t/h? =0, 47, 377, etc. 


but no essential change in the eigenvalue for the growth rate for the 
lowest mode (19.150). Eigenfunctions are always given less accurately 
then the eigenvalue, of course, so that if a precise description, rather than 
merely the general properties, of the field migration were required, the 
higher order terms should not be neglected. For the present purpose of 
qualitative exploration the terms n+m <3 are sufficient. 

The even modes are readily treated in the same fashion as the odd 
modes (Lerche and Parker 1972), with a steady amplitude for p = +10 
again. For p =—10 the migration of the fields at the upper surface of the 


THE PHYSICAL NATURE OF THE GENERATED FIELDS 665 


dynamo, x = h—e is toward the equator from both sides and away from 
the equator at the bottom h =e, as with the odd mode. 

The purpose in exploring the dynamo with horizontal shear is to 
determine, among other things, the direction of migration of the fields at 
the observable upper surface. The example just presented is based on the 
dynamo distribution (19.142) with the simple result that the fields migrate 
toward the equator. The question now is how the direction of migration 
varies as the dynamo distribution ['G, is altered. The simple step function 
distribution 


G,=|*° for O<z<A "i for O<z<A 


= 19.151 
-G for —-A<z<0’ -Ip for -A<z<0’ N ) 


is easily worked out. It yields steady amplitudes (Re(1/7r)=0}) for 
ToGh?/n = 442 or u = +3-49 (with u defined by (19.150)). In terms of 
the mean value of [G, over 0< z <À this is ('G,)=T)G =442n7/h?. In 
the previous example with the distribution (19.142) the mean is ((,G,)= 
I)G/a = 3957/h?. Hence, in terms of the mean value ([G,) there is 
little difference in the consequences of (19.142) and (19.151), because in 
both cases the dynamo is distributed broadly across each ‘hemisphere’. 
To see what happens when the shear is strongly localized, let the 
dynamo coefficient [ be represented by the step function (19.151) but 
suppose that the shear is confined to thin sheets at z = b, so that 


G, = GA{8(z —b)— 8(z +b)}. 


Repeating the calculation of the Lagrangian (19.135), and the vanishing 
of its variation for the odd mode, the dispersion relation computed for the 
first three terms A,,, A,5, A>; is (Lerche and Parker 1972) 


128r G 
3mh 


sin s$ n 2 sin(2s) 
3u(1, 1) 15W(1, 2) 


cosGs) _ cos(3s/2) 
* ma Sy, 3) | 


W(2, 1) (2, 3) + ( ) sin s coss) f 


and 
Ai — 241, 1) 
Ai (1,2) 


Ai 128GT), sins l cos(5s) cones} 


COS S, (19,152) 


(19.153) 


As, 3mh, 1) 


3H(1,3) Sw, >) 
where s = mb/X. For a thin layer, h<« A the dispersion relation reduces to 


(o + 1)?(o + 4)? + vp? =0, 
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where now the dynamo number v is defined as 


128K*h°* 


2 
v? =4sin’ s coss) ( 375 ) (1+4 cos s){3 cos(s) — 5 cos(3s)}. 
qT 


(19.154) 


With 0<s<v7, this definition for v? is non-negative. The dispersion 
relation has the same structure as in the previous cases, with the growth 
rate o = h*/a*nr related to v in exactly the same way it was related to u 
in (19.149). Steady oscillations (Re(a) = 0) occur for v = +10, for which 
o = +21. In that case 

Ai» =2A; COS S, (19.155) 


cos?(4s){1+2 cos s} 


An =A exp( +i) ae S 
21 = Ar EXPCHID) 5 Te coss) 4 cos(3s/2) 


(19.156) 
The important point is that in the present example A> changes sign 
across s =47,, i.e. across the middle b =4A of each ‘hemisphere’, so that 
the direction of migration in the horizontal z-direction depends upon 
whether b is larger or smaller than 4A. The field is plotted in Fig. 19.7 for 
b=14A(v=—-10, K*h? = 300, A p =+2?A,,, Ao, =0-21A,, exp(t+id)) and 
for b=3A(v =—10, K*h?=770, Ap =—2?A,,, Ao, =0°21A,, exp(+i9)). 
The principal migration is away from the source at z=b. Hence for 
b =A, placing the source near the ‘poles’, the migration is toward the 
equator. For b = 4A, placing the source near the equator, the migration is 
toward the poles. Examination of B, at the bottom of the dynamo region 
(x = €) shows the expected counter migration. Thus, with [>G the waves 
migrate upward, press against the upper boundary, and are deflected 
there toward whatever ‘free’ space is available. 

To show the effects for concentrated cyclonic turbulence suppose that 
G, is distributed uniformly over each hemisphere, as described by the 
step function (19.151), but now the dynamo coefficient [ is confined to 
thin sheets at z = +a so that 


P=T,{6(z-a)—8(z+a)}. (19.157) 
With r= majà the dispersion relation reduces to 
(o+1)°(o6 + 4)?+ p’? =0 (19.158) 


for a thin layer (h«A), where p has the same sign as -I G and 


1 (art 


2 
2 m z ) sin? r cos(5r) 
rT 


p27 
x [2 cos($r) — 4 cos(r) + 4 cos r {7s cos(r) +4 cosGr)}]. (19.159) 


For steady operation of the dynamo, p=+10 and ø = +2i, and the 
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Fic. 19.7. The azimuthal field B, for the odd mode (19.155), (19.156) a small distance e 
below the top of the dynamo region 0<x<h (a) when the shear (19.151) is concentrated at 
z =}A and (b) when z =3A. The curves represent B, at successive times 2nm7i/h*=0, 47, 
1 

5m, etc. 


coefficients are 


i l 1l 3 
An is cos@r) +7 cosGr) (19.160) 
Ai 4 cos(r)— = cosGr) 


Ax cos?(4r) . 
ia mee maa: + 
NA exp(+ið) 
< [4 cos(4r) —£ cosGr) + 4 cos(r){7'5 cosGr) +4 cos(Zv)} 


- 19.161 
1 cos(4r) —¢ cosGr) l ) 
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The important point is again that A,,/A,, has the same sign for all r in 
(0, m), whereas A,./A,, changes sign across a =0-41A. The migration is 
toward the poles when a<0-41A and toward the equator when a> 
0-41AX. It is the familiar rule that the waves are deflected at the blocking 
surface toward the largest free volume available (Lerche and Parker 
1972). 

To summarize, then, a uniform distribution of the dynamo effect [G, 
for horizontal shear gives migration toward the equator. This seems to 
correspond to the conditions in the sun. Strong concentration of the 
dynamo effect at a given latitude causes the dynamo waves to migrate 
away from the source, toward either the pole or the equator, whichever 
provides the most free volume into which the wave can escape. 

Lerche and Parker were unable to find any stationary modes, for which 
1/7 =0, for the dynamo with horizontal shear. Stationary modes exist for 
vertical shear (see (19.107)) in dynamo regions that are not too thin, 
h>żmà, but evidently there are no stationary modes in a layer, either 
thick or thin, of horizontal shear. Thus, the introduction of small amounts 
of horizontal shear may destroy the stationary mode of a dynamo with 
vertical shear, accounting for the absence of stationary modes in various 
spherical dynamo models. For instance, Roberts (1972) could find no 
stationary modes without introducing meridional circulation. Both hori- 
zontal shear and concentration of the cyclonic turbulence toward high 
latitudes tend to discourage the stationary mode in favour of the periodic 
modes (Levy 1972a, c). 

Finally, it should be noted that if the angular velocity of the sun or of 
the liquid core of Earth is a function principally of the distance w from 
the axis of rotation (cf. Durney 1975), then the shear is vertical at the 
equator and horizontal in the polar regions. This, plus the fact that the 
geometry of the north-south meridians narrows toward the poles, makes 
it clear that the rectangular dynamo can illustrate the basic physical 
principles of the migration of dynamo waves (Parker 1955) but the 
detailed behaviour of any real dynamo can be treated only when spherical 
geometry with the precise non-uniform rotation and distribution of cy- 
clonic convection are supplied. The analysis of the solar dynamo, for 
instance, based on the observed non-uniform rotation of the surface and 
the observed variation of the latitude of sunspots (as an indication of the 
underlying azimuthal field) has been studied at length in spherical 
geometry by Yoshimura (1975a, b,c) and Durney (1975) among others, 
with interesting results. The problem is taken up in §19.4 when we have 
finished the treatment of rectangular dynamos. 


19.3.3. The galactic dynamo 


As a final illustrative example of rectangular dynamos, consider a region 
with the characteristics of the thin gaseous disc of the galaxy. It was 
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pointed out in §17.1 that the galactic field is a product of contemporary 
processes, presumably some sort of dynamo (Parker 1971a). The gaseous 
disc of the galaxy rotates non-uniformly, the angular velocity Q depend- 
ing strongly on the distance @ from the axis of rotation. The interstellar 
gas that makes up the disc is turbulent, with r.m.s. velocities of the order 
of 10 kms™! over scales of 10? pc. In the neighbourhood of the Sun the 
characteristic thickness (scale height) of the disc is estimated to be about 
200 pe (half width at half maximum) with broad wings that extend to a 
kpc (Badwar and Stephens 1977). The thickness of the disc is maintained 
by a dynamic balance between the inward force of gravity (toward the 
central plane of the disc) and the outward forces of the gas pressure, 
magnetic field pressure, and cosmic ray pressure (Parker 1966, 1969b) 
(see §§13.4 and 13.8). The turbulent velocities of 10 km s™+ indicate that 
individual eddies (interstellar clouds) in the disc move up and down 
through distances comparable to the scale height. Hence the rising gas is 
subject to expansion. Coriolis forces cause it to rotate less rapidly than 
the surrounding gas. Falling gas rotates more rapidly because it is 
contracting. The interstellar turbulence, then, is cyclonic and, together 
with the non-uniform rotation, the motions of the gaseous disc constitute 
a dynamo. 

The geometry of the galactic dynamo is different from the geometry of 
either a planetary core or a stellar convective zone. The disc is broad and 
thin, with the large-scale velocity V, varying along the radius, while the 
dynamo coefficient has opposite signs on either side of the central plane 
of the disc. The disc is more than fifty times broader than it is thick. 
Hence the distant edges can have but little effect, and for a first look at 
the problem it is sufficient to treat an infinite slab. Following Parker 
(1971a), suppose that the y-axis of the local Cartesian coordinate system 
is oriented in the azimuthal direction, so that 6/dy =0 for the large-scale 
mean fields. The x-axis is pointed in the outward radial direction and the 
Z-axis is perpendicular to the slab so that xyz forms a right-handed 
coordinate system. The xy-plane coincides with the midplane of the slab 
z=0. The large-scale shear is then G =G, =dV,/dx with G, =0. We 
suppose that dV,/dx extends uniformly across the thickness, ~h < z < +h, 
of the slab. Denote the dynamo coefficient by +F in 0<z<h and by -I 
in ~h <z <0. To keep the calculations as simple as possible I is assumed 
to be uniform within the slab, z7<h?, and zero outside. The surfaces 
z = +h are free surfaces, in the sense that the gas beyond is too tenuous 
to offer mechanical resistance to the fields escaping from the surface of 
the disc. Hence, beyond the surface the field is described in terms of the 
gradient of a solution of Laplace’s equation. The dynamo equations in 
0<2z<h follow from (19.22) and (19.23) as 


(o/at — nV*)B, = —-a(T B, )/ðz, (19.162) 
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(a/at — nV*)B, = GB,, (19.163) 
(o/at —nV*)B, = +ə(T B, )/ðx. (19.164) 

The equations in —h<z<0O are the same with +I’ replaced by ~T. 
The solutions of the dynamo equations can be written in the form 


(19.90)-(19.92) in O<z<h with cos(k,x) replaced by exp(—ik,x) and 
sin(k,x) replaced by iexp(—ik,x). Write 


B, = +E exp{t/ t —ik,x — k,(z — h)}, (19.165) 
B,=0 (19.166) 
B, = —iE exp{t/r—ik,x—k,(z—h)} (19.167) 


in the infinite free space z > +h outside. In —h <z <0, where the dynamo 
coefficient is —I, the appropriate solutions are (19.93)-(19.95), with 
cos(k,x) and sin(k,x) replaced by exp(—ik,x) and iexp(—ik,x), respec- 
tively. Write 


B, =+F exptt/r—ik,x+k,.(z+h)h, (19.168) 
B, =0, (19.169) 
B, = +iF exp{t/7 —ik,x+k,(z +h}, (19.170) 


in the infinite space z<~—h outside. The dispersion relation is again 
(19.55), with the four roots (19.56)-(19.63) and k, = qK. 

The boundary conditions at z = +h are the continuity of B,, B,, and B,, 
because of the resistivity n. Hence B, =0 at z =h. At z =0 the fields 
are also continuous. It is readily shown by integrating (19.162) from 
z=~-e to z=te, and letting e— 0, that dB,/oz jumps by 2IB, 
(evaluated at z = 0), but the requirement is readily shown, with the aid of 
(19.55), to be equivalent to the continuity of B,. Integrating (19.163) 
across z=Q leads to the requirement that 0B,/dz is continuous. Con- 
tinuity of 0B,/dz follows from (19.164), but in view of the divergence 
condition V.B=0, it is equivalent to the continuity of B, and B,. Al- 
together, then, the continuity of B,, B,, B,, and aB,/dz at z =0 leads to 
the four basic relations 


> C(A +43) =} D(A +3), (19.171) 
~C.=LD, (19.172) 
È} CA +42) = ¥ D, (A +42) (19.173) 
È Cade = È Dy Gn (19.174) 

respectively. At z=+h the continuity of B, and B, gives 
(K?y/G) ¥. C,(A +q2)exp(—iq, Kh) = E, (19.175) 


(k,.Kn/G) È} {C,/(A + q2)}exp(—ig, Kh) = E, (19.176) 
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respectively. The vanishing of B, requires 


$ C, exp(—ig, Kh) = 0. (19.177) 
At z=—h the continuity of B, and B, gives 
(K?n/G) È, D(A + q2)exp(—iq, Kh) = F, (19.178) 
(k,.Kn/G) ), [D,/(A + q?)lexp(—iq, Kh) = F, (19.179) 
respectively. The vanishing of B, requires 
>. D, exp(—iq,Kh) = 0. (19.180) 


There are, then, ten homogeneous equations relating the ten coefficients. 
It is sufficient for the present purpose to treat the even modes, for which 
B, and B, are even functions of the distance z from the midplane. In that 
case C,=D, and E = F. The equations reduce to 


$ CK(At+q)=0, È Cg, =0, (19.181) 
2 C, exp(-iq,Kh) = 0, (19.182) 

with (19.175), (19.176), (19.178), and (19.179) yielding 
>, C,[(ig — k,/K)/(A +q2)]exp(—iq, Kh) = 0 (19.183) 


upon elimination of E. With the aid of such identities as ¥ q, =0 and 


qa ~—_ iA (qt qi) 
At+qt At+qj G44 


the determinant of the coefficients can be reduced to 


0 =(qi~43)(q4— q3){(A + q7)(A + 3) — (K/k, qi qo}exp{+i(q, + qz)Kh} 
+{(A + q3)(A + 43) —(K/k, )asqatexp{—i(qi + q2) Kh] / 
+(q3~4@i)(qi— qa) (A + q{)(A + 43) —(K/k, )qiqatexp{+i(q, + q3)Kh} 
+{(A +q3)(A + 44) — (K/k,.)q2q4]exp{—i(q: + q3)Kh}] 
+(q3—43)(qa— qDHCA + q3)(A + 3) — (K/k, )qoqstexp{+i(qn + q3)Kh} 
+{(A +47)(A + q2)— (K/k, qi qatexp{—i(gs + q3)Kh}]. (19.184) 

This dispersion relation gives the growth rate A in terms of the dynamo 


number Kh. 


19.3.3.1. Stationary states. As we shall see, there are no regenera- 
tive states for k, as large in magnitude as K, so suppose that k, <« |K]. 
Then the principal losses are through the surfaces z = +h. The quantity 
(k,/K)* can be neglected compared to one so that 1/r =nK?A. The 
Steady state solutions arise for small or vanishing A. Hence use (19.56)— 
(19.59) to represent the roots q,. Neglect terms second order in A. Then 
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(19.184) can be reduced to 
M(K, k,)— AN(K, k,.) = O{A’?K7h? exp(+Kh)}, (19.185) 
where 
M(K, k,)=2 exp(—4Kh){cos(3V3 Kh + $71) — (K/k, )cosGv3 Kh)} 
—(1+ K/k, exp(+ Kh), 
N(K, k,.) =2 exp(—4Kh){cos 4V3 Kh —(2K/3k,)( — k,.h)cos(iV3 Kh — 421) 
—2Kh(K/k, )cos@V3 Kh +427)} 
+ 2{sinh Kh + (K/3k,)U — k,h+ Kh)exp(Kh) 
~exp(Kh)cos($V3 Kh)} 
The stationary states (A =0) occur at the zeros of M(K, k), where 
(1+ K/k, )exp@Kh) = (1 —2K/k, )cos@V3 Kh) — 3? sinGv3 Kh). 
For the present situation of small k, this reduces to 
exp(2Kh) = —2 cos($v3 Kh), 


which has no roots for Kh>0. For negative Kh there is a sequence of 
roots at Kh =+(2n—1)a/V3 where n=1,2,3,.... To higher order in k, 
and exp(Kh) the sequence is 


Kh = —(2n—1)nf V3 —k,h/(n —4) 00 
+{(-1)"//3}{1 —3k,h/(n —S)a}exp{- v3 (n—3)77} (19.186) 


for the dynamo number giving A=0. For k,h=0 this gives Kh= 
—1-857, —5-43, —9-06, —12-70. For large negative dynamo numbers, 
(19.185) reduces to 


A =2(K/k,)exp@Kh)cos(éV3 Kh)[1+ O(k,/K) + O{(K*h/k, lexpGKh)}]. 


This expression is valid only in the neighbourhood of the stationary states 
A =0 at the dynamo numbers (19.186), of course, in order that the 
approximate form (19.185) be valid. It shows, however, that A is positive 
for (4n—1)a <—V3 Kh <(4n+41)a, with a maximum in the near vicinity 
of V3 Kh = 4nr. It follows from this expression for A that the growth 
rate is 


1/7 = nk2{2(K/k,)° exp(Kh)cos($V3 Kh) — 1}. (19.187) 
In order that the growth rate be non-negative it is necessary that 


2(K/k,)° exp@Kh) be larger than one, which is satisfied for small k,. 
Note that if we first take the limit of k, — 0, then (19.185) reduces to 


A= cos(iV3 Kh) +4 exp3Kh) 
2Kh cos(iV3 Kh +i) +3 cos(4V3 Kh —42r)— (1+ Kh)expGKh)’ 
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so that, for large negative Kh, the growth rate is 


cos&V3 Kh) 1 Kh (2) cos(4V3 Kh) 


A= — E y a a S 
2 Kh cos$V3 Kh+ir)? r 2 cosGvV3 Kh+4ar)’ 


h? 


valid in the neighbourhood of the zeros of cos(V3 Kh). Again the 
stationary states are at Kh = —(2n—1)n/V3. Altogether, then, the 
dynamo has regenerative modes for small k,. In order of magnitude 
(19.187) requires 


kh <|Khj exp(—é|Kh)) 


for large negative Kh to regenerate the field. There are no regenerative 
solutions if k, is as large as K. It follows, then, that the waves of field are 
very broad compared to the thickness 2h of the dynamo slab. For the 
lowest mode, Kh =—1-8, we require k,h =2-5. 

The field distribution is readily computed from the coefficients C,,. It 
follows from (19.181)-(19.183) that, to lowest order, 


C,[exp{V3 Kh exp(itar)} + exp(itar)] 
+ C,[exp{V3 Kh exp(—ila)} + exp(—idzr)] = 0. 
With Kh =—(2n—1)n/V3«—1 this reduces to 
C=C, exp(—iém){1+i(—1)" expGKh)}. 
Then C; follows from } C,q, =0 as 
q3C3=—-q C,— QC, 
C;=(—1)"C, exp(+3Kh —ig7). 
It follows from (19.182) that 
C,=3A(—-1)"C, expGKh — ig). 


The coefficient E follows from (19.176). Substituting these coefficients 
into (19.90)-(19.92), with cos(k,x) and sin(k,x) replaced by exp(—ik,x) 
and iexp(—ik,x), respectively, it follows that 


B, = C,(nK?/G)[2 cos@V3 Kz —d2r)+(-1)"" | expf8K(h— z)}] 

x exp(t/7 —ik,x+4Kz—iéa), (19.188) 
B, = C,{2 cos(V3 Kz +42) +(—1)" exp 3K(z—h)} 

x exp(t/7 —ik,x +4Kz—iég7), (19.189) 
B, = +C,(Kk,/G){2 sin@V3 Kz)+(-1)"" [3 -expK(h— z)}}} 

x exp(t/7 —ik,x+4Kz+ijm). (19.190) 


The interplay of the four basic wave modes is evident from these 
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Fic. 19.8. A plot of the fields B,, B,, and B,. The heavy lines are for the lowest even mode 
(19.188)—(19.190) (n = 1, Kh = --1-85), while the light lines represent the next higher mode, 
n=2. Curves labelled x represent B, in units of (nK?/G)C, exp(i/7 +4Kz)cos(k,x —67). 
The y-components are given in units of C, exp(t/t+3Kz)cos(k,x~g7) and the z- 
components in units of (nKk,/G)C, exp(t/7 +4.Kz)sin(k,x —%7). 


expressions. The fields are plotted across 0<z<h in Fig. 19.8 for the 
lowest mode, n=1(Kh=~-—1-85) and for the next higher mode n= 
2 (Kh =—5-43). Note that B, and B, are even functions of z, while B, is 
an odd function. 

It is worthwhile to consider the basic physics of the stationary dynamo 
in galactic geometry. The principal field is B, of course, the x- and 
z-components being smaller by the factor yK*/G when the shear G is 
large. In the lowest mode the ‘azimuthal’ field B, (which we take to be 
positive) has a simple maximum at the midplane z =0, produced by the 
shearing of B,, and falls to zero at the open surfaces z = +h. The dynamo 
is regenerative when [G is negative in 0<z<h. To see how the whole 
scheme fits into the structure of the galaxy, suppose that the negative 
x-axis points in the direction of the galactic centre, as sketched in Fig. 
19.9, and the positive y-axis points in the direction of rotation. Hence, 
the galaxy rotates counterclockwise when viewed from large positive z. 
The rotational velocity of the galaxy declines outward, with increasing x, 
so that G=dV,/dx is negative. A rising expanding eddy in z >0 rotates 
less rapidly than the ambient interstellar gas around it, so that it rotates 
clockwise relative to the ambient gas, as viewed from large positive z. 
Hence T is positive (based on the definition (19.2) and (18.51)). The 
product IG is negative in z >0, corresponding to the case Kh <0 treated 
here. Fig. 19.9 shows two twisted loops in the lines of force of the 
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azimuthal field B,, caused by rising cyclonic eddies on either side of the 
midplane z = 0. The loops represent opposite circulation of magnetic flux 
in the xz-plane. The production of many such loops and the coalescence 
of the loops as a consequence of turbulent diffusion lead to a general 
circulation of field indicated by the broken lines. The circulation is such 
that the field near the midplane is in the negative x-direction. The field 
near the surfaces z ==+h is soon lost by diffusion into the empty space 
immediately outside, leaving only a net flux in the negative x-direction, 
which spreads out across the thickness of the disc from its place of origin 
in the vicinity of the midplane. The negative shear dV,/dx stretches the 
lines of force into the y-direction and regenerates B,. From the hyd- 
romagnetic equation, the shear generates B, at the rate 


dB, /at = B, dV,/dx. 


Since both dV,/dx and B, are negative, it follows that dB,/dt is positive. 
It is in this way, then, that the galactic dynamo operates (Parker 1971a). 
The effect of the non-uniform rotation and the cyclonic turbulence is to 
generate an azimuthal field that is an even function of the distance z from 
the midplane of the galaxy (the odd modes, treated below, require 
Kh>0O). 

The free escape of lines of force from the surface is an essential part of 
the functioning of the galactic dynamo, because without it, the net flux in 
the x-direction, and hence the net production of B, in the slab, would be 
zero. The only regenerative solutions are then migratory waves, leading 


owe 
ne 


z=+h 


-æ Direction of galactic 
rotation 


Fic. 19.9. A sketch of the internal fields in the generation of the lowest even mode 
B,(+z)= B,(—z) in the galactic dynamo when dV,/dx <0 across the slab z*<h* and the 
dynamo coefficient is positive in O0<z<h and negative in ~h<z<0, so that Kh <0. The 
‘azimuthal’ field is shown by the continuous lines, in which there are shown the twisted loops 
produced by rising cells of gas. The large-scale circulation from the coalescence of many 
loops 1s indicated by the broken curves. 
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to periodic solutions. The escape of lines of force from the surface of a 
gaseous body is described in $13.7. We have shown by specific example 
(Parker 1971a) that the generation of stationary modes does not occur in 
the slab if the boundaries are closed by sheets of rigid, infinitely conduct- 
ing material. 

If the medium outside the slab has the same shear G=dV,/dx and 
diffusion coefficient ņ as the slab, but lacks only the cyclonic turbulence 
F, the dynamo is regenerative (Parker 1971a). The loss of field out of the 
slab is reduced by the external medium, so that the generation rate 
K°h’A is significantly reduced, as we would expect. But the rate is not 
zero. The free surface is a better approximation to the environment of the 
gaseous disc of the galaxy, in view of the magnetic buoyancy of the fields 
and the tenuous gas outside (Chapter 13), so the solutions worked out 
above appear to be appropriate. Interpretation of the observations of the 
galactic magnetic field (Jokipii and Lerche 1969; Jokipii et al. 1969; 
Manchester 1973) shows large local fluctuations in the field, as we would 
expect, together with the fact that the mean azimuthal field has the same 
sign across the entire thickness of the disc. Hence the galactic dynamo is 
evidently operating in the lowest even mode, for which Kh = —1°8. 

It is worthwhile noting the values of n, I, and G for the galactic disc. 
For Keplerian motion about a massive galactic nucleus, the angular 
velocity Q varies as w™? and the circular velocity is V, = V, =wQ« w>. 
The local shearing rate is then, G = w dOQO/d@ = —30. The characteristic 
cyclonic rotation of the convecting fluid, relative to the surrounding fluid, 
is of the order of ®=O7r =OL/v in an eddy of scale L, velocity v, and life 
t. It was shown in the development of (18.58) that [={aeL®/7= 
7eLQ =0-04L2 since e =0-1. The turbulent diffusion coefficient may be 
estimated from (17.89) as m =0:2v0*r=0:2vL. Altogether, then, the 
dynamo number in a slab of half thickness h is 

(Kh)? =TGh?/n?- 
=F Qv L 
=}4(h/LF (Ory. (19.191) 

The period of rotation of the gaseous disc of the galaxy in the 
neighbourhood of the sun is T=2:5x10° years, so that the angular 
velocity is Q =2a7/T =0-8 x107" rads”’. The quantities h, v, and L are 
not well defined by observation, but convention dictates L = 100 pc and 
v=10kms~'. Hence the characteristic eddy life is 7=310'*s=10’ 
years. On this basis = Qr = 0-24 rad and is sufficiently small that the 
quadratic effects characterized by the secondary dynamo coefficient Q 
and the negative contributions to turbulent diffusion, are negligible. The 
galactic dynamo is dominated by the principal dynamo coefficient l and 
by conventional turbulent diffusion ny- 
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The thickness h of the galactic disc is a particularly nebulous quantity. 
The recent work of Badwar and Stephens (1977) suggests a thickness of 
600 pc at the half-density points of the gas and 1400 pc for the field. The 
thickness 2h employed in the present calculations represents the full 
thickness for the gas and field, which appears to be of the order of at least 
1 kpc. On this basis then, write h =400 pc as an estimate. The dynamo 
number is easily scaled up or down to fit other estimates of h. The 
numerical result is (Kh)? =—6 or Kh =—1-8. This rough estimate is not 
less than the Kh = —1-8 for the lowest even mode of the galactic dynamo, 
suggesting that the galactic field is indeed the offspring of the dynamo 
(Parker 1971a; Vainshtein 1972b; Stix 1975; White 1978). After Earth 
and the sun, then, we find another dynamo operating in its lowest mode. 
Presumably the field grows until its strength suppresses the cyclonic 
turbulence and reduces the dynamo number to the lowest value for a 
steady state. The comments at the end of §19.3.1.1 on the stability of the 
operation of the dynamo are appropriate in this context. Stable operation 
obtains when the dynamo is in its lowest steady state, with the generation 
rate K*h*A increasing with increasing dynamo number |Kh|. 

The odd modes can be worked out by the same general methods 
employed for the even modes (Parker 1971a). They arise at somewhat 
higher dynamo numbers than the even modes, for the simple reason that 
there is a reversal of sign of B, across the midplane z =0, producing 
more loss by diffusion. In place of (19.186) the stationary modes for small 
k, are given by 

Kh =(2n—4)a/V3 


= +3:-02, +6-65, +10-28, +13-81 


in place of Kh = —1-86, ~5-43, —9-06, etc. for the even modes. Note that 
the stationary states of the odd modes are produced by positive dynamo 
numbers, while the stationary even modes are excited by negative 
dynamo numbers. We suggest (from the the simple dynamical picture 
where rising convective cells expand and rotate more slowly than their 
surroundings) that the dynamo number in the gaseous disc of the galaxy is 
negative and, hence, can excite only the even modes. Observations 
support the even mode idea. The odd modes are of interest in any 
circumstance where the dynamics produces a positive dynamo number. 
At the moment we cannot say where that might occur. 

The physical nature of the odd modes is describable on the same 
elementary basis as the even modes. Fig. 19.10 for the odd mode is 
essentially a duplicate of Fig. 19.9 for the even mode, except that the 
sense of the ‘azimuthal’ field B, is reversed in the lower half of the slab to 
give an odd mode. As a result, the loops produced by cyclonic convective 
cells on each side of the midplane have the same sense of rotation in the 
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Frc. 19.10. A sketch of the internal fields in the generation of the lowest odd mode 
B,(+z) = —B,(—z) in the galactic dynamo when dV,/dx >0 across the slab z*<h* and the 
dynamo coefficient is positive in 0<z<h and negative in ~h <z <0, so that Kh>0. The 
‘azimuthal’ field B, is shown by the continuous lines, in which there are shown the twisted 
loops produced by rising cells of gas. The large-scale circulation from the coalescence of 
many loops is indicated by the broken curve. 


xz-plane. The coalescence of many such loops produces the large-scale 
magnetic circulation indicated by the large dashed curve. With dV,/dx > 0 
the lines of force of the circulating field are stretched out in the y- 
direction. The new B, generated in this way adds to the initial field, so 
that there is a net generation. Note that there is no need here for lines of 
force to be lost out through the surfaces z = +h, as with the even mode. It 
is easy to show (Parker 1971a) that the dynamo functions efficiently in the 
odd mode when impervious boundaries are introduced at z = +h. 


19.3.3.2. Periodic states. Consider the periodic states of the rectan- 
gular dynamo in the infinite slab (Parker 1971d). To keep the calculations 
as simple as possible, work in the limit k,/K — 0. Then (19.184) reduces 
to 
0 = (qi — 43)(44— 43) 14142 expti(q; + q2)Kh}+ q3q1 exp{—i(q, + q2)Kh}] 
+(q3—43)(q4— 42)L4143 expli(q: + qs) Kh} + q2q4 expt -i(q, + q3)Kh}] 
+ (43 ~ 43)(q4— 47)14243 exPli(qs + q3)Kh} + qiq4 expi-i(q> + q3)Kh}] 
(19.192) 


for the even modes. The odd mode in the same limit (Parker 197 1a, d) 
gives 


0 = (qt — 43)(44~ 43)cosh{(q, + q2)Kh} + (qi — 43)(q3 ~ q3) 
x cosh{(q, + qa) Kh} + (q3— q3)(q3— qicosht(q2 + q3)Kh}. (19.193) 


The roots q, may now be represented by the expansions in either 
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ascending or descending powers of A, given by (19.56)-(19.63). The 
algebra then proceeds more or less along the lines of §19.3.1.2. Write 
A = R exp(i@) and look for solutions with 1/7 = nK?A =inK?R (0 =42) 
for the real frequency w = nK? R. The results are given in Table 19.1 for 
the open boundary, i.e. n= outside the slab so that B,=0. The 
convergence of the expansions is conditional for 6 in the neighbourhood 
of èr, so that the calculation was carried out with both ascending powers 


TABLE 19.1 
Dynamo numbers Kh for the nth periodic mode 
(19.192) and (19.193) for Re(1/rt)=0, Im(1/r)= 


nK?R 
(a) Expansion in ascending powers of R 
Even modes, positive Kh Odd modes 
Kh = +(12-6n — 4-9) Kh =+(12-6n4+1:1) 
n Kh R n Kh R 
1 77 0-362 1 +13°-8 0-327 
2 20:3 0-359 2 +26-4 0:342 
3 32-9 0-358 3 +39-0 0-347 
Even modes, negative Kh 
Kh = —(12-6n —9-5) 
n Kh R 
1 —3+] 0-43 
2 -157 0-36 
3 —28:3 0-36 
(b) Expansion in descending powers of R 
Even modes, positive Kh Odd modes 
Kh = +(8-7n — 2-5) Kh = +£(8-7n —0-5) 
n Kh R n Kh R 
1 6:2 0-53 1 +8-1 0-41 
2 14-9 0-49 2 +17-0 0-42 
3 23-6 0-47 3 +25.7 0-43 


Even modes, negative Kh 
Kh =~—(8-4n +0-1) 


n Kh R 

1 — no solution — 
2 —16°9 0-36 
3 -25:3 0:39 


Part (a) is calculated from the expansions (19.56)-(19.59) and (b) is 
calculated from the expansions (19.60)—(19.63), 
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of A, given in part (a) of the table, and in descending powers of A, given 
in part (b). The numerical values for the dimensionless frequency R differ 
by about 20 per cent between the two expansions, while the correspond- 
ing dynamo numbers differ by about one-third. We conclude therefore, 
that the results are approximately correct, and certainly illustrate the 
correct structure of the periodic modes of the dynamo. 

In view of the sensitivity of the stationary even mode of the dynamo to 
the escape of magnetic flux from the dynamo, the calculation for the 
periodic mode was repeated for impenetrable boundaries, so that 
dB,/dz =0 at z = +h. Curiously, the dispersion relation for the even mode 
in the limit of k, — 0 turns out to be (19.193), already derived for the 
odd mode with open boundaries. The dispersion relation for the odd 
mode with impenetrable boundaries and k, — 0 is the same as (19.192) 
for the even mode with open boundaries if Kh in the exponentials is 
replaced by —Kh. The calculations show that the periodic modes are 
affected somewhat by the boundaries, but their regenerative powers are 
not crucially dependent upon whether flux is free to escape from the 
boundaries. This is not unexpected, because the migratory dynamo waves, 
making up the periodic dynamo, create and destroy their own fields 
locally. They do not depend upon the escape of field through the 
boundaries, as some of the stationary modes. 

The tenuous gases outside the gaseous disc of the galaxy can impede 
the escape of field from the disc but little, whatever may be their 
electrical conductivity, so the free boundary is the case of principal 
physical interest. It is evident from Table 19.1 that the lowest oscillatory 
or periodic mode is for negative dynamo number, Kh =—3-1. It is an 
even mode, and there is no fundamental objection, therefore, to the idea 
that galactic dynamo is presently operating in the lowest periodic, rather 
than stationary, mode (Parker 1971d). The period is of the order of 10° 
years. Hence, even with the broadest view, we are confined to theoretical, 
rather than observational conclusions. We note that the dynamo number 
Kh required to drive the periodic mode is more than half again as large as 
for the lowest stationary mode. The most conservative point of view is, 
then, that the galactic magnetic field is the product of the lowest mode of 
a stationary dynamo operating in the gaseous disc of the galaxy. The 
recent work of Stix (1975, 1978), White (1978), and Soward (1978) 
applying numerical techniques to an oblate spheroidal model of the 
gaseous disc, and exploring several distributions of the dynamo coefficient 
IT across the thickness of the disc, provide a broad base for this conclu- 
sion. It should be kept in mind, however, that in other galaxies there may 
be circumstances, with thicker gaseous discs, for instance, in which the 
dynamo number is substantially larger, admitting the possibility of 
periodic fields in both the even and odd mode. 
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It is evident that we could go on from here to treat an endless variety of 
rectangular dynamos with various combinations of +I and +d0V,/dx, 
+0V,/dz, simulating an endless variety of physical circumstances, real or 
imagined. Our intent, however, is only to illustrate the basic physical 
principles of the captive, and sometimes stalled, dynamo waves that make 
up the periodic and stationary dynamos, respectively. Further examples 
do not show any outstanding new effects, and if there is one thing to be 
learned from the examples already given, it is the sensitivity of the 
behaviour of the dynamo to the boundary conditions and the distribution 
of I and G. Hence, at this point we turn to a consideration of the more 
complex, but more realistic, spherical or spheroidal geometry in which 
dynamos operate in the astronomical bodies of the universe. The rectan- 
gular dynamos have illustrated surprisingly well, as we shall see, the 
qualitative features of the stationary and periodic dynamos of Earth, the 
sun, and the galaxy. The results, therefore, are to be kept in mind as a 
guide throughout the numerical experiments with spherical geometries. 


19.4. Axi-symmetric dynamos in spherical boundaries 


19.4.1. Localized shear and cyclones 


Consider the generation of magnetic fields by fluid motion with rotational 
symmetry confined to a spherical volume r= R. The fluid is subject to an 
axi-symmetric non-uniform angular velocity O(w, z), where z is meas- 
ured along the axis of rotation from the equatorial plane and w = 
(x?+ y?)? is distance from the axis of rotation. The dynamo coefficient T is 
also a function only of w and z. The fluid has the uniform resistive 
diffusion coefficient n. Outside the sphere r° = w*+ z? = R° the medium, 
if any, is too tenous to resist being pushed aside by the field emerging 
from the dynamo region r< R. So, in view of the rapid reconnection (see 
§13.7.4), the external force-free field is a potential form. For all practical 
purposes it is the same as if 7 =œ outside. 

If Go is the mean shear and I’) the characteristic value of the dynamo 
coefficient, then the dynamo number is 


Np = Go R?/n?. 


It was pointed out in (19.26) that dynamo waves with wave numbers k 
less than (Gəľo/2n°} are amplified by the motions. The shortest 
wavelengths that will fit into the sphere are of the order of the diameter, 
R = mjk. Hence there is amplification if Np 27°. In approximate terms 
the dynamo regenerates all waves for which kR = N/m. Thus, for in- 
stance, if Np is a very large number, the spectrum of dynamo waves 
extends to small wavelength, the waves migrating in complicated ways 
throughout the region, as illustrated at length in §19.3. There are always 
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periodic modes, for suitably high dynamo number. However, the more 
common circumstance, using Earth, the sun, and the galaxy as examples, 
appears to be a modest dynamo number sufficient to operate only the 
lower modes. Either the dynamo number is intrinsically low in such 
bodies, or the fields have grown to sufficient strength to suppress the fluid 
motions, and the dynamo number, to modest values. The stationary 
dynamo may be the lowest available mode, as in the thick core of Earth 
and in the galactic disc. A stationary mode may not always exist, of 
course, as in the thin convective zone of the sun, for which the lowest 
mode is periodic. We undertake first the problem of understanding the 
stationary modes. 

The physics of the stationary mode can be expressed quite simply in 
terms of the Green’s function of the dynamo equations. The complexity 
of the formal calculations, the diversity of the examples to be found in the 
literature, and the generalizations to which some authors have been 
tempted, prompt us to develop a firm physical understanding of the 
dynamo effect before venturing to review the extensive literature availa- 
ble on solutions of the dynamo equations. Using cylindrical coordinates 
(w, œ, z) the dynamo equations can be written 


nVe,Ay = T(m, z)By(@, Ze 4. (19.194) 
nVe,B, =—a(VO. Be, (19.195) 


for stationary fields. The exposition of the physical properties begins by 
noting that the equation (19.194) for A, and the boundary conditions on 
Ay are of exactly the same form as the familiar Poisson equation 


Ve, Ag = —(4t/C)jn€e (19.196) 


for the vector potential of an azimuthal current density jẹ. Hence the 
vector potential A, produced by a ring (w, z = constant) of cyclonic 
turbulence has the same form as the well known vector potential of a ring 
of electric current circling the z-axis at the same position; the poloidal 
field produced by a ring of cyclones has exactly the same form as the field 
of a circular loop of current. The nearby lines of force circle closely 
around the electric current, while the more distant lines link through the 
current loop, taking the form of a dipole at large distances. The lines of 
force, wA, = constant, are sketched in Fig. 19.11. The basic point is that 
the ring of electric current 


jg (@w, z) = I8(a@ ~ a)8(z —h) 


of radius a in the plane z = h has a magnetic dipole moment equal to I/c 
times the area ma’? of the current loop. By direct analogy, then, a ring of 
cyclonic eddies 

rw, z) = R*T)8(a@ — a)8(z —h) (19.197) 
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Fic. 19.11. A sketch of the magnetic lines of force in a meridional plane of a circular ring 
of electric current. The current flows in to the meridional plane on the right and out on the 
left. | 


leads to the same magnetic moment with 4rl/c replaced by 
a*T)B, a, h)/n i.e. 


M= na?i R ToB; (a, h)/4a7}. (19.198) 


At some distance outside the ring of cyclones, then, Ay ~ Mw/(w? + z7)}, 
and the magnetic field has the familiar dipole form 


Bo ~3Mzol/(w*+2°)), B, = M(2z?-—w’)/(w"2+27)2. (19.199) 


The general expression for A, for a ring of current is well known (cf. 
Smythe 1936) and can be written in both cylindrical and spherical 
coordinates. It is convenient to use the Green’s function G, (w, z: a, h) 
defined as the solution of 


(V?—1/@*)G, = 8(@— a)8(z ~ h) = r9'8(r — ry) (0 — 8o) 
with the property that G, — 0 at infinity and 
a = ro sin(,), h = ro cos(6o). 


Then the vector potential satisfying (19.194) for a ring of cyclones 
(19.197) is given by 


Ag(@, z)=—{R*TB, (a, h)/n}G, (w, z; a, h). (19.200) 
The Green’s function can be written in a variety of forms, one of which is 
Ga (w, z; a, h) = (1/ap)(a/@){E(p)—(1 -3p*)K(p)}, (19.201) 


where K(p) and E(p) are the complete elliptic integrals of the first and 
second kind, and p is the modulus 


p” =4anu/{(w + a)? +(z- hy}. (19.202) 


It will prove useful later to have G, in spherical coordinates, for which it 
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is readily shown that, with a =rysin 49, h = ro cos 8o, 


a {r\" Pl(cos 09)P)(cos 0) 
Ga (T, 0; fo, Oo) = —3 SiN Oo È (5) ntl) (19.203) 
for r= r and 
oo ni ] 1 
. __4g ro) P,(cos 0o)P„(cos 0) 
Ga (r, 6; ro, A) 5 sin Go 2 ( antl) n 1) (19.204) 


for r=ro. The Green’s function can, of course, be written in any other 
coordinate system in which the Laplacian operator is separable, but the 
two forms will suffice here. In any case, the important point is not the 
formal mathematics (to be used later to illustrate some simple aspects of 
the problem) but rather the well defined and familiar form of the field. 
The field represented by A, is essentially a dipole, with the form 
sketched in Fig. 19.11. 

The solutions of (19.195) for a ring of shear of radius w =b at z = l are 
equally simple in nature. Their mathematical form is well known. The 
form of the field B(w, z) is the same as the vector potential of a current 
ring in a spherical enclosure. Write 


VO.B= Wb, l)é6(@— 5)d(z—D) (19.205) 
where? 


W(b, D= b°{B_(b, D dQ/d@+ B,(b, D aQ/az}. 
Equation (19.195) becomes the Poisson equation 
nV°e,B, = —e,oWw (db, I8(w@ — b)5(z — D). (19.206) 


The form of the solution of this equation for the boundary condition 
B, =0 at the surface, r= R, is well known. The field Bẹ has the same 
dependence on position (w, z) as the vector potential of a current loop 
enclosed in an empty spherical cavity of radius R in a block of supercon- 
ducting materials into which A, does not penetrate. This may be seen 
from the fact that B,=(rsin(6))~' a(sin(@)A,)/0@ vanishes on r=R. 
Hence sin @A, must be constant on r=R, implying Ay = C/sin@ on 
r=R, where C is a constant. But A, is finite as one approaches the 
z-axis (@=0). Hence C=0 and A, =0 on r=R. This is the required 
boundary condition for B,. The contours of constant B, are sketched in 
Fig. 19.12. The azimuthal field B, is very strong near the source ring and 
declines to zero toward the surface of the sphere. 


3 The vanishing of VO. B elsewhere than at (b, 1) means only that the surfaces of 
isorotation coincide with the magnetic lines of force, Q = O(@wA,) as indicated by 
the right-hand side of (18.8). Thus (b, I) is the one location at which the surfaces 
of constant Q and wA, are not parallel. 
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Fic. 19.12. A sketch of the magnetic lines of force in a meridional plane of a circular ring 
of electric current enclosed in a spherical cavity of radius R in an impenetrable medium. 


The formal solution of (19.206) can be written as 


Ba (©, z)=—(b*/n{B,,(b, 1) 3Q/3w + B,(b, 1) AD/dz}Galy, 0; ri, 01) 
(19.207) 
in terms of the Green’s function 


V7e,Gp = ey (V? — 1/m7)Gz = esr; '5(r—1,)8(0 — 8,) 


where b =r, sin 6,, L= r; cos 84. It is readily shown (Parker 1969a) that in 
the region 0O=rxr, 


Galr, 0; ri, 01) = 5 sin(,) y {(2)"" — (y P, (cos 6;)P,,(COs 0) 


nai (AR ry n(n+ 1). 
(19.208) 
while inr, <r<R 
. — r antl r n r n+ 
Gal, 0; r, 0,)=3sin(O,) È f(z) (2) E (2) l 
i 1 


n(n+ 1) 


But again, the important point is the simple form of the field illustrated in 
Fig. 19.12. The azimuthal field B, declines outward from its source at the 
ring to the surface. 

Knowing the form of the dipole solutions for rings of shear and 
cyclones, sketched in Figs 19.11 and 19.12, it is a simple matter to 
develop in a rigorous way the physical properties of the solutions to 
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(19.194) and (19.195). In particular we are interested in the necessary 
and sufficient conditions for the generation of stationary dipole and 
quadrupole fields. As a first example, consider two axi-symmetric rings 
of cyclones situated above and below the equator at z=+h. If the 
dynamo coefficient of the ring in the northern hemisphere (z =+h) is 
R7T,6(@ —a)6(z—h), then the opposite rotation of cyclones in the 
southern hemisphere yields the dynamo coefficient — R°*T')8(@ ~ a)8(z +h). 
Hence, altogether, 


Fiw, z)= R?8(@— ay{6(z —h)— 8(z +h)}. (19.210) 


The dynamo coefficient T (w, z) is an odd function of z. It interacts with 
the azimuthal field B,, which may be either an even or an odd function of 
z. As a first example, then, consider the poloidal field to be a dipole. 
Then B, is an odd function of z, as illustrated in §18.2. It follows that 
the source I'(a, z)B,(m, z) is an even function of z. Both rings of 
cyclones make the same contribution to A,. Each ring is effectively a 
magnetic dipole, with moment M, pointing along the z-axis at z = h. 


19.4.1.1. Central concentration of cyclones. Suppose that the two 
rings of cyclones have a small radius and lie close to the origin (a, h« R). 
Then everywhere throughout the dynamo region, r<R, except in the 
small neighbourhood of the rings, the poloidal field is that of a dipole of 
moment 2.4, sketched in Fig. 19.13. It follows that Ba is an odd function 
of z, while B, is an even function. 

Consider, then, the generation of B, by the shearing of B, and B, by 
the non-uniform rotation O(w, z). We expect Qw, z) to be symmetric 
about the equatorial plane in most circumstances, so that dQ/dm is an 
even function, and 00/dz an odd function, of z. It follows that the 
generation of azimuthal field B, by both B, ôQ/ðw and B, @Q/dz is an 
odd function of z, consistent with the initial statement that the azimuthal 
field is an odd function of z, as described by (18.8) in §18.2. Thus the 
dipole form is self-consistent for the prescribed shear and dynamo coeffi- 
cients. The next question is whether the signs work out to give generation 
or destruction of the dipole. 

To facilitate the discussion suppose that I and B, are both positive in 
the northern hemisphere (and hence both negative in the southern 
hemisphere). Then M is positive in (19.198). Suppose that the angular 
velocity Q increases with distance w from the axis of rotation, as 
suggested by the equatorial acceleration of the sun. Then 0Q/dm is 
positive and its interaction in the northern hemisphere with a positive B,, 
makes a positive contribution to the azimuthal magnetic field there. The 
originally positive B, is reinforced and the dynamo cycle regenerates the 
field. It is obvious that the opposite combination, of negative d0/dm and 
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Frc. 19.13. A sketch of the magnetic lines of force in the meridional plane of two rings of 
cyclones near the origin, with dynamo coefficient +I for the ring north of the equatorial 
plane and -T for the southern ring. The lines on the right-hand half-plane are those of a 
dipole, for the case where B, is an odd function of latitude so that the azimuthal vector 
potential generated by FTB, has the same sign for both rings. The left-hand half-plane shows 
the quadrupole field that arises when B, is an even function of latitude and TB has 
opposite sign for the two rings. 


negative T (as suggested for the core of Earth) is also regenerative. If one 
is negative and the other positive, however, then the dynamo actively 
destroys the magnetic field. Hence it is not possible to generate a dipole 
field with negative [aQ/da when the cyclones are confined to the 
neighbourhood of the origin. 

The situation is somewhat different if Q is a function of z. For suppose 
that © declines with distance from the equatorial plane, so that dQ/0z is 
negative in the northern hemisphere. The generation of azimuthal field is 
B, dQ/dz, which must be positive to reinforce an initial positive Bg. 
Hence, with negative 00/dz the azimuthal field B, is augmented only if 
B, is negative at the location of the shear ôQ/ðz. If B, is positive, then the 
shear actively destroys the azimuthal field and no stationary dipole mode 
exists. A glance at (19.199) shows that B, is positive where z*>5m* and 
negative in z*<4$m°*. The dynamo reinforces the field if the shear is 
located in the sector PO in Fig. 19.13, representing z*<4$m@°* in which B, 
is negative. Hence any shear in the PQ-sector is regenerative, reinforcing 
the original azimuthal field, whereas a shear located outside the sector PQ 
actively destroys B,. It is immediately evident, then, that a continuous 
distribution of shear extending across the boundary z* =4” into both 
regions produces both positive and negative B,. The net result is re- 
generative only if the contribution from within PO outweighs the destruc- 
tive contribution from outside. A careful quantitative calculation is re- 
quired to determine the net effect. 
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On the other hand, if 00/dz is positive (or T is negative) in the northern 
hemisphere, the situation is reversed. Only the shear outside the sector 
PQO regenerates the magnetic field. It is evident at once why various 
authors, assuming different distributions of cyclones and shears, have 
come to a variety of conclusions as to whether positive or negative 
dynamo numbers do, or do not, generate stationary dipole fields. We can 
see, too, how a small change in location of the shear can change the 
dynamo from a regenerative to a degenerative state. Moving the location 
of the shear across the sector boundaries z = +w/vV2 in a regenerative 
dynamo leads to active destruction of the fields. It is simple changes of 
this nature that are presumed to be responsible (Parker 1969a; Levy 
1972a, b) for the abrupt reversals ($18.1) of the geomagnetic field. 


19.4.1.2. Low latitude cyclones. Suppose that the two rings of cy- 
clones are of large radius a, lying at low latitudes immediately inside the 
surface (i.e. R—a, h« R) as sketched in Fig. 19.14. Then if B, and I are 
positive in the northern hemisphere, it follows that M is positive and both 
components (Ba, B.) are positive almost everywhere in the northern 
hemisphere. Hence if dQ/da@ is positive, it interacts with B, to reinforce 
the initial positive Bẹ. If aQ/dz is positive, it interacts with positive B, to 
reinforce B4. In both cases the cycle is regenerative. On the other hand if 
I is negative in the northern hemisphere, then dQ/da@, and/or 0Q/dz must 
be negative to generate field. Altogether, then, [ and (@Q/dm, 6Q/dz) 
must have the same sign for amplification of the fields. Opposite signs 


ash 


Fic. 19.14. A sketch of the magnetic lines of force in the meridional plane for two rings of 
cyclones near the surface at low latitudes. The right half-plane shows the lines when B, is 
an odd function of latitude, associated with a dipole field. The left half-plane shows the lines 
when B,, is an even function, associated with a quadrupole field. 
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Fic. 19.15. A sketch of the magnetic lines of force in the meridional plane for two rings of 
cyclones near the surface at high latitudes. The right half-plane shows the lines when Bẹ is 
an odd function of latitude, associated with a dipole field. The left half-plane shows the lines 
when B, is an even function, associated with a quadrupole field. 


lead to active destruction of the dipole field by the dynamo process. The 
conclusion is independent of the location of the shear anywhere in b <a. 


19.4.1.3. High latitude cyclones. Suppose that the two rings of cy- 
clones are of small radius a, lying at high latitudes immediately beneath 
the surface at either pole, as sketched in Fig. 19.15. If B, and I are both 
positive in the northern hemisphere, it follows that is positive, and it is 
obvious from Fig. 19.15 that B, is positive but Bẹ is negative almost 
everywhere within the dynamo. Hence a negative d0Q/d@ is required to 
interact with Bọ, to produce positive B, and amplify the field. A positive 
dQ/dz also suffices because B, is positive. If I is negative, then a positive 
dQ/dw, or a negative 0Q/dz, is required in the northern hemisphere. If 
both F and 0Q/d@ are negative (as suggested by elementary dynamical 
considerations) in the northern hemisphere of the liquid core of Earth, 
then it is not possible to generate a stationary dipole. It is evident, then, 
that a dipole can be generated with negative I and dQ/om only if the 
shear lies at some suitably larger distance from the equatorial plane than 
the cyclones. A shift in the location of the shear across the critical 
position can cause active destruction of the field. However, it should be 
pointed out that the most efficient dynamo places the shear and cyclones 
in the strongest parts of Be and B,, respectively, rather than in the weak 
fields near zeros. For such dynamos a strong shift would be needed to 
provide active destruction of the field. 
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19.4.1.4. Arbitrary location of cyclones. It is obvious from the physi- 
cal principles illustrated in the foregoing examples that the generation of 
a stationary dipole field is possible for any location of the two rings of 
cyclones and the two rings of shear, provided the dynamo number has the 
right sign and sufficient magnitude. Thus, for instance, if the rings of 
cyclones of arbitrary radius a are placed at middle latitudes, it is evident 
that in the northern hemisphere B,, is positive over most of the region 
between the ring and the surface at the poles, and negative over the 
major portion of the region between the rings and the equatorial plane. 
The component B, is positive throughout © <a and negative throughout 
most of w >a. Hence the generation of positive B, requires d0/d@ to be 
positive if located above the ring, and negative if located below. Alterna- 
tively əðQ/ðz must be positive if located inside the radius w=a and 
negative if located outside. Then a dynamo number of suitable magnitude 
leads to amplification and maintenance of a steady dipole field. If these 
conditions are not satisfied, so that the production of B, is negative, then 
the field is actively destroyed. 


19.4.1.5. A stationary dipole in a thin shell. Consider the question of 
the generation of a stationary dipole field in a thin shell, treated in 
§19.3.2. Suppose that the dynamo is confined to the thin spherical shell 
R,<r<R (R~-R,<«R) immediately inside the surface of the sphere 
r= R, as sketched in Fig. 19.16. The inner core r< R, is assumed to be 
fixed and impenetrable. The Green’s function for a ring of cyclones is a 


Fic. 19.16. A sketch of the magnetic lines of force in the meridional plane for two rings of 
cyclones in a thin shell surrounding an impenetrable core. The right half-plane shows the 
lines for a dipole field, and the left half-plane for a quadrupole field. 
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slight modification of (19.203) and (19.204) with (/r,)" in (19.203) 
replaced by (#/ro)" —CR,/ro)"CR,/r)"*' and the additional factor {1— 
(R,/ro)?"*"} inserted into (19.204) so that A, is continuous across rọ and 
vanishes on r= R,. The lines of force of the resulting poloidal field are 
sketched in Fig. 19.16 for the two rings of cyclones (19.210) of radius 
w=a (R,<a<R) at z=+h. The sense of the lines represents positive 
[B,. Fixing attention on the northern hemisphere, it is evident from Fig. 
19.16 that, except for the immediate neighbourhood of the ring of 
cyclones, B, is positive and B,, is generally negative throughout the thin 
shell of the dynamo region. Hence the shear 00/d0@ must be negative if 
B,, 0Q/dm@ is to reinforce the initially positive azimuthal field, while dQ/dz 
must be positive. It should be noted, of course, that the poloidal field falls 
off rapidly away from the rings of cyclones, declining exponentially 
around the shell with a characteristic scale R-R,, rather than R. 
Similarly the azimuthal field declines rapidly, with a scale R~R,, away 
from the rings of shear. Hence, if the shear and the cyclones are widely 
separated, by distances of the order of R (> R—R,), the poloidal field at 
each ring of shear, and the azimuthal field at each ring of cyclones, are 
very weak. Consequently the dynamo is extremely inefficient, requiring 
an enormous dynamo number to maintain the fields. The important point 
is, however, that the dynamo exists. It is possible, with rings of cyclones 
and shear of suitable strength, to regenerate and amplify a dipole field in 
a thin spherical shell open to free space at its outer surface. 

It will be recalled that the treatment of a dynamo in a thin slab in 
$19.3.2 led to the conclusion that the generation of field could not 
compensate for the rapid loss of field out of the sides of the slab. The 
necessary large dynamo numbers to compensate for the loss gave periodic 
rather than stationary fields. The migration of the dynamo waves cannot 
be blocked when the dynamo number is large. The explanation for the 
present result, that a stationary dynamo is possible for suitably high 
dynamo number, seems to be that dynamo waves depend for their 
existence (and migration) on a more or less continuous distribution of 
cyclones and shear. When the cyclones exist at only two points, and the 
shear at only two points, in the meridional plane, the dynamo waves are 
‘hooked’ so that stationary fields are possible. Indeed, an obvious qualita- 
tive question is whether there are now periodic states of the dynamo. The 
answer would seem to be in the affirmative because there are propagat- 
ing periodic solutions of the diffusion equation (without cyclones or shear) 
of the form exp{iwt +ix(w/27)texp{+x(@/2n)*} in rectangular coordinates 
so that the phase delay in the propagation of the poloidal field from the 
rings of cyclones to the rings of shear, and the phase delay of the toroidal 
field from the shear to the cyclones, can give a constructive effect for 
suitable (large) values of the dynamo number. However, because of the 
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rapid attenuation of the fields with distance, the dynamo effect is very 
inefficient unless the cyclones and shear are located close to each other. 
The characteristic scale of attenuation is (2n/w)? which may be much 
smaller than the scale of attenuation R-— R, for stationary fields. A 
related quantitative question, then, is the manner in which the dynamo 
waves become free to migrate as the separation of the discrete rings of 
cyclones and shear is decreased. 


19.4.1.6. Formal solution of the dynamo equations. Now that the 
physics of the generation of a stationary field has been illustrated, it is 
interesting to note how the formal mathematical problem appears. For 
the two rings of cyclones (19.210) the formal solution (19.200) for the 
azimuthal vector potential becomes 


Ag (uw, z)=—a*(To/n) By (a, hXG, (w, z; a, h) + Gy (©, z; a, —h)} 
(19.211) 


upon noting that, in the present dipole problem, B,(a, h)=—B,(a, —h). 
To write the formal solution for B(w, z), recall that a rotation O(a, z) 
symmetric about the equatorial plane z = 0 yields a shear d()/dz that is an 
odd function of z, while dQ/dq@ is an even function. For dipole symmetry 
B,, 1s an odd function and B, is an even function, so that B, d0/d@ + 
B, oQ/dz is a purely odd function of z. This fact was noted in the 
development of the basic physics in the subsection above. It follows that 
rings of shear at w =b, z =l yield 
By(@, z)=—(b°/n{B,, (b, 1) aO/dm + B, (b, D AQ/dz},, 

x{Gplw, z; b, D~ Gu (w, z; b, =D}. (19.212) 
the first set of braces to be evaluated at w =b, z =l. Note, then, that 
B,, =—dA,/az and B, =(1/m) 0(wA,)/dw. Differentiating (19.211) and 
substituting into (19.212) leads to 

B, (a, z) = (Toa’b?*/n?)Bs (a, hX Gp (a, Z; b, l)— Gala, Z; b, -0)} 
EB 1 ð 
x 


a oe OG, (Ow, Z; a, h)+ Ga (a, Z; a, —h)} 
OZ w Ow 


-42 2 IG, (w, z; a, h)+ Gale, z; a, =h)] | - (19.213) 
Ot OZ dou 


In particular, this relation must be satisfied at m=a, z=h. If 
B, (a, h)40, then, it can be cancelled from the equation, yielding the 
eigenvalue 


Poa*b?/n? ={Gpg(+)~ Gp (—)}"! 


«(OF G4 O}- SAH) 


1 


(19.214) 


dz @ OG Ow dz bt 
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for the dynamo number for stationary operation. We have written 
Ga (+) = Ga (w, z;a, +h), Gpg(+)= Gala, h; b, +0), 


and G, (+) is to be evaluated at @=b, z =l after carrying out the 
indicated differentiation with respect to w and z. The Green’s functions 
are to be expressed in terms of the expansions (19.203), (19.204) and 
(19.208), (19.209). The important point is that the Green’s functions are 
real, and non-vanishing almost everywhere. Hence the eigenvalue exists 
and is real for almost all locations (a, h) and (b, l) of the cyclones and 
shear, respectively. The convergence of the expressions for the Green’s 
function is uniform and absolute, so that there are no questions with the 
formal validity of (19.214). In practice, however, the convergence is 
sufficiently slow as to make the formal computation of the eigenvalues a 
tedious affair. Before going on to the general case, it is instructive to note 
one or two special cases. If, for instance, the shear and the cyclones are 
widely separated, then the equations reduce to a particularly simple form. 
If the cyclones are located close to the origin and the shear is not (16 r3), 
then for r>a,h 


1 2 
G, (©, z; a, h)=—-— (<) sin @=— 
A\r 


and for r« b, 1 
NER r,\> re, 
Grplo, z; b, 1) =;3sin 0, =) ~l} sin 8, sin 6 
1 


my fr \? . 
+3 | sin 6, cos@, sin 8 cos 6+... |. 
R ry 


Hence 
3 (/r,\° blah 
aor ener) 
gl ) p ( ) 2 R r? 
to lowest order in ro/r,;, where r = a°+h?, r? =b°+ l. Note further that 
1 ð 2 
—— o{G, (+4) + Ga (O}= -S (3 cos?6,-1), 
a Our 2ry 
ð 3a’ 
LIG (4)+ Ga (t= + =< sin 0, cos 0, 
ðz 2r; 


and are to be evaluated at w =r sin 0 =b, z =r cos 0 = Í. It follows from 
(19.214) that the dynamo number for stationary operation is 


FoR? (3b10Q 2 -—b* aQ 4 f/r? rè r,\3 (Riay 
— 7H —— = + — |[—— _t a 
n° r, ow ry OZ jb 3 b?l ah ro 1-(7,/RY 
(19.215) 
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The dynamo number is represented by the left-hand side of this equation. 
It is large, O{r,R/roa)*}, because of the location of the cyclones at small 
radius rọ, near both the z-axis and the equatorial plane, on which B, 
declines to zero. 

A similar expression in closed form for the dynamo number is easily 
developed for the shear near the origin r; & ro, or for either the cyclones 
or the shear circling closely about the z-axis. However, the above 
example is sufficient to illustrate the physical effects and we are more 
interested in the case where the cyclones and shear are near each other, 
producing an efficient dynamo, rather than widely separated. 

A number of special cases are treated in the literature. Parker (1969a) 
worked out the result for cyclones confined to the neighbourhood of the 
origin and the sheet of shear 00/d@ = 0.8(@ — b) just below the surface at 
the equator. The most complete results have been given by Levy 
(1972a, b) for the shell of non-uniform rotation 0O/dr = Q8(r— rı), sum- 
marized in §19.4.2 to illustrate the basic properties of the dynamo 
number as a function of location. The present subsection 1s concluded 
with a brief discussion of quadrupole fields. 


19.4.1.7. Quadrupole fields. The treatment of the generation of di- 
pole fields by two rings of cyclones with opposite signs at z = +h, and two 
rings of shear at z = +l, shows that stationary fields are possible provided 
that the dynamo number has the right sign. The sign depends upon the 
location of the cyclones and shear. When the dynamo number has the 
wrong sign, the dynamo actively destroys the dipole field. As it turns out, 
however, the sign is then correct to generate a stationary quadrupole 
field. For suppose that B, is an even function of z, rather than odd. Then, 
because F is an odd function of z, TBa is odd and the A, generated by 
IB, is then an odd function of z. That is to say, (B. B.) has the form of 
the field of a linear quadrupole. Suppose, then, that Bẹ is everywhere 
positive with [ positive in the northern hemisphere (z > 0) and negative 
in the southern. The lines of force of the quadrupole poloidal field of A, 
have the sense indicated in Figs 19.13 and 19.14. Field amplification 
follows if B,, dO/dm@ is positive, or if B, 9Q/dz is positive, at the location 
of the shear. When the cyclones are close to the origin, as depicted in Fig. 
19.13, the field ts 


w(4z° — w’) x z(2z?—30°) 


Bas- zon B Ia 
(w tz y | (m +z E 


almost everywhere, so that B„ is positive for z” >3w" and B, is positive 
for z*>3m@~*. Hence positive 00/é@ amplifies the field rf it is located in 
z*>1@7, while positive @0/dz amplifies the field if it is located in 
z* >a’. Otherwise negative ðQ/ðw or 00/dz is required. 
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It will be recalled from §19.4.1.1. that regeneration of the dipole field 
by positive dQ/d@ occurs without restriction on the location of the shear 
because B, was positive almost everywhere. On the other hand for 0Q/dz 
positive, amplification required z?>43m’. It is evident that the shear in 
any position for positive dQ/d@ or dQ/dz where it will amplify the 
quadrupole field is also suitably located to amplify the dipole field. On the 
other hand, positive 0Q0/dm in z*<iw’ amplifies a dipole field and 
destroys a quadrupole field; positive 80/dz in $w’<z’<3a@”° does the 
same; positive 0Q/dz in z*<4m@ destroys both. Finally, negative dO/d@ 
or 80/dz in z*>4@ destroys both dipole and quadrupole fields; negative 
aQ/az in z*<4@? amplifies both, etc. 

We could go on to discuss the situation with the cyclones near the 
surface of the dynamo at low and high latitudes. The lines of force, with 
the sense indicated for positive [ and B, in the northern hemisphere, are 
sketched in Figs 19.14 and 19.15, indicating the sense of B, and B.. 
Amplification of B, requires that dQ/d@ and 0Q/dz have the same sign as 
B,, and B,, respectively. The combination of signs and locations are 
endless. The purpose has been to make the physical principles clear. 

The fields in a thin shell are sketched in the left half of Fig. 19.16. It is 
evident, from the fact that the fields in the northern and southern 
hemispheres are separated by distances large compared to the thickness 
of the shell, that there is very little interaction between them. Hence, 
unless the shear is concentrated in the immediate vicinity of the equator, 
the dynamo effects in the two hemispheres proceed independently of each 
other, so that the conditions for regeneration are essentially the same for 
both dipole and quadrupole symmetries. 

Finally, it should be noted that under stationary conditions two rings of 
cyclones are limited to the generation of poloidal fields whose fundamen- 
tal mode contains no more than two lobes. If TB, has the same sign for 
both rings, then the rings act together, producing only a single lobe, i.e. a 
dipole field. If TB has opposite signs, then the rings oppose each other 
and each produces its own lobe, with a quadrupole field as the result. It is 
clear, then, that an octupole field can be produced with no less than three 
rings. Indeed, if we stick to the symmetry wherein F is an odd function of 
z and the rings are located symmetrically about the equatorial plane, four 
rings are the minimum to produce an octupole. A continuous distribution, 
then, can produce an octupole and higher modes under the right combi- 
nation of signs, etc. But no fundamental mode above the quadrupole can 
be produced in the idealized circumstances of two rings. 


19.4.2. Shear confined to a spherical surface 


The stationary dynamo driven by two symmetric rings of cyclones and 
two symmetric rings of shear treated in §19.4.1 is the primitive spherical 
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dynamo, illustrating the basic physical properties of the effect in spherical 
geometry (Parker 1969a), The dynamo in the spherical astronomical body 
with a continuous distribution of cyclones and shear is a superposition of 
rings of the primitive dynamo. The first step in that direction is the 
dynamo involving two symmetric rings of cyclones with the shear spread 
over a spherical shell. The dynamo coefficient is given by (19.210) again, 
but the axi-symmetric rotation is now Q=QO, for 0<r<r,, and Q= 
Q,+AQ for r;<r<R. Then Q is a function only of the distance r from 
the origin, and the shear is confined to a spherical surface of radius r4, 
with 


aQ/dr = ADNS(r—14,). (19.216) 


This case is tractable, if difficult, and the stationary states have been 
worked out in closed form by Levy (1972a, b), who extended the results 
(Levy 1972c) to include n symmetric pairs of rings of cyclones. The 
periodic states with constant amplitude, were then treated by Stix (1973). 
This synthesis of the primitive spherical dynamo provides both stationary 
and oscillatory dipole and quadrupole states. The effects are readily 
understood on the basis of the physical principles developed in the earlier 
sections of this chapter. It will be interesting to compare the solutions in 
$19.3 for the rectangular dynamo with the solutions for the spherical 
dynamo. We shall see that the rectangular dynamo captures the basic 
qualitative properties, with positive dynamo number producing the station- 
ary dipole in regions of sufficient thickness and the oscillating quad- 
rupole at higher dynamo number, while negative number gives the 
stationary quadrupole and the oscillating dipole. The implications for 
Earth and the sun, for which the dynamo numbers are believed to be 
positive and negative, respectively, are obvious. The primitive dynamo 
with two pairs of rings, and the dynamo with the shear distributed over a 
spherical shell, provide the basic demonstration of the dynamo in the core 
of Earth and in the convective zone of the sun. 


19.4.2.1. Stationary fields. The dynamo equations for the stationary 
azimuthal vector potential is (19.194). With the dynamo coefficient given 
by (19.210), the solution is (19.211), so that for the cyclones at (ro, Ao) 
and (ro, T — 9) 


aT, z ( SJ P! (cos 0o) 
A = in 8 j <1 
x {Ba (ro, 89) P (COS Ay) — Ba (to, T —Qo)P,(— cos O)} (19.217) 
for r<fry, and the same expression with (r/r,)" replaced by (ro/r)""' for 


ro<r<R. For odd (dipole) symmetry about the equatorial plane (0 = 377) 
B, is an odd function of z = r cos 0. Noting that P3,,(x) is an odd function 


n=l 
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of x while P3,,,,(x) is an even function of x, it follows from (19.217) for 
the dipole that 


aT, . = P3,-1(cos 8o) Pi, (cos 0) fr\?""! 
EA C BP 058) (1) 


Fo 


(19.218) 


For even (quadrupole) symmetry about the equatorial plane B, is an 

even function of z and it follows from (19.217) that 

P3,,(cOS 05)P3,,(cos 0) ( r y" 
n(2n+ 1) l 


aT, 


2N 


Ag (T, 0) = sin 0B, (to, Ay) 2 


Fo 
(19.219) 
The hydromagnetic equation for the azimuthal magnetic field is 

(19.195), which reduces to 


V7e,B, = -o B,r sin @AQS(r — r,) 


for the non-uniform rotation (19.216). In terms of the Green’s function 
(19.208), then, 


oe 2n+] n P} (cos 8) 
meno fey ttc 
a(t 0) rid R rı? n(n+i) 


x | dé, sin?@, P} (cos 9,)B,(7,, 0,) (19.220) 
O 
for the region 0<r<r, inside the interior of the shell of velocity shear. 
The field B, is 


_ d 
" rsin @060 


(sin 0A,). 


Hence, for the modes with even (quadrupole) symmetry about the 
equatorial plane, it follows from (19.219) that, for r> rp, 


= [ro\2"*! PL, (cos 0o) 
B,(r, 0) =—— —— B, (ro, 0 (2) ae 
(r, 0) 2nr sin 0 (ro o) L (2n +1) 


x {P3,,,:(cos 8} — cos 6,P3,(cos 0). (19.221) 


a’T sin 45 


Note, then, that 


| dp {P4,..1(w)— wP3,()}PA(w) 


—1 
—4(2n+1)*(n+1) © 4n(4n°—1) 5 


7 pitas Sant (19.222 
(4n+3)(4n +1) Oman l6n2—1 oni ) 
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Substituting (19.211) into (19.220) and performing the integration over 
0, with the aid of (19.222), it follows that 

T,AQa? 
Ba, 0)= oan 


x 5 [Paos 8) P3,(cos Ao) {(2 yr 1} ron ten 
ot (4n+1)(4n+3) R mr? 


Ba (To; ĝo)sin 0o 


Pt, (cos 0)P3,,(cos 8o) (5 ) w] 
fe —]->-————— |. 19.223 
(4n+1)(4n—-1) R rn ( ) 


1 
This relation must be satisfied by B,(r, 0) at all positions in r=r,. In 
particular, when the cyclones (ro, 0o) are located inside the shear (ry<1,) 
the relation must be valid at (ro, 8o). If By (ro, 0o) is not zero, then it may 
be cancelled from the relation, so that (19.223) reduces to the require- 
ment 
. S [P3,.41(COS 09)P3,,(COS Oo) ry\ it) (ro\ 4"? 

1=+Npsin o 2 | (4n + 1)(4n +3) i (7) (2) 


n=l 


for the generation of a stationary quadrupole field, where Np is the 
dynamo number [)AQ.R?r,/n?. This relation determines the eigenvalue 
Np for the stationary operation of the dynamo. 

For odd (dipole) symmetry, it can be shown that the azimuthal field 
throughout r<r, is given by 


B, (r, 6) =+Np sin 0)B, (ro, 9%) 


(4n4+1)(4n4+3) R rn? 


-Pha (COs O)P3,(cOs 0) (a i| ranyen 
(4n+1)(4n~1) R van 


1 


n=l 


| (19.225) 


Hence, if the cyclones are located inside the shell of shear (rọ< rı) 
(19.225) must be satisfied at (ro, 0o), leading to the relation 


. | Pansat cos Oy) P3,(COS Oo) (a) _ | O 


1=+N. sin 8 ri 
p Sin od (4n+1)(4n+3) R r, 


ry 


for the generation of a stationary dipole field. 
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Note that the series on the right-hand sides of (19.224) and (19.226) 
are real, and may be presumed to be non-vanishing for almost all 
locations (ro, 0o) of the cyclones. Hence there are eigenvalues Np for 
almost all (ro, 0o). That is to say, the dipole field and the quadrupole field 
can be regenerated by suitable positive and negative N, no matter where 
the cyclones are located. The question is then the sign and the magnitude 
of Np, to produce the generation. For Earth it is believed that Np is 
positive, so we shall be particularly interested in the stationary fields for 
that circumstance. 

Levy (1972a) went on to show that, if the shear lies immediately inside 
the surface of the region, rı = R—e where e — 0, then the series on the 
right-hand sides of (19.224) and (19.226) can be summed and expressed 
in closed form in terms of an integral of an algebraic function of 
trigonometric functions. The integral can be evaluated by conventional 
numerical techniques, giving the dynamo number as a function of the 
location (ro, 8) of the cyclones. The summation technique is outlined in 
the original paper. The numerical results for the dynamo number Np = 
[,AQR?/n*, equal to the reciprocals of the sums, are displayed in 
Figs. 19.17 and 19.18 for the dipole and quadrupole fields, (19.226) and 
(19.224), respectively, when Np is positive. It is evident from Fig. 19.17 


0 nj4 m/2 


Fic. 19.17. The critical dynamo number Np >O for the production of a stationary dipole, 
plotted as a function of the angular position 0, of the ring of cyclones for the radial positions 
ro/R indicated on each curve (reproduced from Levy 1969a). 
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Fic. 19.18. The critical dynamo number N,,>0 for the production of a stationary quad- 
rupole. plotted as a function of the angular position 6, of the ring of cyclones for the radial 
positions ro/R indicated in each curve (reproduced from Levy 1969a). 


that the steady dipole field can be generated no matter what the location 
of the cyclones, provided only that Np is large enough. It is evident from 
Fig. 19.18 that the quadrupole field can be generated only if the cyclones 
lie at sufficiently high latitudes, in the unshaded area shown in Fig. 19.19. 
At low latitudes the sense of the toroidal field is such that TB, opposes 
the existing A, and no regeneration is possible. That is to say, the series 
on the right-hand side of (19.224) sums to positive values only for 
sufficiently small 6,. For larger 8o the sum of the series is negative so that 
no solution is possible for positive Np. Comparison of Figs. 19.17 and 
19.18 reveals that a higher dynamo number is required to generate the 
quadrupole field than the dipole field for any given location of the 
cyclones. 

Since the series on the right-hand side of (19.226) for the dipole field is 
positive for all (ro, 8o), it follows that a negative dynamo number Np 
cannot regenerate a dipole field no matter where the cyclones are located 
inside the shell of shear. On the other hand, the quadrupole field is 
regenerated for negative Np where the sum of the series in (19.224) is 
negative. Thus the low latitude locations of the cyclones that could not 
generate the quadrupole field with Np >0 are the positions for which the 
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Fic. 19.19. The shaded area is the location of the ring of cyclones in the meridional plane 
for which Np >0 cannot produce stationary quadrupole fields. It is the only region in which 
N,<0 can produce stationary fields of quadrupole symmetry. A ring of cyclones in the 
unshaded area can generate both stationary dipole and quadrupole fields when Np >0 and 
no stationary fields at all for N,<0 (reproduced from Levy 1969a). 


quadrupole field is generated by negative Np. The dynamo number is 
given for the quadrupole field for Np <0 in Fig. 19.20. 

Altogether, the situation is only a little different from the two rings of 
shear treated in §19.4.1, because the basic principles are the same, i.e. 
that the azimuthal field B, at the location of the cyclones should yield 
IB, with the same sign as A, at that location. The generalization of the 
calculations to more than one symmetric pair of cyclones was carried out 
by Levy (1972c) in connection with questions on the reversal of the 
geomagnetic field. 


19.4.2.2. Periodic fields. Stix (1973) has extended the calculations to 
the time-dependent dynamo equations 


a(n 
—— n| V°—->— ) t Ay =—— TB, {8(0 — 6) — l0 — 7 + Ohir — ro), 
| r° sin’@ t rr °° ° ° ° 


ð 1 
(n(Y airg] | Be = AON BAU —n) 


for the shell (19.216) and rings of cyclones at w =a = rọ sin 6), z = +h = 
+fp COS Oo. The time-dependent problem calls for an entirely different 
technique from the solution of the stationary equations (19.194) and 
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Fic. 19.20. The critical dynamo number Np <0 for the production of a stationary quad- 
rupole, plotted as a function of the angular position @) of the ring of cyclones for the radial 
position r,/R indicated on each curve (reproduced from Levy 1969a). 


(19.195). Stix turned to the variational principle of Lerche (1972) (em- 
ployed in §19.3.2 to treat the dynamo with horizontal shear, Lerche and 
Parker 1972). 

Stix expanded the fields in terms of the functions 
exp(At)j, (k,gr)P,(cos 0) where q=n, n+1, and k,,R is the qth zero of j, 
so as to satisfy the boundary conditions at the surface of the sphere, more 
or less along the lines originally employed by Elsasser (1946, 1947, 1950, 
1955, 1956). The calculations show clearly the relation of the stationary 
solutions to the periodic solutions with steady amplitudes. Stix expressed 
the results in terms of the parameter R,={|Np| R°/ro(R —r,)}, which is 
essentially the square root of the dynamo number Np, employed by Levy 
(1972a). Figure 19.21 shows R. for positive dynamo number as a 
function of the angular position 6) of the rings of cyclones, while Fig. 
19.22 shows R. for negative dynamo number. The plots are for cyclones 
at ro =4R and the shear at r, =0-98R. The stationary dipole and quad- 
rupole are shown (see Fig. 19.17) so that the relative location of the 
lowest oscillatory state—-the quadrupole-—-can be seen. The important 
point is that the stationary dipole is the lowest mode for positive dynamo 
number. The quadrupole lies somewhat higher (note that the vertical 
scale is linear in Figs 19.21 and 19.22 rather than logarithmic). 
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For negative dynamo number the situation is quite different. The 
stationary quadrupole can be generated only by cyclones above about 60° 
latitude (@<30°), as pointed out by Levy. Stix showed that low latitude 
cyclones, that cannot produce a steady field of either symmetry, produce 
instead an oscillatory quadrupole, and at a substantially smaller (negative) 
dynamo number than the stationary quadrupole when the cyclones are 
located at high latitudes. Thus the lowest mode for negative Np is not a 
stationary field but an oscillatory one, in the form of a quadrupole. 

It is believed that the dynamo number in the core of Earth is positive. 
Hence the observed stationary dipole is the lowest mode. It is evident 
from Fig. 19.21 that the next higher mode for cyclones at low or middle 
latitudes is the periodic quadrupole, at about four times the dynamo 
number N, necessary to produce the stationary quadrupole. Thus, if the 
core of Earth convected more vigorously, we might find ourselves residing 
in an alternating quadrupole field with a period of the general order of 
10° years. The magnetic compass would be of little use in both low and 
high latitudes, and the rapid change of the field would require revision of 
the charts for navigational purposes every ten years or so. Field reversals 
would occur on a millenial basis. It was Braginskii (1964) who first made 
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Fic. 19.21. The critical dynamo number R, for positive Np for the production of a periodic 
quadrupole (oscillatory with steady amplitude) plotted as a function of the angular position 
of the ring of cyclones for shear at r,/R = 0-98 and the cyclones at r/R = 0-5 (reproduced 
from Stix, 1973). 
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Fic. 19.22. The critical dynamo number R, for negative Np for the production of a 
stationary quadrupole and for the production of a periodic dipole and a periodic quadrupole 
(oscillatory with steady amplitude) plotted as a function of the angular position @, of the 
ring of cyclones for the shear at r,/R =0-98 and the cyclones at rp/R =0-5 (reproduced 
from Stix 1973). 


the point that the close proximity (in terms of Np) of the stationary and 
oscillatory states provides a possibility for reversal of the geomagnetic 
field through fluctuations in the dynamo number. 

It is believed that the dynamo number is negative in the convective 
zone of the sun. Hence the only stationary field is a quadrupole at the 
dynamo numbers already noted in Fig. 19.20. The stationary quadrupole 
is possible, however, only for cyclones at suitably low latitudes, as shown 
by Figs. 19.19 and 19.22 (for ro =4R). It was pointed out in §19.3.1 that 
the stationary states disappear, leaving only periodic states, when the 
dynamo is confined to a thin layer (Parker 1971b). For negative dynamo 
number the lowest state is then the oscillatory dipole. Hence the observed 
oscillatory field of the sun would appear to be the lowest available mode 
for the thin convective zone. Stix points out, however, that it is more than 
just the thickness of the dynamo shell that restricts the field to a periodic 
dipole. It is also the fact that both the cyclones and the shear are 
concentrated toward the surface of the sphere. In that location they 
produce the periodic dipole whether the fields are confined to a thin shell 
or have available the entire sphere. It should be noted, too, that the 
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cyclonic rotation of the convection of a stratified atmosphere is propor- 
tional to the radial component of the angular velocity of the body as a 
whole, i.e. proportional to cos 0. Hence the cyclonic convection in the sun 
lies principally at higher latitudes and a stationary quadrupole might not 
be possible (see Fig. 19.22) even if the convective zone extended to 
greater depths. Hence if @Q/dr lies near the surface, it would appear that 
only oscillatory fields are possible in the sun. Note then, that the 
oscillatory dipole hes at lower dynamo number than the oscillatory 
quadrupole unless the cyclones are above about 60° latitude, where the 
oscillatory quadrupole is favoured. Thus for cyclones at middle latitudes 
the lowest available mode is the oscillatory dipole. At high latitudes and 
large negative dynamo number, it is possible to excite an oscillatory 
quadrupole. Leighton (1969) was the first to point out this possibility, 
based on his numerical experiments with the solar dynamo. He noted the 
intermittent excitation of the oscillatory quadrupole, together with the 
oscillatory dipole, to produce an occasional strong north-south asym- 
metry, as is often observed in the fields of the sun. 

Stix (1973) presents the critical value for the dynamo number R, in a 
different fashion, shown in Fig. 19.23, where contours of constant positive 
dynamo number are plotted for the stationary dipole. Note the invariance 
of the result to interchange of rọ and r,, R.(ro, ri) = R.(4, ro). Stix points 
out that this symmetry of the eigenvalue follows directly from the 
symmetry of the equations, even though the fields are quite different 
upon interchange of rọ and r, because of the asymmetry of the boundary 
conditions (Bẹ vanishes at the surface r= R, but A, does not). 
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Fic. 19.23. Contours of constant critical dynamo number in the (r/R, r,/R) plane for the 
steady dipole field produced by Np>0 when the ring of cyclones is located at 0,=47 
(reproduced from Stix 1973). 


706 THE PHYSICAL NATURE OF THE GENERATED FIELDS 


1-0 


0-2 


0-0 02 04 06 08 1-0 
r/R 


Fic. 19.24. Contours of constant critical dynamo number in the (ro/ R, 7,/R) plane for the 
steady quadrupole field and the oscillatory dipole field produced by Np < 0 when the ring of 
cyclones is located at @,=47. The dashed curve separates the regions where the critical 
dynamo number is lower for the steady quadrupole or the periodic dipole. 


When the dynamo number is negative, the contours of constant R. are 
again symmetric about rọ = r4, of course, but there are both stationary and 
oscillatory fields. The contours of constant R, are plotted in Fig. 19.24, 
with the oscillatory dipole occurring when rọ and r, are both greater than 
about 0-6. The steady quadrupole is most easily excited in the vicinity of 
ro =r, = 0-55 R, while the periodic dipole of constant amplitude is most 
easily excited in the viciniy of rp=r,=0-75 R. 

The question of periodic versus stationary solutions was first introduced 
by Braginskii (1964) who showed the effects of meridional circulation in 
stabilizing or destabilizing stationary solutions for both positive and 
negative dynamo numbers (Braginskii 1970a,b). Indeed, for positive 
dynamo number and a broad, rather than a concentrated, distribution of 
cyclones over the sphere Roberts (1972) found no stationary solutions. It 
is clear in terms of the physical principles described in §19.4.1 above, that 
Robert’s cyclones were distributed throughout the azimuthal field in such 
a way that, under steady conditions, I(r, 6)B,(7, 0) generated a net A, of 
the opposite sense to the existing A,. Or, conversely, the shear was 
distributed relative to A, in such a way as to produce reversed B,. There 
were oscillatory states, of course, and Roberts found that the introduction 
of meridional circulation of suitable sign gave rise to stationary states. In 
terms of the basic dynamo waves, it is clear that part of the stabilization 
effect arose because the circulation opposed the migration of the waves 
sufficiently for the waves to be trapped by the geometry to produce 
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stationary fields. Another facet of the circulation effect is that it redistri- 
buted both the azimuthal and meridional fields relative to the fixed 
location of the shear and the cyclones. Roberts noted that meridional 
circulation can enhance the efficiency of the dynamo if it transports B, 
from the site of production to the centre of the cyclonic action, without at 
the same time hindering the arrival of poloidal field, from which B, is 
produced, at the region of shear. Roberts suggested that the meridional 
circulation is a necessary part of a stationary dynamo such as the 
geomagnetic dynamo. The conjecture is not correct in general, in view of 
the many known stationary solutions of the dynamo equations (Braginskit 
1964; Parker 1969a; Levy 1972a, b, c; Stix 1972), but, if interpreted in a 
narrower context, it makes an important physical point. Suppose, for 
instance, that the distribution of shear and cyclones in the core of Earth is 
such that they cannot generate a stationary dipole (Roberts’s model is an 
example of such a distribution) but there is more or less coincidentally a 
meridional flow of such a nature that the cyclones and shear are coerced into 
generating a stationary dipole. Then suppose that the meridional flow is 
interrupted or altered for a brief time. During that period the dynamo 
may generate an oscillatory field so that, when the meridional circulation 
is restored, the new stationary field may be reversed relative to the earlier 
stationary field. It is one more of the many theoretical possibilities for an 
occasional reversal of the geomagnetic field. 

While we are on the subject, note that the rectangular dynamo, treated 
in §19.3.1, reproduces the qualitative results of the dynamo with vertical 
(radial) shear in the spherical volume, including both the stationary dipole 
and quadrupole for negative and positive dynamo number, respectively, 
in a slab of sufficient thickness, and the preference for the oscillatory 
dipole mode when the dynamo number is negative. The similarity is 
gratifying and particularly interesting when we recall the great difference 
in the distribution of the cyclones and the shear within the dynamo 
region. When the dynamo number is positive, both the rectangular and 
the spherical dynamo clearly show the preference for the oscillatory 
quadrupole over the oscillatory dipole. 

Historically, Braginskii’s (1964) periodic solutions for the core of Earth 
were the first of their kind for the sphere, with the physical implications 
mentioned above. Steenbeck and Krause (1969a) were the first to cage 
the migratory dynamo waves (Parker 1955, 1957) within a spherical shell 
appropriate for the Sun. They used a continuous distribution of the 
dynamo coefficient, rather than shells or rings, and computed the complex 
radial wave number as a function of the dynamo number. Their pioneer- 
ing work on periodic fields has been extended by Deinzer and Stix (1971) 
and by Stix (1973), as described above, and more recently by Deinzer et 
al. (1974) who confined the dynamo coefficient to a spherical shell, 
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Their calculations were based on an expansion of the fields in terms of 
spherical Bessel functions and tesseral harmonics again. The results of the 
calculation show that cyclones and the shear distributed over spherical 
shells (of radius rọ and r,, respectively) have the same qualitative dynamo 
effects as when confined to rings. The only stationary modes have dipole 
symmetry when the dynamo number is positive and quadrupole symmetry 
when the dynamo number is negative. Deinzer et al. show that separating 
the two shells favours the stationary modes, with near juxtaposition of 
cyclones and shear leading to oscillatory modes. They treat a Gaussian 
radial distribution of cyclones and of shear to show that the effect is not a 
special consequence of the limitation to thin shells. Hence it is necessary 
to displace the location of the cyclones from the shear to obtain stationary 
solutions. This effect may explain in part why Roberts (1972) did not find 
stationary solutions, without a meridional flow to block the migration of 
the periodic dynamo waves. Deinzer et al. (1974) include a variety of 
graphs of critical dynamo numbers and, in particular, show extensive plots 
of both the poloidal lines of force and the contours of constant Ba, 
thereby providing a graphic illustration of the form for the magnetic fields 
of a simple spherical dynamo (see also Bullard and Gubbins 1977). 

There are a variety of papers providing examples with many different 
distributions of cyclones and shear. A study of their results, and particu- 
larly their extensive illustration of the poloidal lines of force and the 
distribution of B, for stationary dynamos, and at successive stages of the 
cycles of periodic dynamos, is an important part of the education of 
anyone with a professional interest in astronomical magnetic fields. Only 
the limitations of space in this volume prevent reproducing the many 
pages of graphic printout. Thus, for instance, Roberts and Stix (1972) 
employed the Elsasser-—Bullard-Gellman formalism for treating the 
dynamo effect of stationary convective cells. They treated dynamos with 
cyclonic convection, with or without non-uniform rotation. They show, 
for instance, that the a7-dynamo (cyclones without non-uniform rotation) 
in some circumstances has an asymmetric mode as its lowest state. They 
show that 30/30 is less effective than 6Q/dr in maintaining the solar 
magnetic fields, and that meridional circulation can play an important 
role in the time variation of the distribution of azimuthal field over latitude, 
i.e. in the butterfly diagram of the sunspot distribution. 
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The reader is referred to the original paper by Steenbeck et al. (1966) 
where the theoretical possibility of the a*-dynamo was first pointed out. 
Busse (1975) has treated the a*-dynamo from a semidynamical point of 
view recently. The calculations of a*-dynamos show in general the very 
strong cyclonic convection that is necessary to maintain the field in the 
absence of non-uniform rotation. 

Gubbins (1973a) has gone further with the Elsasser-Bullard-Gellman 
formalism, treating growing fields, exp(t/r). The extensive results, for 
various radial functions and orders (n, m) for the velocity provide a vivid 
portrayal of the fields produced by the dynamo action of steady convec- 
tive motions with internal helicity. The exclusion of the field from the 
interior of the steady convective cells (see Chapter 16) is also illustrated 
by the graphic results presented in Gubbin’s paper. Kumar and Roberts 
(1975) treat the dynamo effect of discrete upwelling cells of cyclonic fluid. 

The important aspect of these calculations is their complementarity to 
the turbulent dynamo, outlined in the sections above. The dynamo effect 
of both stationary and rapidly fluctuating cyclonic motion is illustrated 
now with formal examples. The motions may deviate but little from the 
axi-symmetric non-uniform rotation of Braginskii’s formulation, or there 
may be no axi-symmetric non-uniform rotation at all, as in Roberts and 
Stix (1972) and Gubbins (1973a). The breadth of the treatment shows the 
general character of the dynamo effect, wherever there is cyclonic fluid 
motion. 

Braginskti (1964, 1970a, b) has provided a number of examples, with 
particular attention to the geomagnetic dynamo. Steenbeck and Krause 
(1969b) treat dynamos with steady fields. Braginskii (1970b), Roberts 
(1972), and Kumar and Roberts (1975) present numerical models of 
dynamos with meridional circulation, producing stationary fields. Bragin- 
skii (1970a), Stix (1972), and Jepps (1975) have worked out dynamos in 
which the dynamo coefficient is suppressed as the field increases. The 
result is, of course, a bounded growth of the field, with the dynamo 
coefficient sinking to a mean value just sufficient to maintain a stationary 
state or an oscillatory state with fixed amplitude. The solution of the 
equations for steady operation is no longer an eigenvalue problem, as it is 
in the purely kinematical circumstances treated above. Stix points out that 
the fluctuation of the dynamo coefficient I with the strength of the field 
can have the effect of increasing the frequency of oscillations of the field. 

One of the most interesting results of all is the fact turned up by Krause 
(1971), Stix (1971), and Roberts and Stix (1972) that there are solutions 
of the dynamo equations for axi-symmetric distributions of cyclones and 
shear that are themselves without rotational symmetry about the axis of 
the dynamo. Some of the asymmetric solutions are excited at lower 
dynamo number than any of the axi-symmetric solutions, suggesting that 
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there are circumstances in nature in which the asymmetric solutions may 
appear instead of the more convenient axi-symmetric fields. This raises 
the possibility that the very poor ‘axial’ symmetry of the observed solar 
magnetic fields may be more than just statistical fluctuations about an 
axi-symmetric mean. We do not propose to explore the problem here, but 
it is clear that it needs further attention. 

Babcock (1961) and Nakagawa and Swarztrauber (1969) display 
specific examples of the growth and evolution of the azimuthal field 
derived from the interaction of the non-uniform rotation Q(r, 0) with the 
poloidal field. Köhler (1966) and Durney (1972) have provided examples 
of dynamos operating in spherical shells under conditions of interest for 
the sun, including meridional circulation and an inward increase of the 
angular velocity. Gilman (1969), Leighton (1969), Yoshimura (1972, 
1975a, b), Durney (1975), and Köhler (1973) have provided theoretical 
examples of dynamos with an eye to direct application to the sun. Hence 
we defer their discussion to §21.2, where the magnetic properties of the 
sun are described in detail. 

Extensive reviews of the generation of magnetic fields by various 
distributions of shear and cyclones are available (Elsasser 1950, 1955, 
1956a, b; Rikitake 1966; Parker 1970; Roberts 1971; Weiss 1971; 
Roberts and Soward 1972, 1975; Vainshtein and Zeldovich 1972; 
Gubbins 1974; Moffatt 1976, 1978; Soward and Roberts 1976). The 
reviews of Roberts and Soward and of Moffatt in particular, go into the 
mathematical aspects of the dynamo equations, generally overlooked in 
the present discussion of the basic physics. 

We emphasize again that the theory of the hydromagnetic dynamo has 
come through the exploratory stage. Collectively the work to date has 
established the generality of the dynamo effect in any fluid motion that is 
not free of helicity. This fundamental theoretical development explains 
the remarkably general occurrence of the magnetic fields tn the rotating 
bodies that populate the astronomical universe. The physical principles by 
which the fluid motion generates the field are now understood. What 
remains to be done are the detailed models for each astronomical object, 
or class of objects. That task gets into the details of the fluid motions, 
which are presently not altogether known to us. Indeed, to appreciate the 
complexity of the problem it is instructive to review some of the alterna- 
tives that might have been pursued in the exposition of the physical 
principles thus far. To begin, we may ask ourselves whether the non- 
uniform rotation in the core of Earth is as strong as the elementary 
considerations on Coriolis forces would suggest, yielding strong azimuthal 
fields and reducing the dynamo equations to the simple form (18.4) and 
(18.7), (19.21) and (19.22). Or is the non-uniform rotation really not very 
strong, so that we should use the complete equations (18.37) with (18.38) 
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and (18.39) reducing only to (19.4) and (19.5) in rectangular geometry? 
Or is the non-uniform rotation so weak that the shear terms ðV;/ðx; can 
be dropped entirely from (18.37) and the dynamo is sustained by the 
small-scale cyclonic convection alone—the a*-dynamo of Steenbeck et al. 
(1966)? What is the most realistic form for the small-scale cyclonic 
convection? The idealized rotating cells employed in §18.3.3 are clearly 
an oversimplification, to facilitate the calculation of & 0&/dx, and to 
illustrate the basic physical principles. Is the convection in the core of 
Earth, in the sun, or in the gaseous disc of the galaxy, more of the nature 
of Rossby waves (Gilman 1969) or random inertial waves (Moffatt 1970; 
Soward 1975) or random turbulence (Vainshtein 1970, 1972a; Vainshtein 
and Vainshtein 1973)? Or is it more of the nature of acoustic turbulence 
(Vainshtein 1971)? Or are the convective cells really much too large to 
treat them statistically, as most authors do, requiring instead direct 
attention to the individual convective cell (Bullard and Gellman 1954; 
Gilman 1969; Gubbins 1973a; Kumar and Roberts 1975)? Or is the 
convection confined to cylindrical convective rolls with very little non- 
uniform rotation and azimuthal field (Busse 1973)? The azimuthal field, 
hidden away in the core and unobservable at the surface of Earth is, from 
the entirely pragmatic view, a waste of energy, and it will be shown in the 
next chapter that, with present estimates of the energy available to the 
core, there 1s not much to spare in accounting for the generation of the 
field. It would be a convenience if the azimuthal field were weak. But the 
azimuthal field may be strong nonetheless, so that the simple dynamo 
equations (18.4) and (18.7) (Parker 1955) or the Braginskii formulation 
(Braginskii 1964, 1970a, b; Soward 1972; Gubbins 1973b) is more ap- 
propriate. Certainly the azimuthal field in the gaseous disc of the galaxy is 
the dominant field. The poloidal field has not yet emerged from the noise 
in the data. The bipolar regions appearing at the surface of the sun 
indicate that the azimuthal field of the sun is also the dominant field. The 
azimuthal field of the sun must be of the order of 107G or more to 
contain the flux coming up through the surface in one 11-year sunspot 
cycle, whereas the poloidal field of the sun is no more than 5 or 10 G. So 
the reduced dynamo equations would seem appropriate. On the other 
hand, the circumstances in the core of Earth are less well known, because 
we cannot say what the azimuthal field is. The poloidal field is evidently 
about 5G there. These observational facts, together with the theoretical 
fact that the combination of non-uniform rotation and cyclonic convec- 
tion is the lowest order dynamo effect (and hence the most efficient 
dynamo effect), have prompted this author (and others) to present the 
theory in the context of strong non-uniform rotation. We are inclined to 
let higher order terms lie sleeping until we have a specific need dictated 
by observations. 
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The statistical treatment of the individual eddies, waves, or convective 
cells, assumes that they are of small scale and short life compared to the 
large-scale fields. This is not an extremely accurate representation for the 
dozen convective cells identifiable in the core of Earth from maps of the 
surface field. Nor, on the other hand, does it seem to provide the 
opportunity for any interesting qualitative error. Hence, rather, than 
belabour the details, it is more interesting and useful to pass on to other 
questions. 

The next step in the present writing is to consider the physics of the 
dynamo in the context of the individual planets, stars, and galaxies where 
the fields are produced and observed. To what extent can we infer the 
fluid motions hidden within from the fields observed extending through 
the surface? One might hope that one day the dynamical theory of 
convection within rotating spherical bodies will develop to where it can 
specify the precise fluid motions to be expected within each astronomical 
body. The ultimate achievement would be the deduction of the magnetic 
field from the theoretical dynamical flows, including the Lorentz forces of 
the fieid, predicting external magnetic fields resembling those observed. 
But that is more an ideal than a serious expectation for the foreseeable 
future. Not only are there serious questions as to the form of the energy 
sources that drive the internal meteorology of planets and stars, but the 
dynamical consequences of the energy are so sensitive to subtle aspects of 
the boundary conditions as to preclude unique results. Hydrodynamics at 
anything but the lowest Reynolds number is highly non-unique. But these 
questions lie far in the future. In the next chapter we summarize the 
present state of ‘negative ignorance’ of the magnetic fields of astronomi- 
cal bodies. It is gratifying that so much can be stated. Progress has been 
rapid in the last decades and hopefully will continue at the same brisk 
pace for some time to come. Any failure to achieve the final idealistic 
goal of a completely deductive theory is less a consequence of the finite 
rate of advance as it 1s of the excessive distance to that goal. 
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20 


THE MAGNETIC FIELDS OF PLANETS 


20.1. General remarks 


THE physics of the generation of large-scale magnetic fields by the motion 
of conducting fluids has been described in the preceding chapters. The 
exposition concentrated on amplification of magnetic field by the com- 
bined effect of non-uniform rotation and cyclonic turbulence. The next 
step is to apply the theory to the observed magnetic fields of the various 
astronomical bodies. The theory is kinematical, in that the fluid motions 
are prescribed and the field is deduced therefrom. So we choose what 
seem to be plausible fluid motions based on simple qualitative dynamical 
arguments and on observations of surface motions. The formal theoretical 
dynamics of the fluid motions within convecting, rotating, spherical bodies 
has been strongly exercised in the past few years, and is presently in a 
state of rapid development. Even so, the enormity of the dynamical 
problem decrees that the ultimate development of the theory, to provide 
unique models for the fluid motion and the associated magnetic fields, lies 
vetled in the mists of the future. So we review what is presently known of 
the fields, the fluid motions, and the sources of energy that cause the 
motions. As we shall see, the fields appear to be accounted for by the 
expected motions so that the physical principles stand firm. But no 
unique, detailed, quantitative models can be constructed, even for so 
familiar an object as Earth. Indeed, the review suggests that the final 
word on quantitative models may not be spoken in the foreseeable future. 
But that is a conclusion to be reached only after considering the facts. 
In the absence of a complete dynamical theory of the fluid motions, one 
works backwards from the observed motions and external magnetic fields 
to ask what are the simplest internal fluid motions that explain the fields. 
At the most elementary level, for instance, it can be asserted that any 
planetary body with a significant intrinsic magnetic field has an electrically 
conducting, convecting fluid core. For stars the question is not quite so 
simple because a primordial field may be present, firmly clutched in the 
conductivity of the stable radiative core. But an active stellar magnetic 
cycle implies an active dynamo, i.e. internal convection and non-uniform 
rotation. A galaxy such as our own cannot retain a primordial field, so the 
existence of a galactic field implies turbulence and non-uniform rotation, 
both of which are readily observed, of course. Hence for the galaxy the 
argument runs in the other direction, with the conclusion that the fluid 
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motions readily account for the magnetic field. For planets and stars, 
however, we do not observe their interiors. We infer convection and 
non-uniform rotation from the theory of stellar interiors, but there is no 
direct proof except the theoretical success in fitting the mass, radius, and 
luminosities, if not the neutrino emission, of a variety of stars. The 
existence of an active magnetic cycle in a star indicates convection and 
non-uniform rotation over a considerable depth. 

We begin the review with the planets. They are close at hand and 
accessible to snooping spacecraft, so that their fields are known in greater 
detail than stellar fields, with the exception of the sun. It is now known 
from measurements in situ that all the planets out to Jupiter have intrinsic 
magnetic fields, with the possible exception of Venus and Mars. Recent 
detection of sporadic non-thermal radio emission from Saturn indicates 
that it too probably has a magnetic field, of about 1G at the equator 
(Brown 1975; Kaiser and Stone 1975). 

The field of Earth has been directly studied from the time of Gauss, so 
that the secular variation is known in addition to the present spatial 
configuration. Paleomagnetic studies extend the record back in time for 
some 10” years. So Earth is the showplace for studies of planetary 
magnetism, thanks to its hospitable climate and the curiosity of the 
creatures the climate has spawned. 


20.2. General facts on planetary interiors and 
magnetic fields 


20.2.1. Earth 


The magnetic field at the surface of Earth (r= Rẹ) is principally a 
dipole, with a magnetic moment of 8-2 x 107° Gem’, pointing southward. 
To be more precise, the dipole moment is inclined some 11-5° to the axis 
of rotation and is offset from the centre of the planet by about 450 km, or 
0-07 Rg. The mean field at the equator is 0-310 G and about twice that 
much at the north and south magnetic poles. The second harmonic has a 
magnitude of 0-043 G at the surface, and the third, 0:029 G (Chapman 
and Bartels 1940; Dolginov 1976). Extrapolated to the surface of the 
liquid core (R. = 3483 km = 0-54 Rẹ) the dipole field strength B, is 4-9G 
and the second and third harmonics are 0:7 G and 1G, respectively. 
Hence, the core produces a field that is basically a dipole, but with large 
distortions. The higher harmonics are evident at the surface in the form of 
a dozen or more large-scale inhomogeneities, visible on any magnetic 
map of the surface field (cf. Chapman and Bartels 1940; Elsasser 1950, 
1955, 1956a,b). The silicate mantle overlying the liquid metal core has 
enough electrical conductivity to impede the escape of the small-scale 
inhomogeneities from the surface of the core, so we may presume that the 
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actual field in the core is more chaotic than the simple extrapolation of a 
potential field from the surface would imply. 

The geomagnetic field above the surface of Earth extends outward into 
space for a distance of some 10 Rẹ in the direction of the sun, where it is 
blocked by the impact pressure of the solar wind. The magnetic field has 
been extensively mapped by spacecraft (Zmuda 1973; Cain 1975). In the 
anti-solar direction the field is drawn out into an extended magnetic tail. 
The activity of this irregularly shaped magnetosphere and its long tail is 
fascinating, with direct consequences for our environment. Its dynamical 
behaviour, with storms, substorms, Van Allen belts, aurora, equatorial 
electrojets, etc., goes beyond the simple hydromagnetic theory into the 
complexities of the collisionless plasma, and is a whole topic in itself (cf. 
Akasofu 1968; Dyer 1972; Akasofu and Chapman 1972; Kennel 1973: 
Gendrin 1975; Gurevich et al. 1976; McCormac 1976). 

The secular variation of the geomagnetic field is well known. Briefly, 
the dipole moment is presently diminishing by about one part in 2x 10° 
per year. Paleomagnetic studies indicate that it went through a maximum 
some 10° years ago. The dipole axis is precessing westward at about 
0-04°/year, suggesting a mean precession period of 9 x 10° years. The local 
inhomogeneities drift westward at a rate of 0-18°/year, indicating one 
revolution in about 2 x 10° years. This corresponds to a westward drift of 
0-3 mm s`' at the surface of the core. The strengths of the individual local 
inhomogeneities rise and fall over characteristic times of the order of 10° 
years. 

Runcorn (1955) made the remarkable—and for a time, highly 
controversial—discovery some years ago that the residual magnetism of 
the crustal rocks, and hence the geomagnetic field at the time of their 
crystallization, reversed abruptly at random intervals of 10°-10’ years 
over the past geological ages. The field reversals, when they occur, go 
quickly, in only 10° years or a little more. Between reversals the dipole 
has had an intensity and inclination comparable to the present values for 
at least 2:7 10° years (Smith 1967; Kobayashi 1968; McElhinny and 
Evans 1968; Schwartz and Symons 1969; Cox 1975). The sudden rever- 
sals, now used in much the same way as tree rings to date the spreading of 
the sea floor from the mid-ocean ridges, have been extensively studied 
(Van Zijl et al. 1962; Cox and Doell 1964; Doell and Cox 1965: Doell et 
al. 1966; Ninkovich et al. 1966; Wilson 1966: Cox and Dalrymple 1967; 
Burlatskaja et al. 1968; Heirtzler et al. 1968; Bullard 1968; Cox 1970, 
1972, 1973, 1975; Kono 1972; Cox et al. 1975: Larson and Helsley 
1975). 

The westward drift of the inhomogeneities in the geomagnetic field is 
generally interpreted (Elsasser 1950; Bullard et al. 1950) as an indication 
of the non-uniform rotation of the liquid core, with the angular velocity 
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increasing inward toward the axis by some 0-3°/year. Hide (1966) and 
Braginskii (1967) have pointed out, however, that the inhomogeneities 
may also be thought of as Alfven waves in the azimuthal field of the core, 
rather than bulk motion of the fluid, so that other interpretations are 
possible (see reviews by Roberts and Soward 1972; Acheson and Hide 
1973). 

The physical properties of the liquid metal core are known from the 
detailed seismic studies of the last hundred years and from theoretical 
extrapolation of the properties of iron and nickel, together with their 
oxides and sulfides, to the enormous pressures and temperatures in the 
core. Briefly, the core radius is R,=3483+2 km (Engdahl and Johnson 
1974). The radius of the inner solid core is 1240+10km (Gilbert et al. 
1973). It is composed of some crystalline iron—nickel alloy, presumably. 
The mean density of the core is 11 g cm `° (Haddon and Bullen 1969) as a 
consequence of the high pressure (10’* dyncm™'). The temperature is 
estimated (Higgins and Kennedy 1971) to be about 4000 K in the core. 
The thermal conductivity is estimated from the Franz~Wiedemann law to 
be about 2.5 x 10° erg/ems K, so that the total heat outflow from the core 
is at least 10'Y ergs’ (10'* W) in order merely to maintain the necessary 
melting point gradient. The electrical conductivity is estimated (Elsasser 
1950; Gardiner and Stacey 1971; Jain and Evans 1972; Johnston and 
Strens 1973) to be (0-640-2)x 10'®s | [(7+2) x 10° mho/m]. Hence the 
resistive diffusion coefficient is ņn =10*cm’s '. The magnetic Reynolds 
number R.v/n based on the core radius and a westward drift of v= 
0:-3mms_! is, then, 10°. The resistive decay time of the dipole field is 
about 3x 10* years as a consequence of Joule dissipation alone. It was 
pointed out in §18.4.4 that the eddy diffusivity nr may be somewhat 
larger, of the order of 4x 10° cm? s` if not reduced by negative diffusion. 
The decay time may, therefore, be as little as 10* years. 

The interpretation of these basic hydromagnetic properties has been 
discussed in §18.1 and need not be repeated here. The basic fact is that 
the non-uniform rotation (see the discussion in §20-2.2 below) is expected 
to produce a strong azimuthal field. Each revolution of the westward drift 
(in about 2x 10% years) shears the lines of force of the dipole field B, 
and adds some 20G to the azimuthal field. If the azimuthal field B, 
grows so large that the Lorentz forces, of the order of B,B,/47R,, 
balance the Coriolis forces pQv dyncm™’, then with B,=5G and a 
convective velocity of v=10 cms ', B, might be as large as several 
hundred G (but see discussion in §20.3). Consider, then, the energies 
involved in the magnetic field in the core. The energy density of the 
dipole field of 5 G is 1 ergcm™~* and the stresses which it exerts alone are 
B?/8m = 1dyncm™’. The energy density of an azimuthal field of 10°G 
would be 400 times greater, or 400 erg cm *. An azimuthal field of 30 G 
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has an energy density 36 times greater, or about 36 erg cm °. Thus, the 
principal energy is presumed to lie in the azimuthal field B,. The volume 
of the core is 1:7 x 10°°cm?, so that an r.m.s. azimuthal field of 107 G 
represents 7x10°** erg. The characteristic resistive decay time of the 
azimuthal field is only a little less than for the dipole field, of the order of 
10** s (turbulent diffusion may reduce this to something of the order of 
3x 10'' s). Hence an energy input of at least 7 x 10'° ergs”! =7 x 10° W is 
required to maintain a field of 10° G. It is an interesting coincidence that 
7000 MW is equivalent to the total heat output of a single large nuclear 
power plant (with an electrical power output of 3000 MW). If the 
azimuthal field is only 30 G, of course, the power is only 700 MW, and 
any One of a number of nuclear or coal fired plants could handle the load. 
The ohmic dissipation of the geomagnetic field, then, releases 700- 
7000 MW (7x 10°°—-7x10'° ergs ') of heat into the core, which is at 
most comparable only to the heat released into the atmosphere from a 
single big nuclear plant. 

By comparison, the total heat flow out of the crust into the atmosphere 
of Earth is 3x10” ergs~' (Stacey 1969) comparable to the heat from 
5000 of the biggest nuclear plants. All of these figures are miniscule when 
compared with the sunlight falling on Earth (1-4 10° ergem™?s™! or 
2x 10** ergs”'). Altogether, then, the magnetic field of Earth involves a 
power input of the general order of 10'°-10'’ ergs"! or about 1074 of the 
total heat flow through the crust. 

Now the heat flow of 3x10°°ergs”' through the crust of Earth is 
caused largely by the radioactivity in the crustal rocks. An unknown, and 
much debated, portion of the radioactivity resides in the core. Presumably 
it is the decay of K*°, in solution with iron sulfide in the core perhaps, 
that heats the core (Lewis 1971), but more will be said on this in §20.2.2. 
We go on to survey the moon and other planets to get an idea of the most 
crucial problems in planetary magnetism before discussing the energy 
problem. 

The moon, as expected from its low density and low internal tempera- 
ture, is constructed principally of silicates and so has no intrinsic magnetic 
field of its own. It is surprising to find, therefore, that the rocks on the 
surface of the moon show strong fossil magnetism, implying that they 
solidified in the presence of a steady (non-oscillatory) field of the order of 
a G. It is not clear that either Earth or the sun could have provided so 
strong a field. The effect, so far, defies explanation (cf. Coleman et al. 
1972; Levy 1972c; Gose and Butler 1975; Dolginov 1976) and raises a 
variety Of questions about conditions in the solar system some 3-4 x 10° 
years ago when the present surface of the moon was formed. The 
question is taken up below, following a comparison of Earth and Mer- 
cury. 
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20.2.2. Venus 


The sister planet of Earth may be presumed to have an internal 
structure closely resembling that of Earth. Venus has but little rotation 
however. The traditional figure for the period of the rotation of Venus, to 
be found in the standard text books until about a decade ago, was two 
weeks, with the same sense as Earth. The idea was based firstly on the 
supposition that Venus rotates with the same sense as Earth, there being 
no obvious reason to assume the contrary. The rate was based, then, on 
the absence of Doppler shifts of light from the rim, giving a lower limit of 
about two weeks for the period, and an absence of strong cooling of the 
night side of Venus, giving what was thought to be an upper limit of about 
two weeks. Hence, two weeks was a unique result. Radar studies of 
Venus show now that its rotation is retrograde, with a period of 244 days. 
The subsequent landings of spacecraft from the USSR have shown an 
atmosphere of CO, 100 times more massive than the atmosphere of 
Earth, and with such strong winds as to keep the dark side amply supplied 
with heat. On the basis of present dynamo theory, in which both the 
non-uniform rotation and the strength of the cyclonic convection in the 
core are proportional to the angular velocity Q of the planet as a whole, 
one would expect the magnetic field of Venus to be very weak compared 
to that of Earth. 

The spacecraft, Mariner 2 in 1962 (Smith et al. 1965), Venera 4 
(Dolginov et al. 1968), and Mariner 5 in 1967 (Dolginov et al. 1969), 
Mariner 10 in 1974 (Ness et al. 1974a), and Venera 9 and 10 in 1975 and 
1976 (Dolginov et al. 1976) failed to find evidence of an intrinsic 
magnetic field in Venus. They found a shock wave in the solar wind, 
configured around Venus in a manner that can be explained if the solar 
wind collides directly with the top of the atmosphere of Venus, 1.e. with 
the ionosphere. The turbulence and the small-scale magnetic fields behind 
the shock seem to be a natural consequence of the solar field carried in 
the wind and the violent flow of the wind around the planet. 

On the other hand, Russell (1976) argues that a dipole field with a 
magnetic moment of about 1:-4x10°* Gem’, so that the field at the 
equatorial surface of the planet is perhaps 6 x 10~* G and is just sufficient 
to push the wind back from the top of the atmosphere, gives a better 
description of the standing shock wave and the turbulence observed by 
the passing spacecraft. If this is correct, then, of course, the form of the 
shock should be highly variable. The solar wind impacts the sunlit 
ionosphere when blowing with above average strength, but is held off 
from the atmosphere on more ordinary days, such as the times when the 
spacecraft were passing by. In any case, the magnetic moment of the 
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sister planet to Earth is at most 2 x 10° that of Earth. The rotation rate is 
smaller by 4x107, so the small field, if indeed there is any at all, is 
understandable. 


20.2.3. Mercury 


The rotation period of Mercury is 59 days. The planet is small (R,, 
2-3 x 10° cm) and has a mean density, pu = 5-44 gcm™?. The slow rotation 
rate suggests that it is unlikely to contain an operating dynamo. It was 
with no little surprise, therefore, that the passage of Mariner 10 near the 
planet in 1974 and again in 1975 showed a magnetic field (Ness et al. 
1974b, 1975, 1976; Jackson and Beard 1977). The best fit to the 
spacecraft magnetometer curves yields a magnetic moment of 5-2 x 
10° Gem’. The polarity is the same as that of Earth, with the dipole 
moment pointing southward. The dipole axis is inclined at about 12° to 
the axis of rotation. The field at the equatorial surface of the planet at the 
equator is 4x10 °G. The magnetic moment is, then, smaller than the 
moment of Earth by a factor of about 1600, while the rotation rate is 
smaller by the factor of 59 (Ness 1978). 

The metallic core of Mercury is estimated to be large in comparison to 
the size of the planet, with a radius R,= 1600 km of just two-thirds the 
planetary radius of 2400 km (Peale 1972; Siegfreid and Solomon 1974; 
Toksoz and Johnston 1975). We may safely conclude from the existence 
of the dipole field that the core is at least partly liquid and in a state of 
convection. The small mean density of the planet, in spite of so large a 
core, is a consequence of the small gravitational field, so that the density 
of the iron in the core is more like 9 g cm”? instead of 11 gcm™ as in the 
core of Earth. 

The radius of the core of Mercury is about half the radius of the core of 
Earth. There is every reason to think that the electrical conductivity is 
comparable. Hence the resistive decay time is one-fourth as long, of the 
order of 10* years or less. The surface field of 3-5 x 1077 G extrapolates 
to about 7 x 107° G at the surface of the core. If, for instance, there were 
an azimuthal field some ten times stronger than the dipole field in the 
core, as has been suggested for Earth, the magnetic energy density would 
be about 2 x 10°* erg cm™*, so that the total magnetic energy might be as 
large as 3x 10*' erg. A resistive decay time of 10* years = 3x 10!'s leads 
to an expenditure of energy of a rate of 10'° ergs”! =1kW. The resistive 
heating in the burner on a conventional electric stove involves more 
power than the resistive heating of the core of Mercury. A small petrol 
engine driving a generator could supply enough power to maintain the 
magnetic field of Mercury. The enormous breadth of the core of Mercury 
allows the tremendous total current, of the order of cBy,/Ry,, to flow 
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without much resistive loss. It would appear, then, that whatever the heat 
budget of the core of Mercury, the magnetic field represents only a - 
microscopic fraction of it. 


20.2.4. Mars 


Turning our attention to Mars, there is evidence for a magnetic field, 
based on data from the passage of Mars 2 and 3 in 1972 and Mars 5 in 
1974 (Dolginov et al. 1972, 1973, 1975; Dolginov et al. 1974). The 
magnetic moment is 2:5 x 10°* Gem’, so that the field at the equatorial 
surface is 0-6 X 10° G. The magnetic moment is, then, smaller than the 
dipole moment of Earth by a factor of about 310°. The polarity is 
opposite to that of Earth, so that the dipole moment of Mars points 
northward. The dipole is inclined about 15° to the axis of rotation. 

On the other hand, Russell (1978) has re-analysed the data from Mars 
3 and 5 and concludes that the observed fields are nothing more than the 
interplanetary magnetic field draped and compressed around the planet. 
Hence, the existence of an intrinsic field in Mars is presently an open 
question. The discussion that follows is based on the dipole moment 
suggested by Dolginov et al. If, in fact, the moment is effectively zero, as 
argued by Russell, the necessary modification of the discussion is obvious. 

The rotation rate of Mars is very nearly equal to that of Earth (24h 
37 min period). The mean density of Mars is 0-72 times the mean density 
of Earth, or some 4 gcm, implying only a small metallic core, if any at 
all (Ringwood and Clark 1971). Binder and Davis (1973) suggest that the 
mass of the core lies between 5 and 25 per cent of the total mass of the 
planet. The existence of the magnetic field requires that there be some 
conducting fluid core, certainly. If we suppose that the radius of the core 
is one-third of the 3x 103-km radius of the planet, then, R,= 10° km. 
Assuming the same electrical conductivity as for the core of Earth, it 
follows that the resistive decay time is 3x 10° years=10"'s. This is long 
enough for convective motions and non-uniform rotation of 107? cms™ 
to make several circuits around the core, the magnetic Reynolds number 
R.v/n being of the order of 10°. 

The dipole field extrapolates to 2x 1077 G at the surface of the core. 
The azimuthal field is presumably somewhat stronger. If it is five times 
stronger, i.e. 107! G, the total magnetic energy in the core would be 
about 2x10?! erg. The resistive dissipation would be 2x 10'° ergs”' = 
2 kW, comparable to the resistive heating of the core of Mercury. It can 
hardly represent a significant perturbation in the heat budget of the core. 


20.2.5. Jupiter 


The magnetic field of Jupiter was first pointed out by Warwick (1961) 
on the basis of the intermittent polarized non-thermal decimetric and 
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decametric radio emission. The simplest explanation for the decamctric 
radiation is Cerenkov radiation near the cyclotron frequency from rel- 
ativistic electrons trapped in a magnetic field. The emission comes from 
regions about 3 radii (R;=7x10'' km) from the centre of the planet, 
where the field is presumably about 0-4G. Hence a magnetic dipole 
moment of the general order of 4x 10°° G cm? is required. The field at 
the equatorial surface is then about 10 G. The magnetic dipole is offset 
from the centre of the planet somewhat, and inclined to the rotation axis 
by some 10° (Warwick 1967; Hide, 1974). 

The passage of Pioneer 10 and Pioneer 11 near Jupiter in 1974 
provided direct observations of the field, showing it to be profoundly 
distorted beyond a few times R, by the interaction with the solar wind 
and by the pressure of the trapped particles. The best extrapolation from 
the magnetometer data from Pioneer 10, which approached to within a 
radial distance r= 2-8 R,, and Pioneer 11 which approached to r= 1-6 R, 
yields a mean dipole equatorial surface field of about 4-1 G (polar fields 
of about 8G) corresponding to a dipole moment of 1:4 10°% G cm’, 
inclined about 10° to the axis of rotation and with the same polarity as 
Mars (Smith et al. 1974). Dolginov (1976) raises the question of whether 
the different periods of rotation of Jupiter derived from the radio emis- 
sion from the dipole field and from System III (which may represent the 
inner atmosphere of Jupiter) are a consequence of the precession (west- 
ward drift) of the dipole moment relative to the planet itself. The rotation 
of Jupiter is very rapid, with a period of about 9h 50 min, based on 
determinations using different reference systems on Jupiter. The differ- 
ence between the rotation period of the radio emission and the frame of 
reference III is 0-4s, or about 6 min per terrestrial year. The difference of 
6 min represents 3-6° of rotation of Jupiter. Hence the precession would 
be extremely rapid by terrestrial standards, where it is 0-04°/year for the 
dipole moment and 0-18°/year for the small-scale inhomogeneities. 

The interior of Jupiter is believed to be made up of an alloy of metallic 
hydrogen and helium (Hubbard and Smoluchowski 1973; Hide 1974). 
The alloy is presumably a liquid throughout much of the core, with an 
electrical conductivity of the general order of o = 10'’ s~' (Stevenson and 
Ashcraft 1974; see also Salpeter 1973), which is about the same as that of 
copper or silver at room temperature. Hence 7=10°*cm’*s~’ and the 
characteristic decay time for the field is R?/4n =10'°s=3x10® years. 
The existence of the strong dipole field implies that the interior consti- 
tutes a dynamo, and hence is in a state of convection. Hence a turbulent 
eddy diffusivity nr may be more appropriate than the simple ohmic 
diffusivity 7. However, in our present state of ignorance there is not much 
that can be done to estimate the magnitude of the effects. 

Suppose, by analogy with Earth that there is an azimuthal field ten 
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times stronger than the dipole field, throughout the volume of Jupiter. 
Say B, =10*G. Then the total magnetic energy is 0-6 x 10°’ erg (al- - 
though this is nothing more than a guess on which to base a discussion). 
With the ohmic decay rate quoted above, the rate of dissipation is 
6x10'fergs™' and hence is only comparable to the dissipation in the 
core of Earth. This remarkable fact is largely the result of the much larger 
radius and lower electrical resistivity of the interior of Jupiter. If there is 
significant turbulent diffusion, the dissipation rate could be much larger, 
of course. But whatever it is, it seems to be a truly negligible fraction of 
the total heat budget of the interior of Jupiter, estimated to be 8 x 
10°% ergs ' (Armstrong et al. 1972; Chase et al. 1974). It is an interest- 
ing coincidence that the output of heat from the interior of Jupiter is 
presently estimated to be comparable to the sunlight falling on the planet. 
For Earth the internal heat source is only 1074 of the incident sunlight. 


20.3. The source of planetary magnetic fields 


At least three of the five inner planets have strong dipole fields, and 
none of these fields can be accounted as primordial. Therefore, each 
planet has within it a conducting, convecting, fluid core. It is not known 
for any case but Earth whether the field is steady or oscillatory. 

The physics of the generation of both stationary and periodic fields ts 
the subject of the previous chapter. A variety of kinematical models of 
the geomagnetic dynamo were presented in 819.4, and more are available 
in the literature, exploring a variety of forms of non-uniform rotation, 
and/or distributions of cyclonic convection (cf. Braginskii 1964b, 1970; 
Steenbeck and Krause 1969; Deinzer and Stix 1971; Roberts 1972; 
Roberts and Stix; 1972; Roberts and Soward 1972; Stix 1973; Gubbins 
1973, 1974; Deinzer et al. 1974; Busse 1975b; Kumar and Roberts 1975; 
Soward and Roberts 1976; Busse and Carrigan 1976; Busse and Cuong 
1977). The basic fact is that dynamical considerations suggest that the 
dynamo number is positive in the northern hemisphere and negative in 
the southern hemisphere of the liquid core of a rotating planet, producing 
fields with dipole (odd) symmetry (see discussion in §§19.3.1 and 19.4). 
The dipole is the lowest mode, so it appears that the planetary fields are a 
manifestation of the simple fact of convection and non-uniform rotation 
in the planetary interiors. 

The energy that drives the convection and produces the magnetic field 
is negligible compared to the total heat budget of the planetary core, 
except perhaps for Earth. When the thermodynamic efficiency of the 
convective heat engine is taken mto account, as well as the turbulent 
diffusion and dissipation of field, the necessary energy source in the core 
of Earth comes close to the estimated radioactive heating. It is fortunate 
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that Earth provides the critical case, where the most direct information is 
available to guide the inquiry. 

To lay out the entire picture for Earth we note again that the secular 
variation of the dozen or so large-scale inhomogeneities observed in the 
geomagnetic field of the surface of Earth indicate that the core is 
convecting. As already noted, the westward drift is most simply viewed as 
a direct indication of non-uniform rotation (see §20.2.1 above) (Elsasser 
1946, 1950, 1955, 1956a,b; Bullard et al. 1950; Inglis 1955) driven by 
the Coriolis force on the radial convective motions. On the other hand, it 
has been suggested that the westward drift may represent the progress of 
Alfven waves along the geomagnetic field, having nothing whatever to do 
with non-uniform rotation (Braginskii 1964a,b, 1967; Hide 1966; Ache- 
son 1972; Roberts and Stix 1972). In Braginskii’s picture the Alfven 
waves may be the cyclonic convection responsible for the dynamo coeff- 
cient. The reader is referred to the reviews by Roberts and Soward (1972) 
and Acheson and Hide (1973) for a discussion of the general problem. It 
seems to this author that neither non-uniform rotation nor the propaga- 
tion of the local inhomogeneities in the azimuthal field at the Alfven 
speed can be avoided. But how much each contributes to the observed 
westward drift is an open question. For instance, the westward drift of 
0-18° per year corresponds to 3x 10°? cms~', while the Alfven speed in 
the liquid metal (p = 11 g cm *) is three times larger in a field of only 1 G. 
But the field may be 30-100 G, yielding Alfven speeds far in excess of the 
observed drift. It is clear, then, that the problem is complicated, with the 
fluid pressure, the magnetic field and the Coriolis forces nearly balanced 
(Busse 1973, 1976a,b; Roberts and Soward 1972). This point of mag- 
netogeostrophic balance comes up again in the theoretical estimation of 
the dynamo number in the paragraphs below. 

A direct balance of Lorentz and Coriolis forces yields something of the 
order of B,B,/4a7A = pQv (Bullard 1949; Bullard and Gellman 1954) 
where A is the scale of variation of B,, as already noted. Convective 
motions of v=10°-* cms ', a poloidal field of B,=5 G, a characteristic 
scale A =10%cm in a fluid of density p=11g¢em™ with an overall 
rotation Q=7x10 7s} yields B, =200G. Braginskii (1963) estimates 
200 G from considerations on the secular variations. If, on the other hand 
the Coriolis forces are balanced largely by the fluid pressure, then Ba 
may be very much less than 200 G (Busse 1971, 1973, 1977). 

If the azimuthal field in the core of Earth has an r.m.s. value of 10° G, 
then the dissipation rate is 7x 10'° ergs ' as a consequence of the 
resistivity of the liquid metal. If turbulent diffusion is included (see 
§20.2.1) then the dissipation 1s perhaps four times larger, or 3x 
10'’ ergs”'. If the field is only 30 G on the average, then the dissipation 
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is 3X 10'° ergs”, including the effects of turbulent diffusion.’ For the 
purposes of discussion, suppose that the rate is 10°” ergs’. 

Now the latent heat of fusion and the growth of the solid inner core 
may contribute a significant amount of heat (Verhoogen 1961). The 
radioactive decay of the K*° concentrated in the core, perhaps in solution 
with iron sulfide, liberates heat at a rate estimated to be 2x 10''-2x 
10?? cal s~! = 1019-107" ergs”' (Lewis 1971; Goettel, 1972, 1976; Ver- 
hoogen 1973). It is generally assumed that the outflow of heat is sufficient 
to produce a superadiabatic temperature gradient (Bullard 1950; Lewis 
1971) causing the fluid to overturn (Braginskii 1964b, 1965; Kovetz 
1969; Busse 1971, 1973, 1975b), but there has been some controversy on 
this point. Higgins and Kennedy (1971) have argued that the core is 
stably stratified, so that there is no convective overturning. More recently 
they have modified their view somewhat, admitting the possibility that the 
lower part of the core may convect (Kennedy and Higgins 1973). Busse 
(1972, 1975a), Verhoogen (1973), and Jacobs (1973) have expressed 
quite different views. The fundamental difficulty is that the composition of 
the liquid core is poorly known and the properties of any of the possible 
compositions are poorly known at the pressures (several megabars) and 
the temperatures (4000 K) in the liquid core. 

Braginskii (1963), Busse (1972), Elsasser (1972), and Malkus (1973) 
have suggested that the settling of heavy components in the core may, in 
some way, drive the convection directly. The total energy requirement for 
107 ergs”! over the 5x 10° year age of Earth is 1-5 x 10** erg, which is a 
very small fraction of the gravitational energy, 2x 10°% erg, of the core. 
Very little differentiation in density would be needed. But of course the 
settling could not cause overturning of the fluid if the core is stably 
stratified. 

We cannot avoid the basic fact that the dipole field exists, and the local 
inhomogeneities in the field vary with time. The conviction that the core 
is convecting is hard to escape. The convective motions are evidently 
v=107°-10°7cms*. 

Malkus (1963, 1968) and others (Barret 1970; Malkus and Proctor 
1975) have pointed out that the precession of the axis of rotation of Earth 
feeds energy into the fluid motions in the core, but Rochester et al. (1975) 


! Pekeris et al. (1973) have worked out a model of the geomagnetic dynamo, 
based on closed vortex rings, which requires only a tenth as much energy because 
it lacks an azimuthal field. Busse (1971, 1973) treats cylindrical convection rolls 
without overall non-uniform rotation so that B, is small and the energy require- 
ments are greatly reduced (see discussion in Soward and Roberts 1976; Moffatt 
1976, 1978). 
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estimate that less than 10°% ergs”! 


way. 

The evidence is, then, that the heat supply to the core is some 
10'°-10°° ergs” '. The fraction of this available to drive the convection is 
limited by the usual thermodynamic considerations on heat engines. For 
ideal gases no more than the fraction (T,—T,)/T> of the thermal energy 
can be converted into mechanical work when the convection operates 
between a low temperature of JT, and a high temperature of T>. In 
practice, of course, the efficiency is usually very much less than the ideal 
value (T,—T,)/T> because the heat transfer is not carried out reversibly, 
and friction converts some of the work back to heat, etc. But it makes no 
difference whether the working substance is an ideal gas (employed in so 
many textbook illustrations), a liquid, or a solid. For suppose that the 
working material absorbs (reversibly) an amount of energy Q, at the fixed 
temperature T,. The entropy of the material increases by S= Q,/T>. 
Then the material is expanded reversibly and adiabatically to a lower 
temperature T,, for which there is no change in entropy. Then the 
material is compressed while being held at T, and gives up (reversibly) an 
amount of heat, QO,, into some convenient reservoir at T. The isothermal 
compression is stopped when the material reaches a volume such that 
reversible adiabatic compression restores it to its initial volume at the 
higher temperature T». The net loss of entropy from the system at the 
temperature T; is S,;=Q,/T,. The adiabatic compression restores the 
system to its original state. Restoration of the system to its original 
thermodynamic state also restores the original entropy, of course. Hence, 
the total change of entropy is zero and S; = S. The work W is equal to 
the missing thermal energy Q,—Q,. Hence the fraction of the input heat 
Q, converted into mechanical work is 


W/Q,=1-Q,/Q,=1-T,/Ts>. 


This relation applies to any working substance, as already emphasized. 
The limitation imposed by the working material is the restriction of the 
temperature difference T,- T;: a gas can be expanded adiabatically from 
T, down to any lower temperature T,, but a non-volatile liquid can be 
cooled by only a limited amount as the pressure falls to lower values. The 
enormous compression of the liquid iron and the modest temperature 
difference (T> — T,)/T,<0-1 in the core of Earth would seem to impose 
no restriction, however. 

Higgins and Kennedy (1971) suggest T=4000 K and T,—-7T,=AT= 
500 K for the liquid core of Earth. On this basis the maximum efficiency 
would be 1/8. If the convection produces only 4 per cent of the mechani- 
cal work that is thermodynamically available, then 1/200 of the energy 
output goes into mechanical work, for a total of 0-5-5-0x 10°" ergs ' 


is available to the convection in this 


728 THE MAGNETIC FIELDS OF PLANETS 


This number is very uncertain, then, but it would seem to cover the 
10*’ ergs ' for the dynamo. Indeed, until a more quantitative picture of 
the superadiabatic temperature gradient in the core can be worked out, 
and the dynamical problem gives a general and unique theoretical solu- 
tion, there is little more that can be said on the adequacy of energy 
sources. 

Consider, then, the dynamo number for the core of Earth based on the 
fluid motions inferred from the secular variations of the inhomogeneities 
in the geomagnetic field, as outlined in §20-2.1 above. The dynamo 
coefficient is given by (18:58) in terms of the cyclonic component v of 
the individual convective cell, [=0-4v,. The convective velocities are of 
the order of 107°-107? cms *. If we suppose that the cyclonic (rotational) 
component of this motion is v,=10-*cms"', then [T=—0-4x 
10-3 cms /. The westward drift of R.AAQ=0-03 cms”! (0-18° per year) 
across the depth h of the core, of some 210° km, implies a vertical 
shear rate G=R.AQ/h =—1-5X10 's '. The length A of the dynamo 
region from the equatorial plane around to the axis of rotation is of the 
order of the core radius R.. Hence the dynamo number is defined in 
terms of R. as Np =TGR?/n?=K°A°. With R.=3x10%cm and q= 
4x 10* cm? s~ for turbulent diffusion, it follows that Nj =+10°, KA = 10- 

It was shown in §$19.3.1 that the stationary dipole (odd) mode is 
produced by positive dynamo numbers in the vicinity of KA =+4.4. The 
very rough estimate of KA =+10 for the core of Earth is a comparable 
figure, indicating the plausibility of the idea that the magnetic field of 
Earth is produced by cyclonic fluid motion in the core (see Braginskit 
1964a,b, 1967; Roberts and Soward 1972; Soward and Roberts 1976 for 
a detailed discussion). 

What, then, can be said of the other planets? The internal structure of 
Jupiter is so different from the terrestrial planets that we can do no more 
than point out that internal convection and non-uniform rotation provide 
a tentative explanation for the magnetic field. We may presume, however, 
that Mercury, Venus, and Mars have liquid metal cores with much the 
same qualitative properties as the core of Earth. Mercury has a dipole 
field, and perhaps Mars and Venus too (see review by Stix 1977). 

Whether the dipoles of Mercury and Mars are stationary or periodic 
matters little (see (19.130)). The requirement on the dynamo number is 
roughly the same. They must have dynamo numbers KA of the general 
order of 5 or 10 so as to excite the lowest dipole mode, as in Earth. The 
startling fact is that Mercury, with a core radius about half as large, and a 
rotation rate Q one-fiftieth as large, as Earth, has a dynamo number 
approximately equal to that of Earth. Since it is the Coriolis force of the 
rotation that produces both the cyclonic component of the convection, to 
give T, and the non-uniform rotation, to give G, we would expect 
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Np Q R2, KA «O?"R., suggesting that KA is smaller in Mercury than 
in Earth by a factor of about 30. Mars has a rotation rate comparable to 
Earth, but a core radius believed to be about one-third that of Earth. So 
KA should be only about a third that of Earth. Yet each planet seems to 
have a dipole field. 

This puzzle drives home the point noted earlier that the fluid motion in 
the, core of Earth must be near some dynamical magnetogeostrophic 
balance, as pointed out by Braginskii (1946b, 1967) and by Busse (1971, 
1976a, b), among others, so that the fluid motions in the core of Earth are 
strongly suppressed by the Lorentz forces. Then presumably in Mercury 
and Mars, where the fields are weak, they are not suppressed, and the 
dynamo numbers are as large as for Earth in spite of the slow rotation or 
the small size of the core. It is the cyclonic component of the fluid motion 
in the core of Earth that is remarkable for its low level. 

Evidently, then, the fluid is freer to circulate in a more nearly hyd- 
rodynamic fashion in Mercury, Venus, and Mars, without such complete 
suppression by strong Lorentz forces. To explore this simple possibility, 
suppose that the core of Mercury is subject to convective motions of 
10° *cms ', as in Earth’s core, with characteristic dimensions of L = 
500 km. The angular velocity of Mercury is Qu = 10° s7', so that conser- 
vation of angular momentum of an element of fluid displaced a distance L 
implies cyclonic velocities of the order of QL =50 cms’. Thus, from a 
naive point of view we might expect such velocities to appear as non- 
uniform rotation or as rotation of an individual convective cell. Such 
motions yield dynamo numbers KA too large by a factor of at least 107. 
We are forced to conclude, then, that even in a slowly rotating planet like 
Mercury the fluid motions are near some stationary dynamical balance 
between fluid pressure, Coriolis force, viscosity (perhaps eddy viscosity), 
Lorentz forces, etc. for if the fluid motions were running free they would 
produce magnetic fields of very high order, whereas only the dipole mode 
is observed. The situation in the core of Earth must be even more closely 
constrained. This emphasizes the fact that the kinematic dynamo provides 
an excellent vehicle for illustrating the general principles of the hyd- 
romagnetic dynamo, but only a very tightly formulated treatment of the 
dynamical equations can give a quantitative picture of the precise form of 
the production of the fields in the various planets. The occasional abrupt 
reversal of the geomagnetic field may, then, be understood as a conse- 
quence of a momentary imbalance between enormously powerful, oppos- 
ing, and finely balanced forces. Presumably the dynamical system is not 
strongly stable so that a small disturbance of some sort leads to a large 
tremor (if not total disorder, with fluid velocities of centimetres per 
second) that upsets the dynamo and actively destroys the field. Just how 


tranquillity is restored with fluid velocities of only 10°°-10~' ems‘, is an 
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interesting and very difficult question. Braginskii (1964b) pointed out that 
the proximity of the dynamo numbers of the stationary dipole and the 
oscillatory quadrupole provide a ready mechanism for reversing the 
field. Even a modest increase in the dynamo number for a few hundred 
years would set the field into a state of oscillation and repeated reversal. 
Parker (1969) pointed out that a sudden shift in the location of the 
cyclonic convection can cause an abrupt reversal. Levy (1972a,b) has 
shown how extremely sensitive the dynamo is to the location of the 
cyclonic convection and has given examples showing reversal as a conse- 
quence of changes as small as 20 per cent in the location and strength of 
the cyclonic convection. The observed excursions of the strength of the 
geomagnetic dipole and the continual evolution of the higher harmonics 
imply that the dynamical system of field and fluid in the core teeters back 
and forth by substantial amounts and yet remains in balance. Indeed, it 
seems remarkable that the liquid core ever settles into a dynamical state 
so finally balanced as to suppress the fluid motions so much as to generate 
the lowest (dipole) mode. That the field is a stationary dipole most of the 
time shows the naiveté of the elementary dynamical considerations. 

It should be noted again (see $19.2.1) that there may, in some special 
circumstances, be so little differential rotation that the field is generated 
principally through the dynamo coefficient T alone. This is the so-called 
a’-dynamo, pointed out by Krause and Steenbeck (1967), Steenbeck and 
Krause (1969), and Roberts and Stix 1972), about which we have said 
relatively little, except for the plane dynamo waves treated in §19.2.1, on 
the presumption that the non-uniform rotation is sufficient to produce a 
strong azimuthal field in most situations. Hopefully the rapid advance of 
the theoretical dynamics of the convection and circulation in planetary 
cores will soon establish the degree of non-uniform rotation and the 
relative importance of the a*-dynamo. 

In contrast to the balance of fluid and field forces in the core of Earth, 
the fluid motions in the sun and in the galaxy appear to be more 
free-running. Thus, for instance, Q=2x10 s~! for the sun, so that 
circulation over the depth h = 210° km of the convective zone suggests 
non-uniform rotation of the order of Oh =0-4 kms’. This is more or less 
what is observed, with the equatorial surface velocity of the sun equal to 
2kms~', and the polar rotation velocities about one-third smaller than 
the equatorial value suggesting hAQ =0-7 kms™'. On this same basis the 
cyclonic velocity v, = LQ for the supergranules (L =2x 10° cm) is ex- 
pected to be some 410% cms™! with P=0-4v, =+1-6X 10° cms +, ac- 
cording to (18.58). If AO appears across the depth of the convective zone, 
then G=—-AQ =-—0-7x10°°s”'. The turbulent diffusion coefficient was 
estimated in §19.2.2 to be of the general order of nr =3%10'* cm? s ' in 
the convective zone. Hence with the length A of the dynamo region 
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comparable to one solar radius (Ro = 0-7 x 10°’ cm), the dynamo number 
is Np =TGR/nî = K°A*. Numerically, then, Np=—4x 104 and KA = 
—34. The theoretical model requires (19.131), or KA = ~—7:43 or —11:1 
(for expansion in ascending and descending powers of the growth rate, 
respectively). Thus the simple numerical estimate of KA for the sun is of 
the same general magnitude as that required by the rectangular model 
(see §21.2 for a more detailed discussion). A similar result was obtained 
in §19.3.3.1 for the galactic dynamo. There is, then, no evidence for more 
than nomimal hindrance of the convection and non-uniform rotation by 
the magnetic field in either the sun or the galaxy. The situation is quite 
different from the peculiar case of nearly complete balance of forces and 
the extraordinary suppression of convection and non-uniform rotation 
below the ‘elementary’ values in the cores of planets. 

Another way of making the comparison is to note that the Lorentz 
force exerted by the general magnetic field of the sun is weak compared 
to the Coriolis forces, while in Earth the Lorentz force closely balances 
the Coriolis force (Soward and Roberts 1976). At the same time the 
period in which a convective cell (say, a supergranule cell) in the sun turns 
Over is somewhat less than the period of rotation of the sun. The same is 
true for the turbulence in the gaseous disc of the galaxy. In contrast to the 
sun or the galaxy, the turn over time of a convective cell in the core of 
Earth, or other terrestrial planet, is long compared to the rotation period. 
So there are distinct differences between the dynamics of the planetary 
dynamo on the one hand and the stellar or galactic dynamo on the other. 

The dynamics of the magnetogeostrophic balance in the core of Earth 
is subject to formal mathematical analysis within the framework of the 
nearly axi-symmetric dynamo of Braginskii (see discussion in Moffatt 
1976, 1978; Soward and Roberts 1976). Indeed, one might consider the 
dynamics in terms of stationary fluid motions, generating magnetic fields 
along the lines treated by Lortz (1968a,b, 1972) (see discussion by 
Benton 1975). But it is difficult to attack the dynamics of core convection 
without being sure of the magnitude and form of the heat source that 
drives the convection. Altogether, it is no wonder that the strength of the 
fields of the various planets are not related by some simple scaling law 
involving angular velocity, core radius, etc. 

As a final point, consider the puzzling fact of the remnant magnetism of 
the moon noted in §20-2.1. The residual magnetization of the surface 
rocks of the moon (see review by Dyal et al. 1974; Dolginov 1976) 
implies that the rocks solidified (some 3-4 x 10° years ago) in a magnetic 
field of the order of 0-05-1 G. The obvious possibilities are that the field 
responsible for the residual magnetism was the field of the moon itself 
(Runcorn and Urey 1973, Strangway and Sharpe 1974), the field of Earth 
(Alfven and Linberg 1974), or the field of the sun (Nagata et al. 1974) at 
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that early time. It is difficult to understand how a field of the sun could 
produce 0-1 G at the orbit of Earth. The moon was much closer to Earth 
in those days, so that 10-50G of the surface of Earth might produce 
0-1G at a distance of 6 or 7 times the radius of Earth. It would be 
remarkable indeed if Earth ever had such strong convection in its core as 
to produce a field 10° times stronger than the present one. Consequently 
Levy (1972c) looked into the question of whether the moon itself might 
once have generated its own field. He compared the lunar dynamo to the 
present dynamo in the core of Earth using the simple scaling law that the 
non-uniform rotation is proportional to the rotation and the dynamo 
coefficient [ is proportional to R.Q in a core of radius R.. Hence the 
dynamo number scales as R407. The low density of the moon implies a 
core radius no more than one-tenth the radius of the core of Earth (i.e. 
R.= 350 km). Hence, the same dynamo number as Earth, to produce the 
dipole mode, requires an angular velocity of the moon 10? times greater 
than Earth has today (i.e. a rotation period of about 15 min). Unfortu- 
nately the moon cannot rotate more than about 20 times faster (90-min 
period) without bursting. Hence Levy suggested that the moon has never 
had a dynamo field of its own. He points out, however, that his argument 
neglects the possible suppression of the fluid motions in the core of Earth 
by the Lorentz forces. The arguments given in the paragraphs above, 
based on a comparison of Earth and Mercury, indicate that the suppres- 
sion of fluid motion by the field is extreme in the core of Earth, and 
perhaps not negligible even in Mercury. On this basis, it would seem now 
more appropriate to apply Levy’s arguments to a comparison of the moon 
with Mercury. Then the lunar core radius is smaller by a factor of about 
4-5, requiring an angular velocity larger than Mercury by 4-5°= 20, i.e., a 
rotation period of about 50h. The moon may well have rotated much 
faster than this at an early stage in history. Therefore, if in fact the moon 
has ever had a convecting, electrically conducting, metal core, it may well 
have generated its own field at one time. Whether the Coriolis forces 
were strong enough to produce the necessary field of at Jeast 0-1 G at the 
surface of the moon (five times the radius of the core) is an open 
question, of course. That would require a dipole field of at least 12 G at 
the surface of the core. The requirement has to be weighed against the 
alternative that the early Earth had a surface field of, say, 10-50 G so as 
to produce 0-1G or more at the nearby moon. Unfortunately the 
question is more accessible to conjecture than to formal theory. 


20.4. The theoretical problems posed by planetary 
magnetic fields 


Given that a rotating planet possesses a convecting, conducting fluid 
core, the theoretical principles of magnetohydrodynamics lead to the 
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conclusion that the planet has a magnetic field, generated in the core. The 
dynamo effects of the motions are so strong that it could hardly be 
otherwise. What is remarkable is the fact that the fields of the planets are 
all principally dipolar. The enormous variation of dynamo number that 
one might expect from the differences in size, convective velocity, and 
rate of rotation would suggest instead a whole spectrum of fields ranging 
from none at all (as perhaps for Mars and Venus) through the stationary 
dipole to high order multipoles that oscillate in time. Earth and Jupiter 
would be the prime candidates for the higher order oscillatory fields. The 
universal appearance of the dipole field indicates a close dynamical 
balance between field and fluid so that the effective dynamo number KA 
is of the order of 10 for all of the planets, in spite of their different 
physical characteristics. The answer to this riddle must lie in a general 
theoretical treatment of the fluid dynamics of the planetary core. Indeed, 
the dynamics of the planetary core is the next step in the development of 
the theory of planetary magnetic fields. The subject is complex and has 
yet to reach the point where unique models of the convection can be 
constructed. 

Ideally, a prescription for the energy input would lead to an unambigu- 
ous prediction of the fluid circulation (with or without the neglect of the 
Lorentz forces of the magnetic field generated by the circulation), but, as 
a matter of fact, the non-uniqueness of turbulent flow poses severe limits 
on the possibilities for quantitative prediction. Numerical experiments 
will play a role, but certainly have their limitations. And finally, it is 
doubtful that a hard statement on the energy source of the core will ever 
be possible. So the theoretical research of the future will continue in the 
same spirit as in the past, groping with illustrative examples to understand 
the basic physical principles, as has already been done for the kinematical 
dynamo. The problem will remain open-ended for the foreseeable future. 

The dynamical behaviour of the external field of the planets is another 
facet of planetary magnetism that has not been pursued here. It enters 
into the labyrinthian complexity of plasma physics, and, for the more 
interesting effects, into plasma turbulence and suprathermal particles as 
noted in §20.1. Together the ionospheric effects and the activity of the 
external magnetic field appear to play some role in the continual caprice 
of the terrestrial weather, although the connections are presently based 
on statistical correlations rather than sound theory, and are warmly 
debated (see, for instance, Wilcox 1972; Roberts and Olsen 1973a,b; 
Hines and Halevy 1975; Wilcox et al. 1975, 1976; Leith 1975). 

The plasma effects in the magnetosphere, and particularly the plasma 
turbulence and acceleration of particles, resemble on a small scale some 
of the gigantic and extreme magnetic activity observed throughout the 
cosmos in the many active stars, nebulae, and galaxies. The geomagnetic 
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fields, then, and the surrounding solar wind, and the sun that drives the 
whole system, form the one laboratory where direct experiments and 
observations of the plasma turbulence and particle acceleration can be 
carried out to point the way for the development of physical theory (see 
§21.5). 

The distant x-ray source, the distant pulsar, and the distant quasar are 
fascinating objects to observe. Their remarkable outward behaviour sug- 
gests such exotic effects as relativistic accretion discs whirling about black 
holes, magnetic fields of 10"? G, and the gravitational collapse of galactic 
masses. Their contemplation has spurred the development of quantum 
electrodynamics in the Kerr metric, and quantum electrodynamics and 
nuclear physics in strong magnetic fields. The future may hold even more 
exciting observational and theoretical discoveries. But, however stimulat- 
ing and fashionable these exotic studies may be, their completion is 
blocked by their remoteness. We cannot see the details to show that the 
theoretical ideas are the correct or relevant ones. We know from detailed 
studies of the ‘ordinary’ activity of the geomagnetic field and the fields of 
the sun how wrong the naive application of theoretical concepts can be. 
To put the matter simply, the x-ray source, the active star, the pulsar, the 
active galaxy and the quasar are ‘turbulent’, like all other interesting 
objects; they are so complex as to lie outside the realm of unique 
theoretical prediction. Hence, they must be observed in detail. The details 
lie below the limit of resolution, and the objects are often too transparent 
or too Opaque, and always too complicated, to determine the internal 
structure. The solid aspects of the science of magnetic~plasma~—particle 
activity are restricted to direct studies of the magnetic fields of Earth (and 
other planets), the solar wind, and the sun, through detailed observations 
and the direct passage of instruments through the active regions. The 
local phenomena available for such definitive studies are limited, of 
course. Only rarely are relativistic nuclei produced. Gravitational accre- 
tion and collapse are essentially non-existent. Only the distant dim 
objects can tantalize us with the extreme conditions. But only the nearby 
plasma effects can be developed into a hard science. Their role in the 
terrestrial environment and their role as a foundation for the more 
extreme effects in distant objects places them at the heart of the science 
of astronomy. 
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21 


THE MAGNETIC FIELD OF THE SUN 
AND STARS 


21.1. The magnetic field of the sun 


THE sun is the only star whose magnetic field can be resolved, to give the 
distribution of field over the surface. For other stars the observer is 
restricted to measuring the total integrated Zeeman effect, representing, 
more or less, the algebraic mean (over the visible hemisphere) of the 
component of field in the line of sight (see discussion in §18.1). In such 
cases the mean field must be 10* G or more to be detectable even in the 
most favourable circumstances. For the sun, on the other hand, with its 
large angular size and intense light, the threshold for observation of the 
mean field is a fraction of a gauss. 

The sun is also the only star whose surface motions can be observed, 
including the non-uniform rotation, circulation, and convection. So it is 
to the sun, rather than to the more spectacular magnetic stars, that the 
physicist turns first to explore the origin and the activity of the magnetic 
fields of stars. The display of magnetic activity on the sun is spectacular, 
even if its magnitude does not rival some of the more distant stars. The 
magnetic fields of the sun display effects that no one anticipated. Indeed, 
there are effects remaining outside our understanding even after years of 
close observation and theoretical study. It is curious that the sun, being 
such a mediocre, middle-aged, and generally conservative star (for other- 
wise we would not be nearby to study it), yet displays so much vigour and 
variety in its magnetic effects. 

The sun appears to be an average dwarf main-sequence star. Hence we 
infer that most lower main-sequence stars produce similar magnetic 
effects, too distant for us to detect. Indeed the u.v. Ceti flare stars among 
the little dM-dwarfs are much more active than the sun (see §18.1). 
However the sun provides quite enough in the way of well-resolved 
puzzles to occupy the scientist. We leave it to the philosopher to con- 
template the unresolved. 

The sun has been studied for millenia by the Chinese astronomer— 
astrologers so that sunspots are known to have been present on the sun 
for at least two thousand years. The invention of the telescope in 1610 
introduced sunspots onto the European stage and made possible their 
quantitative study. Oddly, two centuries of telescopic observations 
elapsed before the 11-year sunspot cycle was pointed out by Schwabe in 
1842 (von Humboldt 1851). Carrington (1858, 1863) and Spérer (1894) 
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noted the tendency for the region of formation of sunspots to begin at 
middle latitudes and drift toward the equator. The general irregularity of 
the amplitude and period of the sunspot cycle became well known, with 
the conspicuous failure to find any means of forecasting the time and 
strength of distant future cycles. There is some tendency for alternate 
sunspot cycles to be related in strength. A strong (weak) sunspot cycle 
implies that the cycle 22 years later is likely to be stronger (weaker) than 
average. That is to say, the 22-year period sometimes manifests itself in 
the sunspot number as well as in the magnetic polarity. Waldmeier (1957) 
noted that the more rapid the onset of the spots of a new cycle, and the 
higher the latitude at which the spots appear, the stronger is the new cycle 
when it finally reaches its maximum. These characteristics are evident in 
retrospect from inspection of Wolf’s sunspot number plotted for each 
year, and from inspection of Maunder’s butterfly diagrams, showing the 
evolution of the distribution of sunspots with latitude with the passage of 
time (Maunder 1904; Spencer Jones 1955; Becker 1955). 

It was not till the end of the nineteenth century that Clerke (1894) and 
Maunder (1890, 1894a,b, 1922) pointed out from the records the curious 
fact that the sunspots, and, indeed, all outward signs of solar activity, 
were absent over the last half of the 17th century. And another eighty 
years elapsed before this curious and portentous fact was taken up 
seriously, by Eddy (1976, 1977). Eddy discovered from the C™ record 
that solar activity has been absent in a number of earlier centuries too. 
He went on to point out the remarkable coincidence of cold centuries in 
the northern temperate zone of Earth with the centuries of inactivity at 
the sun. 

It remained for Hale to detect the Zeeman splitting of the spectral lines 
from sunspots and thus to show that the 11-year sunspot cycle is, in fact, 
a magnetic cycle with a period of 22-years. The spots in opposite 
hemispheres and of each successive sunspot cycle have opposite polarity 
(Hale 1908a,b, 1913; Hale and Nicholson 1938). It has gradually come to 
be realized that all the irregularity and activity on, and above, the surface 
of the sun is a manifestation of the magnetic fields. Were it not for 
magnetic fields the sun would be a star in the classical mould—placid, 
serene, and, once the internal energy source is understood and the 
theoretical neutrino emission squared with observations, not particularly 
interesting to the professional scientist. Instead the surface of the sun is 
disfigured by the cool sunspot with its field of 3000 G, distorted by 
quiescent prominences, disturbed by the frequent coronal eruptions and 
by flares and subflares, mottled by plages, and enormously pimpled by 
spicules. Everywhere over the surface of the sun the magnetic field 
exhibits the remarkable property of self-concentration into isolated flux 
tubes of 1500 G or more. The corona is intensified by the strong fields of 
the bipolar magnetic regions. On the other hand, in the weak fields of 
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coronal holes the corona is particularly tenuous and transparent, expand- 
ing rapidly to give the faster streams in the solar wind. Everywhere over 
the surface of the sun there is enhanced heating of the tenuous upper 
atmosphere (the chromosphere and corona) associated with magnetic 
fields. The effect is presumed to be a consequence of the dissipation of 
Alfvén waves generated in the field where the lines of force pass down 
through the convective zone and/or the dissipation of field energy as a 
consequence of the wrapping of the lines about each other by the 
subsurface convection (see the discussion of topological dissipation in 
Chapter 14; Parker 1972; Glencross 1975). It is this universal dissipative 
and eruptive aspect of the magnetic field in astronomical circumstances 
that has motivated the inquiry into the general non-equilibrium of 
magnetic fields. 

The origin of the magnetic fields that drive the activity of the sun is the 
other side of the question, and the purpose to which the first sections of 
this chapter are directed. The fields continually erupt through the surface, 
their creation occurring somewhere below, hidden from view. Indeed the 
solar magnetic fields are known only insofar as they emerge through the 
surface of the sun. It was pointed out in §8.8 that there could be a 
primordial field of as much 10° G hidden in the core of the sun, for all we 
know at the present time. But the general periodic poloidal surface fields 
represent the poloidal field of the hydromagnetic dynamo below the 
surface. The fields of the active regions on the surface are made up of 
sections of the toroidal field that float up to form the familiar east-west 
bipolar magnetic regions (Parker 1955a, 1975c) as sketched in Fig. 21.1. 


Fic, 21.1. A sketch of the magnetic configuration of a bipolar magnetic region on the 
surface of the sun. The subsurface configuration is inferred from the continual emergence of 
toroidal tubes of flux to form the bipolar regions. 
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The total azimuthal magnetic flux, appearing as bipolar regions on 
either side of the equator in any 11-year period, is of the general order of 
107° Mx. We conclude from this that the azimuthal field in the lower 
convective zone must be at least 10° G, so as to contain as much flux as is 
observed. On the other hand, the azimuthal field must lie at a depth of at 
least 10° km and cannot be much stronger than 10? G if it is to remain 
submerged for the period of several years necessary for its generation (see 
discussion of magnetic buoyancy and the rate of rise of flux tubes in §§8.7 
and 8.8 and the rate of generation of azimuthal field in $18.2). 

It is generally assumed, then, that the bipolar regions in general, and 
the sunspots in particular, provide a direct indication of the location and 
relative strength of the underlying azimuthal magnetic field of the sunt. 
With this hypothesis, the works of Schwabe and Hale tell us that the 
azimuthal field beneath the surface has opposite signs in the northern and 
southern hemispheres and reverses sign at 11-year intervals. 

The work of Carrington indicates that the azimuthal field first develops 
in middle latitudes and subsequently migrates toward the equator. The 
strength and/or the depth of the azimuthal field evidently varies from one 
11-year cycle to the next, with a tendency for the relative magnitudes of 
two consecutive 11-year cycles to be repeated on a 22-year basis. The 
fields in the northern and southern hemispheres are often not well 
matched because in many 11-year periods the great majority of sunspots 
are confined to one or the other hemisphere. Waldmeier’s work indicates 
that in those periods when the field grows particulariy rapidly, it also 
appears first at higher latitudes and reaches a higher maximum than the 
average cycle. Bumba et al. (1968) have pointed out that the magnetic 
regions of the new sunspot cycle often emerge in the midst of magnetic 
regions still lingering on from the old cycle. 

Altogether, then, the azimuthal field first appears in strength at about 
40° latitude, with opposite signs in the northern and southern hemis- 
pheres. From there it migrates toward the equator over an 11-year 
period, increasing in strength all the way to about 10° latitude, and then 
declining toward the equator as it meets the opposite field from the other 
hemisphere. The reversed azimuthal fields of the new half cycle make 
their appearance at +40° latitude at about the same time that the old 
fields are disappearing at the equator. 

"It is not difficult to think of complications in this simple interpretation, of course. 
Large-scale circulation of 10 m s~* could displace the flux tubes horizontally by as 
much as a solar radius during their rise, or block the vertical rise in some regions 
altogether, while accelerating it in others. The rise may be as much the migration 
of a dynamo wave as it is the buoyancy of the field (Parker 1977a) (see §19.3.2). 
But we may as well stick to the simplest interpretation until one or more of these 


complications is thrust upon us. A discussion of the problem based on a specific 
model is given by Yoshimura (1976b). 
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Turning now to the poloidal (meridional) field, the effects are directly 
visible in the coronal streamers from high latitudes, observed when the 
disc of the sun is eclipsed by the moon. The poleward migration of the 
polar prominences (D’Azambuja and D’Azambuja 1948; Anathakrishnan 
1954) shows the evolution of the poloidal field in more detail. The 
positive identification of these effects with the poloidal field and a more 
or less quantitatrve measurement of the strength of the poloidal field had 
to wait for the development of the Babcock solar magnetograph, permit- 
ting systematic mapping of the fields at the surface of sun on a regular 
basis (Babcock and Babcock 1955). With the Babcock instrument, and 
the many refinements since, the general nature of the dipolar magnetic 
regions emerged, with the regions of intense field (10-10? G) outlined by 
the plages. The poloidal field appears in a pure form in the polar regions, 
above latitudes of about 55°. The work of Babcock (1959) and others 
(Howard 1965, 1972; Gillespie et al. 1973) shows that the poloidal and 
toroidal magnetic fields of the sun are coupled, presumably all part of the 
same dynamo effect, because they vary in step together throughout the 
sunspot cycle, the polar fields reversing at about the time of sunspot 
maximum and the polar fields strongest near sunspot minimum. It was 
shown that at the onset of each new sunspot cycle the preceding spots of 
the bipolar magnetic region have the same polarity as the polar field of 
the same hemisphere. That is to say, the poles resemble the preceding 
spots of the same hemisphere up to the time of reversal at sunspot 
maximum. 

It is principally the poloidal field of the sun that is extended by the 
solar wind throughout interplanetary space (Parker 1958, 1963). The 
extended lines of force come mainly from the middle and high latitudes 
(Wilcox and Howard 1968; Yoshimura 1977a,b) and make up the ob- 
served interplanetary field. The interplanetary field, as observed near the 
equatorial plane of the sun, is divided into sectors of inward and outward 
pointing field (Ness and Wilcox 1966, 1967; Wilcox and Ness 1967). 
There are usually four (but sometimes two) sectors of alternating sign 
observed in the equatorial plane of the sun. 

The axi-symmetric poloidal component of the magnetic field of the sun 
is most apparent in the magnetograph poleward of about 55° latitude. 
The mean strength is estimated to be of the order of 5-10 G, although 
there is considerable uncertainty because the field is so inhomogeneous 
on a small scale and the observations give only the component in the line 
of sight, which becomes perpendicular to the mean field direction over 
the poles (Howard 1977). The polar fields reversed in 1958-1959 at 
about the maximum of the activity (and azimuthal field strength) at low 
latitudes, and again in 1969-1971 (Babcock 1959, 1961; Howard 1974b). 
The south polar field appeared to reverse before the north polar field. On 
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the other hand, Altschuler et al. (1974) point out that the polar fields 
form only a small part of the total north-south axi-symmetric dipole 
moment of the sun. Most of the total north-south dipole moment at the 
surface of the sun, in fact, is contributed by the large patches of strong 
field at middle and low latitudes. Hence the polar fields alone are not 
necessarily the best criterion for the reversal of the poloidal field. 

It is possible to trace the magnetic cycle of the poloidal field in the 
coronal activity, as indicated by the coronal green line at 5303 A. The 
brightness of the line is a direct indication of magnetic activity and 
heating in the corona. The line brightens first at latitudes of 50° to 70° 
one to four years before the minimum of the magnetic activity at low 
latitudes (Trellis 1957). The brightening of the line drifts slowly towards 
the poles over a period of 4—6 years, arriving at about the time of the 
peak of the next sunspot maximum, and then disappearing (Müller 1955). 
The activity of the high latitude prominences also starts up at about the 
minimum of the low latitude activity and moves poleward (de Jager 1959; 
Gnevyshev 1967; Yoshimura 1976a, 1977a). These two effects indicate 
enhancement of the poloidal component of the field at high latitudes 
during the minimum of the low latitude activity. Altogether then, the 
poloidal field is a maximum at the time when the toroidal field is a 
minimum and a minimum when the toroidal field is at its maximum. 

Magnetographic studies of the sun (Howard 1974a) suggest the fortieth 
parallels of latitude as convenient boundaries for the equatorial zone, 
with a polar zone at each end. About 95 per cent of the magnetic lines of 
force crossing the surface of the sun do so between latitudes 40° N and 
40°S. This broad equatorial zone is the site of the bipolar magnetic 
regions, where the most intense magnetic fields and the most intense 
magnetic activity are observed. It is here too that the unipolar magnetic 
regions emerge (Babcock and Babcock 1955; Bumba and Howard 1965; 
Wilcox 1971) giving the very strong asymmetry of the magnetic fields, so 
that one face of the sun is predominantly positive and the other side 
negative. This asymmetry arises from the asymmetric emergence of the 
toroidal field. Hence it outweighs the much weaker axi-symmetric poloi- 
dal field and, as pointed out by Altschuler et al. (1974), represents the 
principal dipole component of the sun, with its axis in the equatorial 
plane, perpendicular to the axis of rotation. This component is prominent 
during the maximum activity of each cycle, when the emergence of the 
toroidal field is most pronounced. It is interesting to note that at sunspot 
minimum a quadrupole component seems to make a brief appearance 
(Stenflo 1970, 1971; Howard 1972). The general drift of the large-scale 
sectors of field relative to the visible surface (Wilcox and Howard 1968: 
Wilcox et al. 1970) has been interpreted variously, as the propagation of 
hydromagnetic waves (Suess 1971) or as migratory dynamo waves 
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(Roberts and Stix 1972). It shows the ambiguity of the implications of the 
general slow motion of sunspots relative to the surrounding photosphere. 

Bumba and Howard (1965) and Ward (1965b) have pointed out that 
the motions of individual magnetic features on the surface of the sun 
indicate large-scale convection and circulation (see discússion in Simon 
and Weiss 1968 and the review by Howard 1967). The strongest circula- 
tion is the non-uniform rotation of the sun (Carrington 1863; Ward 
1965a, b), based on spectroscopic studies and on the motion of sunspots, 
in which the equatorial regions rotate about 50 per cent faster than the 
polar regions. There are indications (Eddy et al. 1976) that the non- 
uniform rotation changes with the disappearance of the normal sunspots 
for a century at a time. The most fundamental unknown aspect of the 
non-uniform rotation, so far as the solar dynamo is concerned, is the 
vertical gradient of the angular velocity beneath the visible surface. 
Unfortunately the available evidence on the question is indirect and not 
without ambiguity. For instance, the strong magnetic fields of sunspots 
extend downward from the surface for a distance comparable at least to 
the radius of the spot, which may be as large as 1-5~2 x 10* km. Hence a 
sunspot might be expected to rotate at a rate representative of the dense 
gas far below the surface, thereby giving the difference in angular velocity 
between the surface and the depths. A careful analysis of the rotation 
rates of sunspots by Ward (1966) discloses slightly different rotation rates 
for large spots and small spots, and elongated and circular spots. The 
large long-lived circular spots, for instance, rotate as much as 2 per cent 
more siowly than smaller or elongated spots. Ward points out that the 
uncertainties in the measurements are such as to preclude establishing 
any difference between the rotation at depth and the rotation of surface 
features (plages, flocculi, etc.). The small backward tilt of solar fields 
(Howard 1974c), so that the lines of force trail as they extend outward 
from the surface, suggests that the angular velocity increases downward 
(0Q/dr <0). 

There are a variety of theoretical possibilities for the vertical gradient 
dQ/ar. Theoretical models in which the observed non-uniform rotation of 
the visible surface is presumed to be a consequence of the anisotropy of 
the eddy viscosity of the convective zone (Kippenhahn 1963; Cocke 
1967; Kohler 1970) lead. to the conclusion that the angular velocity 
decreases downwards through the convective zone, with the rotation more 
or less confined to cylindrical surfaces, Q = O(a) with d6Q/a@ > 0. On the 
other hand, models in which the observed non-uniform rotation of the 
visible surface is presumed to be a consequence of meridional circulation 
(Gierasch 1974; Durney 1974, 1975) lead to the conclusion that the 
angular velocity increases downwards through the convective zone. Other 
models, involving large-scale Rossby waves have been treated as well. A 
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review and discussion of the problem may be found in Gilman (1974) and 
in Durney (1976). 


21.2. The solar dynamo 


21.2.1. Exploratory models and physical principles 


If the magnetic field of the sun is continually replenished by the 
dynamo effect of the non-uniform rotation and cyclonic convection 
(Parker 1955b, 1957b, 1970), then there are a number of constraints 
and requirements that can be placed on the fluid motions beneath the 
surface of the sun. Steenbeck and Krause (1969) have solved the dynamo 
equations (19.21) and (19.22) in spherical geometry with axial symmetry, 
giving a formal demonstration that the qualitative behaviour of the 
theoretical dynamo resembles the behaviour of the fields in the sun, with 
a toroidal field that forms in middle latitudes and migrates toward the 
equator, coupled to a poloidal field that reverses in step with the 
migratory waves of toroidal field. Their model locates the regions of 
cyclonic convection and non-uniform rotation in separate spherical shells, 
so that turbulent diffusion is the only communication between shells. 
They emphasized the fundamental role of turbulent diffusion in the 
operation of the hydromagnetic dynamo. 

Leighton (1969) assembled the dynamo principles into a numerical 
model confined to a spherical surface. He included a critical value of the 
toroidal field for the onset of buoyancy and the appearance of sunspots. 
He built the model around the explicit assumption that the tilt of the 
bipolar sunspot groups is the sole cyclonic convective effect producing 
the poloidal field more or less along the lines described by Babcock 
(1961). He assumed that the horizontal random walk of the supergranules 
(Leighton 1969) is the sole diffusion. He found that, if the angular 
velocity of rotation of the sun increases downward across the convective 
zone by about 10 per cent, in addition to the observed latitude depen- 
dence, the behaviour of the calculated magnetic fields bears a striking 
resemblance to the observed behaviour of the field at the surface of the 
sun, including the proper butterfly diagrams, and the variation from one 
half cycle to the next. He found that the oscillatory quadrupole mode, for 
which the dynamo number is only slightly larger than the oscillatory 
dipole mode (see §19.3.1.2), was occasionally strongly excited, giving the 
fields and the sunspot number an extraordinary asymmetry about the 
equator, much like the asymmetry sometimes observed. He found also 
the strong fluctuation in the strength of the fields that is observed from 
one cycle to the next. The numerical experiment, being confined to a 
surface, does not recognize the role of vertical diffusion except in the loss 
of azimuthal field through the eruption of bipolar magnetic regions 
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through the surface of the sun. The experiment also does not recognize 
the vertical migration of the dynamo waves as a consequence of the 
horizontal shear 00/00 (see §19.3.2), so it is not clear that all of the 
features are either quantitatively or qualitatively correct. Nonetheless the 
model is a vivid portrayal of the behaviour of the basic dynamo effect, 
and represents an important exploratory step. The most interesting aspect 
of the model is the irregularity of the cycles, so like the observed sunspot 
numbers and so conspicuously absent from other numerical models to be 
found in the literature. 

Exploring in another direction Gilman (1969) constructed a numerical 
experiment on the solar dynamo, in which the dynamics of the convection 
is included with the dynamo equations. To make the problem tractable he 
idealized the convective zone to a thin ring of rectangular cross-section, 
equivalent to the rectangular geometry treated in §19.3. He included, too, 
a modest variation of density with depth in the quasi-Boussinesq approxi- 
mation. In place of the small-scale cyclonic turbulence leading to (19.2) 
and (19.22) he worked directly with the hydromagnetic equations (4.12), 
introducing Rossby waves of large dimensions (comparable to the depth 
and width of each ‘hemisphere’ of the dynamo region) and driven by a 
small temperature gradient between the equator and the poles along the 
lines proposed earlier by Ward (1064, 1965a). The Rossby waves, then, 
give a local lift and a twist to the lines of force of the azimuthal magnetic 
field to produce the poloidal field. The loops are followed in detail by the 
computer, rather than treating the net average contribution to the 
azimuthal vector potential as in Chapters 18 and 19. In Gilman’s dynamo 
the diffusion soon spreads out the loops, of course, and merges them to 
form the overall poloidal field. The Lorentz forces of the field on the fluid 
were included in the calculation, so that, starting with weak fields, the 
fields grow rapidly and then level off as the convective and inertial forces 
come into balance with the magnetic forces. In view of the complexity of 
the calculation, several simplifications were introduced, based on what is 
known of the behaviour of Rossby waves under other circumstances; the 
numerical scheme divided the region vertically into four layers, separated 
by five equally spaced grid points (planes) so the numerical accuracy is 
not high. But vertical diffusion is included and the vertical migration of 
dynamo waves is permitted. The results are that the fields are oscillatory, 
with a strong toroidal field appearing at middle latitudes and migrating 
toward the equator if the angular velocity of rotation of the sun increases 
downward through the convective zone—the usual condition. The varia- 
tions of the field settle into a periodic state, with a period of about 2 years 
when the non-uniform rotation and turbulent diffusion were adjusted to 
reproduce the form of Maunder’s butterfly diagrams. Gilman pointed out 
that the simplified numerical scheme contains so few degrees of freedom 
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that the regularity is not surprising. He showed, too, the curious fact that, 
as the diffusion is reduced, the oscillations of the field become increas- 
ingly irregular, with variations in the amplitude of succeeding cycles by a 
factor of the order of two. This point does not turn up in any of the 
kinematical numerical experiments of which we are aware, so it may be 
the dynamical effect of the stronger small-scale fields that arise when the 
diffusion is reduced. It would be interesting to explore the effect further. 
The period of the oscillations is not greatly changed by the decreasing 
diffusivity, although the period is reduced somewhat as the magnetic 
forces begin to inhibit the fluid motions. 


21.2.2. Detailed models 


In addition to the exploratory studies in spherical geometry, there have 
been a number of investigations into the quantitative aspects of specific 
models for the kinematic solar dynamo. The purpose, besides providing 
an illustration of the solar dynamo, is to deduce the non-uniform rotation 
rate and the dynamo coefficient (which are neither subject to direct 
observation nor yet available from the formal dynamical theory) from the 
observed variation of the surface fields in space and time. 


21,.2.2.1. Kohler’s model. Kohler (1973) constructed an elaborate 
numerical experiment in which the convective zone of the sun, represent- 
ing a spherical shell of thickness h, is subject to the observed surface 
variation of angular velocity Q with latitude, plus a linear variation of Q 
with radius r. The linear variation is expressed in terms of the total 
change AQ across the depth h=0-:3225 Ro of the convective zone, 
denoted by the fraction g of the angular velocity Q, at the equatorial 
surface (0,=3107° rads7'), so that AQ = gQ,. Köhler supposes that 
both the turbulent diffusion nr and the dynamo coefficient [=a vanish at 
the top and bottom of the convective zone and have a parabolic profile 
between, with the peak values, at a depth 3h, denoted by n= 
c;'10'?cms™' and a* cos @=c, cos@x10cms', respectively. Thus 
Kohler takes the dynamo coefficient to vary as cos 6, in proportion to the 
strength of the Coriolis forces on a rising expanding convective cell. The 
factors c, and c, are free parameters, and the dynamo number is 
proportional to gcéc,. He denotes by P the combination c%c,. Köhler 
makes the usual assumption that the shear g is sufficiently strong that the 
toroidal field B, is large compared to the poloidal field V xe,,A,,, so that 
the dynamo equations reduce to (19.21) and (19.22) (expressed in spheri- 
cal coordinates, of course). He takes the lower boundary of the convec- 
tive zone to be impenetrable, so that B,=0 there, and the upper 
boundary to be free so that Bẹ vanishes there and the poloidal field 
outside is of potential form. He expands the azimuthal field and vector 
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potential in the axi-symmetric form =C,(r)P}(cos @)exp(iwt) and proceeds 
to compute the radial functions C,,(r) by numerical methods’. The angu- 
lar frequency w is complex, of course, the magnitude of the real and 
imaginary parts depending upon the parameters g and P=c“c,. Since the 
radial gradient of the angular velocity Q is unknown and parametrized by 
g, Kohler was particularly interested in studying its effect on the observa- 
ble fields at the surface of the sun. He begins, then, with a study of the 
case c, > 0 and g = (0, so that the only shear is the observed non-uniform 
rotation 00/06. The computations show that the azimuthal field appears 
first, and begins to grow at the beginning of each new magnetic cycle, at 
the middle latitude @=45°. The field spreads out from there in both 
directions, toward the pole and the equator. The maximum of the field 
remains at @= 45°, as illustrated by Fig. 21.2, reproduced from Köhler’s 
paper. This is different from the result obtained by Leighton (1969) for 
the same circumstances, where the field migrated toward the equator 
instead of standing still while spreading out in both directions. To 
understand the difference, note from §19.3.2 that the migration of the 
dynamo waves is vertically upward when the angular velocity is indepen- 
dent of r and varies only with latitude. Hence the horizontal phase 
velocity of the dynamo waves at the upper surface of the dynamo region 
is a question of the deflection of the dynamo waves as they reach the 
surface, and that depends upon the detailed distribution of the dynamo 
coefficrent and the field dissipation. So the qualitative difference between 
Leighton’s and Kohler’s models is not surprising. The numerical models 
are themselves qualitatively different, with the vertical dimension absent 
from Leighton’s model but included in KGhler’s. 

When vertical shear is introduced, the azimuthal field migrates as a 
whole, rather than merely spreading out equally in both directions. As 
pointed out in §19.1.2.2 the direction of migration depends upon the sign 
of the shear g. The migration is toward the equator if the angular velocity 
increases downward through the convective zone (g>0). Hence the 
observed behaviour of sunspots requires a non-zero and positive value 
for g. 

With increasing positive g Kohler finds that the azimuthal field begins 
its growth at higher and higher latitudes. For instance, for g=0-2 the 
azimuthal field first appears at +65° latitude, as may be seen from Fig. 
21.3, reproduced from Köhler’s paper. The field grows as it migrates 
toward the equator, reaching a maximum strength at about +20° latitude 
and then dying out closer to the equator as the dynamo coefficient 
(proportional to cos 0) goes to zero and as the field mixes with the 


* Kohler writes exp(iQt) instead of exp(iwt), but we have used Q to describe the 
angular velocity of the sun. To avoid confusion in the present text, w is used here 
for the dynamo frequency. 


750 


AAAAAALAAAAASAAAALÁA 
KAAARARAJAABAASAEAAASG 
RAAAAAARLLAAFPAALAAAACLCY 
AMMABRABRARALERAEAASTABA 
AAARDAMANARA BAAR AEN 
AARALBRARERES 


Aree 
PEBREPPRA 
PBGRIRATIR 


PRPBRRAR 
BOBRSAeRS 
ePBRE BAAAAAA 

ARPA ADAADE 
ALAA tags eaa 
PeVEVUCCRR Tere ca 
AA MPRA PARP eee AAA 
RARADRARHS RAE KERMA RAAGE 
MA MARRARAAS A REAR EAR 
BAER AR ARADRSABAE 


1ł1t15444/117111111ì1 
LUPVELAATLT LLL APA Edad 
LPLVVATELEDALLD EDAD TdT aLaLAsaae 
LLLLEATLLL TALES TERTAELAL TT EAL eae tat 
)11211111132711421111111%1#4311}1171774Ļ12 
LITLLETEbirt 1111141414614 
1f1111111 111174114} 
1111111 11114211 
TELL 11111 
1TtLle TELal 
11111 

1111 

111 


7272 2. 22 
ee ee ee re ee ees 
72777720792 122722222? 
22722? 22222? 
27222? 72722 
2222 
2222 


WES S B 
37373333333 73*2233 
333333 


222 
272 
222 
ae? 
2? 
222 
22? 
222 
z222 
2222 
2722 
Tr? 
222222 
2i??? 
2I7FZ 22222 27732 POP LEA AMA 
22227002727 


CEEE LUERE EEH 
eqgoaceonuegang 
Bubayeguykda igh ga 
ee ee uh i 
yuyu Atigi 
Huub osoudan ag 
naguan 


CLES TCC SCCSSEASS 
732233337373 


111 
1111 
badd 
11271411F 
ł111111 
11111111? 
141111111111 711111111121 
ł1¢37111211179)71111]1 114121417111811111117 
1111$1ł7ł1411115111113%411111131%11ł111}1 
PEVTTLULLEPLT TATA ERTL tLat_raiti 
14111121141141111111111411 
11lilát4ik1ł1llll 


111411113} 
11111111 


ł11 AA 
eee 11 aaa 


aa 


BAA 
RBB 


THE MAGNETIC FIELD OF THE SUN AND STARS 


Pole 


aa 
AAMAAAA 
BARAAAABEAA 
AAALAAARAAJAAA 
AARALALAAAA 
ARAIAAAAA 


BAASBAL BA 

AAAAA 
AAAA 
LAAR 
ADAAL 
Aare 


BPOBBRBRS 
RBBAAB BARB 
EBSPBBE 
JARAH 
PPBE 


30° 


cece 
cecceccece 
eeecee 
ecce 
cece 
rece DCODDDOOO 
cece DDONONAODDE 
cc 2090000900220 b 
ore DOOONODJDNDO 
ecce DODDDDIDVOD 
cee SDBDDDNDO 
cece onpoocoac 


ooo. 


ecececcecce 
CCCCe ec’ ia HP 


CBE BDSBEB 
PRO RA BARB 
BoaBB 

AARAAAAAAA 

AGA AARAAAAK 
AN GRRAABAR ARAL, 
BAAAARAAAL AL 
ARAARAAL 
ALAMA 


Equator 


0 an 2x 
t 


B4(9)g=0 P=625 


Fic. 21.2. The time evolution of latitude distribution of the relative- intensity of the toroidal 
magnetic field immediately below the upper surface of Köhier’s dynamo model with 
vanishing radial shear (g = 0, P=625). The numbers represent the relative intensity of one 
polarity and the letters the other polarity (reproduced from Köhler 1973). 


opposite field from the other hemisphere. If the number and size of the 
sunspots observed at the surface of the sun are assumed to be a direct 
measure of the azimuthal field beneath the surface, then the model would 
have an occasional sunspot appearing at latitudes above 60°, contrary to 
observation. But if it is assumed, after Babcock (1961) and Leighton 
(1969), that the azimuthal field must exceed some threshold before 
magnetic buoyancy brings the fields to the surface to form spots, then the 
first appearance of spots at 40° latitude is readily explained by suitable 
adjustment of the threshold. 

Kohler points out that the larger the diffusion coefficient, the faster the 
diffusion takes place and the shorter the period of the oscillation of the 
fields, assuming that g and c, are made sufficiently large to compensate 
for the increased diffusion. The basic relation is (19.27) for constant 
amplitude, for which the period of the oscillation is inversely proportional 
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to the diffusion coefficient (Fig. 21.3 was computed for g =0-2, P=125, 
Im(w)/Relw)=3:62x10 ?, so it represents nearly constant amplitude). 
Kohler gives a plot of the real and imaginary parts of œ for various 
values of g and P. The most interesting case is for constant amplitude 
(Im(w)=0), a period of about 22 years (Re(w)=0-91x10*s '), and a 
migration of the azimuthal field toward the equator at a mean rate of 
about 30° per 11 years, given by the slope of the Maunder butterfly 
diagrams. Kohler expresses w as on*/RZ where Ro =0-7 x10" em is the 
radius of the sun, and ņ* is the peak value of ņ, at the middle of the 
convective zone. It follows from his plot of the real and imaginary parts of 
œ that for steady amplitude (Im(w) =0) and a migration rate of 30° per 
[1 years, the model dynamo requires g=0-24 and P=110, yielding 
Re(@)=67. From the observed value of Re(w), it follows that n*= 
0-66 x 10'* cm’ s~'. The mean value of y across the convective zone is, 
then, §n* =0:44x10'7 cm’ s"'. It follows from the value of n* that the 
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Fic. 21.3. The time evolution of the latitude distribution of th relative intensity of the 
toroidal magnetic field immediately below the upper surface of Kéhler’s dynamo model with 
moderate radial shear (g =0-2, P= 125). The numbers represent the relative intensity of 
one polarity and the letters the other polarity (reproduction from Kéhler 1973). 
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parameter c,, has the value 15-1. With P= 110, then, ca =()-5. Hence the 
maximum value of the dynamo coefficient, at the middle of the convective 
zone, is T=5cos@cms ‘. From the value g =0-24 it follows that the 
angular velocity increases by AQ=0-240,=0-7x 10° rads’ from the 
surface at the equator to the bottom of the convective zone. 

In §19.2.2.2 it was estimated, from the basic properties of the plane 
dynamo wave, that a constant amplitude and a period of 22 years ina 
convective zone with a depth of 210° km require a diffusion coefficient 
of the general order of 0-4 10'* cm*s”', remarkably close to Kohler’s 
mean value. Hence Köhler’s numerical results are readily understood in 
terms of the general properties of the free dynamo wave. 

It is interesting, then, to go on to compare the rectangular dynamo 
results with Kéhler’s quantitative conclusions. Note that the maximum 
values of [ and y used by Kohler give a dynamo number (Khy = 
[ Gh?/n*?, where G is the shear rate rdQ/ar=—AQR,/h=—2x 
10° “rads~! at the equator for h =0-32R, = 2:2 10'° cm. It follows that 
Kh =—6-2. In terms of the pole-equator length A of the convective zone, 
note that A =47R, =5h, so that KA = —30 based on the maximum values. 
The mean value averaged over the surface area is —30/ a= —20. Turning 
back to (19.131) we see that the dynamo number for the dipole mode was 
computed as KA =—7-43 and —11-1 by the two expansion schemes. In 
view of the different geometries and the different spatial distributions of [ 
used in the rectangular model and Kéhler’s model, the agreement is as 
close as can be expected. 


21.2.2,.2. Yoshimura’s model. A more elaborate numerical model of 
the solar dynamo has been put together by Yoshimura (1971, 1972a,b, 
1973, 1975,b) with the final kinematical model based on considerations of 
the dynamics of the non-uniform rotation and associated meridional 
circulation of the sun. In the preliminary papers Yoshimura considers a 
variety of effects including a large-scale non-axi-symmetric convection 
and circulation, somewhat along the lines of Gilman’s (1969) Rossby 
waves. Yoshimura suggests that the helicity of the convection has oppo- 
site signs in the upper and lower convective zone. The idea is that the 
expansion and consequent retrograde rotation of rising fluid currents 
dominate the upper convective zone, so that the dynamo coefficient I (as 
defined in (19.1)) is positive in the upper levels of the convective zone in 
the northern hemisphere and negative in the upper levels in the southern 
hemisphere. The converging flows feeding the rising currents lead to 
direct rotation of the rising fluid in the lower convective zone, so that I is 
negative in the northern and positive in the southern hemispheres. An 
extensive discussion of that dynamical picture has been given by Durney 
(1975) (see also Köhler 1966; Durney 1972, 1974) showing the apparent 


THE MAGNETIC FIELD OF THE SUN AND STARS 753 


consistency of the overall idea that the non-uniform rotation is driven by 
a general meridional circulation with dQ/ar<0 (Gilman 1977; Belvedere 
and Paterno 1977). The global picture is that fluid rises at the poles, flows 
toward lower latitudes and sinks in the general vicinity of the equator. 
The characteristic meridional velocity is 1-2 ms~' while the rising and 
sinking currents are of the order of 0-1 ms *. Unfortunately such motions 
lic below the observational limits of about 10 m s~}, so the ideas cannot be 
directly checked. 
In any case Yoshimura (1975b) uses the non-uniform angular velocity 


O(r, 0) = 0.11 + G,, sin?6+ G,, sintey{1 — G, (r.~ r)/r3, 


where Q, is the angular velocity at the equatorial surface, r, is the radius 
of sun, and (G,,, Goz, G,) are dimensionless constants describing the 
variation of the angular velocity with latitude (G,,=—0-2, Gg, =0, New- 
ton and Nunn 1955). Lacking a detailed model for the radial variation of 
Q Yoshimura adopts the simplest form, employing a linear variation with 
r. Since Gai, Gez, and G, are small compared to one, it is evident that 
Yoshimura and Köhler are using essentially the same form for QO(r, 0). 
In the representation of the dynamo coefficient I(r, @) Yoshimura 
denotes by r, the lower boundary of the convective zone and writes r= rẹ 
for the spherical surface within the convective zone across which the 
dynamo coefficient changes sign. Thus in the upper convective zone, 
between r, and the surface r, in the northern hemisphere he writes 


T(r, 0) = +N, (sin 0)” (cos o)Frexp(R, irirsin} a2 — =) (21.1) 
r 


s lb 


where Na, Rei, Roz, and R,, are all dimensionless parameters. In the 
lower convective zone between r, and r, in the northern hemisphere he 
writes 


P(r, 0) = -ToN (sin 0) (cos 6)®2exp(R, :7/ rin} n( - — ? (21.2) 


b c 


The free radius rẹ, is expressed in terms of r. by the parameter R,2, so that 
r,=r.+ R olr r.). Hence R, represents the fraction of the thickness of 
the convective zone committed to the reverse F. The same forms, with 
opposite signs, are used for the southern hemisphere. 

For boundary conditions, Yoshimura takes the lower surface of the 
convective zone to be impenetrable (y = 0) so that the normal component 
B, vanishes there. At the outer surface r, of the convective zone he 
supposes that B,=0 for reasons of mathematical simplicity. (Kohler 
(1973), it will be recalled, assumed n =œ outside the sun, so that the 
external field is a potential field fitting smoothly onto the interior field). It 
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is not clear whether Yoshimura’s simplification to B, =0 has any essential 
effects on the operation of the dynamo. 

Now the kinematical dynamo equations are linear and homogeneous so 
that the task of computing a steady oscillation of fixed amplitude is an 
eigenvalue problem for the dynamo number. On the other hand, if there 
is introduced into the equations some effect which seriously limits the 
growth of the fields above some critical value, then it is possible to 
assume any value for the dynamo number, provided only that it is suitably 
large, and to proceed with the calculation, obtaining a steady oscillation 
after the passage of a few cycles. To this end Yoshimura subtracts out a 
portion of the azimuthal field B, and azimuthal vector potential A, 
whenever the magnitude of the toroidal field exceeds a critical value B.. 
The arithmetical subtraction is presumed to represent a loss of field as a 
consequence of the magnetic buoyancy, more or less along the lines used 
earlier by Leighton (1969) in his representation of the dynamo. Thus, if 
the maximum value of rB,, denoted by Pmax exceeds some critical value 
B.r,, then a fraction E, of both B, and A, is removed, where 


E, == (1 Z Berd Pma) > 


where E, («1) is a number to be chosen later. Otherwise the dissipation is 
limited to the uniform resistive diffusion coefficient n. 

Yoshimura (1975b) explores a number of cases, defined by the several 
parameters. The fundamental obstacle to a unique solution is the fact that 
the number of free parameters in the model exceeds the number of 
observable quantities to which the model can be fitted. There are, 
altogether, the six free parameters R,,, Rez R,,, Rea, Ba and E,, in 
addition to the usual specification of the dynamo coefficient [, and the 
vertical and horizontal shear, and the diffusion coefficient n. The coeff- 
cients Ga; and G,» are prescribed by observation of the surface of the 
sun, Of course. Yoshimura uses the observed 22-year period of the 
sunspot cycle and the usual assumption that the butterfly diagram for the 
sunspots marks the location of the azimuthal field beneath and, hence, 
gives the rate of migration of the azimuthal field. He notes, in addition, 
that the migration of poloidal field from middle latitudes toward the poles 
(inferred from high latitude prominences and coronal activity, and begin- 
ning just prior to the onset of each new sunspot cycle), provides a number 
of new constraints on the theoretical model. First of all it requires that 
there be a secondary dynamo wave migrating poleward, originating at 
middle latitudes at about the time of sunspot minimum and developing to 
a strength somewhat less than the main toroidal field moving toward the 
equator. Further, the relative magnitudes of the general poloidal and 
toroidal fields of the sun determine the relative strengths of l'o and G,,, 
G,. 
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Yoshimura states a number of general conclusions based on the case 
studies. First of all, he finds that both vertical and horizontal shear, G, 
and Go;, are necessary to give a complete representation of the observed 
behaviour of the solar dynamo. For Ga; (i.e. 00/00) alone the dynamo 
waves have two branches, starting at middle latitudes and migrating 
poleward and equatorward. The toroidal fields of the two branches are 
about equally strong, as in Kéhler’s example for 00/d0@ alone (see Fig. 
21.2). As in Kohler’s model, it is necessary to add a negative d0/dr, 
introducing a migration toward the equator, to pull the field away from 
the poles and reduce the toroidal field of the polar branch of the dynamo 
wave to the small magnitude that is observed. It should be noted, 
however, that the radial gradient reduces the toroidal field but enhances 
the poloidal field, automatically accounting for radial fields somewhat 
stronger and more active in the poleward branch than in the equatorward 
branch, in accordance with observation. If the variation of Q with latitude 
is dropped altogether (G, =0), then there is no poleward branch. The 
fields originate at high latitude and move toward the equator. It would 
appear, then, that the magnetic activity originating at high latitudes a year 
or so before the appearance of the first spots of a new cycle is a direct 
product of the equatorial acceleration of the sun, 60/d@. The radial 
gradient dQ/dr partially suppresses the development of this poleward 
branch. On the other hand, the principal fields, arising at middle and high 
latitudes, from where they migrate toward the equator, are mainly the 
product of the radial gradient dQ/odr. In this way, then, the details of the 
subsurface rotation of the sun are directly reflected in the behaviour of 
the surface fields. 

Yoshimura points out that the set of values 


Gor=—0-2,  Gy2=0, GG, =-O-1,  Ra=2, Ror =3. 
Ra=1, R.=0-75, n=% h=} EF, =107 


gives a good representation of the observed surface fields of the sun, 
although there are other combinations that do just as well. If the fields 
are expressed in units of By, equal to the critical value for the present 
example, the results are as illustrated in Figs. 21.4 and 21.5 (both 
reproduced from Yoshimura 1975b). The calculations were performed for 
the fixed value [)0,7r2/n§ = 2 x 10° for the dynamo number, with To and 
No then adjusted to the values [, = 4-8 cms ' and no = 0-16 x 10'? cm? s~’ 
to bring the period of the dynamo to 22 years. The procedure was to 
specify an initial, relatively weak field that is anti-symmetric about the 
equatorial plane. The time dependent equations were then integrated step 
by step. The field grows rapidly for a few cycles until the growth is limited 
by the non-linear loss, whereupon it settles into an oscillation with 
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F1G. 21.4. The time evolution of the latitude distribution of the relative intensity of the 
toroidal magnetic field immediately below the upper surface of Yoshimura’s standard 
dynamo model. The abscissa is sin @ with the south pole at the left and the north pole at the 
right. The time runs vertically and corresponds to a total period of 48 years for the sun. The 
odd numbers represent the relative strength of one polarity and the letters the other polarity 
(reproduced from Yoshimura 1975b). 
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Fic. 21.5. The time evolution of the latitude distribution of the relative intensity of the 
radial magnetic field immediately below the upper surface of Yoshimura’s standard dynamo 
model. The abscissa is sin @ with the south pole at the left and the north pole at the right. 
Time runs vertically and corresponds to a total period of 48 years for the sun. The odd 
numbers represent the relative strength of one polarity and the letters the other polarity 
(reproduced from Yoshimura 1975b). 
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essentially constant amplitude. Figure 21.4, shows the variation of the 
toroidal field in the steady oscillations, showing the small poleward 
branch. Figure 21.5 shows the radial component of the field. The polar 
branch of the radial field is clearly separated, and is somewhat stronger, 
than the branch that migrates toward the equator in association with the 
dominant toroidal field. 

Comparison of the toroidal field strength shown in Fig. 21.4 with the 
Maunder butterfly diagrams of the sun requires some assumption as to 
the threshold for the field strength to produce sunspots. If, for instance, 
the threshold for the production of spots is taken to be half the maximum 
value, then only the equatorward branch of the toroidal field produces 
sunspots. If the threshold is one-third, then a few spots appear in the 
poleward wave. Becker (1958) suggests that such spots occasionally 
appear. On the other hand, if the threshold is larger than the maximum 
reached by the toroidal field, no sunspots appear at all. Yoshimura raises 
the question of whether it is something of this nature that led to the 
70-year Maunder minimum, with a fluctuation of some sort dropping B, 
below the threshold for the production of sunspots. Yoshimura’s model is 
too stable to produce any significant fluctuations in field strength, but 
Leighton’s (1969) model is notable for the variation in amplitude from 
one cycle to the next. It should be noted, however, that if the subsidiary 
historical evidence from solar eclipses, pointed out by Eddy (1976, 1977), 
is correct, there were no active coronal regions and hence no biploar 
magnetic regions, with or without sunspots, during much of the Maunder 
minimum. This would appear to be a more stringent requirement than the 
mere absence of fully developed sunspots. 

Yoshimura (1975b) gives extensive graphic displays of the poloidal field 
lines and the distribution of the toroidal field in the meridional planes 
throughout the dynamo cycle, to which the interested reader is referred. 
He also shows the variation of the fields in a dynamo in which 6Q/or = 0, 
and in a dynamo in which the upper portion of the convective zone, 
ro<r<r, (in which the dynamo coefficient is given by (21.1)) is deeper, 
extending from the surface down to 0-775 r,. He points out that there is a 
tendency for the principal toroidal field to reach its maximum at lower 
latitudes for deeper convective zones (i.e., smaller r,). 


numerical experiments to study dynamos in which the rotation rate Q is 
constant on cylindrical surfaces, Q= Q(w), and to contrast their be- 
haviour with that of dynamos in which Q is constant on spherical surfaces, 
Q=Q(r), as described above. He has given particular attention to the 
question of the phase relationships of the poloidal (radial) and azimuthal 
field components in order to determine the sign of wdQ/dm separately 
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from the dynamo number (involving the product [dQ/a@). He points out 
that the phase relations inferred from observation bring one face to face 
with the question of the time lag between the generation of the azimuthal 
field (at depths of 10° km, see §§8.7 and 8.8) and the arrival of the 
buoyant flux tubes at the surface to produce the bipolar magnetic regions. 
Kohler and Yoshimura placed the upper surface of their dynamos near 
the surface of the sun and compared the calculated fields of the upper 
surface of the dynamo with the observed Maunder butterfly diagram of 
the erupting sunspots. Stix incorporates the fact that the generation of 
azimuthal field lies mainly at depths of 10° km or more, as a consequence 
of the rapid rate of rise at any higher level (see discussion in §21.2.3). 
Consequently, Stix uses the maximum azimuthal field, arising at some 
depth, for comparison with the Maunder butterfly diagrams. 

Stix chooses the non-uniform rotation to be of the form wdQ/aw x w’. 
Then he writes the dynamo coefficient as T=a,G(r)cos @ and considers 
several different forms for the radial variation G(r). In particular he uses 


G(r) = 
G(r) = +5[1+ {(r~ r,)/d}], 


0 for r<r, 
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where ® is the error function. The third example for G resembles 
Yoshimura’s model, with the dynamo coefficient of opposite sign in the 
upper and lower levels of the convective zone. The outer radius is 
normalized to r=1. Stix fits an external potential field to the dynamo 
field at the surface r=1. He calculates the critical dynamo numbers for 
the oscillatory solutions for which B, is either symmetric or anti- 
symmetric about the equatorial plane. The first three numerical experi- 
ments, using the first three functions G(r), are conducted for the dynamo 
extending throughout the entire sphere. The calculations are repeated for 
the case where the inner half (r <>) of the sphere has a resistive diffusion 
coefficient n so small that the oscillatory fields are unable to penetrate 
into it, thereby simulating a stable core beneath the convective zone 
(confined to r<3). The results show that cycindrical rotation O(a) leads 
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to the anti-symmetric oscillatory mode at somewhat lower dynamo num- 
bers than the symmetric mode when the product [aQ/dm@ is negative (or 
mainly negative) in the northern hemisphere and positive in the southern 
hemisphere. On the other hand, positive [aQ/d@ in the northern hemis- 
phere favors symmetric B,. The azimuthal field is observed to be an odd 
function of latitude (i.e. anti-symmetric), suggesting once again that 
[aQ/d@ is negative over the major part of the northern hemisphere of the 
convective zone. This is the same result as in the spherical models with 
O = Q(r) treated by Kohler and Yoshimura (see also the earlier models of 
Roberts 1972; Roberts and Stix 1972; Deinzer et al. 1974) and in the 
rectangular models presented in §19.3. The anti-symmetric nature of B, 
is closely related, then, to the migration of the fields toward the equator 
at low latitudes. 

Stix points out that if is assumed to be a function only of the distance 
@ from the axis of rotation, rather than a function of radius r, then the 
observed non-uniform rotation of the surface decrees that 0Q/d@ >0 He 
goes On, then, to consider the phase relation between the poloidal and 
toroidal fields to check the sign of dAQ/dmw. 

The radial component of the magnetic field is directly observed at 
middle and low latitudes with the magnetograph. The facts are that B,, 
observed directly, and Bẹ, inferred from the polarity of the bipolar 
magnetic regions, followed each other closely through the 1965-1975 
sunspot cycle, with B, negative at low latitudes in the northern hemis- 
phere where Bẹ was positive. That is to say, the two were m out of phase. 
Stix points out that the phase difference between the radial and azimuthal 
fields in the propagating dynamo wave depends upon the sign of 0Q/ar, as 
well as upon the sign of the product [aQ/dr, as is evident from (19.37) 
and (19.39). This property is reflected in Stix’s present numerical experi- 
ments (see also Steenbeck and Krause 1969; Deinzer and Stix 1971; Stix 
1976a), which require that ôQ/ðr <0 if B, and B, are to be approximately 
m Out of phase with each other. Hence, a purely cylindrical model, for 
which 00/d@ is constrained to positive values by the observed equatorial 
acceleration of the solar surface, seems to be ruled out. The phase 
difference, plus the fact that B, is observed to be an odd function of 
latitude, dictate the [>0 with 0QO/dr<0 over the major part of the 
convective zone in the northern hemisphere, and [< 0, 0O/ar <0 over the 
major part of the southern hemisphere. This conclusion is particularly 
interesting because of the theoretical dynamical questions about the 
non-uniform rotation and the dynamical possibility that the angular 
velocity Q is constant on cylindrical, as opposed to spherical, surfaces 
(see, for instance, Kohler 1970; Gilman 1974, 1977). The same dynami- 
cal question arises in connection with the convecting core of Earth, where 
the boundary conditions are quite different, of course (see Busse and 
Cuong 1977). 
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21.2.3. Discussion 


Altogether the numerical experiments provide an instructive display of 
the dynamo effects of the convective zone of the sun, or other star. The 
use of two levels in Yoshimura’s model, with opposite dynamo coefficient, 
is novel; other authors model the dynamo with only one level. The 
calculations of Kohler and Yoshimura, for all of their arbitrary features, 
indicate that both d6Q/dr and 00/00 contribute to the operation of the 
solar dynamo. It is clear, too, that the surface behaviour of the solar 
magnetic fields is explained most simply by an angular velocity that 
increases downwards (0Q/ðr <0). Only a very modest change in Q is 
required across the convective zone. For Yoshimura’s value G, = —0-1 
there is a difference AQ of only 0-050, across the dynamo region 
(r.= 0-5 rj. Note that Kohler’s model operates with a somewhat larger 
difference, AQ =0-24 0, and a diffusion coefficient about four times 
larger, in a thinner convective zone r,= 0-62 r,. The magnitudes of the 
dynamo coefficients are essentially the same for the two models, with 
somewhat different distributions, of course. The upper level of Yoshim- 
ura’s model is less than half as thick as the whole convective zone 
(presumed to have a depth of 2 x 10° km) while the lower level in which I 
is reversed, extends down to 3-5 10° km and is much deeper than the 
conventional convective zone. It would be interesting to know how the 
numerical model behaves when the depth of the dynamo is only as large 
as the conventional depth of 2x 10° km. 

Note that Yoshimura’s dynamo number, defined in terms of the radius 
of the sun, is 210° while Kohler’s is 410°. The higher value of 
Yoshimura is to be understood from the fact that he curtails the otherwise 
exponential growth of the dynamo fields with a non-linear dissipation 
effect, whereas Köhler adjusts the dynamo number downward to the 
minimum value that will sustain the field. By comparison, note again that 
the periodic dynamo in rectangular coordinates yields the lower dynamo 
numbers of 410 and 1300, depending upon the formal expansion emp- 
loyed in the calculation. 

While on the subject of dynamo numbers, Yoshimura points out that 
when the initial field is chosen to be symmetric about the solar equator 
rather than anti-symmetric, the symmetry is maintained during the 
growth phase and continues into the final asymptotic state of steady 
oscillation, so that the dynamo produces a quadrupole rather than a 
dipole field. Leighton (1969) noted the occasional appearance of a 
quadrupole component in his numerical model. The explanation is simply 
the point made in §19.3.1.2, that for negative dynamo number in the 
northern hemisphere and positive in the southern, the quadrupole mode 
is generated at a dynamo number that is only slightly higher than that 
required for the dipole mode, KA = —9-10 instead of —7:43. That is to 
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say, (KA)?=~—750 instead of —410. Yoshimura’s dynamo number of 
—2 x 10° is more than adequate to excite either of these two modes, so 
the model runs in whichever symmetry the initial conditions place it. 
The large fluctuations of the solar dynamo from one cycle to the next, 
and over periods of a century, giving the Maunder minimum in the 17th 
century, are evidently to be understood as consequences of changes in the 
mode of convection and circulation in the sun, much as occurs over short 
periods in the atmosphere of Earth, and as has been postulated to occur 
over long periods in association with the major climatic changes. The 
extent to which the changes in the convection and circulation in the sun 
cause changes in the solar luminosity must await the solution of the 
dynamics of the solar convective envelope. It is clear, however, that the 
enhanced e.u.v. and x-ray emissions (mainly from active regions) vary 
enormously. Leighton (1969) studied the fluctuations of the solar cycle by 
introducing random changes in the rate of emergence of sunspots, with 
results bearing a striking resemblance to the trregularities in the sunspot 
cycle as recorded by the annual mean sunspot numbers. Indeed Leighton 
notes that, with a threshold for the eruption of bipolar regions, which are 
his sole cyclonic effect, it is possible for the dynamo to die out entirely. 
The physical significance of the numerical exercises 1s not clear, of course, 
but its similarity to the behaviour of the real sunspot cycle is remarkable. 
As a final exercise in the solar dynamo, consider the usual dynamical 
estimate of the dynamo coefficient, based on mixing length theory. The 
characteristic cyclonic rotation of the convecting fluid, relative to the 
surrounding fluid, is given by mixing length theory to be of the order of 
®=O7r=OL/v in an eddy of scale L and velocity v in a body with 
angular velocity Q. Hence it follows from the development of (18.58) that 
=_TeL®D/t =0-04L0 for e =0-1. In the standard mixing length models 
of the convective zone the mixing length is taken to be comparable to the 
scale height A = p/pg, where g is the gravitational acceleration, equal to 
about 3 x 10*cms~? in the solar convective zone. At a depth of 10° km in 
the sun, the temperature is 7 x 10* K so that the scale height is 3 x 10° km. 
With Q=Q,=3x10™ rads’, it follows that f= 40 cm s™+. The turbulent 
velocity at this depth is estimated (Spruit 1974) to be of the general order 
of 10*cms™', so that the eddy diffusivity is ny = 0-2vL =10'7 cm’ s™. 
Thus the mixing length theory predicts a value of F that is eight times 
larger than the 5 cms ‘ value used by Kohler and Yoshimura to duplicate 
the solar cycle. The mixing length theory predicts an eddy diffusivity that 
is half again as large as the value used by Kohler and six times larger than 
that used by Yoshimura. Deeper in the convective zone the scale height is 
larger so that the F and ny estimated from mixing length theory are even 
larger. 
In view of this difference, one might ask, then, whether the azimuthal 
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magnetic field in the sun might suppress the turbulent convection and 
thereby reduce the effective values of F and n+ to the levels that seem to 
make the dynamo models work best. The answer depends upon the 
strength of the azimuthal field, of course. We have estimated in §8.7, that 
the rate of buoyant rise of a flux tube through the solar convective zone is 
so high that fields of no more than a few hundred G can be expected to 
reside there. At a depth of 10° km the turbulent velocity forces 4pv are 
comparable to the stresses in a field of the general order of 3 x 10° G (at 
10* km it is 107 G). Hence, the Maxwell stresses exerted by a field of a 
few hundred G deep in the convective zone are small compared to the 
Reynolds stresses of the convective turbulence, suggesting that the field 
has but little effect on the convective velocities. Hence we have to live 
with the fact that the mixing length theory gives a dynamo coefficient and 
eddy diffusion rather larger than required by the numerical models of the 
solar dynamo. It should be noted, however, that the two quantities I and 
nr appear as I'/7n+ in the dynamo number, so the excess value [ is largely 
compensated by the excess nr with little effect on the dynamo number. 
The real problem appears in adjusting the period (expressed in units of 
Ré/ny) to the observed 22 years without jeopardizing other quantitative 
aspects of the dynamo model. And of course it must not be forgotten that 
the application of mixing length theory to the convective zones of stars is 
based on convention rather than deduction. We use the mixing length 
theory because it 1s a familiar dialect and the only one we know, with no 
assurance that the dialect speaks the ultimate truth. 

There are several other blind spots in the treatment of the solar 
dynamo, as well. One particularly obvious problem is the depth from 
which the fields rise to the surface of the sun to produce the bipolar 
magnetic regions. Most authors assume that the bipolar regions at the 
surface reflect the toroidal fields not far below (cf. Leighton 1969; Köhler 
1973; Yoshimura 1975a,b, 1976a,b). It was pointed out, however, that 
the toroidal field cannot be less than about 10° G; yet even so weak a 
field as 10° G rises rapidly through the upper convective zone (88.7). It 
can reside for a period of years only in the lower half of the convective 
zone. The toroidal field is produced from the poloidal field by the 
non-uniform rotation in a characteristic time of several years. Hence the 
production of a toroidal field of 107 G cannot occur much above a depth 
of 10° km. The solar dynamo is concentrated in the lower, rather than the 
upper, half of the convective zone, (Parker 1975a, 1977a). Hence it is the 
non-uniform rotation dO/dr and the dynamo coefficient [ in the middle 
and lower convective zone that are responsible for the generation of field 
and the migration of the field toward the equator. This leads to the 
question of the way in which the upper part of the convective zone should 
be included in models of the dynamo. It is a complex problem and only 
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the most primitive theoretical studies have been made (Parker 1977a) 
so far. What level in the convective zone is responsible for the Maunder 
butterfly diagrams at the surface? 

Turning attention to Yoshimura’s model of the solar dynamo, note that 
the negative I in the lower region causes the migration of the toroidal 
field to be away from the equator, rather than toward the equator, there. 
Hence the proper migration (toward the equator) would require that 
aQ/ar be positive, of course, with the interior of the sun rotating at about 
the same rate as the polar regions at the surface. Indeed, these are the 
simplest forms for solar rotation, with the angular velocity increasing 
simply with distance © from the axis ol rotation. 

Once again we end with questions on the dynamics of the convection, 
circulation, and non-uniform rotation in the convective zone. To these 
standard questions there is now to be added the dynamical problem of the 
buoyant rise of the fields (see §§$8.7, 8.8 and Chapter 13). The buoyant 
rise impinges directly on the depth of the dynamo in the sun and the 
interpretation of the Maunder butterfly diagrams of the toroidal field 
emerging at the surface. 


21.3. The magnetic fields of stars 


If the magnetic field of the sun is to be understood as a consequence of 
the dynamo effect of the convective zone, what can be said about the 
other stars? Their fields cannot be resolved and can be detected only 
when the algebraic mean of the line of sight component over the visible 
hemisphere exceeds 10° G in the most favourable cases of sharp lines and 
slow rotation. Only a handful of freak stars have fields so strong as to 
produce a detectable signal (see Chapter 1 and §18.1). For all other stars 
there is no direct indication of magnetic fields, so we can only infer that 
they have magnetic fields by analogy to the sun. In this connection Wilson 
has shown that the dwarf main-sequence stars have strong chromospheric 
lines (of Ca ID in their youth, fading out by middle age (Wilson 1963, 
1966; Wilson and Skumanich 1964). To interpret this result, note that the 
localized Ca II emission observed in the solar chromosphere (detectable 
only because of the proximity of the sun and the high spatial resolution) is 
roughly proportional to the strength of local magnetic field, and becomes 
detectable wherever the field exceeds some 10 or 20 G (Howard 1959; 
Leighton 1959). If the relation between Ca II emission and field strength 
in the aging sun applies to younger dwarf main-sequence stars, then it can 
be inferred that the dwarf main-sequence stars have general poloidal 
fields of the order of 10? G for the first 10° years or so (Wilson 1963). By 
contrast, in middle age the general poloidal field of the sun is about 5 G, 
far below the level of detection in any distant star. 

Wilson (1971) finds from repeated measurement of the Ca II emission 
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that the strength of the emission varies with a period of several years or 
more, just as the total Ca II emission from the sun goes up and down 
with the Ll-year sunspot cycle. Then noting that the dwarf main- 
sequence stars rotate and have vigorous convective zones like the sun, it 
follows that there is a dynamo effect and we would expect a periodic 
variation of the fields with periods of several years. Putting together all 
these observational facts and theoretical principles, we infer that the 
dwarf main-sequence stars are magnetic, in much the same way that the 
sun is magnetic. It is to be presumed that, if we could get close to any of 
them, we would see the magnetic effects in the form of plages, promi 
nences, starspots, flares, x-ray bright spots, etc., and coronal streamers and 
stellar winds. The very young dwarf main-sequence stars evidently have 
much stronger fields than the sun, so that a close look would show a high 
level of magnetic activity. The young stars must seethe with activity, but 
their magnetic virility declines over a period of 10° years. 

It is interesting to note, therefore, that some of the very faint dM 
subdwarf main-sequence stars have sporadic transient brightenings that 
resemble solar flares but involve 10° times more energy (see description 
and references in Chapter 1 and §18.1). Between the transient flare 
outbursts it can be seen that there is a significant periodic variation of the 
luminosity, indicating a strong variation of surface brightness around the 
star. The obvious possible causes for variation of surface brightness are 
magnetic inhibition of heat transport to the surface, or enhanced plages, 
or the outright formation of huge starspots (in analogy to the sunspot) (cf. 
Mullan 1975). The general magnetic fields of the flaring dM stars must be 
very strong indeed. Precisely how strong is hard to say. 

Not all dM stars are observed to be flare stars, however, raising the 
question of whether it is an activity confined to their youth, or a special 
ability of certain individuals. The mass of a dM dwarf may be only 
Q-1-0-2 Mo, and their luminosities as low as 10~° times the luminosity of 
the sun. Their life on the main sequence is, then, of the general order of 
10'* years. From that point of view, viz. the evolution on the hydrogen- 
burning main sequence, all dwarfs are youths. But there may be other 
facets of their structure, such as the rotation rate, that decline relatively 
rapidly, in 10°-10° years at the beginning of their life. So the question 
remains. So far there is no indication that the flare stars are members of 
young populations, suggesting that the enormous activity is a special 
feature of certain individuals. 

Now we recall that most of the stars in the galaxy are to be found on or 
near the lower main sequence, between the sun and the dM dwarfs. We 
are led to conclude, then, that most of the stars in the galaxy have 
magnetic fields. The fields may vary periodically, as in the sun, but it 
should be kept in mind that the cooler main-sequence stars have deep 
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convective zones, so they may produce stationary, rather than periodic, 
magnetic fields (see §19.3.1.1 and 19.3.1.2). 

Levy and Rose (1974) consider the generation and the evolutionary 
effects of stellar magnetic fields in massive main sequence stars (M> 
1.5 Mo) with particular attention to the redistribution of angular momen- 
tum during the red giant stage and the slow rotation of the final white 
dwarf. More recently Schüssler and Pahler (1978) treat the diffusion of 
the fields from the core to the surface of such stars during their life on the 
main sequence. Schatzman (1962) has pointed out the close connection 
between the existence of a convection zone and the slow rate of rotation 
in stars less massive than the middle of type F, suggesting that the strong 
magnetic field generated by the convective zone in the vigorous youth of 
each star may play a role in the loss of mass and angular momentum from 
the star. Theoretical estimates of the rate of loss of angular momentum 
(Dicke 1964, 1972; Modisette 1967; Weber and Davis 1967; Alfonso— 
Faus 1967; Durney and Latour 1978) suggest that the idea may be 
correct. Havnes and Conti (1971) consider the opposite possibility, treat- 
ing the selective accretion of heavy atoms from the interstellar gas to 
account for the anomalous atomic abundances of the magnetic stars. 

It is a curious fact, then, that there are a few anomalous hot stars 
(mostly A-stars), evidently without convective zones, that have magnetic 
fields so strong (>10* G) as to show a detectable Zeeman effect. The 
discovery of these magnetic stars was made by Babcock. The star 78 
Virginis (see discussion in §18.1) was the first to be identified, with a field 
of the order of 10° G. There are now over a hundred known (Preston 
1967a). They appear to form a class, or perhaps several classes, distinct 
from the normal main sequence stars. Most of the magnetic stars are to 
be found among the peculiar A-stars—the Ap-stars. The Ap-stars are 
identified by their apparent overabundance of such metals as Si, Mn, Sr, 
and some of the rare earths. As a matter of fact, magnetic fields are now 
found among the peculiar stars from B-stars all the way down to F-stars, 
as cool as 8000 K. Essentially all of the Ap-stars whose lines are not 
broadened by rotation show magnetic fields. The most common polar 
field strengths are 2-3x10°G, with some individuals having field 
strengths as high as 10* G and more (Preston 1971). There appears to be 
an anti-correlation between the angular velocity and the strength of the 
field (Landstreet et al. 1975), with the most rapidly rotating Ap-stars 
showing no signs of a field. The slowly rotating Ap-stars have mean fields 
ranging from about 10? G (the minimum detectable field) up to 3x 10° G 
for HD 215441 (Babcock 1960b). When we remember that these num- 
bers represent the mean field in the line of sight, it means that the peak 
fields are several times greater (see discussion in §18.1). They are 
magnetic stars indeed! 
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There are some metallic line stars—the Am-stars, distinguished by their 
weak Ca II K-lines—that are magnetic, with fields of hundreds of G, but 
only about one in ten of the magnetic stars is of this type. One in twenty 
of the magnetic stars is a late-type star. The slowly rotating Ap-star seems 
to be the principal magnetic star (see the review by Bidelman 1967 on the 
properties of the Ap- and Am-stars.) 

The periodic time variation of the mean field in the line of sight, and 
the associated spectral variations, indicate that the fields rotate rigidly 
with the star (Stibbs 1950; Deutsch 1954, 1958a,b). There are patches of 
enhanced emission and anomalous chemical abundances associated with 
the field, representing active magnetic regions on the surface of the stars 
(see review by Preston 1967a and the more recent observational studies, 
Preston 1967b, 1969, 1971, and references therein). To a first approxi- 
mation the magnetic field is a dipole, with its axis strongly inclined to the 
axis Of rotation of the star. Indeed the magnetic dipole is perpendicular to 
the rotation axis in sO many cases as to suggest a systematic effect. 
Detailed analysis of the time variation of the field and emission patterns 
shows higher harmonics of significant strength, of course (Steinitz 1964, 
1967; Kodaira and Unno 1969; Pyper 1969; Cohen 1970; Deutsch 1970: 
Monaghan 1973). In practice, then, the field of the magnetic star is a 
distorted and offset dipole. The periods of rotation extend upward from 5 
days to several months, which is to be compared with the rotation period 
of a day for the normal main-sequence A-stars, which show no magnetic 
effects. The stronger fields appear in the more slowly rotating stars. 

There are two evident possibilities for the origin of the fields of the 
magnetic Ap-stars. One is that there is a dynamo operating in the interior 
of the star. There are a number of difficulties with this idea, starting with 
the fact that an A-star is not expected to have a convective zone beneath 
its photosphere. There is a possibility of an internal convective core, 
perhaps, but the extension of the fields through the stable shell above 
poses interesting questions (see discussion in Schüssler and Pahler 1977). 

The simplest explanation of the magnetic field might then seem to be in 
terms of fossil fields, 1.e., primordial fields, caught up in the collapsing gas 
that formed the star, compressed to 10°G or more, and thereafter 
clutched in the stable core of the star (Cowling 1953). There the field 
remains for the life of the star, with the hair of its head showing out one 
side and the soles of its feet out the other. Eventual senility of the star, 
with the dwindling hydrogen in the core, leads to collapse of the core to 
form a white dwarf or neutron star. The collapse compresses the field to 
the 10’ G, observed in some white dwarfs (see review by Angel 1977) and to 
the 10'*G inferred from the behaviour of the spinning neutron star. 
Mestel (1965a,b, 1967) has considered the mechanics of the trapping of 
interstellar magnetic fields in the formation of stars from gas clouds. 
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Roxburgh (1967) has reviewed the magnetic effects of the fields within 
the star once it is formed (see discussion and references in Chapter 1). 
The braking of the rotation of the magnetic star through the interaction 
of its strong dipole field with the surrounding interstellar material has 
been examined by Mestel and Selley (1970). The braking is evidently not 
large unless the star resides in relatively dense interstellar gas clouds. 

Consider, then, the arguments that the magnetic stars show fossilized 
primordial fields. The anti-correlation of field strength and angular veloc- 
ity seems to argue against the dynamo, and hence in favour of a trapped 
primordial field. In all dynamo theories, and in the planets and the young 
main-sequence dwarfs, the field strength is generally stronger in the more 
rapidly rotating cases. The field strength and the rotation rate are 
positively, rather than negatively, correlated. 

The large obliquity of the rigid rotating dipole field of the magnetic star 
poses an interesting question that has received considerable attention. 
First of all, Radler (1975) has demonstrated an oblique field produced by 
the dynamo effect of fluid motions with symmetry about the axis of 
rotation. Hence the mere fact of obliquity cannot by itself be used as an 
argument for fossil fields. But the preference for perpendicularity is a 
stronger condition that argues in favor of fossil fields. That effect does not 
arise in the dynamo, so far as anyone is aware, but can be understood, 
evidently, for primordial fields. Moss (1977a,b) and others (Mestel and 
Moss 1977 and references therein) has considered the Eddington—Sweet 
circulation (Eddington 1929; Sweet 1950) in which fluid rises at the 
poles and sinks at the equator. The effect is to increase the obliquity of 
any dipole that is not preciscly aligned with the axis of rotation at the 
outset. The circulation is slow but Moss estimates that it can carry the 
dipole to obliquities near 47 in the life of the star. Mestel and Moss 
(1977) and Moss (1977a) (see also Mestel and Selley 1970) point out that 
if the Ap-stars began their lives on the main sequence with fossil fields of 
arbitrary strength, then the rotation of those with the strongest fields 
would be braked the most, producing the observed inverse correlation of 
B and Q. What is more, they show that the stronger Eddington—Sweet 
circulation of the fast rotators tends to bury the magnetic field beneath 
the surface, the fluid motion pushing the field down out of sight. So there 
are at least two contributions to the inverse relation between B and Q. 
° In a rotating star with a heat flux outward from its centre the isothermal surfaces 
do not coincide precisely with the level surfaces. Hence there is no static 
equilibrium (Von Zeipel 1924). There is instead a dynamical equilibrium includ- 
ing the Biermann battery effect (see §21.1) and meridional circulation of the fluid. 
The circulation is very slow in a stable stellar interior because the vertical motion 
is opposed by the convective stability. The flow velocity is limited to something of 


the order of 10°°-107* cms ' by the necessity for cooling (or warming) by 
radiative transfer, in the same manner as the rising flux tube treated in 88.8. 
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The circulation also has the effect of burying any dynamo fields, leading 
to the conclusion that, whatever may be generated in a convective core, 
the surface fields are evidently fossil in nature‘. 

On the other hand, the ease with which the primordial field concept can 
be argued for the magnetic stars should not blind us to one fundamental 
question that has not yet been answered. That is the problem of preserv- 
ing the primordial field through the early Hayashi phase when the star is 
believed to convect all the way from the centre to the surface. This point 
was mentioned in §17.1 where it was noted that any initial magnetic fields 
are quickly lost by mixing to the surface, from where they escape into 
space. The global convection of the Hayashi phase may be expected to 
work as a dynamo, of course, generating fields throughout the star. But it 
seems that these fields would also disappear as the convection comes to 
an end at the centre of the star and a non-convecting core begins to grow. 
The magnetic buoyancy alone would provide rapid escape as the interior 
of the star passes slowly through neutral convective stability. It is clear, 
then, that the problem needs careful quantitative study if we are to 
establish a firm explanation for the fields of the magnetic stars. So far we 
have only an extensive but unassembled set of ideas. 

Bidelman (1967) has emphasized that the whole peculiar and metallic 
line A-star phenomenon, with their strange chemical abundances, is 
puzzling and must be considered in any final deliberations on the origin of 
the magnetic fields. Why should a star with strange chemical abundances 
have magnetic fields when other stars do not? It may be that the high 
metallic abundances are only at the surface, produced by the extensive 
acceleration of fast particles and resulting nuclear transmutations in some 
sort of magnetic activity. But the Ap-stars show no such explosive activity 
at the present time, and the flare stars that show gigantic activity do not 
show such anomalous abundances. So the peculiar abundances may 
reflect peculiar conditions of origin, such as the debris of a supernova, 
rather than being caused by the strong magnetic field. It is difficult to say 
what relation exists between the fields and the abundances. 


21.4. The activity of stellar magnetic fields 


Several varieties of stars (and indeed many galaxies) exhibit activity of 
one form or another, much of it presumably magnetic in origin. Unfortu- 
nately only the grossest features, as they are represented by the variations 
in the integrated light from the stars, can be studied, so that it is difficult 
to progress beyond conjecture as to the nature of the activity. The most 
plausible conjectures in fact, are based on analogies to the activity 


“It is interesting to contemplate how a convective core would be shared by its 
own dynamo field and by a fossil field. 
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observed on the sun. For this reason, then, we deal with the remarkable 
activity occurring on and above the surface of the sun (see review by 
Kiepenheuer 1953). The sun becomes the prototype of all magnetic 
activity, and serves as a guide for the theoretical discussion. Consequently 
many of the earlier sections and chapters have begun with physical 
descriptions of the various aspects of solar activity, in order to define the 
problems to be treated. We do not attempt to repeat all the many 
physical details here but rather to pull together the overall picture of solar 
activity with a few brief statements, and references to the earlier chapters, 
on how the activity is to be understood. A general understanding of the 
basic active effects in the sun, and the anticipation of the active effects in 
other stars, and in galaxies, is the goal of this writing. We shall see now in 
what ways the previous chapters have contributed to progress toward that 
goal. 

First of all, on the broadest terms, magnetic fields are generated in the 
convective zone of the sun at depths of the order of 10° km (see $§21.2, 
21.3). The fields rise to the surface as a consequence of their buoyancy 
(§8.7, Chapter 12), where we observe them. The twisting of the magnetic 
flux tubes, and any other topological complexities to be found along the 
lines of force, rise to the top of the field and concentrate in the expanded 
portion of the field above the surface ($89.5 and 9.6). Hence the general 
non-equilibrium of magnetic fields (Chapters 14 and 15) in the sun, or 
another star, arises principally in that part of the field that extends above 
the surface. The activity in the fields above the surface is fostered by both 
the concentration of topological complexity, which causes the non- 
equilibrium, and the high Alfven speed (because of the low gas density) 
causing the rapid dissipation of that complexity. This, then, is the general 
cause of the continual magnetic activity of the sun and stars. 

The activity takes on a variety of forms. At its lowest level the rapid 
reconnection occurs more or less steadily in the topological variations of 
the fields, producing a general heating and uplifting of the chromosphere 
and corona in the regions of strong field (cf. the observations and 
discussion by Leighton 1959; Howard 1959; Vaiana, Davis, et al. 1973). 
The heating may be augmented, and perhaps dominated, by dissipation of 
gravitational and hydromagnetic waves generated in the convective zone 
beneath the visible surface (Schwartz and Stein 1975). Transient bursts of 
heating and particle acceleration are not uncommon in active regions 
where new magnetic flux is coming up through the surface. Sporadic 
flaring seems to be part of the picture. Altogether, the magnetic fields 
imply continuing suprathermal effects. 

It was surprising, therefore to discover that the fast solar wind streams 
originate from the hydrodynamic expansion of the quiet corona of the 
coronal holes (Krieger et al. 1973; Nolte et al. 1976). The effect is to be 
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understood, evidently, as the direct consequence of the rapid divergence 
of the expanding corona as it streams outward in the void between the 
strong localized magnetic fields on either side (Kopp and Holzer 1976). 

The general magnetic field of the sun exhibits the remarkable property 
of spontaneous self-concentration into isolated, intense flux tubes 
everywhere over the surface of the sun. Essentially all of the magnetic 
flux through the surface of the sun is gathered into isolated tubes. In quiet 
regions, where the mean field is of the order of 5 G, the field gathers itself 
into separate flux tubes of about 10° Mx, with an intensity of 1500 G 
over a diameter of 300 km. The evidence is that the spicule phenomenon 
(Lynch et al. 1973) is associated with the individual concentrated flux 
tubes (Parker 1974a) and with fine H, fibrils to be seen against the disc 
(Beckers 1963, 1968; Veeder and Zirin 1970; Zirin 1972). Evidently, 
then, the H, fibrils represent the cores of individual flux tubes. 

In active regions the field separates into tubes of about 10'° Mx and 
about 1500 G over a diameter of 1000 km. The tiny magnetic region 
where the individual tube comes up through the surface of the sun is 
called a magnetic knot, first clearly identified by Beckers and Schröter 
(1968). It is the gathering together of flux into bundles (magnetic knots) 
of increasing size that leads to the growth of sunspots. A magnetic region 
first appears dark on the surface of the sun when two or three flux tubes 
in an active region coalesce to give a total flux of 2 x 10’? Mx, with about 
1500 G over a diameter of 1500 km. Most such pores break apart (in a 
few hours) into two or three separate tubes again. But sometimes they 
grow through the accumulation of more flux tubes and through merging 
with other pores, developing into full fledged sunspots, with a field 
strength of about 3000G and a surface temperature reduced below 
4000 K (Gokhale and Zwaan 1972) when the total flux reaches 4x 
10*° Mx across a diameter of 4000 km. The sunspot appears black against 
the surrounding photosphere, the total radiation being reduced to about 
20 per cent of the normal value of 6 x 10'° ergcm 7s ! = 6 kW cm™?, and 
the visible radiation to less than 10 per cent, by the lower temperature. 
The accumulation of additional knots and pores may continue, the spot 
increasing in size and developing the remarkable filamentary penumbral 
region around the periphery of the dark umbra (see the striking photo- 
graphs in Danielson 1961a,b). The field strength in the sunspot generally 
does not increase beyond about 3000G as the spot grows in size 
(although fields up to 4500G have been observed on occasion). The 
average spot grows to some 10°! Mx at the peak of its development after 
a time of 5-10 days. On rare occasions the growth may progress to fluxes 
in excess of 2 x 10°* Mx, across a diameter of 3 x 10* km, or more. Then, 
in most cases, disintegration of the sunspot begins when the accumula- 
tion of new flux ceases, after a time of 5-15 days. The total flux and the 
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size then decline, the spot breaking into smaller spots and decomposing 
back into magnetic knots over periods of 10-50 days. Thus a large spot 
may represent the accumulated flux of some 210° knots, which, for 
some reason, have come together and coalesced into a whole. The spot 
breaks up again into about 2 x 10° knots at the end of its life. Indeed, a 
magnetic knot of 101° Mx is a convenient unit of flux for discussing 
sunspots. It is only fear of confusion with nautical terminology that 
prevents us from specifying sunspot sizes in knots, a three-knot spot being 
a small pore, and a kiloknot spot a rather large sunspot. 

Sunspots develop within large bipolar magnetic regions, where a seg- 
ment of a large flux tube has come up through the surface of the sun (Fig. 
21.1). Consequently sunspots are themselves often bipolar, with the spots 
forming in the preceding magnetic region (in the sense of the solar 
rotation) generally having the same magnetic polarity as the region, and 
the spots in the following region having the opposite polarity, to match 
the following magnetic region. Spots form more copiously in the preced- 
ing region, gathering together on the average about three times as much 
flux as the spots in the following region. The spots in the preceding region 
usually last longer than in the following region. The bipolar active 
magnetic regions are made up of a collection of magnetic knots. It is 
evident from Fig. 21.6 that the bipolar regions move apart as the flux 
tubes rise through the surface. The rise ceases when the tubes extend 
straight up through the surface from their anchor points deep in the 
convective zone. At this stage the separation of the bipolar regions at the 
surface ceases to increase. It is an observed fact that the sunspots begin to 
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Fic. 21.6. A schematic drawing of the magnetic flux tubes of a bipolar magnetic region 
emerging through the surface of the sun. The expansion of the fields to fill all the available 
volume above the surface of the sun is indicated by the lines of force sketched above the 
surface. The separate arrows indicate the general upward motion of the field and fluid. 
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break up and disperse when the separation ceases to increase. The spots 
are soon reduced to magnetic knots again which spread out over the 
broad area that makes up the bipolar active region. On some rare 
occasions a large spot in the preceding region gathers itself into a 
coordinated circular form with a field-free ‘moat’ around it, surviving 
alone as a unipclar spot for several solar rotations (see description by 
Beckers and Schroter 1969; Bray and Loughhead 1964). 

Zwaan (1978) gives a detailed description of the manner in which 
magnetic knots and pores merge to produce the growth of a sunspot, and 
the breakup of a sunspot into pores and ultimately into magnetic knots 
(Beckers and Schröter 1968) at the end of its life. The bipolar sunspot 
group grows by the addition of new flux emerging in the central region 
between the two regions of opposite polarity. The flux arrives at the 
surface in small (10'° Mx) intense (1500 G) flux tubes, and these indi- 
vidual knots then move toward the sunspots to which they finally add 
their flux. Zirin (1972) provides a vivid description of the reconnection of 
the magnetic fields of the little bipolar regions as each separate flux tube 
comes to the surface. The knots may coalesce with other knots on the way 
to the sunspot, often following a common path across the surface of the 
sun on the way to the spot. Zwaan makes the point that, so far as one can 
tell from the intersection of the flux tubes with the surface of the sun, the 
large flux tube producing the general bipolar region is composed of many 
separate strands. The separate strands rise through the surface as a 
scattered group, depicted in Fig. 21.6. The observer, then, sees a scat- 
tered group of magnetic knots which move toward each other as the tubes 
rise up from below. 

The problem ts to understand why the general magnetic field of a star 
behaves in this peculiar fashion. It is not, as we have remarked before, a 
behaviour that could have been anticipated from the elementary proper- 
ties of magnetic fields in conducting fluids. On an elementary basis the 
behaviour of the magnetic fields appearing at the surface of the sun is 
largely baffling. It is remarkable, therefore, that the observed behaviour 
of the fields has been accepted so widely in the published literature 
without critical comment. The most superficial and irrelevant explana- 
tions often serve to allay the feeble curiousity of the reader. Yet the 
observed cohesion and stability of a sunspot have not been demonstrated 
from basic principles (Parker 1974b, 1975d; but see the recent work of 
Meyer et al. 1977). The cooling of a sunspot, in a manner consistent with 
its cohesion has not been demonstrated (Parker 1977b). The internal 
circulation and the general character of the convection in the sun are not 
known, although, recognizing the fundamental importance of the prob- 
lem, there are several theoreticians around the world exploring this very 
difficult theoretical question. The formation of the solar prominence is 
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not entirely clear, although there has been serious work on the problem 
over the years (see $86.6 and 6.7). The theory of the acceleration of 
particles to high energy in a solar flare has received wide attention for at 
least two decades, but is far from resolved at the present time. The 
remarkable efficiency, of the order of 10-50 per cent, with which magne- 
tic energy is converted into the kinetic energy of fast particles, has yet to 
be established by any self-consistent theoretical illustrative example. 
There is a widespread feeling that the problem has been solved, when in 
fact some major hurdles remain (cf. Parker 1976; Eichler 1977). Al- 
together, much work remains to be done to develop an understanding of 
solar activity. 

But there has been some progress, and many effects can be understood 
from the basic principles. To treat the principles in some detail, then, the 
concept of the flux tube (Chapter 8) confined by a pressure increment 
Ap = B?/87 at its surface was established thirty years ago and has been 
used effectively since that time. The recent observational discovery that 
the broad fields of the sun are fragmented into isolated flux tubes has 
placed the concept in a central position in the theory of solar magnetic 
fields. It seems in retrospect that the fragmentation of a broad flux tube 
beneath the surface of the sun into a thousand or more small, isolated, 
tubes of 10'8-10'? Mx each, concentrated to the remarkable strength of 
1500 G or more, is the end result of a sequence of effects. The breakup 
begins with the instabilities of the upper surface of any broad field that 
may be buried deep in the convective zone. The calculations show that 
lengths of the field, longer than several scale heights, rise up from the 
surface of the broad field and float upward through the convective zone of 
the sun (see §§13.2-13.4). These omega-shaped re-entrant loops rise up 
through the surface of the sun, so that the apex of each loop can be seen 
by the terrestrial observer. This provides the evidence of the general 
azimuthal field buried deep in the convective zone of the sun (see Fig. 21.1 
and the discussion in §21.2). It is a curious feature of the flux tube (see 
the theoretical presentation in §§9.5-9.7) that the twisting and braiding of 
the lines of force are concentrated by the buoyancy into the apex of each 
tube, above the surface of the sun. The resulting non-equilibrium prog- 
resses rapidly, because of the high Alfven speed (see Chapters 14 and 
15), in the transparent chromosphere and corona where it can be seen by 
the terrestrial observer. 

Now the breakup of the upper surface of the broad azimuthal field in 
the convective zone proceeds with wavelengths along the field that are 
several scale heights long (i.c., =10°km). On the other hand the 
wavelength of the breakup in the transverse direction across the field is 
relatively short. It is shown in §13.4 that the transverse scale is generally 
less than the scale of decline of the magnetic field at its upper surface, and 
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indeed may be very much less than that scale, limited only by the viscosity 
and resistivity of the fluid. The general turbulence of the convective zone 
precludes any quantitative statements, unfortunately. Thus the broad field 
may spawn clusters of small tubes directly from its upper surface. Cer- 
tainly any broad tube rising from the surface of the submerged field is 
unstable against further breakup (see discussion in §§9.7 and 9.8) unless it 
is strongly twisted for some reason. The evidence is that the broad tubes 
are not strongly twisted, because the broad flux tubes extending through 
the surface of the sun (actually a cluster of many small tubes unless 
coagulated into a sunspot) show only moderate twisting at the most, and 
often none at all. Yet we expect that the twisting is concentrated in the 
field above the surface of the sun where we can measure it (see §§9.5 and 
9.7). This implies but little twisting of the tubes beneath the surface, and 
hence but little resistance to decomposition into small, separate flux 
tubes. Thus, flux tubes of various diameters free themselves from the 
upper surface of the broad fields deep in the convective zone and rise to 
the surface of the sun, breaking progressively into smaller tubes as they 
rise. The individual strands of field, then, are further broken apart and 
pushed around and organized by the granules and supergranules so that 
they appear at the surface only in the converging flows and downdrafts at 
the boundaries of the upwelling convective cells (§10.2). It is not clear 
why the individual tubes end up at 10'? Mx in active regions and 10'° Mx 
in quiet regions. That question must have something to do with the 
dynamical stability of the tubes, and is a subject that is but little 
understood. But the existence of a breakup of the broad field into many 
small flux tubes can be understood in a straightforward manner from the 
general physical principles expounded in Chapters 8, 9, and 13. Their 
general activity above the surface of the sun seems to follow from the 
principles presented in Chapters 9, 11, 12, 14, and 15—the general 
non-equilibrium and rapid reconnection of magnetic fields with complex 
topologies concentrated above the surface of the sun. 

The most surprising aspects of the individual isolated flux tubes is their 
concentration to the enormous intensity of 1500 G. The effect cannot be 
a consequence of the twisting of the tubes, even if we imagine that the 
small tubes are strongly twisted. The effect is not produced by the direct 
dynamical effects of the convective, turbulent fluid motions, because such 
effects, reviewed at length in Chapter 10, cannot, under ordinary cir- 
cumstances, push the field stresses B’/4am much beyond the Reynolds 
stresses pv”. Thus fluid velocities in excess of 5 km s™' are required at the 
surface of the sun to produce fields of 1500 G. We are reminded again, of 
course, that the spicules, with velocities of the order of 20 km s™' in the 
chromosphere, appear to be associated with the flux tubes, but there is, so 
far, no firm observation of the necessary 5-8 km s`! at the photosphere. It 
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is evident, then, that the flux tubes are a dynamical entity, as indicated by 
the spicules, but the dynamics does not seem to be the basic cause of the 
intense field. 

Instead, the intense field appears to be caused by cooling from the 
superadiabatic effect, stemming from the general downdraft of the gas in 
and around the flux tube and/or by the emission of Alfven waves (Roberts 
1976). The effect is illustrated in $10.10, and may be presumed to arise in 
other dwarf main-sequence stars like the sun. The effect suggests that the 
gas motions within, without, and across the magnetic fields above the 
surface of the sun are very complicated and not yet understood (see 
discussion in $10.10). 

If the individual flux tubes are strongly concentrated, so that the Alfven 
speed (7 kms ') within the tubes is larger than any turbulent velocities 
outside, it follows that the individual flux tubes are extremely buoyant. 
Their rate of rise is of the general order of the Alfven speed (i.e., kms‘) 
($8.7). Hence neighbouring flux tubes are strongly attracted toward cach 
other by the hydrodynamic forces in spite of the mutual repulsion of the 
fields of like polarity above the surface of the sun. The mutual attraction 
is described in §$8.9 and 8.10. The observed tendency for neighbouring 
magnetic knots (flux tubes) to attract each other, and to coalesce into 
pores and sunspots, may be understood as a direct consequence of the 
hydrodynamic forces on the rising tubes. The observed tendency for 
magnetic knots to follow a common path into, or out of, a sunspot may 
perhaps be explained by the wake of each passing tube being maintained 
by the convective forces to provide an easy path for the next tube to come 
that way (see §8.10). 

Now if the mutual attraction of magnetic knots is to be understood as a 
consequence of their buoyant rise through the surface of the sun, then it 
follows that the attraction ceases when the tubes are fully emerged and 
standing more or less vertically beneath the surface of the sun (see Fig. 
21.6). This seems to be in agreement with the general observation that in 
most cases a sunspot begins to disintegrate into pores and magnetic knots, 
and the knots lose their mutual attraction, when no more new flux 
emerges through the surface of the sun. 

It is a curious fact, then, that the buoyant rise of a flux tube produces a 
mutual hydrodynamic attraction of neighbouring flux tubes, causing them 
to coalesce. This is just the opposite effect of the buoyant Rayleigh- 
Taylor instability that caused the initial breakup into separate strands of 
field. The decomposition back into elemental flux tubes of 10'° Mx begins 
again when the buoyant rise ceases. 

Now, if it seems that the remarkable properties of mutual attraction of 
the rising flux tubes can be explained, it must be pointed out, on the other 
hand, that the cooling and cohesion of the many flux tubes that have been 
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assembled into a sunspot has yet to be demonstrated from basic physical 
principles. The compression of the field to 3000 G in the sunspot may be 
understood from the observed cooling, as put forth in §§8.3 and 10.10, 
whereby the gas is pulled down out of the vertical magnetic field by 
gravity, causing the field to be compressed by the surrounding gas (Parker 
1955a). But while the cooling may provide an equilibrium, that equilib- 
rium by itself is strongly unstable to the hydromagnetic exchange instabil- 
ity (Parker 1975d; Meyer et al. 1977) so that we would expect the sunspot 
to come apart in a matter of hours. In fact the sunspot comes apart slowly 
in the expected way at the end of its life after weeks or months. But why 
does it not do so in its formative stages? The sunspot flux tube is not 
rising, so far as one can tell. Only the small knots and pores that coalesce 
to form the spot seem to be rising. 

Then the cause of the cooling has yet to be demonstrated. Suitably 
copious generation of Alfven waves by the convective overstability of the 
field beneath the surface provides one theoretical possibility (Parker 
1974b; Boruta 1977). But it is necessary that nearly three-quarters of the 
heat flow be diverted into waves. Thus far there is no observational 
support for the Alfven waves that one might expect above the sunspot 
(Beckers 1976; Beckers and Schneeberger 1977). The fact that the strong 
magnetic field inhibits the turbulent heat transport (Biermann 1941) 
produces a cooling at the surface, but a buildup of heat below. By itself it 
does not produce cooling in a form which concentrates the field ($10.10). 
It may be a combination of high turbulent heat transport at depth 
beneath the sunspot, with a strongly reduced heat transport near the 
surface, that permits a net cooling and compression. But the dynamical 
formation of a sunspot has not yet been illustrated in any self-consistent 
way, so we have no basis for understanding it. Meyer et al. (1974) address 
themselves to the possibility of the dynamical stabilization of the long- 
lived unipolar spot by a convective flow set up by the continued presence 
of the sunspot. Perhaps some such convective dynamical effects operate 
earlier in the life of a sunspot. 

Concentrated bipolar active regions appear in all sizes, down to the 
little ephemeral! active regions (Harvey and Martin 1973; Harvey et al. 
1975) only 5-10 x 10° km across, with a mean life of about twelve hours. 
Evidently even such small flux tubes can maintain their coherence as 
portions of them rise up to the surface to produce a bipolar magnetic 
region, although the east west alignment of the raised portion of the 
small tubes (the ephemeral active regions) is lost. Some 500 or so 
ephemeral active regions are present on the surface of the sun at any one 
time. They frequently give rise to tiny flares, at the end of their brief lives. 
In particular the ephemeral active regions produce the x-ray bright points 
(Vaiana et al. 1973; Golub et al. 1974; Golub et al. 1977). The x-ray 
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bright points are produced by a steady input of energy to the enhanced 
coronal plasma over the region, presumably as a consequence of rapid 
reconnection {current sheets) in twisted flux tubes (Glencross 1975; 
Parker 1975b; see 89.7 and Chapter 15). The enhanced x-ray emission 
from the corona above the large bipolar regions is well known. 

Indeed the enhanced emission of x-ray, u.v., H,, and various coronal 
lines is the outstanding feature of the atmosphere above active regions 
both large and small. Superimposed on the steady enhanced emission is a 
frequent winking and sputtering of tiny points. At intervals larger areas 
may brighten and fade, sometimes appearing with explosive suddenness 
(in 107s) and lasting for some time thereafter (10° s or more). Occasional 
enormous explosive outbursts (up to 10°* erg over 2 X 10° s) are observed 
involving strong particle acceleration and the associated nonthermal 
radio, x-ray, y-ray, and ‘solar cosmic ray’ emission. All of these transient 
phenomena come under the heading of the solar flare, although it is clear 
from the observations that they differ in many features besides their 
magnitude. 

Traditionally the solar flare was observed in the enhanced H, emission, 
but the x-rays and e.u.v. are produced by the extreme temperatures in the 
core of the flare, so that they give a more intimate view of the source 
of the flare. The H, emission seems to be a peripheral effect, wherever 
the intense energy of the flare spills into the dense and relatively cool 
hydrogen of the lower chromosphere. One of the most remarkable 
features of the larger flares appearing in a given active region is the 
occasional similarity of the irregularities of the form in both space and 
time of successive flares (Waldmeier 1938; Ellison et al. 1960). The effect 
is best shown in the H, pictures, suggesting that the energy spills down the 
lines of force of the fixed magnetic pattern of the region at the time of 
each successive flare. 

The largest flares produce a blast that drives off a major portion of the 
corona overhead, appearing as a blast wave in the solar wind at the orbit 
of Earth (Parker 1963; Hundhausen 1972). Even the smallest seem to 
throw off eruptive loops of matter entrained in magnetic flux tubes. 
Indeed, it was the remarkable sequence of expanding loops from minor 
explosions on the sun that was one of the spectacular discoveries of 
Skylab (Brueckner 1976; Kahler et al. 1975; Cheng and Widing 1975; 
Widing 1975). Rust et al. (1975) have shown from coordinated studies of 
one flare in the x-ray and e.u.v. emission, together with the H, and 
magnetic pictures, that the eruptions of the flare originated in the vicinity 
of a very high temperature kernel on the activated filament. Although the 
flare developed only slowly and was classified as a 1B flare, they estimate 
the total energy to have been 10°' erg. Petrasso et al. (1975) report a 
rapid sequence of high-resolution x-ray pictures of a later flare, in which 
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the centre of the flare was clearly seen to be a tiny kernel, in the form of a 
ribbon about 3000 km wide, located at the brightest point of a loop 
structure over the active region (see also the earlier observations of 
Vaiana and Giacconi 1969; Krieger et al. 1970; Krieger et al. 1971; 
Neupert et al. 1974). The larger flares, then, appear to be an extraordi- 
nary energy release in a remarkably localized region on a pre-existing 
magnetic loop. 

Flares occur when loops of flux—i.e., portions of magnetic flux tubes— 
emerge through the surface of the sun into the established fields of active 
regions (cf. Priest and Heyvaerts 1974). The more complex is the mag- 
netic pattern of positive and negative polarities of the established fields and 
the energing loops, the more frequent and violent are the flares. In old, 
well stabilized regions the flares are usually only small sporadic bursts of 
energy here and there throughout the region, whereas in complex regions 
in the formative stages the colossal two-ribbon flare is likely to occur. 

Flares have been studied intently for half a century or more, with rapid 
progress in the past twenty. Present knowledge of solar flares of all kinds 
and sizes makes it clear that the flare is made up of many effects that 
appear in varying proportions from one flare to the next. Indeed the flare 
is sO complex that the extensive morphological studies have, for many 
years, merely broadened the bewildering array of observational facts on 
the variety of individual flares without providing a direct idea of the 
detailed inner working of the flare itself. It was known that the total 
energy output of the largest flares might be 210°? erg and that such 
flares always occur in the strong fields around and between sunspots 
(which might have a total field energy of 2 x 10°? erg above the surface of 
the sun). No source of energy besides the magnetic energy is adequate to 
supply the flare (Parker 1957a; Sweet 1969). Hence the energy of the 
flare may be presumed to be accumulated in the distortion of the 
magnetic field from the simple potential form B = —V 4 that represents the 
minimum energy for a given flux distribution at the surface of the sun. 
The sudden conversion of magnetic energy into accelerated particles and 
extraordinarily hot gases (3 x 10’ K) to make the flare is presumed to be 
through some form of rapid reconnection (See Chapter 15) enhanced and 
complicated by anomalous resistivity (caused by plasma turbulence), the 
resistive tearing mode instability, the hydromagnetic exchange instability, 
etc. The solar flare, and particularly the many tiny flares that continually 
wink in an evolving active region, represent the jerks and starts in the 
evolution of the complex topology of the twisted and distorted fiux tubes 
emerging through the surface of the sun to make the active region. It was 
pointed out in Chapter 9 that all the twists and cross-overs in a magnetic 
field propagate upward along the flux tubes to the most expanded 
portion, above the surface of the sun. As a consequence of the low gas 
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density and consequently large Alfven speed in the chromosphere and 
corona, it is possible for the intermittent readjustments to proceed 
rapidly, reducing the topology to simple form. Zirin (1972) and Sheeley et 
al. (1975) have remarked on how closely the observed magnetic connec- 
tions between sunspots etc. soon reduce to the potential form, however 
complicated may be the topological connections as the fields first emerge 
through the surface of the sun. 

With the challenge of observing solar flares and solar activity from 
spacecraft above the atmosphere of Earth, the art of high resolution x-ray 
and e.u.v. telescopic observations has been developed to where the time 
evolution of flares can be followed with a resolution of about 2000 km 
(Kahler et al. 1975; Cheng and Widing 1975; Thomas 1975; Brueckner 
1976; Vorpahl et al. 1976). At the same time, the ground-based instru- 
ments in visible and infrared (with a resolution of about 700 km) have 
been improved and coordinated to carry out simultaneous observations in 
several different wavelengths. The time evolution of a flare is studied in 
H,,, the calcium K line, etc. together with high resolution magnetograms 
and Dopplergrams to show the simultaneous behaviour of the magnetic 
field and the gas velocities (Dunn et al. 1974). This formidable combina- 
tion of instrumentation is presently brought to bear on the flare problem, 
with immediate results. The high resolution ground-based observations 
give a detailed picture of the fields and the gas densities, temperatures, 
and motions in the general flare region, while the e.u.v. and x-ray 
observations see the tiny intense kernels that are the site of the energy 
release, with temperatures of 10’-10" K. At the same time the acceler- 
ated particles escaping from the flare are studied in space, with careful 
separation of atomic number and masses. It has been shown, for instance, 
that some flares, of modest size in the periphery of active centres, 
accelerate He? in numbers exceeding the normal He*, and without 
detectable H? and H? (Anglin 1975; Hurford et al. 1975; Serlemitsos and 
Balasubrahmanyan 1975). 

Excellent reviews of the background in which flares occur, and of the 
general feature of the flare, may be found in the monographs by Smith 
and Smith (1963) and Tandberg—Hanssen (1967) (see also the review by 
Sweet 1969). An extensive but concise review of the extraordinarily 
complex and varied properties of the solar flares has been compiled and 
organized in a recent volume by Svestka (1976). Svestka provides not 
only a summary of the radio, optical, u.v., x-ray, y-ray, and particle 
observations up to 1975, but also a systematic review of the various 
hypothetical scenarios that have been proposed to account for the flare by 
field annihilation and infalling gas (see also the review volume edited by 
de Jager and Svestka 1976). The fact that an entire volume is required for 
a concise summary and discussion of flare observation and theory is 
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evidence of the enormous complexity of the flare phenomenon. It is clear 
that a flare is made up of a host of effects. The flare embodies the 
hydromagnetic effects expounded in Chapters 9, 14, and 15, and an array 
of plasma effects besides. The extensive theoretical studies to be found in 
the literature exhibit the rich variety of forms the effects may take in any 
one flare. A comprehensive theoretical treatment of the flare would be 
premature at the moment. It is to be hoped, however, that the rapid 
improvement and extension of observations to all frequencies of the 
electromagnetic spectrum, together with studies of the particle emission, 
may suitably define the flares so that a more concrete picture can be 
developed in the next few years. The solar flare is not only the most 
violent form of solar activity, with direct consequences in the space 
environment and upper atmospheres of the planets, but it is the pro- 
totype, evidently, of the enormous outbursts of the u.v. Ceti stars (Chap- 
ter 1) and perhaps of some of the outbursts in distant galaxies. Indeed, 
the magnetic flare is the ultimate manifestation of the activity of the 
magnetic field. 


21.5. Basic theoretical ideas on solar flares 


For all the complexity of the flare, there are, however, a few basic 
theoretical ideas that have grown up with the observations and which 
seem to be fundamental to the flare mechanism. As already noted, flaring 
occurs when loops of flux intrude from below the surface of the sun up 
into fields of magnetic regions already established. The more complex the 
topology of the established and the emerging fields, the more frequent 
and more violent the flares. Observations cited above show that the flare 
consists of rapid heating at some point near the top of the emerging 
loops, where they press most strongly into the fields above. The x-ray and 
e.u.v. observations show the thermal phase of the flare to consist of a 
growing kernel of intensely hot gas (3 x 10’ K) spreading along a magnetic 
loop from a point somewhere near the apex, and then jumping to 
neighbouring loops, like a brush fire spreading to the nearby bushes and 
trees. The non-thermal x-ray and microwave radio emissions, and the 
rapid brightening and widening of the H, emission line are first detected 
at about the time the high temperature kernel appears, increasing there- 
after with the passage of time. A concise review of the detailed progress of 
the flare may be found in Van Hoven (1976) and in Heyvaerts et al. 
(1977) (see also Rust and Bridges 1975; Rust 1976; Dere et al. 1977; and 
the very interesting description of the activity in flare loops by Jeffries and 
Orrall 1965). Svestka (1976) provides a review in depth. 

Now it was pointed out some years ago (Sweet 1964; Dungey 1964) 
that the high intensity and short life of the solar flare indicates that it is 
caused by a non-linear instability. In some way the distortion of the 
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magnetic field from a potential form builds up to a high level before the 
instability turns on (Barnes and Sturrock 1972). Once turned on, the 
instability proceeds rapidly to devour the distortion, reducing it to a level 
well below that which is necessary to initiate the instability. A linear 
effect cannot accomplish this. For if there were a linear dissipation effect, 
arising when the distortion of the field exceeds some threshold, then the 
rate of dissipation would simply keep the distortion limited to a level just 
a small amount above the threshold. Presumably rapid reconnection in 
the simple hydromagnetic form (Chapter 15) would, of itself, have this 
property, proceeding at some fraction of the Alfven speed in the distorted 
component of the field. The result is a steady release of magnetic energy, 
giving a general enhancement of the density and temperature of the gas, 
and of the thermal x-ray emission. It is some such effect that leads to the 
steady glow of the chromosphere and corona above an active region. But 
it cannot, so far as we can see, produce the transient explosive energy 
release that is the flare, where the clock spring is first wound up tight and 
then suddenly released so that a very large amount of energy is available 
in a short period of time. The field is left at a much lower energy level 
than that at which it began. In recognition of this requirement, and given 
that rapid reconnection goes on continually in the complex non- 
equilibrium topology above an evolving active region, it has been 
suggested that a flare occurs when somewhere the curl of the field in the 
neighbourhood of a neutral point becomes sufficiently large, where the 
gas is sufficiently tenuous, that the electron conduction velocity ap- 
proaches the ion sound speed. Several plasma instabilities may then arise, 
the first being the ion—acoustic mode. The growth of the 10n—acoustic 
mode proceeds rapidly and soon produces strong, non-linear plasma 
turbulence. The consequent scattering of the conduction electrons greatly 
enhances the effective resistivity. The enhanced resistivity hastens the 
rapid reconnection, causing a thickening of the region of dissipation. It 
may also give rise to the resistive tearing mode instability, greatly 
increasing the rate of dissipation and reconnection (Furth et al. 1963; 
Jaggi 1964; Coppi 1964; Sturrock 1968; Coppi and Friedland 1971; Van 
Hoven and Cross 1971, 1973; Rutherford 1973). 

Van Hoven (1976) has recently reviewed the enhancement of rapid 
reconnection in solar flares, comparing Petschek’s rapid reconnection and 
the consequences of the resistive tearing mode instability in the context of 
recent observations of flares and of laboratory experiments on neutral 
point reconnection. The point made is that the sequence of instabilities is 
triggered only after the field is strongly distorted. It is argued that, once 
initiated, the enhanced dissipation is self-sustaining, so that the distortion 
of the field is grossly reduced before the dissipation disappears. The 
scenario is not implausible, nor has it been firmly demonstrated. Indeed 
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the entire question of the development of the resistive tearing mode 
instability into its non-linear stages, and the associated large-scale recon- 
nection, is a very murky and difficult question. It has been studied 
extensively in connection with the Tokamak plasma confinement 
geometry, but much work remains to be done in connection with the solar 
flare. 

Heyvaerts et al. (1977) have proposed an interesting interpretation of 
the flare, based on a theoretical interpretation of the observed properties 
of the magnetic loops and the intense x-ray kernels that appear when the 
loops push upward into the established overhead field of an active region. 
They suggest, as have others before them, that when the current sheet 
involved in the neutral-point rapid reconnection is pushed by the rising 
loops to a sufficiently high altitude (generally somewhere in the upper 
chromosphere) thermal instability leads to runaway temperatures (Parker 
1953; Syrovatsky 1976; Heyvaerts and Priest 1976). The gas density 
becomes so small that the electron conduction speed approaches the ion 
sound speed, so that the ion—acoustic mode is suddenly and strongly 
excited, enhancing the resistivity (by a factor of the order of 10*, or 
more). The increased resistivity causes the current sheet to lengthen and 
thicken, the reconnection rate increasing by a factor of about four, and 
the electric field increasing to the point of producing runaway electrons. 
This gives rise, they suggest, to the impulsive and flash phases of the flare. 
The runaway particles are accelerated to high energies, and, upon stream- 
ing down along the magnetic lines of force, impact the dense gases in the 
low chromosphere to produce the classical H, flare. Those accelerated 
electrons which stream upward along the magnetic lines of force produce 
the type-II] radio bursts. They suggest that the flash phase ends, and the 
prolonged main phase of the solar flare begins, when the current sheet 
readjusts to a quasi-equilibrium state that is marginally unstable to plasma 
turbulence. In this state the enhanced resistivity and the associated 
enhanced width of the current sheet, are maintained in balance. The point 
is that the total current per unit length in the current sheet depends 
entirely on the change in field AB across the sheet. For a given field 
configuration, then, the current density, and the electron conduction 
velocity, are inversely proportional to the thickness of the current sheet. 
On the other hand, the thickness of the current sheet increases with the 
resistivity. If, then, the plasma turbulence declines, the current sheet 
narrows and the electron conduction velocity increases, thereby exciting 
more plasma turbulence, etc. It seems plausible that a more or less stable 
balance is struck, which persists until so much of the field is consumed 
that it is no longer possible to excite plasma turbulence. The main phase 
of the flare continues for some time, then, until ‘combustion’ falls below 
the critical level and the ‘fire’ goes out. 
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Heyvaerts et al. suggest that this scenario accounts for the small flares, 
up to perhaps 10°° erg. It does not provide for a very large flare, with 
nearly a thousand times as much energy. It is to account for the large 
flares that other authors have invoked the resistive tearing mode instabil- 
ity, which arises when the current sheet becomes sufficiently thin. On the 
other hand, Heyvaerts et al. suggest that the large flares are produced 
when the established field is very strongly twisted prior to the intrusion of 
the magnetic loops from below. This provides an entirely new ‘twist’ to 
the theory, for the role of the intruding fields is then simply a knife, 
cutting across the distorted lines of force of the established field so that 
the large energy of their twisting is released. The cutting involves but 
little energy in itself—only enough to make a small flare. It is the twang 
of the newly severed lines of force of the established field that makes the 
large flare. The observed field topology is sketched in Fig. 21.7 and has 
the general form of an athletic fieldhouse—a vaulted magnetic dome. 
Imagine some magnetic loops, then, emerging through the surface of the 
sun somewhere under the middle of the dome. The emerging loops are 
not aligned with the fields above, so there is rapid reconnection where 
they press against the overlying magnetic dome. The lines of the rising 
loops become connected to the lines forming the dome, thereby releasing 
the large excess energy of the lines of the dome. The rapid reconnection 
of the lines takes place up in the dome structure so that the accelerated 
particles escape downward along the lines of force of the dome to give a 
bright H, ribbon in the low chromosphere on each side. This is the origin, 
presumably, of the big two-ribbon H, flares. 

Spicer (1976, 1977) and Colgate (1977) have gone a step further, with 
the suggestion that a twisted rope of flux, of suitable dimension and field 


Fic. 21.7. A sketch of the strongly twisted field forming the magnetic dome structure in 
which two-ribbon H, flares occur. 
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strength, produces the solar flare by itself. Spicer argues that the resistive 
tearing mode instability is endemic throughout any region of strongly 
twisted field, so that the field is subject to rapid dissipation across its 
entire volume. The idea arises from the well known fact ($14.8) that the 
projection of the magnetic field B,(r) onto the plane perpendicular to 
B, (ro) has a neutral point at ro. In a twisted flux rope the neutral point in 
the projected field may be an x-type neutral point for nearly all ro. Hence 
Spicer argues that the entire flux rope is subject to the resistive tearing 
mode instability. The result is the destruction of the twisted component of 
the field. The dissipation may be increased by the enhanced resistivity of 
plasma turbulence excited by the heavy localized electric current densities 
flowing along the large-scale twisted field. 

Colgate (1977) has explored the idea further and finds a remarkable, 
and apparently natural, coincidence of the theoretical plasma temperatures 
and densities with those inferred from x-ray observations of real flares 
Using the comprehensive observations of the large flare of 4 August 1972, 
Colgate notes that the total energy release was of the order of 10°! erg 
over a region extending some 2x 10* km along the local magnetic field. 
Assuming that the flare arose in a flux tube with a diameter of 2 x 10° km, 
twisted to a pitch of the order of 7/4, the field strength must have been 
about 10°G in order to release 10*' erg. The duration of the flare was 
about 10°s. The current density along the twisted tube was j= 
2x 10fe.s.u. It follows from the induction eqn (4.2) that the dissipa- 
tion of a major part of the magnetic field B= 10°G in a time t=10°s 
across a radius r= 10° cm has an electric field of the order of E = Br/ct = 
1 Vcm™ associated with it. The total potential difference between the 
ends of the tube is then of the order of 10° V. The dissipation rate is 
Ej, = 10° erg cm™*s"'. Over the entire volume, of about 107° cm*, the 
power is 10% ergs"'= 10"! W, yielding 10°' erg in the 10°¢s life of the 
flare. Colgate works out the heating of the ambient plasma, including 
thermal conduction along the lines of force into the photosphere, and 
arrives at a temperature of 2x10’ K over most of the tube. The idea is 
that some 10° erg cm~? s7’ is converted to thermal energy, which escapes 
either as x.u.v. radiation or by conduction along the tube to the lower 
‘ends’ in the chromosphere and photosphere. Thermal conduction is 
proportional to T?, with the result that the temperature is nearly 
uniform along the tube, dropping abruptly at the ends. For a tube with 
uniform energy input extending in the x-direction with uniform cross- 
section, and a maximum temperature T,, at x=0, the temperature is 
described by T(x)=T,,(1—x°/L’)?. The temperature goes steeply to 
zero at the two ends. Pressure balance along the lines of force from the 
photosphere gives a pressure of 2N kT =6 Xx 10° dyncm”? along the tube, 
so that N.=10'*cm™*. These results are in good agreement with values 
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inferred from both the observed x-ray continuum and the observed x-ray 
line intensities (cf. the models of Shapiro and Moore 1977; Phillips and 
Zirker 1977: Dere et al. 1977). The gas pressure is small compared to the 
magnetic pressure B?/87=4010* dyncm™’, so that the field remains 
nearly force-free. The heat conducted downward along the lines of force 
into the low chromosphere produces the classical H, flare. Colgate goes 
on to argue that the hard non-thermal x-rays (5-100 keV) are a consequ- 
ence of runaway electrons in the field E in the current filaments pre- 
sumed to develop as the flare progresses (cf. Smith 1977). The electric 
field of 1Vcm™' is so much stronger than that required for runaway 
electrons that most of the electric current must be carried by an electron 
stream constrained mainly by the enhanced resistivity of the plasma 
turbulence which the current excites. 

Altogether the model has many unique attractive features, suggesting it 
is part of the flare phenomenon. It is to be hoped that further theoretical 
analysis and close comparison with the high resolution x-ray and x.u.v. 
studies of future flares from spacecraft will sharpen the picture and allow 
a more definitive statement of the many effects that contribute to the 
various flares occurring on the sun. Flares appear on so many different 
scales and in so many different forms that a variety of mechanisms must 
be involved. 

The variety of scenarios proposed for the solar flare is reviewed in 
concise form by Svestka (1976). The challenge presented by the solar 
flare to both the observer and the theoretician has played a major role in 
solar physics for a decade. The flare is the central figure in planning for 
the NASA Solar Maximum Mission for 1980 and 1981, and, has been a 
major concern to a variety of space missions in the past, such as the 
Orbiting Solar Observatories, the Skylabs, and a variety of Explorer and 
Discoverer spacecraft, the Interplanetary Monitoring Platforms, the Or- 
biting Geophysical Observatories and the Polar Orbiting Geophysical 
Observatories, to mention only a few. These latter spacecraft were 
designed to study the effects of energetic flare particles and the blast 
waves from flares on the magnetic field and upper atmosphere of Earth. 
They gave direct attention to the flare particles, and most of what we 
know of the flare acceleration mechanism comes from their observations 
of the energetic flare particles reaching the orbit of Earth. 

As a matter of fact, one of the most interesting and important dis- 
coveries of the spacecraft exploring the terrestrial magnetosphere is the 
general non-equilibrium and flare activity of the magnetosphere itself. It 
was known in the nineteenth century that the magnetosphere is active, 
but the theories that began to emerge in the late nineteenth and early 
twentieth centuries viewed the magnetosphere only as a passive structure 
that was shaken, and often penetrated, by the particles from the sun, 
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without playing an active role itself (see historical review by Dessler 
1967). ‘Thus, for instance, Stormer suggested early in the century (see 
Stormer 1955) that the aurora are produced directly by mono-energetic 
protons from the sun (with an energy of 10-10° MeV) which enter 
directly into the magnetosphere where they are deflected into the curved 
patterns so often assumed by the auroral curtains. His calculations of the 
auroral patterns based on his erroneous assumption show striking 
similarities to the many features of the aurora. The idea was nagged by 
the fact that protons, with the energies necessary to penetrate through the 
geomagnetic field to the auroral zone and lower latitudes, would penet- 
rate far more deeply into the atmosphere than the aurora. But the 
remarkable similarity of the theoretical and observed shapes was too 
seductive, so the idea held out for many decades after it might have been 
put to rest. 

The magnetic storm theory of Chapman and Ferraro (1931, 1933, 
1940) (see review in Chapman and Bartels 1940; Chapman 1964) viewed 
the distortion of the geomagnetic field as a consequence of the direct 
intrusion of solar plasma into the field. Dessler and Parker (1959) and 
Dessler et al. 1961) used the same point of departure in their proposal 
that the main phase of the storm is a consequence largely of 10 keV 
protons trapped in the geomagnetic field at a distance of 4-6 Earth’s 
radii. The existence of the particles and of a strong electron component 
has been verified now by direct detection (Frank 1967; Frank and Owens 
1970) of the magnetic storm protons. The amusing fact is, however, that 
the general observational study of the magnetosphere has shown no 
evidence that the storm particles are introduced directly from the sun. 
Most of the acceleration takes place within the magnetosphere. In par- 
ticular, the magnetic substorm phenomenon has much the character of a 
flare in the neutral sheet of the geomagnetic tail (Williams and Mead 
1969; Vasyliunas and Wolf 1973; Frank et al. 1976). The magnetospheric 
flare is invisible to observations from the ground because the gas density 
in the tail is so low that there is no significant electromagnetic radiation 
produced. But the fast particles generated in and around the neutral sheet 
in the geomagnetic tail produce a variety of low-frequency electromagne- 
tic plasma waves within the magnetosphere, a variety of fluctuations of 
the geomagnetic field itself, and the electromagnetic emission in the 
upper atmosphere that makes up the visible aurora. The hydromagnetic 
conditions in the magnetosphere are complicated by the fact of the 
non-conducting atmosphere at the foot of the magnetic lines of force. The 
magnetic lines of force are not prevented from convecting, and, indeed, 
the convection plays a fundamental role in the activity of the magnetos- 
phere (Axford and Hines 1961). The activity is more complex than the 
basic hydromagnetic theory in a uniformly highly conducting fluid, to 
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which the present volume is limited. The theory works more directly with 
the motions of the individual particles. The electric currents are channel- 
led along the magnetic lines of force so that the magnetosphere is a 
complex exercise in plasma physics rather than hydromagnetic theory. (cf. 
Akasofu and Chapman 1972; Kennel and Coronii 1975; Paulikas 1975; 
Fairfield 1976; Kivelson 1976; Stern 1977). 

The geomagnetic field, then, provides a second environment for the 
study of magnetic activity. The magnetic activity on the sun is visible to 
telescopic observation because of the strength of the fields and the high 
density of the gas. It is not subject to study by direct measurements with 
instruments placed inside the region of activity, for obvious reasons. The 
activity of the terrestrial magnetosphere, while invisible to telescopic 
observation, can be studied by instruments placed directly into the site of 
the activity. Hence the solar and terrestrial magnetic activity provide the 
physicist with complementary opportunities to study the magnetic flare 
phenomenon. The flare is the ultimate form of magnetic activity, occur- 
ring on planetary, stellar, and, evidently, galactic scales. It cannot be 
emphasized too strongly that the development of a solid understanding of 
the magnetic activity, occurring in so many forms in so many cir- 
cumstances in the astronomical universe, can be achieved only by coordi- 
nated study of the various forms of activity that are accessible to quantita- 
tive observation in the solar system. The sun, the solar wind, and the 
magnetosphere of Earth and of the other planets provide a variety of 
activities, each partially observable. The entire array of activity must be 
studied if we are to see the many faces of the magnetic activity of 
the sun and planets as an introduction to the study of the magnetic 
activity elsewhere (Kennel et al. 1978). 
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THE MAGNETIC FIELD OF THE GALAXY 


22.1. The gas-field-cosmic ray disc of the galaxy 


22.1.1. General properties 


THE magnetic field of the galaxy can be observed only through its 
integrated effects over long distances. Consequently its form and its 
activity cannot be studied in detail, as we are able to do with the magnetic 
field of Earth and other planets, and of the sun. But it is clear that the 
magnetic field of the galaxy is active, in its own way and in its own time. 
The stellar winds of the individual stars interact with their local galactic 
field (Parker 1960, 1963; Yu, 1974). Expanding supernova remnants 
interact strongly with the field to produce various radio spurs and active 
objects. On a grander scale the galactic magnetic field is active because it 
possesses no stable equilibrium. It is a participating dynamical constituent 
of the gaseous disc of the galaxy, contributing strongly to the in- 
homogeneity and activity of the disc. The interstellar gas is the visible 
component of the disc, of course, but the two invisible constituents—the 
magnetic field and the cosmic rays—are equal dynamical partners with 
the gas and drive the instability that prevents the system from reaching 
equilibrium. The interstellar gas and the cosmic ray gas are both tightly 
coupled to the magnetic field, forming a single active dynamical system 
(Parker 1957, 1958a, 1966b, 1967a,b 1969; see §13.4-13.9). 

Altogether, the gas—field—cosmic ray system is confined by the weight of 
the interstellar gas in the gravitational potential well of the galaxy. The 
weight of the gas is the only confining force. The gas is inflated by the 
magnetic field and the cosmic rays, whose pressures are balanced against 
the weight of the gas to determine the thickness of the gaseous disc 
(Parker 1966b). The whole system is dynamically unstable and vigorously 
disturbed by the active stars (Parker 1969). 

In the neighbourhood of the sun the scale height A of the gaseous disc 
is inferred from observations to be of the general order of 150-200 pc (cf. 
Baker and Burton 1975). The inferred scale height is consistent with 
present estimates of the mean gas density of 1-2 hydrogen atoms/cm? in 
the disc, a mean azimuthal field of about 3 x 107% G, and the cosmic ray 
pressure of 0-5 x 107'* dyn cm”? measured at the position of the sun. The 
simple local barometric equilibrium of the disc is strongly unstable 
(Parker 1966b, 1969) along the lines described in §§13.4, 13.7, and 13.8. 
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The magnetic field and cosmic rays are essentially weightless, so they are 
free to bulge upward wherever the system is suitably perturbed. The gas 
drains downward from the upward bulge of the lines of force, unloading 
the field and cosmic rays, and permitting them to bulge further. The 
accumulation of gas in the low places along the lines of force weighs 
those places down further. The characteristic growth time of the effect 1s 
comparable to the free-fall time (A/g}, or Alfven transit time A/V, over 
the scale height A. With V,=5kms ', the characteristic time is of the 
order of 3x 10’ years, or about 107’ of the rotation period of the galaxy, 
and perhaps 210 ° of the age of the galaxy. 

The galactic magnetic field is the central element in the dynamical 
instability of the disc. It is the means by which the cosmic rays are 
coupled into the system and it also contributes directly to the activity 
itself (see §$13.4 and 13.7) through magnetic buoyancy. It is frustrating 
that the gas-field—cosmic ray disc of the galaxy is so transparent that only 
the gross features can be observed. The system must be extremely active, 
yet we cannot directly see much of the activity. It is ironic that the sun is 
too opaque to see the activity of the fields beneath the surface, while the 
galaxy is too transparent. 


22.1.2. The interstellar gas 


The observations of the interstellar absorption lines in the spectra of 
distant stars show immediately the extreme inhomogeneity and violent 
agitation of the interstellar gas (Adams 1943, 1948; Greenstein 1946; 
Stromgren 1948; Heiles and Habing 1974). The strong clumping of the 
gas is a combination of thermal instability (Parker 1953; Zanstra 1955; 
Weymann 1960; Field 1969) and the mutual attraction caused by the 
aforementioned interaction of the gas with the galactic magnetic and 
gravitational fields (Parker 1966b, 1967a). The thermal instability causes 
the gas to prefer either a hot (T > 10° K) or a cold (T= 10* K) phase, so 
that the pressure compresses the cold phase to densities sometimes as high 
as 10-10? hydrogen atoms/cm? to form the dense interstellar clouds, 
while the hot phase expands, dropping the density below 0-1cm™~ 
(Greenstein 1946; Stromgren 1948). The interaction of the gas with the 
galactic gravitational and magnetic fields causes a strong mutual attrac- 
tion. Formally it can be shown (Parker 1967a) that the mutual attraction 
of two gas clouds, suspended on the horizontal lines of force of the 
galactic magnetic field B in the gravitational field g perpendicular to the 
plane of the disc, is stronger than their mutual gravitational attraction by 
the factor g*/GB*. The factor is equal to 15 for the typical values 
g=3x10°cms~ (at a distance of 150 pc from the central plane) and 
B=3x10°G. The point is that the gas is suspended on the magnetic 
lines of force, so that it collects into clumps which sag downward in the 
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field as sketched in Fig. 13.3. It is downhill in the gravitational accelera- 
tion g of the galactic disc into each clump, so that the effective self- 
attraction of the gas is much stronger than self-gravitation except in the 
most massive or concentrated clouds whose local gravitational fields are as 
large as that of the galaxy. 

Appenzeller (1971) has shown the striking resemblance of the magnetic 
field configuration in the a~Persei cluster to the expected configuration 
around a massive gas cloud, with the lines of force arching up on either 
side, as sketched in Fig. 13.3, and helping to support the weight of the gas 
cloud (see also the recent detailed study of Markkanen 1977). 

This hybrid magneto-gravitational interaction (see §13.8) is largely 
responsible for the collection of the interstellar gas into the giant cloud 
complexes and H, regions at irregular intervals of 1 kpc (Parker 1966b; 
Mouschovias 1974; Shu 1974; Mouschovias et al. 1974; Asseo, et al. 1978). 
Mouschovias (1976) (See also Mouschovias and Spitzer 1976) has treated 
the equilibrium of individual, strongly concentrated gas clouds under 
self-gravitation when the condensation has become extreme. 

The violent agitation of the gas is evidently a consequence of supernova 
explosions (including the possibility of the explosive production of cosmic 
rays) and the explosive formation and lighting up of massive luminous 
stars (Oort and Spitzer, 1955; Savedoff 1956; Khan and Dyson 1965; 
Kaplan 1966; Münch 1968; Pikelner 1968; Spitzer 1968; Parker 1968b; 
see review in Field 1970). The total input of such mechanical energy to 
the turbulence of the interstellar gas is estimated to be of the order of 
0-5 107? ergg ‘s` '. For a mean hydrogen density of 1 atom/cm’ this is 
0-8x10°°° ergcm ?s ', comparable to the energy input of cosmic rays 
on the basis of the short 3 x 10° year life hypothesis. Hence, the combina- 
tion of the mechanical effects of the birth and death of the massive stars 
(i.e. the creation of new O, B, and A stars, and their expiration as 
supernovae) seems to be adequate to account for the observed turbul- 
ence. 

On the other hand, the thermodynamic state of the gas, and the heat 
balance that maintains that thermodynamic state, are not at all clear at 
the present time. Based on optical absorption and emission lines of 
atomic hydrogen, calcium, and sodium, the traditional interpretation was 
that the interstellar gas exists in a cold and a hot phase—the interstellar 
clouds and the hot intercloud medium (see the excellent reviews by 
Kaplan 1966; Spitzer 1968; Münch 1968; Pikelner 1968). The intercloud 
medium, at a temperature of the order of 10°-10* K, is assumed to be in 
approximate pressure balance with the cold dense clouds at 10° K and 10 
atoms cm * and in radiative heat balance with the ambient starlight (cf. 
Savedoff and Spitzer 1950; Spitzer 1954; Savedoff 1956). 

Radio measurements of the 21cm line of atomic hydrogen seem to 
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confirm this picture. The observations of the profiles of the 21cm 
absorption and emission lines are interpreted as requiring a general 
background of hot (10°-10*K), tenuous (0-1-0-7 atoms cm™*), and 
largely neutral (1-20 per cent ionization) hydrogen (Kerr 1968; Hughes et 
al. 1971; Radhakrishnan et al. 1972; Baker and Burton 1975; Dickey et 
al. 1977). The cold dense clouds are to be found here and there, 
embedded in the hot background plasma. The existence of molecular 
hydrogen as an important component of the cold dense clouds was 
suggested on theoretical grounds (Salpeter and Gould 1963; Salpeter et 
al. 1963) but could not be observed because its principal absorption lines 
lie in the ultraviolet. More recently the extensive observations of the u.v. 
spectra of early-type stars by the Copernicus satellite have provided a 
general view of the interstellar absorption of molecular hydrogen, with 
the mean densities of 0-9 hydrogen atoms/cm? and 0-14 hydrogen 
molecules/em* over the volume of space within 500 pe of the sun. 

As so often happens when a new field of observation is opened up, the 
u.v. observations showed a surprising result, viz, widespread absorption 
lines of O VI, suggesting the widespread occurrence of a superhot plasma. 
The mean density of the superhot plasma is deduced to be very low 
(0-003 atoms/cm?) and the temperature ranges from 310° to 7x 10° K 
(Jenkins and Meloy 1974; York 1974, 1977), suggesting an approximate 
pressure balance with the cool clouds and with many of the Hy emission 
regions. What is more, Williamson et al. (1964) discovered a background 
of soft x-rays that is more or less what would be expected from just such a 
superhot plasma. McKee and Ostriker (1977) suggest that the superhot 
gas is produced by the eruption of supernovae. The u.v. observations fail 
to detect any evidence for the traditional hot phase (10°—10* K) with its 
many neutral atoms, leading Spitzer and Jenkins (1975) to suggest that 
there may be only the superhot component, above 10° K. On their 
interpretation, the hot gas (10* K), such as it is, would be limited to the 
coronas, or transition regions, surrounding cold clouds. 

On the other hand Castor et al. (1977, 1978) suggest that the O VI lines 
arise in the circumstellar shells of the very hot and luminous stars that the 
Copernicus spacecraft has been directed to observe. It should be noted, 
too, that the evidence for O VI involves observations of stars In many cases 
far above the gaseous disc of the galaxy in the halo region (cf. Shull 1977; 
Shull and York 1977; York 1977) so it is not clear that the results, based 
on the integrated effects along the line of sight to the stars, pertain to the 
gas in the disc. Gas clouds are known to exist in the halo, well above the 
gasous disc (Münch and Zirin 1961; Cohen 1974) where the hot 
intercloud component may be quite different from what it is in the disc. 
Recent optical observations of sodium lines in the disc provide evidence 
for a hot phase in the range of 10°-10*K (Hobbs 1976b) in some 
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directions from the sun, but not in others. Hence a final verdict on the 
relative importance of the hot phase and the super hot phase is difficult 
(Hobbs 1978). It is not impossible that the sodium lines are produced in 
circumstellar regions. 

One of the fundamental difficulties in interpreting the observations is 
the lack of a basic theory for the heating of the interstellar gas. It was 
suggested by Hayakawa et al. (1961) that the heating may be accom- 
plished by an abundance of low energy cosmic rays (below 107 MeV per 
nucleon) which ionize the gas through which they are passing. The 
existence of such low energy cosmic rays cannot be tested by direct 
observation in the inner solar system because they are excluded by the 
outward sweep of the solar wind (cf. Parker 1963). The theory was 
developed at length by Field et al. (1969) and predicted a hot phase at 
several thousand K. Hobbs (1974, 1976a) has shown, however, with 
observations of the resonant absorption lines K I, that the number of 
free electrons and the ionization rate are so small as to exclude a 
significant contribution to the heating by either cosmic rays or a soft x-ray 
background (Shull et al. 1977). O’Donnell and Watson (1974) employed 
a complex analysis of the chemical reaction involved in the formation of 
HD and arrived at a similar conclusion. 

Fortunately the interaction of the interstellar gas with the galactic 
magnetic field depends in large part only on the existence of the gas, its 
mean density (1-2 H atoms/cm’), and the dimensions (107—10° pc) and 
velocities (10 kms~') of the dominant inhomogeneities, which are readily 
available from observations (cf. Heiles and Habing 1974). Hence, in spite 
of the many questions concerning the remarkable state of the gas, it is 
possible to describe its large-scale dynamical instability, as was done in 
§§13.4, 13.7, and 13.8, and its regenerative effects on the field, described 
in §19.3.3. 


22.1.3 The cosmic rays 


Any attempt to work out the basic dynamical state of the gas and 
magnetic field comes face to face with the question of the origin of cosmic 
rays. The energy density U of the cosmic rays at the position of the solar 
system is about 1leVcm™°=1:6x10 "ergem™* (Ginzburg and 
Syrovatsky 1964; Parker 1968c). The pressure P exerted by the cosmic 
rays is P=3U (for an extreme relativistic gas), or about 0-5 
10~'* dyn cm™’. Evidently the sources of cosmic rays—whatever they may 
be—in the gaseous disc raise the pressure of the cosmic rays until the 
cosmic rays are able to push their way out of the field and escape from 
the galaxy (Parker 1966b, 1969; Jokipii and Parker 1969), there being no 
other effective means of escape (see examples of escaping magnetic field 
in §13.7). Hence we expect P to be of the same general order as B?/8 7, 
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suggesting that B is of the order of 3-5 x 10°° G. But we will come back 
to this question later. The rate at which cosmic rays inflate the magnetic 
field determines in large degree the overall activity of the field in the disc, 
beyond the dynamical instability treated in §§13.4, 13.7, and 13.8. 
Unfortunately the basic sources, and their rate of production of cosmic 
rays, are as poorly known for the cosmic rays as for the interstellar gas. 
Some estimates of the rate of production of cosmic rays are as high as 
2x107 ergcm™*s"* throughout the disc of the galaxy, based on an 
inferred cosmic ray life of t= 310° years before pushing their way out 
of the magnetic field of the disc. If this estimate is correct, then the 
cosmic rays are one of the principal sources of energy that drive the 
dynamical motions of the disc (Parker 1958a, 1969). Their total produc- 
tion rate over the volume of the gaseous disc would be 10*°-10*' ergs’. 
A significant fraction of the total energy (10*7-10 ergs *) expended by 
supernovae would go into cosmic rays, if indeed the supernova is their 
source. Such rapid production of cosmic rays inflates the upward bulges of 
the galactic magnetic field at a speed A/t=50 kms™'. The upward bulge 
would be pushed outward from both faces of the disc at a lively rate 
(Parker 1965, 1969; see Figs 13.3 and 13.5). On this basis we would 
expect an active layer of magnetic field and cosmic ray bubbles extending 
outward from the disc. It may be some such halo of magnetic bulges, 
inflated with cosmic rays, that gives the broad distribution of non-thermal 
radio emission extending outward a distance of the order of 1 kpc from 
either side of the disc of the galaxy (cf. Badwar and Stephens 1977; 
Badwar et al. 1977; Stecker and Jones 1977). It may also be such an 
effect that produces the thin radio halo observed around some other 
galaxies (Ekers and Sancisi 1977; Allen et al. 1977). 

In the opposite extreme, Peters and Westergaard (1977) have argued 
that the observed properties of cosmic rays can be explained just as well 
on the assumption that there is no escape of cosmic rays from the galactic 
disc, 1.e., no progressive inflation of the field, with the effective life 7 
more like 10° years. The requirements for the production of cosmic rays 
are greatly reduced, obviously, and the cosmic rays produce no active 
radio halo extending outward from the two surfaces of the gaseous disc. 
The only outward bulges of field would be those produced by the 
magnetic and cosmic ray instability developed in §$13.4, 13.7, and 13.8. 
There would be no additional rapid inflation by cosmic rays. 

A middle course may be had from the conventional interpretation of 
the H*, He*, Li, Be, and B nuclei among the cosmic rays as fragments 
knocked off heavier cosmic ray nuclei, mainly C, N, and O. The relative 
abundances of the fragments and the heavier nuclei indicate that the 
heavier nuclei have passed through about 5 gcm * of hydrogen in order 
to suffer the necessary fragmentation (Silberberg 1966; Shapiro and 
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Silberberg 1970; Garcia~Munoz et al. 1975b). Thus if the heavy nuclei 
move with a velocity w through the interstellar hydrogen with a mean 
number density N, the necessary path length is (3 x 107*/N) cm, traversed 
in a time 10'*(c/w)/Ns. The canonical value for the mean interstellar gas 
density in the disc of the galaxy, N = 1/cm?, combined with w =c, yields 
3x10° years. However, the mean interstellar gas density in the local 
neighbourhood of the sun, where we measure the fragmentation, is of the 
order of 107! atoms cm~? (Münch and Unsdéld 1962: Bertaux and Blam- 
ont 1971; Thomas and Krassa 1971) or less (Savage et al. 1977). Hence, 
if the cosmic rays spend most of their life within a kpc (in the azimuthal 
direction) of the sun, the estimated cosmic ray life is 3 10’ years. 

Now a direct determination of the age of the cosmic ray particles is 
theoretically possible from the abundance of the unstable isotope Be!’ 
among the cosmic rays (Hayakawa et al. 1958). The Be?’ is unstable with 
a half life of 1-5 x 10° years, decaying into B+’. The recent observations of 
Garcia—~Munoz et al. (1975a, 1977) find the ratio Be!°/Be® to be so low 
compared to the ratio produced by the fragmentation of C, N, O as to 
require an age of 1:5 x 10” years or more (see also Jokipii 1976). Thus, if 
the passage through matter during that life is limited to 5 gcm™*, the 
mean density of the gas traversed by the cosmic rays is not more than 0-2 
hydrogen atoms cm™*. This may reflect the low mean density in the solar 
neighbourhood, or it may reflect a large portion of the life spent in 
magnetic bubbles extending out from the gaseous disc. 

It is clear, then, that the cosmic ray picture is less than clear. The 
cosmic rays may, or may not, inflate the galactic field at a high rate 
(~50 km s~') to produce an active halo of a kpc in thickness on each side 
of the disc (see, for instance, the empirical model of Badwar and Stephens 
1977). It may, or may not, be that supernovae are the principal sources of 
cosmic rays (Ginzburg and Syrovatsky 1964). If supernovae are the 
principal source, it remains to be shown how the cosmic rays can be 
accelerated with efficiencies as high as a few per cent and then deftly 
injected into the gaseous disc of the galaxy without being decelerated 
again in the expanding supernova shell or blasting their way out of the 
disc altogether. Cosmic rays are extremely mobile, but their bulk stream- 
ing is limited to a few times the local Alfven speed (computed for the 
ionized component of the thermal gas) by their interaction with the short 
wavelength Alfven waves excited by their passage (Lerche 1966, 1967b; 
Wentzel 1968, 1974; Tademaru 1969; Kulsrud and Pearce 1969: Lee 
1972). The kinetic properties of cosmic rays are simple (Parker 1966a:; 
Lerche and Parker 1966) only if their collective interaction with 
the background plasma (Lerche 1976a, c, 1969; Wentzel, 1974) is ignored. 

The fascinating properties of the galactic cosmic ray gas are beyond the 
scope of this work (see reviews by Ginzburg and Syrovatsky 1964; Parker 
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1968c, 1969; Lerche 1969; Daniel and Stephens 1975). Some of their 
dynamical effects were noted in §13.8, where they contribute to the 
general support of the interstellar gas, and to the dynamical instability, 
much as does the magnetic field of the galaxy. It is the global properties 
of the cosmic rays that most concern us here. 

It is not possible at the present time, then, to state how active the 
cosmic ray component of the gaseous disc of the galaxy 1s. It is known 
that the pressure of the cosmic ray gas has, generally, over the last 10° 
years, been near its present value at the position of the sun (see review in 
Parker 1968c). Recent gamma ray observations (Fichtel et al. 1975; 
Bignami et al. 1975; Stecker et al. 1975) show the extension of the cosmic 
rays throughout the gaseous disc’. The continued existence and broad 
extent of the cosmic rays in the gaseous disc are sufficient to establish that 
they contribute to the support and the dynamical instability of the 
gaseous disc, even when they are not sufficient to determine the rate of 
inflation of the upward bulges of magnetic field (see §§13.4 and 13.8). 


22.1.4. The galactic magnetic field 


Consider, then, the magnetic field of the galaxy. Fermi (1949, 1954) 
was the first to propose that the disc of the galaxy contains a general 
large-scale magnetic field. The basis for the proposal was the existence of 
cosmic rays, with individual energies typically 1-100 GeV per nucleon. It 
is not possible to confine such energetic particles to the solar system, say 
with a dipole field at the sun, nor is it an attractive idea to suppose that 
the entire expanding universe is maintained full of cosmic rays. The only 
hypothesis anywhere between these two extremes is that the cosmic rays 
are confined to the galaxy by a galactic magnetic field. Fermi suggested 
field strengths of the general order of 10~°-10~° G as being adequate but 
not extravagant. 

In the same year Hiltner (1949) and Hall (1949) discovered the 
systematic polarization of the light of distant stars. The degree of polari- 
zation increased with the degree of reddening of the light by passage 
through interstellar dust (Hiltner 1949, 1951, 1956) indicating that the 
polarization is caused by the selective scattering from aligned grains. The 
polarization was found to be strong and aligned more or less along the 
plane of the Milky Way for stars lying in the general direction of the 
galactic centre (I! = 325°, 1" = 0) or anti-centre (I= 145°, I" = 180°). Fig- 
ure 22.1 shows a sample of Hiltner’s data (reproduced from Hiltner 
1956), looking in the anti-centre direction. The lines in the figure indicate 


‘It is to be hoped that before long measurements of the local anisotropy of the 
cosmic rays will give an indication of the local bulk streaming velocity, providing 
an indication of the direction to the local sources of cosmic rays and an indication 
of their strength. 
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Fic. 22.1. Plane of polarization of stars in low galactic longitude in the general direction of 
the anti-centre (I'= 145°) of the galaxy (reproduced from Hiltner 1956). The length of the 
lines indicates the degree of polarization and the direction indicates the orientation of the 
electric vector of the polarized component. 


the plane of vibration of the electric vector. In contrast to the situation 
when looking in the radial direction, the plane of polarization of the light 
from stars lying in the azimuthal directions (I! = 55°, 235°, 1I" = 90°, 270°) 
is scattered, with almost random orientation. Figure 22.2 shows a sample 
of Hiltner’s data (reproduced from Hiltner 1956), looking in the 
azimuthal direction (I'= 55°, 1"=90°). As a matter of fact, the greatest 
confusion arises in the general range I’ = 350°—45°, so that the direction is 
only poorly defined, presumably as a consequence of local fluctuations. 
The difficulty is our restriction to observations only of the local neigh- 
bourhood of the sun. A broader view is needed for an unambiguous 
determination of the field configuration. Segalovitz et al. (1976) and Tosa 
and Fujimoto (1978) have looked at the Faraday rotation measure of the 
radio emission and the plane of polarization of the optical emission from 
sources in the spiral arms of M51. Their assumption that the total number 
of electrons in the line of sight is independent of whether the line of sight 
intersects an arm or an interarm region leads them to the conclusion that 
the field lies along the arms. They suggest that the field is primordial, but 
the dynamical instability of the field and the rapid escape would seem to 
exclude this possibility. So the question remains open. Coming back, 
then, to the polarization of starlight in our own galaxy, we would expect 
to find a nearly random orientation of the plane of polarization when 
looking parallel to the local field (in the local azimuthal direction). Figure 
22.2 shows the effect very nicely. 

The fluctuation of the plane of polarization from one star to the next 
indicates local variations AB, in the field. The polarization, of course, 
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Fic. 22.2. Plane of polarization of stars in low galactic longitude in the azimuthal direction 
(i= 55°) (reproduced from Hiltner 1956). 


averages the many local fluctuations along the line of sight, so that the 
local values of AB/B are larger than the fluctuations in the directions of 
polarization to be seen in Fig. 22.1. If these fluctuations are considered to 
be largely the deflections of the mean field B by the disordered motions v 
of the interstellar gas of density p, then v = AB/(47p)’ (see §7.3). On this 
basis Davis (1951) pointed out that for AB =0-2 B, p = 10 ” g cm”? (6 H- 
atom cm™°) and v =20 kms”, the field must be of the general order of 
B=10"G. Repeating the calculation later with the better values p = 2 x 
10°*4 g cm™° and v=5kms ' available from observations of the 21 cm 
line, Chandrasekhar and Fermi (1953) and Pikelner (1956) suggested 
B=7%X10°° G. Parker (1951) pointed out that the fine curved dust stria- 
tions in the Pleiades can be understood only if the individual grains are 
tied to magnetic lines of force of a general field. Otherwise the striatiqns 
would be smeared by the interstellar winds there. If the charge on each 
grain is one electron, a field not less than 2-310~°G is required to 
preserve the observed striations (see development in parker 1958b). 
Spitzer and Tukey (1951) worked out the alignment of ferromagnetic 
dust grains in a large-scale magnetic field, while Davis and Greenstein 
(1951) did the same for spinning paramagnetic grains. It become clear 
that the observed polarization of starlight is, indeed, a manifestation of 
the general field of the galaxy, but that the strength of the field cannot be 
determined from quantitative measurements of the degree of polarization 
unless the precise shape and composition of the grains are known. (See 
additional references and review in van de Hulst 1967; Davis and Berge 
1968). Since that time Greenberg (1968) and Purcell (1969a,b, 197°) (see 
also Purcell and Spitzer 1971; Purcell and Pennypacker 1973; Purcell and 
Shapiro 1977) have gone into the physics of the interstellar dust grain, the 
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thermal and photoelectric effects that spin the grains, the alignment of 
spinning grains in a magnetic field, and the scattering of radiation by 
aligned grains. The work has shown that the field strength can be 
determined if the composition and structure of the grains are precisely 
specified, but that there is no general quantitative statement that can be 
made at the present time. 

The direction, if not the strength of the galactic field, is provided by the 
orientation of the polarization, as already noted. Hiltner’s observations 
(Hiltner 1951, 1956) show that the field is generally in the azimuthal 
direction around the gaseous disc of the galaxy, with large local fluctua- 
tions. Analysis of the fluctuations AB (Jokipii and Lerche 1969; Jokipii et 
al. 1969; Appenzeller 1969) show that AB = B and that the fluctuations 
in the field have a characteristic scale of about 10° pc. This is entirely 
compatible with the observed motions of the interstellar gas if B is a few 
uG, as noted above. 

Turning to other effects of the galactic magnetic field, the background 
non-thermal radio emission from the disc of the galaxy is believed to be 
the result of synchrotron emission from supernova remnants and from the 
electrons among the cosmic rays in the general galactic field (Ginzburg 
and Syrovatski 1964; see review by Davis and Berge 1968). Models based 
on the electron intensities presently observed at the position of the solar 
system, and based on the assumption that all the radio emission is from 
cosmic ray electrons in the galactic magnetic field, require a general field 
of the galaxy as strong as 5-6 x 10°°G across a disc with characteristic 
thickness of 2 kpc (Badwar and Stephens 1977). 

The Faraday rotation measure of the radio emission from extragalactic 
sources provides a direct value for the integral of the product of the 
electron density N, and the component of the magnetic field along the 
line of sight, [dS.B N, (see discussion in Davis and Berge 1968). If one 
knows N. and its correlation with B along the line of sight, then the 
Faraday rotation measure gives the mean value of the field in the line of 
sight. Unfortunately N, is not well known, although recent high resolu- 
tion observations of the weak resonant line of potassium by Hobbs 
(1974, 1978) have permitted a direct determination of the mean electron 
density in certain clouds. Using conventional numbers for the electron 
density Gardner et al. (1969) and Gardner and Whiteoak (1969) suggest 
fields of the order of 3x10°°G (see review by Heiles 1976), The 
dispersion measure obtained for several pulsars gives the columnar elec- 
tron density f ds N.. Assuming that both N, and B are uniform along the 
line of sight, Manchester (1972, 1974) has combined the dispersion. and. 
rotation measures for a number of pulsars and comes up with 2-3 x 
10~° G for the mean galactic magnetic field within about 1 kpc of the sun. ` 
The mean field density derived from the Faraday rotation measure on the 


806 THE MAGNETIC FIELD OF THE GALAXY 


assumption of a uniform distribution along the line of sight would be too 
low if the field and electron distributions were strongly non-uniform and 
anti-correlated for some reason, and too large if non-uniform and corre- 
lated (note the complications pointed out by Elmergreen 1975). 

The number 3 x 107° G seems not unreasonable, in that it is compatible 
with the observed cosmic ray pressure, for which it yields P= B?/87, and 
it is compatible with the observed scale height in the gaseous disc of the 
galaxy. This point merits brief elaboration because it is often overlooked 
in speculation on the strength of the galactic magnetic field in connection 
with the non-thermal radio emission. Fields stronger than 3 x 107% G over 
scale heights in excess of 200 pc are required if the non-thermal radio 
emission is to be the result of a cosmic ray electron density throughout 
the disc that is no more than that presently observed at the position of the 
solar system. A field of 10x 10~° G would be adequate, or a scale height 
of 1 kpc, or some compromise combination. But 3x 107° G and 200 pe 
are not adequate. Hence it is sometimes suggested that the field is 
10x 10°° G. However, a field of 10 uG has too large a pressure to be 
confined to 200 pe by the weight of the observed interstellar gas of 1 
atom cm`™°. The field strength, the gas density, and the scale height are 
not independent quantities and cannot be assigned arbitrary values with- 
out attention to the consequences (see discussion in §§13.4 and 13.8). 
The scale height is 


A=(pu? + B7/87 + P)/p(g)= (1+ at B)u’(g) (22.1) 


where a and £B are the ratios of the magnetic and cosmic ray pressures to 
the gas pressure pu’, and where (g) is the mean value of the gravitational 
acceleration over the scale height ((g)~ 210 °cms * for A of the order 
of 200 pc, with <g)xA for both larger and smaller A) (Oort 1959; 
Hill 1960). The conventional numbers B=3x10°°G (B?/87= 
0-4x 107! dynem™’), P=0-5x10'dynem’*, p=1-6x 107 gem? 
(1 H-atom cm™*), and u=7km yield a dynamical pressure pu” =0-4 x 
10 + dyncm~?. Hence a = B=1 and A=7x10°° cm= 200 pe, in agree- 
ment with the observational estimates (cf. Baker and Burton 1975). 
However, if we put B=10x10°°G, then a = 10, (g)=4x107", and we 
deduce the scale height to be 500 pc, rather larger than the conventional 
value of 150-200 pc inferred from observations. 

Various adjustments and compromises in the numbers are possible, but 
it is not clear which way to turn. Badwar and Stephens (1977) provide a 
self-consistent compromise, combining a field strength of 5-6 x10 ° G 
with the first scale height above the central plane of the disc equal to 
400 pc, and a broad ‘upper atmosphere’ above (for which A = 1 kpc). The 
non-thermal radio emission then follows from the cosmic ray electron 
density observed at the position of the sun. It cannot be ruled out, 
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however, that old supernova remnants may contribute a major fraction of 
the galactic non-thermal radio background, so that there is no need to 
assume fields in excess of 3 or 4 uG over scale heights in excess of 200 pc 
(Parker 1968c). The possibility of a general superhot component of the 
interstellar gas (for which u = 10° kms ') further complicates the picture. 

It should be remembered, of course, that the simple relation A= 
(1 +a +ß)u?/g applies to a horizontal magnetic field in an isothermal gas 
whereas the galactic field is composed of magnetic arches bulging upward 
between regions of dense interstellar gas, and the gas consists of a cool, a 
hot, and a superhot phase. The simple relation for the scale height is 
imprecise in the real world. The definition of the mean scale height is 
complicated (cf. Parker 1969) and any general inference from the obser- 
vations from our single location in the galactic disc becomes problemati- 
cal. So far the question has not received either the theoretical or the 
observational attention that it deserves. 

Altogether, then, the galactic magnetic field is an extensive, strong, and 
active magnetic field. The activity is inferred from the theoretical dynami- 
cal instability and non-equilibrium ($§13.4, 13.7, and 13.8). The dynami- 
cal instability and the general turbulent state of the interstellar gas permit 
the field to escape from the gaseous disc in characteristic times of the 
order of 10° years. The existence of the galactic field in this late epoch in 
time suggests, then, that the gaseous disc continually generates more field 
to make up for the continual loss. 


22.2. Generation of the galactic magnetic field 


22.2.1. Energy requirements 


Consider the means by which magnetic field is generated in the gaseous 
disc of the galaxy. The basic facts are discussed in the foregoing section 
and may be summarized as follows. The gaseous disc of the galaxy 
contains a general azimuthal field with a mean strength of 3-4 x 107° G in 
the neighbourhood of the sun, based on Faraday rotation measures, and 
on dispersion measures and other estimates of the mean electron density. 
This value for the mean field is consistent with the estimated scale height 
of 200 pe for the gaseous disc and the mean density of 1-2 hydrogen 
atom cm ° inferred from radio, optical, and ultraviolet observations of the 
interstellar gas. The field is subject to large fluctuations AB, comparable 
in magnitude to the mean field itself. Hence the field direction fluctuates 
locally by +1 rad. The scale of the fluctuations is estimated to be of the 
order of 10° pc. The fluctuations are expected from the fact that the r.m.s. 
turbulent velocities in the interstellar gas are of the order of v= 
10kms`', so that in any one dimension u = v/3:=6kms"! and ipu? is 
comparable to B?/&7. 
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It is believed, from the theory of the hydromagnetic dynamo, that the 
azimuthal field of the galaxy is accompanied by a meridional or poloidal 
field. Unfortunately there seems to be little prospect for observing the 
poloidal component of the field. In contrast to the circumstances for all 
other astronomical bodies, we observe the galactic magnetic field from 
deep inside the dynamo. The observations are swamped with the local 
fluctuations of the dominant azimuthal field. The situation is the reverse 
of that for planets where the inner workings of the dynamo are hidden 
from view and only the poloidal field penetrates out through the surface 
to be observed. The best that we can hope is to estimate the poloidal field 
of the galaxy by applying the dynamo theory to the observed azimuthal 
field (see §22.2.3). 

Now the characteristic decay time of the mean field in a disc of 
thickness 2h is t=h*/4y. The dominant diffusion effect in the galaxy is 
turbulent diffusion, given by (17.89) as n = nr =0-2vL. Hence if 7 is the 
characteristic eddy time 7 = L/v, it follows that the decay time is 


t= 1:25r(h/L)’. 


If the thickness h is 400 pc (scale height of 200 pc) while L = 100 pc, then 
t = 20+. For interstellar turbulent velocities of the order of v = 10 kms‘, 
it follows that the characteristic eddy life is something of the order of 
t+=3x10'4s=10’ years so that the characteristic decay time for the 
galactic field is t= 2 10° years. This number is very uncertain, of course, 
because the interstellar gas is so extremely inhomogeneous that the 
simple mixing length concepts, on which this estimate ts based, may need 
some modification. For instance, the coefficient 0-2 in (17.89) is obtained 
from numerical experiments with homogeneous fluids. Is it the appro- 
priate value for anything so lumpy as the interstellar gas? Perhaps more 
important is the neglect of the magnetic buoyancy and dynamical instabil- 
ity of the galactic magnetic field, for which the characteristic growth time 
is closer to 10’ years. We suggest that 10° years represents the order of 
magnitude of the decay time of the galactic field. The important fact is 
that the decay time is small compared to the 10'°-year age of the galaxy, 
so that we are obliged to conclude that the present-day galactic field is 
not primordial but is maintained by some form of dynamo activity in the 
gaseous disc. 

The energy density of a field of 3x 1076 G is 0-4x10°“ erg em”. If 
the characteristic decay time is 10° years, the dissipation rate is 1-3 x 
10°-7* erg cm™*. This is to be compared to the estimated input of mechani- 
cal energy to the interstellar turbulence of 80x 10 ** ergcm *, mentioned 
in §22.1.2. As a matter of fact, the azimuthal field is produced from 
the poloidal component of the galactic magnetic field by the differential 
rotation of the gaseous disc, so it is more meaningful perhaps to compare 
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the dissipation rate with the rotational energy. At the position of the solar 
system the rotational velocity is 250 km s`! (corresponding to a radius of 
10 kpc and a rotation period of 2-5 x 10° years, 0 107'* rads~'). Hence 
the kinetic energy density of the rotation is 3x 10° ergg '. For a mean 
interstellar gas density of 1 H-atomcm™ this is 5x 107'° erg cm °. The 


galaxy consumes 0:4 10°'° ergcm™*, or about one-tenth of the rota- 


tional energy. It is of course the differential rotation wdQ/dm that is 
consumed in the generation of the azimuthal field, rather than the total 
rotation. It would appear, then, that the galactic magnetic field may have 
introduced some significant readjustment of the radial distribution of the 
gas in the disc, by distances of the general order of a kpc, over the life of 
the galaxy. 

It 1s important in this connection to note that a galactic magnetic field 
greatly in excess of 3X 10°°G has important long-term effects on the 
galactic disc. The 10x10 °G, sometimes postulated to account for the 
non-thermal radio emission (see discussion in §22.1), has an energy 
density ten times larger. For a given dissipation time t, then, the dissipa- 
tion rate is ten times larger, amounting to 13 10°** ergcm™*s_' in the 
present epoch. The accumulated effect of this over a period of 10!° years 
is the enormous energy of 4x 10°'° ergcm™*, comparable to the rota- 
tional energy of the gaseous disc. If fields as strong as 10 uG are an 
actuality, then their evolutionary effect on the gaseous disc has been 
profound. The effect on the observed scale height of the gaseous disc 
would also be profound (as noted in §22.1), suggesting a serious readjust- 
ment of the mean gas density and scale height inferred from observation. 
Hence, once again, we come back to 3x10 °G as the best available 
estimate, attributing much of the galactic non-thermal radio noise to old 
supernova remnants, etc. 


22.2.2. Slab models 


The simple slab model of the galactic magnetic field was worked out in 
§19.3.3 to illustrate the basic dynamo properties of the gaseous disc of 
the galaxy. The example was chosen with the dynamo coefficient IT an odd 
function of distance z from the central plane of the disc. In fact [ was 
chosen to have a fixed value +I, from z =0 to +h, and -Fo in -h <z < 
0, with [=0 in the region z7> h? outside. The direction of positive z is 
defined such that a right-handed screw with the rotation of the galaxy 
moves in the direction of positive z, i.e. viewed from the positive z-axis, 
the galaxy rotates counter-clockwise. It follows that the galactic rotation 
Q is positive, and, choosing the x-coordinate to represent the local radial 
direction, we have ôQ/ðw = 0Q/dx <0. The resulting azimuthal field B, 
for the lowest mode (see (19.188)-(19.190)) is then an even or an odd 
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function of z, depending upon whether the dynamo coefficient Tẹ is 
positive or negative, so that the dynamo number Kh =(GT,oh*/n2)° is 
negative or positive. On the assumption that a rising cell of gas is 
expanding, and therefore rotating less rapidly than its surroundings, To is 
positive, Kh is negative, and the azimuthal field is an even function of z, 
in the lowest mode. This is in contrast to the lowest modes of the planets 
and of the sun, where the azimuthal field is an odd function of distance 
from the equatorial plane. The accumulated observational information 
indicates that the mean field, for all the local fiuctuations, is an even 
function of z and does not reverse sign across the mid-plane. Hence the 
idea of a cyclonic dynamo in the galactic disc leads to the right qualitative 
features. 

The dynamo number is given by (19.186) to be Kh =—1-86 for the 
lowest mode with k,h« 1. Equation (19.191) gives an order of magnitude 
estimate of Kh based on elementary dynamical considerations. With 
h = 400 pc for the half-thickness of the gaseous disc and L = 100 pe for 
the characteristic scale of the turbulent eddies within the disc, we ob- 
tained the estimate Kh =—1-8. Hence the estimated Kh is equal to the 
value needed to produce the lowest mode. It is curious that the dynamo 
numbers estimated on simple dynamical considerations for the cores of 
planets are so much larger than the eigenvalues for the observed station- 
ary dipole modes, whereas for the sun and the galaxy the elementary 
dynamical estimates are much closer to the calculated eigenvalues. It 
suggests that the motions in planetary cores are greatly restricted in some 
magnetogeostrophic balance, already noted in §20.3. Thus in planetary 
cores the Reynolds stress żpv° is generally small compared to the Maxwell 
stress B;/87, whereas in the sun and the galaxy pv? is comparable to 
B3/87. 

Now, to come back to the question of the poloidal field of the galaxy, 
note from (19.188)—(19.190) that for k,h<«< 1 the principal poloidal field 
is the radial component B,. The ratio of the amplitude of B, to the 
amplitude of the azimuthal field B, is, in order of magnitude, 


B,/B, =nK?/G =(I2/nG)}. 


With the same expressions for l, G, and y as were used in the develop- 
ment of (19.191), it follows that 


B. . a 
B, ~ GOTY 
=0-1 
for Qr =0-24. Thus the radial component of the galactic field is only 
about one-tenth of the azimuthal field. There is no prospect for observing 
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it, so far as we can see. It is buried in the noise inside the dynamo where 
we observe the fields. 

The generation of the weak poloidal field from the azimuthal field is 
illustrated in Fig. 19.9, the azimuthal field then being generated by the 
very strong shearing of the weak poloidal field B, extending radially 
across the differential rotation of the disc. 

It was pointed out in §19.3.2 that the galactic dynamo possesses 
oscillatory, as well as stationary, states. The calculations show, however, 
that the lowest self-sustaining, oscillatory mode for negative Kh arises for 
Kh=—3-1 (Np=30). This is substantially larger than the Kh= 
~—1-8(Np =6) for the stationary mode and substantially larger than the 
simple estimates of the dynamo number from elementary dynamical 
considerations. Hence, the evidence is that the galactic field is stationary, 
rather than periodic. If oscillatory, the period would be 10° years, so the 
oscillation is not directly observable. 


22.2.3. Spheroidal models 


The gaseous disc of the galaxy is extremely thin compared to the radius 
a, with h/a ~ 0-04. Hence the illustrative model based on a slab of infinite 
breadth and width captures the basic physics. The distant edges of the 
galaxy cannot possibly have much effect on the local state of the field 
unless we imagine some critical situation where the weight of a hair might 
somehow be sufficient to tip the balance. Nonetheless it is clear that the 
slab model cannot give any clear idea of the distribution of field across 
the disc because the disc is, in fact, defined by its edges. Therefore, 
several authors have recently taken up the more difficult problem of 
solving the dynamo equations for axi-symmetric fields in an oblate 
spheroid. An oblate spheroid, well flattened, should capture the basic 
physics of the edge effects, and so provide an illustration of the location 
and distribution of the field across the disc. 

Stix (1975) developed the first such model, using the standard oblate 
spheriodal coordinates 


w =al -n PAE F, 
Z = ané. 


The surfaces ¿= constant are oblate spheroids with semi-major axis 
R=a(1+€), the distance a being the radial distance to the focus. The 
spheroids become smaller, with increasing eccentricity, with decreasing £, 
shrinking to a thin disc (z = 0), of radius a as € —> 0. On that disc we have 
w =all-n’} or y=(1—w?/a*), which is a useful approximation for 
many purposes in a highly flattened spheroid. The spheroids become less 
eccentric as € increases, with r° = w°+z°=a7é* and n =cos 8 as E> œ. 


812 THE MAGNETIC FIELD OF THE GALAXY 


The surfaces 7 = constant are hyperboloids of revolution. As 7 —> 0 the 
hyperboloids fold in from both sides against the z=0 plane, the two 
leaves (z S0) becoming a single sheet outside w =a. As n — +1 the 
hyperboloid shrinks onto the z-axis (cf. Morse and Feshbach 1953). 

Stix assumes a vacuum outside the spheroid ¿= é, so that the toroidal 
field is identically zero and the poloidal field has a potential form, 
vanishing at infinity. Within the spheroid the diffusion coefficient is finite 
and uniform, and the dynamo coefficient and differential rotation are 
non-vanishing so that the region is a dynamo. The field is continuous 
across the boundary £= č. Stix uses the form a,z/b for the dynamo 
coefficient [, where a, is a constant and b is the semi-minor axis of the 
spheroid é», so that b = a&). Thus I passes linearly through zero across 
the central plane of the spheroid and is a maximum at the surface. For the 
non-uniform rotation stix writes G = w dQ/dw = w,w"/R*, so that the 
shear vanishes on the axis of the region and increases quadratically with 
radius w to the maximum value w, at the outer rim. 

The dynamo equations are solved by expanding the fields in terms of 
Pi(m), the integration over € then being done numerically. The eigen- 
values are worked out for the lowest modes for positive and negative 
dynamo numbers, for a variety of eccentricities. The solutions show B, 
an odd function of z for positive dynamo number and an even function 
for negative dynamo number, of course. Stix defines the dynamo number 
as 


P = aow R`? /n? 
= (aowob?/ n ARIbY. 


In order to compare this with the numerical results of the slab model, we 
write it in terms of the mean values of the dynamo coefficient I and the 
shear G. The simple linear mean of F is 4a, and the linear mean of G is 
two. For the slab model, where F and G are uniform, and hence represent 
the mean values, we wrote Np =I Gh°/n?. Based on the average values 
for Stix’s model, then, we would write N,,={a wob*/y*, as nearly as the 
two geometries can be compared. To proceed with Stix’s results, the 
strongly flattened case b/R = 1/30 yields P=+1-73x 10’ for the lowest 
stationary mode? for which B, is an odd function of z. It follows that 
Np = +107 and Kh = 4-7. This is to be compared with Kh = +3-02 for the 
slab model. The lowest stationary mode for which B, is an even function 
of z occurs for P=-2-80x 10°. It follows that Np=-—17-1 and Kh= 
—2-6. 


“It was pointed out by White (1977) that a factor of R/b is missing from the 
values of P tabulated by Stix. Hence the value of P quoted here is 30 times the 
value in Table 1 of Stix (1975). 
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Quite recently Soward (1978) has worked out the asymptotic expres- 
sion for the dynamo number for Stix’s model in the limit of a flattened 
oblate spheroid (b/R — 0). For the stationary even mode he obtained 


P ~ —84-8(R/b)*{1 + 1-64(b/R)i+ O(b/R9} 


Hence for b/R = 1/30, the result is P=—99-2, N,=—16-S5, and Kh= 
~2:54, in agreement with result Kh =-—2-6 obtained earlier by Stix. 
These numbers are to be compared with Kh = —1-86 for the slab model. 
Altogether, then, it is apparent that the dynamo number depends upon 
the distribution of the cyclonic turbulence and shear, as we would expect, 
but the dependence is not critical. The same general values for the 
dynamo number are obtained for several distributions. 

The most important aspect of Stix’s calculations is their illustration of 
the distribution of field throughout the disc. We are interested in negative 
dynamo number and B, an even function of z, appropriate to the galaxy. 
Stix plots the lines of force of the poloidal field and the distribution of the 
azimuthal field for the spheroid b/R =2/15. The plots show that the 
poloidal field is a flattened linear quadrupole, with the radial component 
changing sign across the central plane of the spheroid. The radial compo- 
nent is the principal component of the poloidal field because of the highly 
flattened geometry. Both the radial field and the azimuthal field are weak 
over the inner third of the radius of the spheroid, because the shear is so 
small there. They are both confined largely to the outer two-thirds of the 
spheroid, falling to zero in the vicinity of the rim at w= R. 

Stix (1975) worked out the oscillatory modes and, for b/R=1/15, 
found P =-—1:21x10” for the lowest mode in which B, is an even 
function of z. This corresponds to Ny =—6 10° and Kh =~—18-2. The 
dynamo number necessary to produce the oscillatory mode is again larger 
than the dynamo number N, = —6 estimated in §19.3.3.1 from elemen- 
tary dynamical considerations on the gaseous disc of the galaxy. It seems 
doubtful, therefore, that the field of the galaxy is oscillatory rather than 
stationary. 

More recently White (1978) has worked out the behaviour of a dynamo 
inside the spheroidal region € = é, with vacuum outside, for the dynamo 
coefficient l of the form ayn. Thus, in a highly flattened disc (&)« 1) the 
dynamo coefficient in the upper half (z >0) of the spheroid is 


T=a){1—(w/ay}, 


so that F is a maximum at the center (w =0) and declines to zero at the 
outer rim. In the lower half the same form is used but with a negative sign 
in front (because ņ is negative in z<Q). He supposes that G= 
w dO/d@ = ww/a, so that the shear increases linearly, rather than quad- 
ratically, with radial distance. For negative dynamo number, so that B, is 
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an even function of z, White finds that the lowest stationary mode is 
maintained for a dynamo number P = —4 x 10° when b/R = 1/15. This is 
the same value obtained by Stix. White gives extensive plots of the fields. 

White takes up the question of the oscillatory dynamo, showing the 
field configuration at intervals of ¿m throughout the cycle. He goes on to 
explore the effects of the distribution of the dynamo coefficient I’ across 
the disc. In particular he employs the continuous distribution I = 1-5686 
œo exp(—|z/b|)sin(az/b) where the numerical factor is chosen so that œo 
represents the maximum value of I, at z/b = 47. Following Jepps (1975), 
White has also experimented with a non-linear cut-off, in which the 
dynamo coefficient is diminished by the factor {1+(B,/Bo)*} as the field 
increases. The effect is to give stationary fields for any dynamo number P 
in excess of the eigenvalue for the stationary state when the dynamo 
coefficient is not suppressed. Examples are worked out to illustrate the 
consequences of a periodic variation of the diffusion coefficient with 
radius w, to simulate the spiral structure of the galaxy. An illustrative 
model is constructed based on the observed galactic rotation curve 
instead of the idealized form G œ œ. The result is a modest improvement 
in efficiency, as indicated by the calculated eigenvalue P for the lowest 
stationary mode. 

It was pointed out by Parker (1971) (see remarks in §19.3.3.1) that the 
generation of the galactic magnetic field, along the lines illustrated in Fig. 
19.9, requires the escape of the reverse flux generated near the surface of 
the disc or slab. It was shown that an impenetrable boundary at z = +h, 
which chokes off the escape, blocks the mode for B, an even function of 
z. The dynamo does not function because reverse radial field formed 
immediately inside the upper and lower surfaces is confined to the disc 
and cannot escape. Hence the total radial flux, including the main radial 
field near the central plane, is zero. The differentia] rotation shears the 
radial field, then, producing an azimuthal field with vanishing net flux. 
There may be some higher order mode produced, or an oscillatory mode, 
if the dynamo number is large enough. But the lowest stationary even 
mode cannot function. Its existence requires that the reverse field near 
the surface be allowed to escape so that only the radial field near the 
central plane remains, with a non-vanishing radial flux. 

An illustrative example was worked out, too, in which the medium 
outside was constrained to have the same shear G and the same diffusion 
coefficient ny as inside the slab, but the dynamo coefficient was zero 
outside. The calculations show an increase in the dynamo number neces- 
sary to maintain the lowest stationary state for which Bẹ is an even 
function of z (negative dynamo number). On the other hand, White 
(1977) works out an example for the spheroidal model in which the gas 
outside the spheroid is constrained to be motionless and has the same 
diffusion coefficient as inside. He found a modest reduction in the dynamo 
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number for the lowest stationary even mode. This result is puzzling. It 
may be that there is some initial gain in partial closing of the surface of 
the galactic disc to the escape of field. The losses to the azimuthal field, 
which is the principal component, are reduced and this may help so long 
as some of the reversed radial] field can still get out. Ultimately, when 
nr—> 0 outside, the generation of the lowest even mode is halted. 

It must be remembered, of course, that the purpose of these models is 
to explore the physical principles of the galactic dynamo, because, in fact, 
the external gas is so tenuous that no matter how high its conductivity and 
how low its effective diffusion coefficient ny, it cannot block the dynami- 
cal escape of magnetic field from the disc of the galaxy. So for construct- 
ing illustrative models of the galaxy itself, one puts y,= outside, 
equivalent to a vacuum. 


22.3. Summary 


Altogether, with the simple slab model and the several numerical 
examples provided by Stix and White for highly flattened oblate spheroi- 
dal regions, the basic physical principles of the operation of the kinemati- 
cal dynamo in the gaseous disc of the galaxy are fairly well illustrated. It 
seems that we know how the thing works, along the lines sketched in Fig. 
19.9. The outstanding questions now are two-fold. On the observational 
side there is difficult work yet to be done to determine in more detail, and 
with more confidence, the general form and strength of the field in the 
disc. The observational picture of the interstellar gas, that comprises the 
dynamo, still leaves many basic aspects of the motions but poorly defined. 
The difficulty is that the observational information is limited to signal 
strength as a function of radial velocity at each point in the sky (cf. Heiles 
and Habing 1974), whereas it would be most illuminating to see the total 
velocity and the gas density as a function of radial distance. It is not 
obvious how this can be accomplished, there being no way to determine 
the radial distance to an element of gas responsible for the absorption at a 
particular frequency in the radio signal received from a distant source. 

On the theoretical side, there remains, of course, the problem posed by 
the dynamics of a turbulent gas with an embedded field whose Maxwell 
stresses are comparable to the Reynolds stresses of the fluid motions. This 
is the general theoretical problem now for all dynamos, in planets, stars, 
and galaxies. The problem is easiest in the planetary core where the fluid 
density is uniform and the Mach number so low that sound waves are 
unimportant. The problem is more difficult in the convective zone of a 
star, because of the high Reynolds number and the extreme variation of 
the density from top to bottom. The most difficult problem of all is that of 
the gaseous disc of the galaxy, where there is a strong variation of the 
density, a Mach number of the order of unity, and a hot and a cold phase. 

The activity of the galactic field is an obscure subject. In view of the 
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dynamical instability of a magnetic field confined to a gaseous disc by the 
weight of the gas, we can say only that the field is intrinsically active on a 
large scale, over times of 107-10* years (88.7; Chapters 13, 14, and 15). 
The field is active on a small scale because of the activity of the internal 
stars, such as supernovae. Unfortunately we cannot see the large-scale 
features of the field with any clarity, nor does the transient human 
journey through time permit us to follow the temporal changes of the 
features. Many of the peculiar galaxies to be seen at great distance in the 
universe represent the extreme cases of magnetic activity (see review 
edited by Setti 1976). In the extreme cases the magnetic activity is driven 
by some colossal energy source, such as gravitational collapse, within the 
galaxy, with evidence from the high material velocities and intense 
synchrotron emission that there is magnetic field strongly inflated with 
relativistic particles, i.e, cosmic rays. Unfortunately, these fascinating 
objects are so remote as to make it difficult to discern their internal 
machinations. 
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MAGNETIC FIELDS AND MAGNETIC 
ACTIVITY 


Ir was remarked in the opening chapter that the magnetic field appears 
wherever there is a rotating astronomical body with an internal energy 
source. Even the slight radioactivity, internal chemical inhomogeneity, or 
differential precession in a slowly rotating planet is sufficient to generate a 
magnetic field. Stars, of course, have an energy source so vast that their 
production of field is, in most cases, but a minor diversion in their main 
business of illuminating the space around them. It is the thermal energy 
of stars combined with galactic rotation that produces the magnetic field in 
the gaseous disc of the galaxy, and it is presumed to be stars in their final 
convulsions that inflate that field with cosmic rays. 

The hydromagnetic theory of large-scale fields in conducting fluids 
provides a comprehensive picture of the origin and the active non- 
equilibrium of the magnetic fields. The magnetic fields are spontaneously 
amplified within the body and grow to considerable strength before 
escaping into space. It is their departure through the surface into space 
that produces the suprathermal pyrotechnic effects that sputter and flare 
in sO many astronomical bodies. On the other hand, while the general 
properties of the origin and activity of magnetic fields may now be in 
hand, there remain a variety of associated problems that are still very 
much unsolved. For instance, the dynamics of the internal circulation and 
convection of the sun, the formation of sunspots, the nature of coronal 
heating, the structure and activity of the galactic field, the acceleration of 
fast particles, the origin of cosmic rays, and many of the complex plasma 
effects of solar activity and planetary magnetospheres, to name only a 
few, are still in a preliminary state of development. 

It was pointed out in the introductory chapter that the magnetic field 
plays an unusual role in astronomy, in many respects like a viable 
organism—indeed, an infectious organism—in a well defined ecological 
niche in the mechanical and electrodynamical operation of the astronomi- 
cal body. From this point of view the magnetic field is an exceedingly 
simple organism, whose spontaneous creation is assured by the thermal 
battery effects in any rotating body. The growth and continued existence 
of the field is described in terms of the fluid motion by the lincar 
electromagnetic equations. The spontaneous generation of field can be 
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demonstrated from the theory under the most austere and idealized 
conditions. None of the complex circumstances and special environment 
necessary for the spontaneous development of biological life forms are 
needed. Magnetic fields thrive almost everywhere in the universe, whereas 
there is no evidence, either theoretical or observational, for the common 
occurrence of biological life. Biology is restricted by its loosely bound 
complexity to the occasional cool planet with just the right temperature 
and atmosphere. Thus, the ubiquitous magnetic field exhibits no progres- 
sive evolution, whereas biological organisms evolve through an endless 
sequence of individual forms, each with their own novel and peculiar 
aspects. Indeed, in some special cases their evolutionary survival reflexes 
have developed to such a degree that they detect, record, and contemp- 
late each other, although where that particular evolutionary quirk will 
lead remains to be seen. But if biological forms are notable for their 
complexity, the magnetic forms are notable for their grand displays over 
astronomical dimensions. The impact of magnetic forms on their environ- 
ment far exceeds the impact of biological forms. Magnetic forms produce 
activity and violence in the otherwise serene thermal degradation of the 
cosmic landscape. Nuclear and gravitational forces are the basic sources 
of energy and sometimes produce explosive events, but, without resident 
magnetic fields, the explosions would be limited to shock waves and 
thermal radiation. It is the magnetic fields that produce the suprathermal 
effects and the relativistic particles, and consequently the enhanced radio, 
visible, u.v., x-ray, and y-ray emissions that are so conspicuous in even 
the gentlest circumstances. Even the lethargic sun is roused to explosive 
suprathermal events by the magnetic fields spawned beneath its surface. 

The magnetic field is created from the convection and turbulence 
within each rotating astronomical body. The mechanics of the turbulence 
in the rotating frame of the body produces the cyclonic properties 
essential for the generation of magnetic field. The magnetic field rotates 
with the body while being generated and amplified. The field appears 
deep within the body, in the material manifestation of a slight density 
reduction. The reduced density is buoyant and rises out of the interior to 
the surface, carrying its magnetic field with it. In passing through the 
surface into the tenuous atmosphere above, the partial density reductions 
become extreme. The internal stresses of the field dominate, producing 
non-equilibrium and rapid reconnection. Dissipation through rapid recon- 
nection, escape, and expansion into space is the ultimate fate of most of 
the magnetic flux that is generated in stars and galaxies, providing the 
remarkable activity that appears in so many forms to the astronomical 
observer (cf. Setti, 1976). 

Planetary fields have a somewhat less spectacular hisfory. They are 
essentially non-buoyant and extend out through the surface only as a 
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consequence of resistive, and perhaps turbulent, diffusion. Their ultimate 
fate is an intrinsic part of their diffusion. The massive fluid in which they 
are created and anchored inhibits any more spectacular route to oblivion. 
The vigorous and complex activity of the field above the surface of the 
planet is driven by the solar wind, itself a product of activity of the sun. 
Jupiter rotates fast enough to contribute additional activity. 

The supernova remnants, radio galaxies, quasars, and x-ray sources are 
dependent upon their magnetic fields for their extreme suprathermal 
activity. The cosmic rays and radio halos of galaxies are but another 
manifestation of magnetic fields. The chromosphere, corona, and solar 
wind, are largely a consequence of the magnetic flux extending up from 
the interior of the sun. The quiescent prominence, the sunspot, the 
spicule, the flare, the surge, the eruptive prominences and arches, the 
radio bursts, and the solar cosmic rays, are all the death rattle of the 
magnetic fields from the cyclonic motions beneath the surface of the sun. 
The activity of magnetic fields is evident on all scales from planets to 
galaxies. 

Indeed, the suggestion has been made that there is a large-scale 
extra-galactic magnetic field, perhaps of cosmological extent (Sofue ef al. 
1968: Kawabata et al. 1969; Reinhardt and Thiel 1970; Fujimoto et al. 
1971; Reinhardt 1971). The suggestion is based on the global asymmetry 
in the Faraday rotation measures of extra-galactic radio sources, that 
would be explained by a homogeneous field of about 10 ° G extending 
from [™= 280°, bu =+30° to [=~ 100°, b™ = —30°. The energy density of 
such a field is small compared to the rest energy of the matter and the 
universal 3° black-body radiation, so it is not obvious that it has any 
profound implications for cosmology (see Doroshkevich 1965; Zeldovich 
1965, 1969; Zeldovich and Novikov 1967). If it is assumed that the field 
is expanding isotropically with the universe as a whole, then the magnetic 
energy density declines in proportion to the four-thirds power of the 
density of matter, the same as the radiation field. It follows that, if the 
magnetic energy density is small compared to the energy density of the 
background thermal radiation at the present time, then it has always 
been, and always will be, small compared to the radiation. The origin of a 
weak cosmological field, if indeed there is such a field, may be presumed 
to lie in the very early stages of the universe. We are aware of no dynamo 
effect to be expected in a primordial fireball. The question lies outside the 
scope of the present work. 

One of the most remarkable realizations of the last decade ts the fact, 
noted in §21.1, that the conditions at the surface of Earth, which so 
critically affect the biological forms of the planet, are strongly influenced 
by the activity of the sun. There are now identified, from the C™ 
production rate over the last seven thousand years, ten different centurtes 
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in which activity was largely absent from the sun and eight centuries in 
which the activity was enormously enhanced above present-day levels 
(Eddy 1977). The historical information, as well as the geophysical 
evidence, show that the climate in the northern temperate zone was cold, 
with the advance of glaciers and ice sheets, in those ten different centuries 
when the magnetic activity of the sun was absent, while the climate was 
warm, with the retreat of glaciers, etc. in those eight separate centuries 
when the magnetic activity of the sun was extraordinarily high. The 
correspondence is one to one, with no exceptions, over the period of 
7000 years for which information is available (see also the short-term 
variations pointed out by King 1975 and Wilcox 1975). The historical 
records show the economic hardship and political unrest in the most 
recent (15th and 17th) centuries of low activity and cold climate (cf. 
McNeill 1976). 

The cause of the climate effect is not known, but there are several 
possibilities. For instance the u.v. and x-rays (Smith and Gottlieb 1974), 
the solar wind, and the solar cosmic rays vary greatly with the coming and 
going of magnetic activity at the sun (Parker 1963; Hundhausen 1972; 
Akasofu and Chapman 1972; Williams 1976). It is these hard radiations, 
and the associated polar cap absorption, ionospheric disturbances, au- 
rorae, and magnetic storms and substorms that control conditions in the 
upper atmosphere of our planet (Ratcliffe 1960, 1970; Chapman 1964; 
Davies 1965; Hines et al. 1965; Akasofu and Chapman 1972; Williams 
1976). The assertion of the upper atmosphere upon the dynamics of the 
troposphere has remained in doubt for many years, but it now appears 
that a close coupling exists (Bates 1977). The north-south heat transport 
by the ultra-long wavelength motions in the troposphere is strongly 
enhanced by heating of the stratosphere. 

There is another possibility for the relation of climate and solar activity, 
too, in the fact that the coming and going of magnetic field at the sun 
implies changes in the convection and circulation that produce the fields. 
It is also the convection and circulation that deliver the heat to the 
surface of the sun. Is it possible, then, to alter the circulation so much as 
to destroy or enhance the appearance of magnetic fields at the surface of 
the sun without altering the luminosity of the sun by some small amount, 
say One per cent? 

Whatever the connection between solar activity and terrestrial climate, 
it is difficult to avoid the fact that the historical records of climate, and the 
geological indicators of climate, have kept in step with the general level of 
solar activity for 18 strides at irregular intervals of time. A simple 
coincidence of two unrelated phenomena is too improbable to consider. It 
appears, then, that magnetic activity has a longer arm and a heavier hand 
than anyone could have imagined. 
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Page references indicate first appearance of symbol. 


a 


b 


half thickness of column of field, 161; of slab, 444; vector 
potential of x- and y-components of magnetic field, 365; radius, 
448; semi-major axis of spheroid, 812. 

vector potential, 551. 

cross-sectional area of flux tube, 124; vector potential for x- and 
y-components of magnetic field, 65; correlation function, 525; 
dimensionless growth rate, 637. 

vector potential, 39. 

one component of the Euler potential (a, B), 36; constant in 
Newton’s law of cooling, 147; free parameter, 154, 321; dimen- 
sionless function of time, 236; ratio of magnetic to gas pressure, 
326; angle between standing Alfven wave front and x-axis, 413; 


function of position along magnetic line of force, 475; 27,p, 


494; dy/dt, 496. 
semi-minor axis of spheroid, 812. 


ber,,(x), bei,(x) real and imaginary parts of J,(i?x), 448 


magnetic field, 167; Fourier transform of B, 484; non- 
axisymmetric part of magnetic field, 600. 

magnitude of magnetic field, |B|, 23; correlation function, 525. 
magnetic field, 17; axisymmetric part of magnetic field, 600. 
magnetic field in moving frame of the fluid, 17. 

one component of the Euler potential (a, B), 36; dimensionless 
parameter, 322; ratio of cosmic ray pressure to gas pressure, 
353; initial angle of inclination of lines of force to x-axis, 413; 
exponent, 419. 

speed of light, 17. 

correlation function, 527. 

aerodynamic drag coefficient, 142. 

relativistic factor, (1 — w/c’) *, 50; ratio of specific heats, 114; 
Euler’s constant, 0.577, 144; final inclination of lines of force, 
414; contraction of Yi; 495; dimensionless dissipation, 621. 
Lagrangian correlation function, 495. 

dimensionless constant, 89; gamma function, 140; dynamo 
coefficient, 551, 580, 619. 

diffusion coefficient for scalar field, 529; differential operator, 
620. 
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electric charge density, 22. 

Kronecker delta, 51. 

charge on electron, 47. 

standard error function, 302. 

electric field, 17. 

electric field in moving frame of the fluid, 17; in frame of 
particle, 23. 

permutation tensor, 39. 

generating function for magnetic field in twisted flux tube, 167; 
barometric factor, 241. 

representing 0x,/dz, 288. 

elliptic integral of the first kind, 190; generating function for 
magnetic field in twisted flux tube, 168; Lagrangian correlation 
function, 576. 


F.(m;n;x) confluent hypergeometric function, 410. 


force per unit volume exerted on fluid, 51, 312. 

force per unit volume exerted on fluid, 56. 

buoyant force per unit length of flux tube, 137. 

correlation function, 495. 

magnetic charge on monopole, 26; acceleration of gravity, 85; 
dimensionless shear, 621. 

Lagrangian correlation function, 576. 

large-scale velocity shear, 619. 

half separation of flux tubes, 153; dimensionless parameter, 247; 
thickness of layer, 322; arbitrary function of vector potential, 
367; thickness of ribbon of fluid, 517; depth of convective zone, 
628. 

resistive diffusion coefficient, 32; elliptical coordinate, 200; ob- 
late spheroidal coordinate, 811. 

turbulent diffusion coefficient of vector field, 481. 

angle between uniform field and wave vector, 108; angle be- 
tween flux tube and horizontal, 138; temperature, 242; polar 
angle, 560. 

angle between Q and k, 112; pitch angle in twisted flux tube, 
168. 

trace of I, 57; integral of excess over adiabatic gradient, 265. 
double exponential integrals, 410. 

moment of inertia tensor, 57. 

modified Bessel function, 202. 

electric current density, 17. 

standard Bessel function of the first kind, 72. 

magnetic current density, 26. 

wave number, 85; Boltzmann constant, 128. 

wave vector, 317. 
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K thermometric conductivity, 115; constant of integration, 178; 
complete elliptic integral of the first kind, 224, dynamo wave 
number, 634, 637. 

K, radiative heat transport coefficient, 262. 

K,(x) modified Bessel function, 259. 

K thermal conduction coefficient, 115; turbulent diffusion coeffi- 
cient for scalar fields, 477. 

I mixing length and eddy dimension, 144; thickness of diffusion 
region, 393; rms displacement, 509; length of infinitesimal seg- 
ment, 514. 

L arbitrary length, 217; semi-length of flux tube, 220; mixing 
length and eddy dimension, 285; half-spacing of sheets, 344; 
half-separation of boundary planes, z = +L, 360; half-width of 
opposite fields, 393. 

L angular momentum, 533; Lagrangian for dynamo equations, 
661. 

À characteristic length, 89; temperature scale height, 149; 
wavelength, 320; vertical scale of vector potential, 334; width 
over which opposite fields meet, 418; half length of rectangular 
dynamo region, 644. 

A pressure scale height, kT/Mg=u"/g, 128; (1+a)u7/g, 326; 
(1+a +BßB)u?/g, 353; width of wave packet, 626; wavelength of 
dynamo wave, 626. 

A; scale height within flux tube, 128. 

A. ambient scale height outside flux tube, 128. 

AASA TA; 

m mass of individual atom, 308. 

M mass of individual atom, 23. 

M magnetic energy, 58, 346; magnetic dipole moment, 533. 

M; Maxwell stress tensor, 51; moment of field distribution, 501. 

m mass density of initial sheet, 93; viscosity, 114; transformed 
radial coordinate, 178; molecular weight, 265; cos 6, 561; 
dynamo number, 663. 

n dimensionless constant, 222. 

N number of particles per unit volume, neutral atoms per unit 
volume, 45. 

Np dynamo number, 626. 

N; number of electrons per unit volume, 46. 

N, number of magnetic monopoles per unit volume, 26. 

N; number of ions per unit volume, 45. 

Nr Reynolds number, 144. 

v rate of collision of ion with neutral atoms, 45; kinema. .sCOS- 
ity, 115; dimensionless exponent, 334; dynamo number, 666. 

Ve eddy viscosity, 144. 
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elliptical coordinate, 200; oblate spheroidal coordinate, 811. 
integral of turbulent velocity at fixed point, 483; total Lagran- 
gian displacement of a point, 490. 

Lagrangian correlation function, 495. 

fluid pressure, 53. 

ambient fluid pressure outside flux tube, 124. 

fluid pressure inside flux tube, 124. 

function representing axisymmetric poloidal field, 69; total fluid 
and magnetic pressure, 220; cosmic ray pressure, 353. 
associated Legendre polynomial, 560. 

fluid density, 52. 

ambient fluid density outside flux tube, 124. 

fluid density mside flux tube, 124. 

radial distance (x*+ y*): from the z-axis, 67. 

radial distance (X? + Y’)? from the Z-axis, 176. 

electric charge on a particle, 23; arbitrary parameter, 85, 185; 
fractional reduction of heat transport, 257; pressure perturba- 
tion, 364. 

dimensionless wave number, k A, 327; k,/K, 637. 
dimensionless constant, ln(4/Ngę +4— y), 144; dimensionless 
wave number k,A+43(s—1), 327; secondary dynamo coefficient, 
619. 

heat transferred during isothermal legs of Carnot cycle, 727. 
Poynting vector, 51. 

rate of heat loss, 147. 

radial distance (x°+ y?+z7)? from origin. 

cyclotron radius of particle, 23; effective mass of moving cylin- 
der, 153; vector potential in resistive region, 402; magnitude of 
dimensionless growth rate, 652; characteristic radius, 812. 
magnetic Reynolds number over small scale A, 418. 

magnetic Reynolds number, 43. 

correlation function, 284; Reynolds stress tensor, 468. 
correlation function, 280. 

arc length, 34. 

coordinate orthogonal to lines of force in the xy-plane, 371; 
special function, 405. 

correlation function, 289. 

electrical conductivity, 19. 

time, 17; relaxation time of magnetic field, 808. 

duration of rotation in convective cell, 574. 

duration of longitudinal velocity v, in convective cell, 574. 
temperature, 19; trace of T, 57; function representing axisym- 
metric toroidal field, 69. 


Ty 
T2 
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ambient temperature of gas outside flux tube, 124. 
temperature of gas inside flux tube, 124. 


~ T, 127. 


kinetic tensor, 57. 

total tension along fiux tube, 137; tension per unit area, 162. 
characteristic dissipation time, 117; growth time, 216; eddy 
correlation time, 482. 

velocity correlation time, 494. 

vorticity correlation time, 494. 

rate of rise of buoyant flux tube, 142; x-component of fluid 
velocity, 153; w’/L*, 176; fluid velocity along tube, 221; rms 
thermal velocity in any one direction, 326; ion thermal velocity, 
429. 

Fourier transform of v,, 484. 

mean upward flow velocity of thermal energy, 149. 

non axi-symmetric component of fluid motion, 600. 

thermal energy density, 114; magnetic potential, 542. 

phase velocity, 629. 

y-component of fluid velocity, 153. 

characteristic velocity of dominant eddies, 477. 

longitudinal velocity in cyclonic convective cell, 574. 

fluid velocity, 17. 

equipartition velocity, 237; volume per cyclonic cell, 575. 
Alfven speed, 108. 

large-scale, slowly varying component of fluid velocity, 567. 
large-scale, axisymmetric component of fluid velocity, 600. 
electrostatic potential, 22; azimuthal angle measured around 
z-axis from the x-axis, 67; velocity potential, 229. 

total magnetic flux, 33; probability distribution, 282; potential 
energy, 339; total rotation, Qta, 576. 

thermal velocity, 45; drift velocity, 217; velocity of magnetic 
merging, 393. 

particle velocity parallel to the magnetic field, 23. 

particle velocity perpendicular to the magnetic field, 23. 
particle velocity, 23. 

particle energy per unit volume, 54; magnetic potential, 129; 
potential function, 350; total work done by Carnot cycle, 727. 
gravitational potential per unit mass, 63; dimensionless function, 
178; relative magnetic field density, 242; probability distribu- 
tion, 281; stream function, 396; polynomial, 662. 

stream function, 310; velocity potential, 316; field pressure 
gradient, 369; probability distribution of position of origin of 
Lagrangian point, 491; vector potential, 559. 
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angular frequency, 108. 

vorticity, 38. 

dimensionless frequency, 327; angular velocity, 453. 
characteristic angular frequency of cyclonic cell, 576, 578. 
special characteristic frequencies, 327. 

cartesian coordinate, 33. 

cartesian coordinates, x, y, z, 33; Lagrangian coordinate at time 
t of point initially at X, 39. 

dimensionless coordinate mx/2L, 345. 

initial coordinate, 39. 

cartesian coordinate, 33. 

dimensionless coordinate, my/2L, 345. 

ordinary Bessel function of the second kind, 186. 
cartesian coordinate, 33. 
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Adiabatic cooling, 262 
and concentration of magnetic field, 
267 
in the sun, 265, 266, 776 
steady conditions, 264 
with heat transport, 262, 263 
Alfven, H., 20, 105 
Alfven waves, 102-4, 105-7 
and cosmic rays, 801 
in magnetic merging, 398-400, 413, 
414, 419, 420, 423-5 
in Petschek model, 419 
in Sonnerup model, 423-5 
standing waves, 398-400, 423-5 
in sunspots, 255-7, 777 
Ambipolar diffusion, 45 
of the galactic magnetic field, 117 
Anti-matter, 24, 27 
Aurora, 6, 787 
Axi-symmetric fields, 67-76 
azimuthal magnetic fields, 543-5 
and Cowling’s theorem, 540 
decay, 544 
generation from poloidal fields, 
559; cylindrical symmetry, 560— 
2; plane symmetry, 562-4; 
spherical symmetry, 564-6, 695 
invariant along axis of symmetry, 
67-9 
force-free, 68 
generating function, 67 
in finite volume, 73-5 
function of w, z, 69-73 
poloidal magnetic field, 69~73, 542 
and Cowling’s theorem, 538-40 
generation from azimuthal field, 
548, 549, 682-4; arbitrary loca- 
tion of cyclones, 690; central 
concentration of cyclones, 686- 
8; high latitude cyclones, 689; 
low latitude cyclones, 688; thin 
shell, 690-2 


Babcock, H. D., 534, 535 
Babcock, H. W., 534 


Battery effect, 467 
Bernoulli effect, 220-6 
Biermann, L., 467 

Blackett, P. M. S., 533, 534 


Climate, 823 
Compass, 11, 16, 703 
Convection, 545, 547, 548 (see also 
listing under Earth; Sun) 
driven by magnetic forces, 308-12 
helicity, 659 
Correlations in isotropic turbulence, 
524-9 
Cosmic rays, 1, 352, 795 
anti-particles, 27 
galactic halo, 800 
inflation of the gaseous disk of the 
galaxy, 352 
instability, 354-6 
origin, 799-802 
pressure, 6 
solar, 3 
variations, 4 
Cowling, T. G., 19 
theorem, 20, 538-41 
Critical point in flow along a flux tube, 
244-6, 248 
in idealized atmosphere, 250-3 
location in the sun, 245 


Deuterium, 1 

Diffusion (see also Turbulent diffusion) 
ambipolar, 45, 46 
between opposite fields, 409-13 
Bohm, 428, 429 
discontinuous velocity fields, 413-17 
distribution in magnetic merging, 


398 

enhanced, 119, 120, 340, 341, 432, 
433, 782, 783 

in fast mode hydromagnetic wave, 
114-18, 119 


general effects, 409-13 
magnetic merging, 409-13 
negative, 584-92 
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region, 418-20 

resistive, 32, 33 . 

in slow mode hydromagnetic wave, 
114-18, 119, 120 

Sonnerups model, 426 

stagnation point, 400-9 

turbulent, 584-92 

Dynamo, see Hydromagnetic dynamo 

Dynamo effect 

Fourier transformed equations, 594- 
8 

large magnetic Reynolds number, 
489 

near axial symmetry approximation, 
599-611 

poloidal field, 551 (see also Axi- 
symmetric fields) 

quasi-linear approximation, 592-8 

short-sudden approximation, 551, 
567-70 

small magnetic Reynolds number, 
592-8 

Dynamo equations, 552 

azimuthal fields, 544, 559 (see also 
Axi-symmetric fields) 

closed streamlines, 603-11 

coefficients, 473, 570-8, 619 

directional properties, 583, 618, 619 

large magnetic Reynolds number, 598 

near axial symmetry, 602, 609 

physical properties, 578-82 

primary, 621 

secondary, 621-3 

small magnetic Reynolds number, 
593, 596, 597, 598 


Dynamo models 


a’-dynamos, 623-5 
galactic 668-78, 809-15 
periodic, 678-80 
stationary, 671-78 
rectangular boundaries, 644, 645 
galactic dynamo, 668-80 
horizontal shear, 659-68 
periodic fields, 652-68 
slab model, 668-78, 809-11 
solar dynamo, 652-68 
stationary fields, 647-52 
terrestrial dynamo, 647-52 
solar, 656, 746-64 
dipole, 656, 668 
quadrupole, 656-58, 761, 762 
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spherical boundaries, 681, 692-4, 
707-12 
cyclones at centre, 686-8; at high 
latitude, 689; at low latitude, 
688 
dipole, 692-4, 695 
dynamo numbers for 698-706 
Green’s function, 683-6 
localized sources, 681-8 
quadrupole, 694, 695 
single shear surface, 695-706; 
periodic, 701-7; stationary, 
696-701 
thin shell, 690, 691 
spheroidal boundaries, 811-15 
terrestrial 
dipole, 651, 699-712, 724-31 
oscillatory quadrupole, 657, 658, 
702-4 
uniform infinite space, 620-3 
Dynamo waves, 620, 707 
criteria for generation, 620, 621, 625 
diffusion, 629 
dispersion, 627 
dispersion relation, 620, 638 
dissipation, 628, 629 
in Earth, 631 
enclosed in rectangular boundaries, 
645-7 
horizontal shear, 659-68 
periodic, 652-68 
stationary, 647-52 
vertical shear, 644-59 
group velocity, 627 
migration, 630, 637-9, 660 
modes, 637 
oblique fronts, 630 
packets, 626-8 
period, 628, 658 
phase velocity, 627, 630, 639 
physical basis, 632, 633 
plane, 620 
reflection at closed boundary, 640-2 
reflection at open boundary, 642, 
643 
in slab, 668 
periodic, 678-80 
stationary, 668-78 
spherical boundaries, 681 
stationary, 632-37, 647-52 
in the sun, 628, 629 
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variational principle, 659-68 
with shear, 625, 626 
without shear, 623-5 


Earth, 2, 3, 716-19 
azimuthal field, 711, 718, 725 
convection, 725, 726, 728, 729, 731 
core, 19, 717, 718 
decay of magnetic field, 466, 523, 718 
dynamo number, 728 
early fields, 732 
energy, 711, 718, 719, 725 
field reversal, 701, 703, 707, 717 
fluctuations, 81 
heat source, 719, 726, 727 
hydromagnetic dynamo 


rectangular boundaries, 644-7; 
horizontal shear, 659-68; 
periodic fields, 652-68; statio- 
nary fields, 647-52; vertical 
shear, 647-59 

spherical boundaries, 681-711; 
asymmetric fields, 709, 710; 


central concentration of cyc- 
lones, 686-8; dipole fields, 649, 
656, 657, 662-4, 683, 686-93, 
699, 703-6; formal solution for 


rings of cyclones, 692; high 
latitude cyclones, 689; low 
latitude cyclones, 688, 689; 
periodic fields, 701-8; quad- 


rupole fields, 647, 652-7, 664, 
665, 694, 695, 700-6; ring of 
cyclones, 681-4; ring of shear, 
684, 685; spherical surface of 
shear, 695; stationary fields, 
696-6; thin shell, 690, 691 
magnetic field, 11, 13, 19, 83, 716 
magnetic storms, 787 
magnetogeostrophic balance, 729, 
731 
magnetosphere, 81-3, 733, 787, 788 
mantle, 716 
non-uniform rotation, 728 
poloidal field, 711, 718 
secular variation, 717 
statistical considerations, 618, 71] 
thermodynamic efficiency, 727 
Einstein, A., 17 
Electric charge, 22, 46, 47 
Electric current, 15, 16, 18, 43 
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Electric drift, 44 
Electric field, 13, 14 
and charge density, 46 
induced, 14 
moving frame, 14, 35, 44 
Electrical conductivity, 22, 23, 45 
of Earth, 19, 718 
of ionized hydrogen, 19, 43, 115 
of Jupiter, 723 
of the sun, 19 
Electrical resistivity, 115 
anomalous, 45 
in neutral sheet, 432, 433 
in solar flare, 782, 783 
correlation function, 293 
random, 290-6 
wave damping, 119, 120 
Elsasser, W. M., 20 
and hydromagnetic origin of magne- 
tic field, 541-3, 546 
Enhanced diffusion in confined magne- 
tic field, 340, 341 (see also 
Electrical resistivity; Turbulent 
diffusion; Wave-particle interac- 
tions) 
Equilibrium of magnetic fields, 63-96 
axisymmetric field, 67-76 
in finite volume, 73~6, 300, 301 
barometric equilibrium, 84-90, 325, 
326 
instability, 326-33 
confined by a layer of fluid, 342-7 
instability, 343 
diffusion, 90-5 
and enhanced diffusion, 340, 341 
extending from fixed surface, 76-81 
in finite space, 65, 66 
laboratory fields, 95 
necessary conditions, 298-301, 377 
non-uniform field in an atmosphere, 
333-40 
instability, 333 
planetary fields, 81-3 
stability, 75 
twisted rope, 65-9 
two dimensions, 64—9 
with cosmic ray pressure, 352, 353 
instability, 354—6 
Equipartition of energy, 226, 233-7 
in turbulence, 468 
with vorticity, 469 
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Faraday, M., 12 
induction, 15 
lines of force, 12 
Faraday rotation measure, 803, 805 
Fast particles, 3 (see also Cosmic rays) 
acceleration, 774, 780, 786 
Flare, 4, 271 (see also Sun, flares) 
in ephemeral bipolar regions, 271, 
777 
in solar active regions, 781-788 
Flare stars, 739 


Galaxy, 6 
cosmic rays, 353, 799-802 
dynamo number, 810, 812, 813 
evolutionary effects of magnetic 
fields, 808, 809 
formation, 1 
hydromagnetic dynamo, 807 


plane boundaries, 669, 809; 
periodic, 678-81; stationary, 
671-8 


spheroidal boundaries, 680, 811- 
15; periodic, 813; stationary, 
812, 814, 815 

hydrostatic equilibrium of the inter- 
stellar gas, 795, 805-7 

instability of the interstellar gas, 
326-33 

instability of the gas and cosmic rays, 
354-6 

interstellar gas, 795-9 

magnetic field, 205, 466, 711, 795, 
802-7 

decay, 522, 523 

enhanced diffusion, 340, 341 

escape, 341-52, 523 

instability, 325-33, 354 

resistive decay, 466 

non-thermal radio emission, 800, 
805 
origin, 465, 466, 807, 808 (see also 
hydromagnetic dynamo, above) 
polarization of starlight, 802-4 
primordial, 465, 803 
small-scale fields, 516, 807, 808 
Gamma-rays, 778, 780, 802, 821 
Gas flow along a flux tube, 233 
Bernoulli effect, 220-7 
compressible flow, 240-9 
convective forces, 237-9 
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critical point, 244, 245 

- equipartition solution, 233 
from external pumping, 227-33 
superadiabatic temperature gradient, 

260-3 

temperature variation, 262-6 
variable density, 240-9 

Granules, 218 


H. fibrils and mottles, 209, 771 
Haie, G. E., 533 
Helium, 1 
Henry, J., 15 
Hydrodynamic attraction, 151-60, 776 
Hydromagnetic dynamo (see also 
Dynamo equations; Dynamo 
models) 
a’-dynamo, 730 
axial symmetry approximation, 556, 
599-611 
azimuthal field, 543, 547 
formal equations in symmetric 
geometry, 684, 692 
in rectangular geometry, 664, 667 
in rotation with cylindrical sym- 
metry, 560-2 
in rotation with planar symmetry, 
562-4 
in rotation with spherical sym- 
metry, 695-8 
in a slab, 673 
Braginskii formalism, 599-602 
convection, 545, 547, 548 
cyclonic convection, 548-52, 554, 
556, 567, 568, 572, 631 
computational model, 573, 574 
diffusion of field, 550, 553, 559-66 
(see also Turbulent diffusion) 
dynamics, 548, 557 
dynamo coefficients, 473, 570-83, 
619 (see also Dynamo equa- 
tions) 
helicity, 470, 472, 473, 494, 496-8, 
553, 557, 577, 582, 616, 617, 
631 (see also cyclonic convec- 
tion above) 
historical development, 537-59 
irreversibility, 550 
magnetic Reynolds number, large, 
599 
magnetic Reynolds number, small, 
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592-8 
meridional field, 538-40, 545, 547, 
558, 649, 673, 683, 685-90 
non-symmetric solutions, 709, 710, 
768 
quasilinear approximation, 592, 593 
rectangular boundaries, 644-81 
horizontal shear, 659-68 
periodic fields, 652-68, 678-81 
slab model, 668-81 
stationary fields, 647-59, 669-78 
vertical shear, 647-59 
short-sudden approximation, 
557, 567-70 
spherical boundaries, 681-711 
asymmetric fields, 709, 710 
central condensation of cyclones, 
686-8 
dipole fields, 682 
formal solution for rings of cyc- 
lones, 692 
high latitude cyclones, 689 
low latitude cyclones, 688, 689 
periodic fields, 701-8 
quadrupole fields, 694, 700 
rings of cyclones, 681-4 
ring of shear, 684, 685 
spherical shell of shear, 695 
stationary fields, 696-701 
thin shell, 690-1 
spheroidal boundaries, 680 
stationary, 542, 546, 547, 552, 553, 
557 (see also Dynamo models) 
Hydromagnetic equations, 30-47 
derivation, 31, 32 
equilibrium solutions, 63-96 
equipartition solutions, 233 
Eulerian representation, 494-7 
Lagrangian representation, 32-41, 
490-3 
non-equilibrium, 298-313, 359-437 
(see also Non-equilibrium of 
magnetic field) 
numerical solution, 497, 498 
physical interpretation, 32-8 
solution, 38-43 
wave solutions, 101 
Alfven waves, 102-4, 105-7 
fast mode, 108-11 
slow mode, 108-11 
Hydromagnetic turbulence, 104, 105, 


551, 
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218, 220, 221 
direct interaction approximation, 
469 


equipartition of energy, 468, 469 

evolution of small-scale fields, 511- 
19 

gradients 
470 

limitations on present theoretical 
methods, 469 

quasi-linear approximation, 471, 478 

turbulent pumping, 227, 233 (see 
also Turbulent diffusion) 

Hydromagnetic waves, see Magnetic 

disturbances 


in statistical properties, 


Instability of magnetic field, 74-6 
in an atmosphere, 325-33 
confined by a sheet of fluid, 343 
of the galaxy, 355, 356 
inflated with cosmic rays, 352-6 
interchange, 433-5 
kink, 434 
with diffuse upper boundary, 320-4 
with sharp upper boundary, 316-20 
Interstellar gas, 1, 2, 796-9 (see also 
Galaxy) 
Interstellar magnetic field, see Galaxy; 
Magnetic field 
Interstellar molecules, 1, 2 
Ionosphere, 3 


Jeans’ gravitational instability, 355 
Jupiter, 722 

energy budget, 724 

interior, 723 

magnetic field, 4, 82, 83, 723 

decay, 466, 522 
rotation, 722 
trapped particles, 4 


Landau damping, 119, 120 
Life, 2, 3, 821 

Lodestone, 11 

Lorentz, H. A., 17 
Lorentz contraction, 47 
Lorentz transformation, 17 


Magnetic charge (monopoles), 24—7 
Magnetic disturbances, 101 
Alfven wave, 105, 108 
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damping, 120 
dissipation in classical fluid, 114-18 
dissipation in collisionless plasma, 
118-21 
energy transport, 111-14 
fast wave, 109-14 
decay, 119 
ideal fluid, 105 
Landau damping, 119 
slow wave, 109-14 
decay, 119 
turbulence, 103-5 
Magnetic exclusion, 211, 440-63 
from longitudinal motion of a cylin- 
der, 443-7 
onset, 460-463 
from random rotation, 452-4 
from rotating cylinder, 448-52 
from steady circulation 
individual filaments, 458-60 
perpendicular field, 457, 458 
tangential field, 456, 457 
transverse fields, 448-52 
transverse field, 441 
Magnetic field, 11-18 
axi-symmetric, 67-76 
buoyancy, 95 
appearance of active regions, 742, 
770, 771, 772 
and equilibrium path of field, 137 
escape, 205, 341-52 
and instability, 75, 76 
and magnetic activity, 821 
in the sun, 746, 770, 775 
and the solar dynamo, 764; limita- 
tion, 754 
and twisted flux tube, 196, 197 
closure, 277 
convection, 38, 81 
cosmological, 822 
decay, 18, 19, 43 
of primordial fields in the galaxy, 
465 
of primordial fields in planets, 465, 
466 
of primordial fields in the sun, 466 
in a tenuous gas, 90-5 
diffusion, 32, 33 (see also Diffusion) 
and reduction to large-scale fields, 
550 
disturbances, see Magnetic distur- 
bances 
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divergence, 27 
energy, 16, 54-6 
of potential field, 77 
equilibrium, 63—96 (see also Equilib- 
rium of magnetic fields) 
equipartition of energy, 468, 518 
escape of submerged fields, 314-52 
instability of a diffuse upper 
boundary, 320-5 
instability of a sharp upper bound- 
ary, 316-20 
instability of a submerged field, 
325-33; inflated with cosmic 
rays, 352-6 
escape through a surface, 342-52 
exclusion, 211, 440-63 (see also 
Magnetic exclusion) 
fixed at a surface, 84 
force-free, 53, 68 
formal solutions, 84-86 
produced by a*-dynamo, 624 
in sunspots, 77 
galactic, 6, 802-7 
history, 11 
laboratory, 95 
lines of force, 12, 35-8, 44 
correlation function, 280 
ergodic, 275, 276-9 
fluid pressure, 383-6 
general properties, 274-6 
non-equilibrium, 359-91 
probability distribution, 281-4 
reconnection, 392-436 (see also 
Magnetic merging) 
stochastic, 274, 279; and spectral 
power at k =0, 279 
topology in the universe, 277 
twisted flux tube, 168, 176 
line cutting, 175, 191, 192 
merging, 392-436 
mixing, 473-8 
Lagrangian formulation, 490-3 
physical model, 499-509 
momentum, 52 
neutral sheets, 77 
non-equilibrium, 298 
boundary layer with rotation and 
diffusion, 303 
caused by escape, 301 
destruction of primordial fields, 76 
dynamical effects with open 
boundaries, 302, 303-5 
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dynamical effects with thermal ex- 
pansion, 308-13 
sufficient conditions, 299 
with thermal expansion, 307 
open, 277 
origin, 532 
atomic effects, 533, 541 
contemporary mechanism, 537 
ferromagnetism, 533 
hydromagnetic effects, 541-59 (see 
also Hydromagnetic dynamo) 
rotation, 533 
thermal effects, 467 
planetary, 3, 4, 715-34 (see also lis- 
tings for each planet) 
ponder motive force, 53 
primordial, 532 
in the galaxy, 465; decay time, 
466, 522, 523 
in M51, 803 
magnetic buoyancy, 145, 150, 
341-52, 522 
in magnetic stars, 767 
in neutron stars, 537, 767 
non-equilibrium, 76 
obliquity, 768 
in planets, 465; decay time, 466, 
522 (see also listings for each 
planet) 
in stars, 165; decay time, 466, 522 
in the sun, 19, 150, 522; decay 
time, 19 
turbulent diffusion, 519-24 
in white dwarfs, 536, 537, 767 
random, 284-96 
reconnection, 392-436, 468 (see also 
Magnetic merging) 
small-scale fields, 483 
solar, 739-46 
source, see Battery effect 
stellar, 5, 13, 764-9 (see also 
primordial above) 
stochastic, see lines of force above 
stress, 51, 55, 56-61, 82 
topology, 64, 274-96 
and non-equilibrium, 359-91 (see 
also listing under Non- 
equilibrium) 
turbulent diffusion, 102, 104, 205, 
464-524 (see alsa listing under 
Turbulent diffusion). 
units, 12, 13 


and vorticity, 38, 478, 476 
Magnetic filaments, 207 
formal example, 458-60 
in the sun, 207-9 
Magnetic flux, 33 
diffusion of 32-5 (see also Diffusion: 
Turbulent diffusion) 
escape of, 347-52 
exclusion, 211, 440 
confinement to vertical columns, 
214-18, 457, 458 
of magnetic filament, 458-60 
onset, 460-3 
physical explanation, 442 
from rotating cell, 447-52 
from steady stream, 443, 444 
from upwelling, 455-7 
from variable circulation, 452-4 
Magnetic flux rope (twisted flux tube), 
67, 167 
azimuthal sheath, 188-92, 193, 196, 
197, 199 
boundary conditions, 168, 169 
buoyancy, 196, 197 
compression, 179-80, 185, 186 
dilatation, 175-81 
elliptical cross section, 200-4 
expansion, 181, 186-90 
flattening, 200 
generating function, 167 
helical lines of force, 168 
instability, 174, 175, 191, 204 
invariant form, 181, 192, 193 
longitudinal tension, 172-4, 189-91, 
199 
longitudinal variation of radius, 183- 
8 
meanfields, 170, 171 
profiles, 171 
stretching, 175-81 
transverse equilibrium, 167, 168 
vertical extension, 194-7 
Magnetic flux tube, 35, 123, 207 
buoyancy, 137 
buoyant rise in thermal equilibrium, 
141 
in stably stratified atmosphere, 
147 
in turbulent medium, 145 
concentration 
by cooling 127, 213, 254, 265 
by convective forces, 237-9 
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by converging flows, 214-17 
by downdrafts, 260-8 
by external flow, 227-32 
by external pressure fluctuations, 
220-6, 227-32 
by external turbulence, 227-32 
by internal flow, 220-6; compres- 
sible fluid, 240-249; ideal fluid, 
233-237, 237-239; in stratified 
atmosphere, 249-254 
by reduced internal pressure, 213 
(see also cooling above) 
by twisting, 170, 213 
in downdrafts, 214-17, 260-70 
in equipartition, 226, 233-6 
in turbulent fluid, 218 
concentration, observations, 207-9 
cooling of interior, 255-7 
equilibrium, 125, 140, 207 
expansion, 129 
and H, filaments, 209 
intensification, 128, 165 
longitudinal stress, 136 
longitudinal flow, 233-49 
mutual] attraction, 151 
longitudinal, 159 
transverse, 152-8 
mutual repulsion, 152 
path, 136-40 
solar interior, 149-50 
spicules, 209, 233 
stability, 130, 161 
tension, 136 
thermal equilibrium, 127 
topology, 275-9 
transverse equilibrium, 125, 128 
transverse stress, 125 
transverse oscillation, 161-4 
twisted, 67, 167 (see also Magnetic 


flux rope) 
vertical extension, 123, 128, 136- 
140 
wake, 159 
Magnetic inhibition of convection, 


257-61 
Magnetic knots, 207-9 
Magnetic lines of force, see Magnetic 
field, lines of force 
Magnetic merging, 392 
basic rate, 392-4 
diffusion between opposite fields and 
flows, 409-13 


diffusion at the stagnation point, 
400-8 
diffusion with discontinuous 
413, 417 
enhancement by instability, 428 
anomalous resistivity, 431-3 
Bohm diffusion, 428, 429 
hydromagnetic interchange insta- 
bility, 433-5 
resistive tearing mode, 430-1 
kinematical restrictions, 396-8 
and non-equilibrium, 378-83 


flow, 


Petschek formulation, 394, 395, 
417-22 
rate, 421 
role of shock waves, 398—400, 413- 
17 


similarity solution, 428 
Sonnerup formulation, 423-7 
rate, 426 
in Tokamak, 435, 436 
Magnetic neutral point, 385, 392 
Magnetic neutral sheet, 393 
Magnetic non-equilibrium, 76, 298- 
313, 359, 390 (see also Non- 
equilibrium of magnetic field) 
Magnetic Reynolds number, 42, 43 
Magnetic support of an atmosphere, 
315, 333, 353 
escape from, 349-52 
instability of, 325-33, 355 
Mars, 722 
dynamo number, 728, 729 
energy budget, 722 
magnetic field, 722 
metallic core, 722 
Maxwell, J. C., 17 
equations, 17, 18, 21, 30, 31 
Mercury, 721 
dynamo number, 728, 729 
energy budget, 721, 722 
magnetic field, 721 
metallic core, 721 
Michelson—Morley experiment, 17 
Moon, magnetization, 719, 731, 732 


National Science Foundation, 15 
Neutral point annihilation, see Magne- 
tic merging 
Non-equilibrium of magnetic field, 76, 
378-9 
and magnetic merging, 378-83 
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dynamical character, 378-91 
in a finite volume, 301-7 
in a gravitational field, 299 
near force-free configurations, 372, 
373 
near two dimensional equilibrium, 
374-7 
near uniform field, 363-8 
of symmetric fields, 298-313 
in a temperature gradient, 307-13 
in Tokamak, 435, 436 
topological, 359-92 
without invariance, 359-82 
Non-linear wave interactions, 102-5, 
120 
Nucleosynthesis, 1, 2 


Oersted, H. C., 15 
Ohm’s law, 32, 45, 46 


Pair creation, annihilation, 17 
Petschek mechanism, see Magnetic 
merging 
Planets, 81 (see also listings under name 
of each planet) 
formation, 1 
magnetic fields, 4, 11, 13, 19, 715- 
732 
magnetic equilibrium, 81-84 
Poynting vector, 54, 106, 111 
Pulsar,.81, 83 


Radiation, 2 
gamma rays, 17, 821 
galactic, 3, 802 
solar, 778, 780 
non-thermal radio emission, 6 
galactic, 800, 805 
solar, 781 
ultraviolet, 821 
galactic, 798 
solar, 3, 778, 781, 786, 798 
universal microwave, 1 
X-rays, 17, 821, 822 
galactic, 798 
solar, 3, 777, 778, 780-4, 786, 
823 
Radioactivity, 3 
Rapid reconnection, see 
merging 
Rayleigh-Taylor instability, 209 
Resistive tearing mode instability, 430 
(see also Magnetic merging) 
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Saturn, 716 
Shock waves, 398-400, 413-428 
Stars, 1 
activity, 5, 764, 765, 769 
Am stars, 767, 769 
Ap stars, 766, 769 
degenerate, 5 
dynamos, 767, 769 
dwart, 5, 267 
evolutionary effects 
fields, 766 
flare, 4, 765 
luminous, 6 
magnetic, 5, 13, 73-6, 766 
neutron, 5, 83 
obliquity of magnetic fields, 768 
primordial fields, 767, 768 
stellar wind, 5 
u.v. Ceti, 4, 267, 765 
X-ray, 5 
Sun, 1, 3, 4, 6, 739, 823 
active regions, 208, 209, 741, 742, 
771, 777 
activity, 740, 769-81 
Alfven waves, 741 
azimuthal magnetic field, 146, 741, 
742 
in dynamo models, 749-51, 754- 
6, 758-60 
bipolar magnetic regions, 271 
buoyant rise of fields, 145, 150, 165, 
763, 764 
chromosphere, 3, 256, 770 
concentration of magnetic field, 207- 
214, 771, 774-778 (see also 
mechanisms for concentration 
below) 
convective zone, 745, 762 
concentration of fields, 257 
heat transport, 263-6 
magnetic flux tubes, 143 
core, 19, 150 
corona, 3, 770, 771 
coronal streamers, 743 
dynamical model of convection, 747 
dynamo, see hydromagnetic dynamo 
below 
dynamo number, 730, 761, 762 
enhanced dissipation of magnetic 
field, 392-437, 781-5 (see also 
Diffusion; Magnetic merging) 
ephemeral bipolar regions, 208, 271, 
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777 
fast particles, 777, 780, 786 
flares, 3, 4, 77, 78, 271, 778, 779-86 
in ephemeral bipolar regions, 777 
fluctuations, 762 
formation, 1 
granules, 208, 218, 219, 233 
hydromagnetic dynamo, 746-48 (see 
also Hydromagnetic dynamo) 
discussion, 761-4 
exploratory models, 746-8 
Kohler’s model, 748-52 
rectangular boundaries, 644-7; 
horizontal shear, 659-68; 
periodic, 652-68; stationary, 
650-2; vertical shear, 647-59 
spherical boundaries; cylindrical 
rotation, 758-60, 761: double 
layer, 752~8, 761; Rossby wave 
_ model, 747; separate surfaces of 
cyclones and shear, 746; single 
layer, 748-52, 761; spherical 
surface model, 746 
Stix’s model, 758-60 
Yoshimura’s model, 752-8 
magnetic field, 76, 218, 739-44 
concentrated, 207-14 
in the core, 521 
decay, 466, 522 
variability, 771-81 
magnetic knots, 151, 152, 158, 161, 
207-10, 771, 776 
Maunder minimum, 740 
mechanisms for field concentration 
Bernoulli effect, 220~7 
convective forces, 237-40 
converging flows, 214-18 
near equipartition, 233-7 
reduced temperature, 254-9 
stability, 257-60 
stratified atmosphere, 240-54 
superadiabatic effect, 260-8 
turbulent pumping, 227-33 
meridional magnetic field, see poloi- 
dal magnetic field below 
non-uniform rotation, 745 
photosphere, 207-209 
poloidal magnetic field, 743, 744 
in dynamo models, 748, 757, 758 
pores, 151, 771 
prominences, 79, 88-90, 743, 774 
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rotation, 745 

small-scale fields, 207-14, 516 

solar wind, 4, 741, 743, 770 

spicules, 209, 253, 270, 775, 776 

streamers, 77, 78 

sunspot, 3, 18, 77, 151, 209, 210, 
256, 271, 740, 762, 771-3, 779 

sunspot cycle, 740, 742-4 

sunspot number, 740 

superadiabatic effect, 260-71, 776 

supergranules, 208, 209, 233 

-concentration of magnetic field, 

212, 217, 218, 233, 261, 271 

toroidal magnetic field, see azimuthal 
magnetic field above 

total magnetic flux, 145 

wind, 4, 81, 82, 741, 743, 770 

X-ray bright points, 777 

Supernovae, 6, 796, 800, 801, 822 


Temperature variation 
along a flux tube, 240-9 
in a descending column of gas, 263, 

264 
in a moving slab, 263, 264 

Thermal conductivity, 115 

Tokamak, 435 

Topological non-equilibrium, 359-92 

(see also Non-equilibrium of 
magnetic field) 

Turbulent diffusion, 464-78 
coefficient for scalar fields, 477, 529 
coefficient for vector fields, 468 

double averaging procedure, 494 
Lagrangian formulation, 496, 497 
large magnetic Reynolds number, 
489 
Monte Carlo calculations, 499 
quasi-linear approximation, 482, 
488 
small magnetic Reynolds number, 
482, 488, 496, 497 
two dimensional circulation, 507, 
509 
three dimensional circulation, 588, 
590 
disorder hypothesis, 469, 492 
Eulerian representation, 494-7 
helicity, 473 
idealized eddy, 499-506 
Lagrangian representation, 490-3 
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negative diffusion of vector fields, 
469, 470, 557, 570, 571 
computational model, 587-90 
numerical experiments, 497-9 
occurrence in nature, 590-2 
original demonstration, 494-8 
physical explanation, 585-7 
scalar fields, 469, 474, 477 
small-scale fields, 511-19 
vector fields, 464, 468, 469, 474, 
477 
coefficient, 482 
computational model, 587-90 
direct interaction approximation, 
469, 571 
enhanced diffusion, 341 (see also 
Electrical resistivity; Wave par- 
ticle interactions) 
Fourier transformed equations, 
484-90, 593-9 
large magnetic Reynolds number, 
488, 489, 490-8, 512, 513 
numerical experiments, 472, 497, 
498 
physical illustration, 499-509 
quasi-linear approximation, 478- 
84 


short-sudden approximation, 471, 
472, 568-70, 587 
small magnetic Reynolds number, 
471, 478-90 
vorticity, 475, 476 


Units, 12, 17, 30, 31 


Vector potential, 39-42 
Venus, 720 

magnetic field, 720 
Virial equations, 57-61, 68 
Viscosity, 115 


Wave-particle interactions, 119, 120 
in current sheets, 432, 433, 782, 783 
in hydromagnetic waves, 119, 120 
in solar flares, 782, 783 


X-rays, 3, 17, 777, 778, 780-4, 786, 
798, 821-3 (see also Radiation) 


Zeeman effect, 534-536, 739, 740 


